PRL 109, 147004 (2012)

week ending
5 OCTOBER 2012

PHYSICAL REVIEW LETTERS

Theory of a Large Thermoelectric Effect in Superconductors Doped with Magnetic Impurities
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We argue that parametrically strong enhancement of a thermoelectric current can be observed in
conventional superconductors doped by magnetic impurities. This effect is caused by the violation of the
symmetry between electronlike and holelike excitations due to formation of subgap bound Andreev states
in the vicinity of magnetic impurities. We develop a quantitative theory of this effect and demonstrate that
it can be detected in modern experiments.
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The application of an electric field E to a normal conductor with Drude conductivity N yields an electric current j ¼ N E across this conductor. A similar effect can
be produced by a temperature gradient rT. In this case, the
current j induced in a sample takes the form j ¼ N rT,
where N  ðN =eÞðT=F Þ is thermoelectric coefficient
and F is the Fermi energy. The latter simple equations
illustrate the essence of the so-called thermoelectric effect
in normal metals.
If a metal becomes superconducting, the situation
changes significantly. On one hand, the electric field can
no longer penetrate into a superconductor and, hence, the
Drude contribution to the current is absent in this case. On
the other hand, a supercurrent js can now be induced in the
sample without any electric field. It follows immediately
that by applying a temperature gradient to a uniform
superconductor one would not be able to induce any current since thermal current would be exactly compensated
by the supercurrent js ¼ rT, where  defines thermoelectric coefficient in a superconducting state. Ginzburg
[1,2] demonstrated that no such compensation generally
occurs in nonuniform superconductors, which opens the
possibility to experimentally detect thermoelectric current
in such structures. Several experiments with bimetallic
superconducting rings (see Fig. 1) have been performed
[3–5] that indeed revealed the presence of thermoelectric
magnetic flux in such rings. However, both the magnitude
of the effect and its temperature dependence turned out
to be in strong disagreement with available theoretical
predictions [6]. Quite surprisingly, the magnitude of the
thermoeffect detected in these experiments exceeded
theoretical estimates by several orders of magnitude.
Subsequently, a good agreement between theory and experiment [7] was claimed, but this report remained largely
unnoticed. In any case, no convincing explanation of
the discrepancy between experiment [3–5] and theory [6]
was offered, and the paradox remained unresolved
until now [8].
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In this Letter, we are not aiming at directly resolving this
long-standing paradox. Rather our primary goal is to identify the conditions under which thermoelectric currents in
superconductors can be significantly enhanced. In the normal state, contributions to the thermoelectric coefficient
N from electronlike and holelike excitations are of the
opposite sign and almost cancel each other. A similar
situation occurs in conventional superconductors where
the thermoelectric coefficient  also remains small [6]
and monotonically decreases with T below the critical
temperature Tc . On the other hand, in unconventional
superconductors impurity scattering may lead to much
larger values of  due to the formation of quasibound
Andreev states near impurities that yield high asymmetry
between electron and hole scattering rates [9,10].
Here we will demonstrate that ‘‘giant’’ thermoeffect can
also be expected in conventional superconductors doped by
magnetic impurities. Also, in this case Andreev bound
states are formed near such impurities [11–13], thereby
explicitly breaking the symmetry between electron and
holes [14,15]. We argue that this feature may cause parametrically strong enhancement of the thermoeffect in such
systems
=N ðTc Þ  pF ‘  1;

(1)
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FIG. 1. A ring formed by two different superconductors with
contacts maintained at different temperatures Ta and Tb .
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where pF ¼ mvF is the Fermi momentum and ‘ is the
electron elastic mean free path in the absence of magnetic
impurities. This formula remains valid in the most relevant
diffusive limit ‘ & vF =Tc and at an ‘‘optimal’’ concentration of magnetic impurities nimp roughly equal to one half
of the critical one (see below). Equation (1) predicts possible enhancement of the thermoeffect in superconductors
with magnetic impurities by several orders of magnitude as
compared to that in the normal state at T ¼ Tc .
Quasiclassical formalism and impurity selfaveraging.—In what follows, we will consider a superconductor that contains both nonmagnetic and magnetic
impurities. Our analysis is based on the quasiclassical
formalism of nonequilibrium Green–Keldysh matrix functions g obeying the Eilenberger equations [16]
 gðp
  ;
 F ;r;";tÞ ¼ ½
 F ;r;";tÞ;
 ivF rgðp

g 2 ¼ 1:
(2)

