FINITE ELEMENT APPROXIMATION OF THE
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Abstract. We study the nonlinear stochastic Cahn-Hilliard equation perturbed by additive
colored noise. We show almost sure existence and regularity of solutions. We introduce spatial
approximation by a standard finite element method and prove error estimates of optimal order on
sets of probability arbitrarily close to 1. We also prove strong convergence without known rate.
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1. Introduction. We study the Cahn-Hilliard equation perturbed by noise, also
known as the Cahn-Hilliard-Cook equation (cf. [2] @]),

du — Awdt =dW in D x (0,T],
w=—-Au+ f(u) in Dx(0,T],

ou Ow
%_37_0 on 0D x (0,77,

Here D is a bounded domain in R%, d = 1,2, 3, and f(s) = s3—s. Using the framework
of [6] we write this as an abstract evolution equation of the form

dX + (A°X + Af(X))dt=dW, te(0,T]; X(0)= Xy, (1.1)

where A denotes the negative Neumann Laplacian considered as an unbounded oper-
ator in the Hilbert space H = Ly(D) and W is a Q-Wiener process in H with respect
to a filtered probability space (Q, F,P,{F;}i>0). We also write H® = H*(D) for the
standard Sobolev spaces. See Section [2 for details.

Our goal is to study the convergence properties of the spatially semidiscrete finite
element approximation X of X, which is defined by an equation of the form

dXp, + (A7 Xn + ApPof(Xp)) dt = P, dW, t€(0,T); Xu(0) = Py Xo.

In order to do so, we need to prove existence and regularity for solutions of . Such
results were first proved in [5]. Under the assumption that the covariance operator
Q@ = I (space-time white noise, cylindrical noise) it was shown that there is a process
which belongs to C([0,7], H~') almost surely and which is the unique solution of
. Under the stronger assumption that A and @ commute and that Tr(A‘S_lQ) <
oo for some § > 0 (colored noise) it was shown that the solution belongs to C([0, T, H)
almost surely. Such regularity is insufficient for proving convergence of a numerical
solution. Our first aim is therefore to prove existence of a solution in C([0, 7], H?)
almost surely for some g > 0.
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2 M. KOVACS, S. LARSSON AND A. MESFORUSH

Following the semigroup approach of [6] we write the equation (1.1)) as the integral
equation (mild solution)

t t
X(t) =e ' Xy — / Ae= =94 £(X (5)) ds + / e (=A% QI (s)
0 0

=Y (t) + Wa(b),
where e~ 4" is the analytic semigroup generated by —A? (see Corollary . This
naturally splits the solution as X =Y + W4, where Wa(t) = fot e~ =)AT ATV (s) is
a stochastic convolution. This convolution, and its finite element approximation, was
studied in [I2]. In particular, it was shown there that if ||Aﬁ%2 Q: % < oo for some
B > 0, then we have regularity of order § in a mean square sense; that is,

B=2 1
E[[[Wa®)l3s] <14 Q*|lfs, t>0. (1.2)
The other part, Y, solves a differential equation with random coefficient,
Y + A%Y + Af(Y +W4) =0, t>0; Y(0)=X,. (1.3)

This can be solved once W, is known. This approach was also used in [5], but while
they used Galerkin’s method and energy estimates to solve , we use a semigroup
approach similar to that of [7]. However, published results for the deterministic Cahn-
Hilliard equation do not apply directly due to the limited regularity in .

The nonlinear term is only locally Lipschitz and we need to control the Lipschitz
constant. In the deterministic case studied in [7] this is achieved by the Lyapunov
functional

1
J(u):§\|Vu||2+/DF(u)dx, ueH'Y; F(s)=1s'—1s

which is nonincreasing along paths, so that | X (¢)||g: < C for t > 0. Due to the
stochastic perturbation, this is not true for the stochastic equation (1.1)). However, it
is possible find a bound for the growth of the expected value of J(X (¢)),

E[J(X(t)] <C(t), t>0. (1.4)
This was shown in [5] under the assumption that A and Q commute and
Tr(AQ) < oo, (1.5)

which is consistent with § = 3 in (1.2)), since ||A%Q%||%S = Tr(AQ) in this case.
(More generally: if AQ is nuclear, then ||A%Q%H%IS = Tr(AQ), see [II, Theorem
2.1].) We repeat this in Theorem with several improvements. First of all we
reduce the growth of the bound from exponential to quadratic with respect to t.
We also relax the assumptions: we do not assume that A and ) commute; that is,
have a common eigenbasis, and we do not assume that the eigenbasis of ) consists
of bounded functions. Moreover, we prove the same bound for the finite element
solution X;. Even if A and @@ commute, this will not be true for the corresponding
finite element approximations A, and )p, so the relaxation of this assumption is
necessary for the proof of the bound for Xj.
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In Corollary [3.2| we improve (1.4) to a uniform norm bound

E[ sup (IX(s)lI3 + [ Xn(s)3n) | < Kr.
s€[0,T]

By means of Chebyshev’s inequality we may then show that, for each T > 0 and
e € (0,1), there are Kr and Q. C Q with P(Q,) > 1 — € and such that

IXOlF + IXn(®OF < ' Kr on Qe t€[0,T].

This bound controls the Lipschitz constant of the nonlinear term and we show in
Theorem [4.3|that X € C([0, T], H?) for w € Q. under the slightly stronger assumption
that ||[AZQ?||ys < oo for some v > 1, which is basically consistent with (T.5) and
also with in case § = 3. We also obtain an error estimate (see Theore

1Xn() = X < C(e™ K, T)R2|log(h)] on O, ¢ € [0,T].

The constant grows rapidly with e 'K, but nevertheless we may use this to show
strong convergence (see Theorem |5.4)),

E[ sup ||Xh(t)—X(t)H2] —0 ash—0.
t€[0,T]

To prove strong convergence with an estimate of the rate remains a challenge for
future work. In this connection we note that even for numerical methods for stochastic
ordinary differential equations with local Lipschitz nonlinearity there are few results
on convergence rates (cf. [9]).

Numerical methods for the deterministic Cahn-Hilliard equation are well covered
in the literature. There are few studies of numerical methods for the Cahn-Hilliard-
Cook equation. We are only aware of [3] in which convergence in probability was
proved for a difference scheme for the nonlinear equation in multiple dimensions. For
the linear equation there is [I0], where strong convergence estimates were proved for
the finite element method for the linear equation in 1-D, and the already mentioned
work [I2] on the finite element method for the stochastic convolution in multiple
dimensions.

2. Preliminaries.

2.1. Norms. Let D C R%, d =1,2,3, be a bounded convex domain with polyg-
onal boundary dD. Let H = Ly(D) with standard inner product (-,-) and norm ||-||,

and
H:{UGH:/Dvdx:O}.

Let P: H — H define the orthogonal projector. Then

(I-Pw= |’D\_1/ vde,
D
is the average of v. We also denote by H* = H*(D) the standard Sobolev space. We
define A = —A with domain of definition

D(A):{v€H2:%:Oon8D}.
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Then A is a positive definite, selfadjoint, unbounded, linear operator on H with
compact inverse. When extended to H as Av = APwv it has an orthonormal eigenbasis
{¥j}32¢ with corresponding eigenvalues {);}32, such that

The first eigenfunction is constant, po = |D|" 2
We define seminorms and norms

vla = (X Xl@en)", acR, (2.1)
j=1

Nl

[vlla = (Jo[2 + (v, 00)?)*, a€R, (2:2)
and corresponding spaces
H®=D(A%) = {v €H: |, < oo}7 H® = {v EH:|v|a< oo}.

For integer order o = k > 0, H” coincides with the standard Sobolev spaces with |||
equivalent to the standard norm ||-|| gx. For example,

oI} = 1vff + (v, 0) [* = [ V0]|* + [{v, o) | (2.3)

is equivalent to the standard norm |[[v||%,, by the Poincaré inequality.

2.2. The semigroyp. The operator —A? is the infinitesimal generator of an
analytic semigroup e *4" on H,

o0

_ 2
A Ze (v, 05005 = Ze (v, ;)05 + (v, 00)P0

(2.4)
= e_tA Pv+ (I — P)v.
The analyticity implies that
A% A%y < Ct~Se“v|, veH, a>0. (2.5)

2.3. The finite element method. Let {7}},~0 denote a family of regular
triangulations of D with maximal mesh size h. Let S;, be the space of continuous
functions on D, which are piecewise polynomials of degree < 1 with respect to 7.
Hence, S, C H'. We also define S;, = PS),; that is,

Sh:{thSh:/vhdm:()}.
D

The space Sy, is introduced only for the purpose of theory but not for computation.
Now we define the "discrete Laplacian” Aj: S, — S by

(Ahvh,wh> = (vath), Yy, € S}“ wy € Sh.
We note that

1
lonly = [|[AZ o] = [Vl = [|AZvall, o € Sh. (2.6)
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The operator Ay, is selfadjoint, positive definite on Sy, positive semidefinite on Sy, and
A}, has an orthonormal eigenbasis {¢y, ; };V:’LO with corresponding eigenvalues { Ay, ; }é\’:ho.
We have

0=MXo <Ap1 < <Ny < < A

and ppo0 = o = |D|_%. Moreover, we define e~ tAL . Sy — Sy by

Np, Np,
e My =" e (o, 0 ) on = D e (o, on i) ons + (Vh, 90} o0,
=0 j=1

and the orthogonal projector Py: H — S;, by
(Ppv,wp) = (v,wp) Yv € H, wy, € Sh. (2.7)
Clearly, Py : H — S), and
e~ 4% Py = e P, Pu + (I — P)v. (2.8)
We have a discrete analog of ,
|ASe~Ahu,|| < Ct2e |vpll, v € Sp, a > 0. (2.9)
Finally, we define the Ritz projector Ry, : H' - 5, by
(VRyv, Vwy) = (Vo, V), Yo e H', w, € Sp.
We extend it to Ry: H' — S), by
Ryv = R,Pv+ (I — Pyv, veH. (2.10)
We then have the following bound for Ryv — v = (R — I)Pv (cf. [13] Ch. 1])
|Rhv —v|| < ChPlv|s, ve HP, Bell,2). (2.11)

In order to simplify the presentation, we assume that P} is bounded with respect to
the H! and L4 norms, and that we have an inverse bound for A4y,
[Prvlly < Clloll, ve H,
[ Ppvllr, < Clvlle,, v € La(D), (2.12)
|l Apon| < Ch=2||os|l, vn € Sh.

This holds, for example, if the mesh family {7}, }5~0 is quasi-uniform; that is, the area
of 7 € 7y, is bounded below by ch?, with ¢ > 0 independent of h.