The check symbol denotes 4  4 Keldysh matrices
!
^ R X^ K
X
;
X ¼ g; ; ;
X ¼
0 X^ A

(3)

with blocks X^ R;A;K being 2  2 matrices in the Nambu
 has the standard structure
space. The matrix 
!
"

R
A
^
^
^ K ¼ 0;
 ¼ ¼
;

(4)
 "
where " is the quasiparticle energy and  is the BCS order
parameter, which is chosen as real further below.
Scattering of electrons on impurities is accounted for by
 which can be expressed in
the self-energy matrix ,
the form
 ¼ ihgi
 ;
 þ

m
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 ¼ vF =ð2‘Þ:

(5)

Here, the first term describes the effect of nonmagnetic
 is responisotropic impurities while the second term 
m
sible for electron scattering on randomly distributed magnetic impurities [13]
 ¼ nimp f½ðu þ ^ u Þ1 þ ihgi
 1

m
1
3 2
2N0
 1 g;
þ ½ðu1  ^ 3 u2 Þ1 þ ihgi

we will go beyond Born approximation and employ a more
general expression for the self-energy (6).
Finally, the current density j is defined with the aid of
the standard relation
eN Z
j ðr; tÞ ¼  0 d"hvF Sp½^ 3 g^ K ðpF ; r; "; tÞi: (7)
4
Electron-hole asymmetry and the density of states.—It is
well-known that two subgap Andreev bound states with
energies
"B ¼ ;

ð1 þ u21  u22 Þ2
ð1 þ u21  u22 Þ2 þ 4u22

(8)

are localized near each magnetic impurity in a superconductor [11,12]. Similar to the case of unconventional
superconductors with nonmagnetic impurities [9,10], these
Andreev bound states yield different scattering rates for
electrons and holes and, hence, break the electron-hole
symmetry in our system thereby causing strong enhancement of the thermoeffect.
 (5). It can
Consider the retarded part of the self-energy 
be written in the form
!
R0 þ Rg
RF
R
^
 ¼
;
(9)
RFþ
R0  Rg
where nonvanishing diagonal part R0 explicitly accounts
for asymmetry between electrons and holes [15].
Substituting the retarded Green function matrix
!

"

1
R
g^ ¼ pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
(10)
 "
 2 
" 2  
^ R as well as the energyinto Eqs. (5) and (6), we evaluate 
0
resolved superconducting density of states ð"Þ normalized to its normal state value. Introducing the parameter
 we get (see the Supplemental Material [18])
"~ ¼ "=
 ,
"~2  2
;
"~2  2 2

"~
ð"Þ ¼ Re pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ ;
2
"~  2

(11)

pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2
2
 2 ¼ "~2  2 þ i þ i1 "~   ;
"~2  
"~2  2 2

(12)

R0 ð"Þ ¼ 0

(6)

where N0 is the electron density of states per spin direction
at the Fermi level, u1;2 are dimensionless parameters characterizing the impurity scattering potential, and ^ 3 is the
Pauli matrix in the Nambu space. Averaging over the Fermi
surface is denoted by angular brackets h  i. Note that
within the Born approximation the self-energy (6) reduces
to the well-known Abrikosov–Gor’kov result [17].
Unfortunately, this approximation is insufficient for our
present purposes since it does not allow us to account for
impurity Andreev bound states (impurity bands) and the
electron-hole asymmetry. For this reason, in what follows

2 ¼

where the parameter "~ is fixed by the relation [11,12]
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
"~ "~2  2
"~ ¼ " þ i2 2
:
(13)
"~  2 2
The scattering parameters 0;1;2 have the dimension of
rates being proportional to the concentration of magnetic
impurities nimp . They read
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0 ¼

nimp
u1 ð1 þ u21  u22 Þ
;
N0 ð1 þ u21  u22 Þ2 þ 4u22

(14)
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1 ¼

nimp ð1 þ u21  u22 Þðu21  u22 Þ
;
N0 ð1 þ u21  u22 Þ2 þ 4u22

(15)

nimp
u22
:
N0 ð1 þ u21  u22 Þ2 þ 4u22

(16)