2.4. The Wiener process. We recall the definitions of the trace and the Hilbert-
Schmidt norm of a linear operator T on H:

Nl

Te(T) = 3 (Tfis i)y I Tles = (D ITAI2) " (2.13)
= k=1

k=1

where {fr}32, is an arbitrary orthonormal basis of H.
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Let (92, F,P) be a probability space. Let @ be a selfadjoint, positive semidefinite,
bounded, linear operator on H with Tr(Q) < oco. Let {ex}32,; be an orthonormal
eigenbasis for @) with eigenvalues {71 }72,. Then we define the Q-Wiener process

oo

W(t) =3¢ Bult)er,
k=1

where the §; are real-valued, independent Brownian motions. The series converges in
Ly(82, H); that is, with respect to the norm |[v| 1, m) = (E[[|v][3])2. The process W
generates a filtration {F;};>0 so that it becomes a square integrable martingale and
so that we can integrate with respect to W. In the sequel we work in the resulting
filtered probabality space (2, F,P,{F;}+1>0). We refer to [6] for the details. The
@-Wiener process can be defined also when the covariance operator has infinite trace
but this is not needed in the present work.

2.5. The stochastic convolution. We now define (cf. [6])
t 2 t 2
Wa(t) = / e =9 QI (s) = / DA PAW (s) + (I — PYW (1),  (2.14)
0 0
where ([2.4]) was also used, and similarly, by (2.8]),

t
Wa, (t) = / e~ (=A% p, AW (s)
0

. (2.15)
:/ e~ (=94 p PAW (s) + (I — P)W (1)
0
Hence, the constant eigenmodes cancel:
t ;
W, () — Wa(t) = / (e~ =4k p, — e~ (=AY PaW (s). (2.16)
0

These convolutions were studied in [I2]. We quote the following results from
there. We use the norms

N

102 0.9) = (ELI0I5])

THEOREM 2.1. If ||A¥Q%||HS < oo for some 3 > 2, then

=2 1
IWa®)ll 1,010 < CllAZ Q2[lus, t=0.

THEOREM 2.2. If Q% ||lus < oo, then
IWa, (t) = Wa(t)ll Lo,y < Ch?|log hll|Q%|us, t> 0.

Note that § = 2 in the latter theorem. In [12] these are stated with a wider range of
the order 3, but this is not needed in the present work.
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2.6. Gronwall’s lemma. We need a generalized Gronwall lemma, see [8, Lemma
7.1.1]. A shorter proof can found in [7].

LEMMA 2.3 (Generalized Gronwall lemma). Let ¢ € L1([0,7T],R) be a nonnega-
tive function. If

t
p) <A B [ (-9 Pe(s)ds, te (0.7)
0

with constants A, B > 0 and «, 3 > 0, then there is a constant C = C(B, T, «, 3) such
that

o(t) < CAL™ € (0,T).

We also use the standard Gronwall lemma:
LEMMA 2.4 (Gronwall’s lemma). Let ¢ € L1([0,T],R). If

t
p(t) <A+ Ct +B/ e(s)ds, te[0,T],
0
for some constants A,C > 0 and B > 0, then

o(t) < (A+ %)eBt, t €0,7].

2.7. Bounds for the nonlinear term. Recall that the standard Sobolev norm
Il e+ is equivalent to the norm ||| in for integer £ > 0. Most of the following
estimates are well known and the detailed proofs are just included for pedagogical
reasons, for example, to clarify the role of the projector P and the difference between
the standard Sobolev norm || - || g+ and the “abstract” norm || - ||¢.

LEMMA 2.5. For u,v € H? and f(s) = s3> — s we have

IAF ()] < C(1+ [fulf?) ffulls, (2.17)
14,2 P(f(w) = F@)) | < C(1+ [[ull} + [[0]13) u = vl]. (2.18)

Proof. We have f'(s) = 3s% — s, f”(s) = 6s. Using Hélder’s inequality, Sobolev’s
inequality ||ul||L, < C|lullgr (for d < 3), and |Ju||gx < C|lullx, we get
IAf @)l = I (w)Au+ f (u)|Vul|
<N @)l [ Aul g + 1" (@) 26l Vull7,
< O(L+ JlullZ ) 1Aulle + Cllull Ly | VullZ,
< O (L4 JlullFp) lull s + Cllull g [full
< O(L A+ Julf)llulls + Cllull[uli3
< C(1+ [ull)fulls,

101
where we used |lullz < Cllu||?||ul|? in the last step. This proves (2.17).
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For ([2.18]) we apply (2.6) and the Holder and Sobolev inequalities (d < 3) to get

1 1
1 A 2P A 2p
1473 Py| = sup P o (o Ay T Pon)
VR ES th” v €Sh ”vh”
w 1l 25 llwnllz
= sup eon) — " < Cl¢llL,s-
wp€Sh ‘whh whrESH |wh|1

We use this with ¢ = f(u) — f(v) = fol f(us)ds (u — v), where us = su+ (1 — s)v,
and Holder’s and Sobolev’s inequalities to get

14, 2 P(f(u) = F@)]| = 1452 Pol < CllelLa,

1 1
<c / 17 ()l ds Ju — v]] < C / (1+ [us]2,) ds u — o]

1
< C/O (1 + llusl?) s flu = wll < C(1+ J[ullf + [olIF) [u = vl

This is (2.18). O
3. The Cahn-Hilliard-Cook equation.
3.1. The continuous problem. The Cahn-Hilliard-Cook equation is
du — Awdt =dW in D x (0,T],
w=—Au+ f(u) in D x (0,77,

ou  Ow (3.1)
%7%—0 on 9D x (0,7,
u(0) = ug in D.
The finite element approximation is based on its weak form, which is (formally)
t
(u(t),v) — (ug,v) —|—/ (Vw(s), Vv) ds = (W (t),v), te(0,T], (3.2)
0 .

(w,v) = (Vu, Vo) + (f(u),v), t e (0,7T],

for all v € H'. With the operator A, defined in § we write (3.1) in the formal
abstract form on H = Lo(D):

dX + (A’X + Af(X))dt =dW, te(0,T]; X(0)= Xo. (3.3)

A weak solution of (3.3)) is an adapted H-valued process X, which is continuous almost
surely and satisfies the equation

(X(t),v) = (Xo,v) +/0 ((X(s), A%) + (f(X(s)), Av)) ds = (W(t),v)  (3.4)

almost surely for all v € H* = D(A?), t € [0,T], where we also require the integrand
in the deterministic integral to be in L1 ([0, 7], R) almost surely. A mild solution of
(3.3) is an adapted H-valued process X, continuous almost surely, which satisfies

X(t) =e X, — / " pe-94° F(X(s))ds + / Cotmea? AW (s), (3.5)
0 0

almost surely for ¢t € [0,7], where we also require that the first integrand is in
L1([0,T], H) and the stochastic integral exists almost surely.
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3.2. The finite element problem. Recalling ([3.2)), we define the finite element
solution wup(t), wp(t) € Sp, of (3.1)) by

(un(t),vn) — (uo,vn) +/o (Vwp(s), Vop) ds = (W(t),vn),  t€ (0,17,
<whvvh> = <Vuh7vvh> + <f(uh)7vh>’ te (OaT]a

for all v, € S,. With the operators Ay, Pp from § we write this as an abstract
equation in Sj:

dX; + (A%Xh + Ahphf(Xh)) dt = P,dW, te (O,T]; Xh(O) = P, X,. (36)

Since S}, is finite-dimensional and f is a polynomial, it is easy to see using standard
arguments that (3.6) has a unique solution X}, adapted, continuous almost surely,
satisfying both

Xh(t) — PhXO + /0 (A%Xh(s) + Ahth(Xh(S))) ds = PhVV(t)7
and

t t
Xp(t) = e % P, X, — / e~ (=947 4, Py F(Xu(s)) ds + / e~ =48 p AW (s),
0 0

almost surely for ¢t € [0, 7.

3.3. A Lyapunov functional. The deterministic Cahn-Hilliard equation de-
fines a gradient flow in H~! for the energy functional

() = %||Vu|\2+/ F(u)dz, ue H, (3.7)
D
where F(s) = 15 — 152 is a primitive of f(s) = s® —s. This is a Lyapunov functional
for the deterministic Cahn-Hilliard equation, which implies that J(X(¢)) does not
increase along solution paths. For the stochastic equation this is not true, but we
have a bound for the expected value of J(X (t)).
THEOREM 3.1. Assume that |A2Q? ||us < 0o and that Xq is Fo-measurable with

values in H' satisfying E[J(Xo)] < co. If X is a weak solution of (3.3) and X, is
the solution of (3.6)), then, for allt > 0, we have

E[J(X(t)] + E[ /0 t 1T (X (s))]2 ds} < c(E[J(Xo)] + Kot + KétQ) (3.8)
and
E[J(XA(1)] + E [ /O t 1T (Xa(s))]? ds} < C(E[J(PhXo)] + Kot + Két2), (3.9)

where Kq — [|A3Q* g + Q¥ 3.

Proof. We prove ; the proof of is obtained in a similar way by approx-
imating by Galerkin’s method based on the eigenbasis of A instead of the finite
element Galerkin method used in (see also [A]).

We consider as an [t6 differential equation in S}y driven by P,W, which is
a Qp-Wiener process in S, with Qn = P,QP,. By assumption it follows that
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E[J(PrX0)] < 00, if E[J(X()] < co. By applying Itd’s formula ([6, Theorem 4.17]) to
J(Xn(t)), we obtain

T8 = 0 + [ (/(X0(6)).aXi(0)) + 5 [ T (X(5)@u) ds
= 00) + [ (6. ~ALX6) — AP0 ()

! ! ]‘ i 1"
[ Paw ) + 5 [ 0@ ds

With a slight abuse of notation we consider here J as a function S, — R and we
compute J'(up) € Sy and J"(up): S, — Sy, as follows:

(J'(un),vn) = (Vun, Vop) + (f(un), vr) = (Apun + P f(un), vn)
and
(J" (un)vn, wn) = (Vop, Vwn) + (f' (up)vn, wn) = (Apvn 4 Pu[f' (un)vn], wa)
for up, vp, wp € Sy, so that
J'(un) = Apun + Pof(un), J"(un) = Ap + Py[f (un) -]- (3.10)
Hence, by ,

(X (1)) + / 17X ()2 ds = J(PLXo) + / (7' (X0 (5)), P W (s))
(3.11)

+% /0 Tr(J" (X (5))Qn) ds.