2 ¼ 2

Note that the parameters "~, R0 , and ð"Þ remain insensitive
to the electron scattering rate on nonmagnetic impurities 
since such scattering does not produce any pair-breaking
effect in bulk conventional superconductors. On the contrary, scattering on magnetic impurities may strongly modify these parameters. For illustration, the density of states
ð"Þ is depicted in Fig. 2 at " > 0 and different values nimp .
With increasing nimp , Andreev levels get broadened forming two impurity bands respectively at positive and negative energies. Further increase of nimp yields even broader
bands, which eventually merge with continuum (overgap)
states.
Thermoeffect enhancement by magnetic impurities.—
We are now prepared to evaluate the thermoelectric coefficient . In doing so, we will essentially follow the quasiclassical linear response theory initially formulated in
Ref. [19] for the analysis of thermal conductivity in unconventional superconductors. This approach allows us to
recover the dominating contribution to the thermoelectric
coefficient  that originates from the electron-hole asymmetry. Employing Eq. (2) and proceeding along the lines of
Ref. [19], we evaluate the correction to the Green–Keldysh
function g^ K / vF rT [20]. Combining the resulting expression with Eq. (7), we obtain
¼
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eN0 v2F Z 1 F ð"Þd"
;
12T 2 1 cosh2 ð"=2TÞ

"ð"ÞImR0 ð"Þ
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
F ð"Þ ¼
:
 2  " 2 2  ½ImR ð"Þ2
½Re 

At small magnetic impurity concentrations 2  , the
impurity band is restricted to subgap energies " < ,
cf. Fig. 2. At energies within the impurity band, one has
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
0 ½22  1  2  ðj"j  Þ2 
F ð"Þ ¼
:
(19)
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
42 ð1  2 Þð 1  2 þ Þ2
Substituting this expression into Eq. (17), integrating over
all impurity band energies, and taking the limit 2  ,
T 2 =, we arrive at the subgap contribution to 
pﬃﬃﬃﬃﬃﬃﬃﬃ
eN0 v2F cosh2 ð=2TÞ0 22 3=2
; (20)
sg ¼ 
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
9T 2 ð1  2 Þ1=4 ð 1  2 þ Þ2
i.e., sg / n3=2
imp at small concentrations of magnetic impurities. Assuming that the impurity band is located at
"  =2 (  0:5) and setting T    0;1;2; we get
sg ¼ eN0 v2F T=2  N pF ‘:

This estimate demonstrates that sg may strongly exceed
the thermoelectric coefficient in the normal state.
Additional contribution to  is provided by overgap
energies. For small values nimp we can use the standard
BCS expression for the density of states and derive
F ð"Þ ¼

(18)

Equations (17) and (18) together with Eqs. (11)–(16)
constitute the central result of this work, which accounts
for ‘‘giant’’ thermoeffect in superconductors doped by
magnetic impurities. In the most relevant case of diffusive
superconductors with  * Tc , Eq. (18) reduces to F ð"Þ ¼
ð"ÞImR0 ð"Þ=2 , i.e.,  / 1=2 in this limit.

20 2 ð1  2 Þ"4 2 ½"2  2 2 1
: (22)
½2 "2 þ ð"2  2 2 Þ þ 1 ð"2  2 Þ2

Combining Eqs. (22) and (17) , in a realistic limit   1;2
and for T   we recover the contribution to  from
overgap energies
og  eN0 v2F

(17)

0

0 2

 N 0 2 2 pF ‘:
2


(23)

In the optimal case T    0;1;2 , we find og  sg ,
where the latter quantity obeys Eq. (14). Hence, also for
 ¼ sg þ og we recover the estimate (1).
At temperatures close to Tc , the value  can be evaluated
analytically at any concentration of impurities. In this
limit, one can set ð"Þ ¼ 1 and obtain
F ð"Þ ¼

20 2 ð1  2 Þ"2 2
;
ð" þ 22 Þ2 ð þ 1 þ 2 Þ2
2

(24)

which yields


eN v2  ð1  2 Þ2
2
 ¼  0 2F 0
;
S
6T ð þ 1 þ 2 Þ2 2T

FIG. 2 (color online). Energy-resolved density of states ð"Þ ¼
ð"Þ in a superconductor doped by magnetic impurities. Tc0 is
the critical temperature of an undoped superconductor.