The stochastic integral is a martingale, so that E[fg(J’(Xh), P, dW)] = 0, and hence

E[J(X4()] + E[/O (X ()13 ds)
(3.12)

— EJ(PXo)] + %E[ /O TH(J" (X ())Qn) ds].
We now compute

Tr(J"(Xn(5))Qn) = Tr(AnQn) + Tr(Prulf'(Xn(s)) - 1Qn)

by the definition in (2.13)). Recall that for S,T € B(H) we have Tr(T'S) = Tr(ST)
provided that either S or T has finite trace. If, in addition, the operators S and T
are positive semidefinite as well, then Tr(ST) = ||S2T% ||4g. Thus,

1 1
Tr(AnQn) = Tr(AnPaQPy) = Tr(Po AR PLQ) = || A7 PaQ? fis
1 _1 1.1
< |AEPAATE 2 [ AR QB s,
Here we use (2.6) and (2.12)) to get
|AF PuA~ ol = [Py A~ o]y < CJA 30y = Clo]|, ve A,
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1
so that |AZ P,A™% | 5y < C. Hence, with Ko = [[A2Q% ||4s + 1|Q7 ||,
Tr(AnQn) < C||AZ Q% ||3s < CK. (3.13)

Let {eh7k}kN:"O be an orthonormal eigenbasis of @}, and {’yh,k}g:ho the correspond-
ing eigenvalues. We get

Np,
Tr (Pu[f'(Xn)-1Qn) = Z<Ph[f/(Xh)Qheh,k]7 ehk)
. h=0 . (3.14)
= Z'Yh,k<fl(Xh)eh,ka ehk) = Z(f/(Xh)Q?L@h,kn Qfenk)-
k=0 k=0

By using the bound |f/(s)| < C(1 + s?) and Hélder’s and Sobolev’s inequalities we
get

By (2.3) and (2.6) we have, for v, € Sy,

[ (v, v)| < CA+ [lullp)lvlZ, < CA+[ulli vl < CO+ ullf)]vl.

1
lvnll} = lvnl? + (vn, 90)* = [IAZ vall* + (vn, 00)?,

so that, by (3.13),
N Noo 1 N
DR enklt =Y A7 Qenkl® + Y _(QF enk, wo)

Nn N
= nrlAneni enk) + D Ynnrlenk: o)’
k=0 k=0

< Tr(ARQp) + Tr(Qr) < Tr(ARQp) + Tr(Q)
< O||A2Q% ||4s + Q2 |I3s < OKo.

Returning to (3.14)), we now have

| Te(P[f'(Xn) - 1Q0) < C(L+ I1XalIZ,) D Q7 enslf < C(L+ I1XalIZ,) Ko
k=0

Using also ([3.13]) we conclude
| Te(J"(X0)Qn)| < CKq(1+ | Xall7,)- (3.15)

It remains to relate | Xp||r, to J(X,). By definition of the Lyapunov functional (3.7))
and noting that F(s) = 1s* — 152 > ¢15* — ¢9, we get (with new constants)

1
Tw) 2 3 IVull* + Cillull}, ~ Co
which implies

IVl + [|ullz, < Cs(1+ J(u)). (3.16)
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Hence, in view of ([3.15)),
| Te(J"(X)Qn)| < CKq(1+J(X5)3). (3.17)

Inserting this into (3.12]) gives

EUCG0)]+ B[ [ 17(X(s) ]
0 , (3.18)
< E[J(P.X0)] + CKg (t+/0 E[J(X5(5))?] ds).

Here, by Holder’s and Young’s inequalities, we have, for € > 0,

1
2

CKq /O "B (X (s))H ds < CRoth ( /O B0 (5))] ds)

¢
<e / E[J(X)(s))] ds + Ce K.
0
Putting this in (3.18) gives

Bl (0] + B[ [ 17066 0

<E[J(PX0)] +C(Kqg+ e 'K3)t + e/Ot E[J(X(s))] ds.

We apply the Gronwall Lemma [2.4] to get,

Bl 0]+ B[ [ 1036 0

<et (E[J(PhXO)] +C(e Kg + 6_2Ké))

< e(E[J(PhXo)} +C(tKq + t2K52)>’

where for each fixed ¢t we have chosen € = t~! to get an optimal bound. O

This theorem is adapted from [5]. We have improved it in several ways. First
the growth of the bound is reduced from exponential to quadratic with respect to t.
Most importantly, we have removed the assumption that A and @Q have a common
eigenbasis and that the eigenbasis satisfies ||ex ||z, < C for all k. This is important
because even if A and ) commute, this will not be true for Ay, and Q. This is crucial
for the proof of the bound for Xj,.

Note that [|A2Q7 ||us < oo implies Ko = [|A2Q7 ||%g + [|Q2||2g < oo. This is
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because of the boundedness of A~% and

oo

Q2 [Is = > _(Qpj. ¢s) + (Quo.00) = > I1PQZ 051> + (Qwo, %0)

j=1 j=1

= A2 A2 PQ ;1% + (Qwo, 90)
j=1 (3.19)

11
< CY A2 PQ2 g + (Qepo, o)
j=1
< O|| 4% PQ*[liis + (Qwo, v0) = CllAZQ%[lfis + (Qw0, o) < oo.
This condition is therefore the same as the condition for regularity of order 3 = 3 for
Wa(t) in Theorem
We now use the previous theorem together with Chebyshev’s inequality to obtain
pathwise norm bounds uniformly on subsets of £ with probability arbitrarily close to
1. In order to achieve this we first replace the bound of sup,¢o ) E[J(X(s))] from
Theorem [3.1{ by a bound for Esup,c(o (VX (s)[I* + | X (s)[|7,)]-
COROLLARY 3.2. Assume that ||[AZQ?||gs < oo for some v > 1 and that Xq is
Fo-measurable with values in H' satisfying

1Xoll7, 0,1y + 1X0l| 240,20 < P (3.20)

for some p > 0. If X is a weak solution of (3.3) and Xy is the solution of (3.6)),
then, for T >0,

B[ s (IVXOF +1X(0)11,)] < Kr. (3.21)
B[ sup (901 +1Xu(0]1,)] < #r. (3.22)

where K depends on p, Kq,T. Moreover, for every € € (0,1), there is Q. C  with
P(Q.)>1—€and

VX1 + I X()7, <€ 'Ky onQ., te(0,T], (3.23)
VX + | Xn(®)][3, < e *Kr  on Q. t€[0,T], (3.24)
IXOF + IXn@®IF < e 'Kr on Qe te0,T], (3.25)
IWa@®)|2 < e 'Ky on Q. t€0,T] (3.26)

We remark that the stronger assumption v > 1 is only used in the proof of .
Proof. 1t is enough to prove the existence of an €2, for every € > 0 individually in
(3-23)([3.26). We prove the bounds for X, and W,; the others are proved similarly.
From ([3.20)) and there follows E[J(P,X()] < C(1 + p). Using also
in (3.11)), we obtain

B[ sup (IVXa(0)]? + | Xa(0)]12,)]
te[0,T)

SC(1+p)+CE teSl(l)pT ‘/ "(Xn(s)), PrdW (s )>H

—I—C'E sup ‘/ Tr(J" (Xn(s )Qh))dsH

te[o T)
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The stochastic integral is fg(J/(Xh(s)) P, dW (s fo J' Xh (s))Pr, dW (s), where

J'(Xn(s)): H — R is defined by J’(Xh(s)) = <J’(Xh( )),v). This integral is a
martingale. Hence, we may use Holder’s inequality, the martingale inequality ([6]
Theorem 3.8]), and the It6 isometry ([0, Corollary 4.14]) to get

(B[ sup | /O tJ’&Z@))Pde(s)H)QSE sup | / JXn() Pt (s)] |

te[0,T] te 0,7

t e~ 2 1
<4 swp B[ [ rEnman[] =1 sw B [ 10500k ]
te[0,T] 0 te[0,T] 0

T
— 48[ [ 1) s ]
Here, by (12.2] ,

177X () Q3 s < 17/ (Xn(s)211Q s
< (| (XR(9) 2+ (I (Xn(5)), 90)%) TE(Q)
< C(1+ [ (Xn(3)2 + T(Xn(5))) Tr(Q),

where we used ([3.10)) and the (rough) bounds |u|g < |u|; and
2
(O (wn)oipo)* = 1217 ( [ (An + Pt = un)) )
D
2
- |p|—1(/ Py (uf —up) dx) <C+flunlz,) <CA+ J(up)).
D

By using (3.9 , we conclude that

sup ‘/ J(X
tEOT

< CTH(Q) (T+E[ / ' |7 (X (s)) 3 ds| +TSSEpT]E[J<Xh<s>>]) < K3,

)

Next, using (3.17) and Holder’s inequality, we have

t?épT \/ T (S (X (5)Qn) s | sE[/OTlﬂ(J”(Xh(s)Qh))lds]

< CKQE[/OT (14 J(Xn(s))?) ds}

< OKoT(1+ SElp ]E[J(Xh(s))]) < Kr,
se[0,T

which finishes the proof of ([3.22)).
In order to prove (3.24])) we denote

Fy= sup ([[VXn(t)|* + I Xn(®)]7,)-
te[0,T]

We apply Chebyshev’s inequality and (3.22)) to get, for every a > 0,

P({we0:f>a)) < B[R] < oL
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We choose v = ¢ 'K and set Q¢ = {w € Q: F < e 'Kr}. Then
P(Q)=1-P({weQ: A >a})=1-¢

and (3.24) holds. For (3.25) we note that
ull? < (IVull? + [lul® < [Vul? + C(1 + |lull,)

and hence (3.25]) follows from (3.21) and (3.22) after an adjustment of Kp. Finally,
(3.26)) follows by first employing a factorization method argument as in the proof of

[6l Remark 5.11] but in the H3-norm using the analyticity of the semigroup (this is
where v > 1 is needed), and then using Chebychev’s inequality as above. O

4. Regularity of the solution. We quote the following from [5]. There it
is assumed that A and @ commute and that the eigenfunctions of A are uniformly
bounded in the sup norm but it can be verified that these are not necessary for the
following result. Recall the definitions of weak and mild solutions in and .

THEOREM 4.1. Let T > 0 and assume that Tr(A°~1Q) < oo for some § > 0 and
that Xq is Fog-measurable with values in H. Then there is a unique weak solution X
of .

COROLLARY 4.2. Assume that |A2Q? ||us < oo and that Xy is Fo-measurable
with values in H' satisfying HX0||2LZ(Q,H1) + ||X0||i4(Q7L4) < p for some p > 0. Then
the weak solution X of is also a mild solution.