(21)

(25)

where SðxÞ ¼ ½x c 0 ðx þ 1=2Þ0 and c ðxÞ is the digamma
function.
The results of numerical evaluation of  as a function of
both temperature and impurity concentration are displayed
in Fig. 3. We observe that the thermoelectric coefficient
of a diffusive superconductor achieves its maximum
value at temperatures T  Tc =2 and nimp approximately
equal to one-half of the critical concentration at which
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FIG. 4 (color online). Temperature dependence of the term
4e 2 Tc0 =c2 . Different curves correspond to different values
nimp . The parameters u1;2 and  are the same as in Fig. 3.


4e Z Tb
¼ 2
½
0
c Ta

FIG. 3 (color online). Thermoelectric coefficient as a function
of temperature and magnetic impurity concentration. Scattering
parameters u1 ¼ u2 ¼ 0:5 and the scattering rate  ¼ 10Tc0 are
the same for both panels.

superconductivity gets fully suppressed. This maximum
value can be estimated as
max jj

T;nimp

eN v2 T
0:05 0 2F c0 ¼ 0:2eN0 Tc0 ‘2 :




2
2 ðTÞ2 ðTÞdT;

(27)

where 0 ¼ c=e is flux quantum and 1;2 and 1;2 define
thermoelectric coefficients and the values of London penetration depth for two superconductors, respectively. For
simplicity, we may assume 1  2 and neglect the second term in Eq. (27). Employing Eq. (26) together with the
standard expression for the London penetration depth in
diffusive superconductors at T ¼ 0, we arrive at a conservative estimate for the thermally induced flux
jT  Ta j
jj
;
 0:01 b

0

(26)

Combining the expression for N  ðN =eÞðT=F Þ with
Eq. (26) we arrive at the estimate (1) which demonstrates
that enhancement of the thermoeffect is stronger in cleaner
superconductors. At the borderline of applicability of
Eq. (1) ‘  vF =Tc we obtain jj  N =e, which appears
to define the absolute maximum value of  in conventional
superconductors doped by magnetic impurities.
It is interesting to point out that the presence of electronhole asymmetry in such superconductors was also predicted to yield anomalously large photovoltaic effect
[15]. Despite clear similarity between the models, the
effect [15] is substantially different from the one analyzed
here. Indeed, while no voltage occurs in the system within
the linear response to a temperature gradient [20], a nonzero nonequilibrium voltage is induced as a second-order
response to an external electromagnetic field [15]. Hence,
thermal heating of the system considered here is physically
not equivalent to that produced by an external ac field.
Bimetallic superconducting rings and TEB.—Finally, let
us briefly discuss the possibility to experimentally detect
the ‘‘giant’’ thermoeffect predicted here. One way to do so
would be to perform an experiment with bimetallic superconducting rings [3–5] as shown in Fig. 1. Provided superconducting contacts are kept at different temperatures Ta
and Tb , thermoelectric current will be induced inside the
ring and the corresponding magnetic flux  can be measured. The magnitude of this flux reads

2
1 ðTÞ1 ðTÞ

 * Tc0 :

(28)

In Fig. 4, we display the temperature dependence of the
combination 2 ðTÞðTÞ at different concentrations of magnetic impurities. Induced thermoflux  (normalized to 0 )
equals the area under the corresponding curve between Ta
and Tb . For reasonably clean superconductors, typical
values of  may easily reach  * 102 0 .
Another way to experimentally test our predictions
would be to employ a novel type of zero-biased thermoelectric bolometer (TEB) [21]. This TEB consists of a
superconducting absorber attached to normal and superconducting electrodes via tunnel junctions (SIN and SIS’
junctions). Incoming photons excite quasiparticles in the
absorber. Strong charge imbalance between excited quasiparticles and quasiholes can be expected, provided this
absorber is formed by a superconductor doped by magnetic
impurities. Temperature gradient across the superconductor will occur due to permanent escape of excited quasiparticles from the ‘‘cold’’ end of the absorber through the
SIN junction, whereas no such escape would be possible in
its ‘‘hot’’ end attached to the SIS’ junction. As a result,
permanent thermoelectric current will flow in the absorber
creating a giant thermoelectric voltage response that can be
detected experimentally.
In summary, we have demonstrated that a giant thermoeffect might occur in conventional superconductors
doped by magnetic impurities. This effect is well within
the measurable range and can be detected in modern
experiments.
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