Proof. By (3.19), the condition |A2Q2||us < oo implies Tr(A%~1Q) < oo with
6 = 1 and hence there is a unique weak solution X of by Theorem Let
€ > 0 and ¢ the set defined in Corollary We first show that X satisfies
on §2.. By the uniqueness weak solutions of 7 we only have to show that the
right-hand side of satisfies on €2.. Since W4 is the unique weak solution of
dZ + A%Z dt = dW, Z(0) = 0 (by [6l, Theorem 5.4]), it is enough to show that

Y(t) = e Xo — / " pe--0)? F(X(s))ds
0
satisfies
(Y(t),v) — (Xo,v) +/0 ((Y(s), A%0) + (f(X(s)), Av))ds =0 on Q, v € D(A?).

This follows by standard arguments (see, e.g., [I]) as, by Sobolev’s inequality and
Corollary there is C' depending on ¢, p, @, and T such that

IF X< CUX (5)llz2 + 1 X (5)]126) < CUX ()2 + [ X ()][7n) < C

for t € [0,T], w € Q. This also shows that the integrand of the deterministic integral
in is in L1([0,T], H) on £, by the analyticity of the semigroup e—tA%, Finally,
since € > 0 is arbitrary and P(£.) > 1 — ¢, the statement follows. O

We now show that, under the stronger assumption |A2Q?|lus < oo for some
v > 1, the solution X (¢) is actually in H® almost surely. In order to do this we write,
as in the previous proof, X (t) = Y (t) + Wa(¢), where we already know from Theorem
that Wa(t) is in H3 almost surely. The regularity of Y is studied in the next
theorem. Note that we saw in the proof of Corollary [£:2] that

Y(t) = X(t) = Wa(t) = e 4" X, — /0 Ae=(=94% £(X (5)) ds
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is a weak solution of
Y 4+ A%Y + Af(X) =0, te(0,T); Y(0)= X, (4.1)

almost surely.

THEOREM 4.3. Assume that | A% Q2|lus < oo for some v > 1 and that X is
Fo-measurable with values in H® satisfying ||X0||2L2(Q,H1) + ||Xo||‘i4(QvL4) < p for some
p>0. Let T >0 and € € (0,1) and let Q. and Kr be as in Comllary such that
also || Xolls < C on Q. Let X be the solution from Theorem[f.1] and Y = X — Wy.
Then X,Y € C([0,T], H) N Lo ([0,T], H®) almost surely, and, for each w € €.,

1Y (0)s < C(|Xol|3, e *Kr,T) on Q. tel0,T], (4.2)
1X(®)|ls < C(|Xoll3, ¢ 'K, T) onQ, te0,T].

Proof. First note that since X is H3-valued almost surely, it is always possible
to choose €. in Corollary [3.2]such that also || X || < C on Q.. The continuity of X is
already contained in Theorem and the continuity of Y follows from the continuity
of X and W4. To show that X,Y € Lo ([0,7T], H?) almost surely it is enough to show
and as € > 0 is arbitrary and P(Q¢) > 1 —e¢. Let t € [0,T] and w € Q..
From Corollary [3.2] we have

X3 < e 'K, [Wat)ls < e 'Krp. (4.4)
We take seminorms in
¢
Y(t) = e Xy — / Ae= =94 £(X (5)) ds (4.5)
0
and use (2.5) to get

t
YOR < e Xola+ [ e A ()l ds
0
t
= et AR+ [ ate I AR () ds
0

<Xoli+C | (- s) AR ()] ds.
We apply ET7) to [ Af(X())] = |A(X())] to get
Y0l < Xols+C | (=9 (1 X)) X (5) s ds
< ol +C [ (1= ) (L4 X IV ) + 1WaS)]s) ds.

Since (I — P)Y(t) = (I — P)Xp is constant, we get the same bound for the norm
[|lY'(t)|ls- Using also (4.4) gives

t
1Y (t)lls < | Xolls + C/ (t—s) T (1+ e Ky) ([Y (s)||s + € T Kr) ds
0
< | Xolls + Ce ' Kp (1 + € ' Kp) T

+C(1+€'Kr) /0 (t— s)_% 1Y (s)|ls ds.
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Applying Gronwall’s Lemma witha =1, 8= i and
A=|Xolls +Ce 'Kr(1+€¢'Kr), B=C(1+¢ 'Kr), (4.6)
gives
Y (®)lls < AC(B,T) = C(| Xolls, e Kz, T), t€0,T].

The bound for || X (t)||3 then follows in view of (4.4). O

The constant C(|| Xo||3, e 1Kz, T) grows rapidly with e *K7 and T. Hence, it
is important that K grows only quadratically with T'. Also note that the proof of
Theorem shows that under the assumptions of the theorem, in fact, f(X(t)) €
D(A) almost surely and [|Af(X(t))|| < oo almost surely for ¢ € [0,T]. Therefore, X
satisfies a more strict (in comparison to ) mild form of :

t t
X(t)=e ™ X, —/ e (t=s)4 Af(X(s))ds—!—/ e~ E=DAT QW (s).
0 0
5. Error estimates.

5.1. The linear deterministic Cahn-Hilliard equation. Consider the linear
Cahn-Hilliard equation

U+ Av=0, v—Au— f =0, t >0; u(0) = up, (5.1)
where f is a function of z, ¢, and the corresponding finite element problem
up + Apvp, =0, vy — Apup, — P f =0, t > 0; uh(O) = Pyug. (5.2)

We have the following error estimate. We will later use this for fixed w € Q. with
f replaced by f(X) and u by the solution Y of . The error estimate differs from
the corresponding error estimates in [7 [12] in that it contains no time derivative.
This is important since Y has limited temporal regularity.

THEOREM 5.1. Assume that u,v and up, vy, are weak solutions of and ,
respectively. Then, for t >0 and h € (0, 3], we have

ln(8) = u(®)]] < Ch*(|10g ()| max, fu(s)l + ( / k). 63)

Proof. The weak forms of (5.1) and (5.2) are

<ﬂ,(p1> + <VU, VC,O1> =0 Véﬁl € Hla
<U7 Y2) — <vu7 V<)02> - <f7 ¢2> =0 VQ02 S H17 (54)
u(0) = uy,
and
(tn, pn1) + (Von, Vep1) =0 Yon1 € Sh,
(Vn, @n2) — (Vun, Vona) — (fon2) =0 Yopo € Sy, (5.5)

uh(O) = PhUO-
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Let P, and Ry, be as in (2.7) and (2.10) and set

ey =up —u = (up — Pyu) + (Pru —u) = 0y + pu, (5.6)
ey =vp —v = (v — Rpv) + (Rpv — v) = 0y + po. (5.7)

We want to compute
lewll < [[0ull + llpull- (5.8)

In (5.4)) choose p1 = ¢p,1 and @2 = @y 2 and subtract the first two equations of ([5.4)
from the corresponding equations in (5.5)) to get

(€uson,1) +(Vey, V1) =0 Vou1 € Sh,
(€v,@n2) — (Veu,Vona) =0 Yoo € Sh.

Hence, by (5.6) and (5.7),

(Ou, on1) + (VO,, Von1) = =(pus €n1) — (Vpu, V1) Yen1 € Sh,
(Ov, n,2) — (VO,, Vona) = —(pv, on2) + (Vpu,Vena) VYoo € Sh.

By the definitions of P, and R, we have

(Pus On1) = (Prte — 0, 0p,1) =0 Yon1 € Sh,
(Vpu, Vi) = (VR —v,Vor1) =0 Yoo € Sh,
so that
(Ouy on1) + (V0,,Veop1) =0 Von1 € Sh,

(Ov, 0n,2) — (VO Vona) = —(Pupv, on2) + (VRupu, Von2) Yona € Sh.

In the second equation we set p 2 = Appn1 to get

(V0,,Veoni) = (A20u, on1) — (AnPrpo, on1) + (Af Rppu, @n1)-

Inserting this into the first equation gives
(B, on1) + (A20u,0n1) = (AnPrpy, o) — (AR Rnpus on1),
so the strong form is
Ou + A70u = ApPrpy — AjRipu, t>0; 6,(0) =0,
with solution

t t
0,(t) = / ef(tfs)A’zlAhPhpv(s) ds —/ ef(tfs)AiA%thu(s) ds.
0 0

Taking norms here gives

t
o < | [ AP (s) ds

t
+ H/ e_(t_s)AiA%thu(s) dsH =I+1II
0
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For I we define
t 2
wp(t) = / e~ =94 Py oy (s) ds,
0
which satisfies the equation

Wy, + A2wy, = Pupy, t>0;  wy(0)=0.
We multiply by wy, to get
e+ 3 S Annl? = (Papuiin) < loulllinll < 3 llool? + 5 ln
so that
ol + S N4l < ol

Integration and ignoring fg [ln(s)||* ds leads to

t t 1
[an [ et Pp o) as| = fann(oll < ([ Iouts)Pas)”
0 0

where, from (2.11]),
lpull = [I(R = Dv|| < Ch?|v]s.

Hence,
¢ ) ¢ 1
HAh/ e~ (t=94% P, 5 (s) dsH < Ch2(/ ()2 ds) . (5.10)
0 0
For the term I we use
Rppy = Rp(Pyu —u) = Pou— Rpu = Pp(u — Rpu).
Then
¢ 2 t 2
| [ a9 Rup(s)as]| < [ At Pyuls) — Ryuts)) | ds
0 0
¢
< [ 1z s ) = Raa(o)]-
Here we use ||A] < Ch=2 from (2.12)) and (2.9) to get

t ht t
/ |A2e~ (=942 p, P|| ds = / lAn]2lle=*4% | ds + / |AZe~542 | ds
0 0 h4
t
<Ch ™t +0C | s7'e™*ds < O(14log(1/h)) < C|log(h)|
h4

for h € (0, 3]. Hence, by (2.11)), we have

t
H/ Aie_(t_s)Aithu(s) dsH < Ch?|log(h)| max |u(s)|o. (5.11)
0 0<s<t
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Inserting (5.10) and (5.11) into (5.9) gives

t 1
< Oh2 2 2 . .
10.(0)] < cn?{( / o()[3ds) " + [log(h)] max, u(s)]: | (5.12)
Finally, by the best approximation property of Py,
lpu @] = [ Prou = ull < | Rpu = ull < Ch[u(t)]. (5.13)

Inserting (5.12)) and (5.13]) into (5.8]) gives the desired result (5.3)). O
The following regularity estimate for the linear Cahn-Hilliard equation (5.1)) is

proved by an elementary energy argument.
LEMMA 5.2. Assume that u,v are weak solutions of (5.1). Then

()3 + / ()2 ds < Juol? + / Fs)3ds.

5.2. Error estimate for the stochastic Cahn-Hilliard equation. In the
next theorem we prove an error estimate for the nonlinear Cahn-Hilliard-Cook equa-
tion.

THEOREM 5.3. Assume that | A% Qz|lus < oo for some v > 1 and that X, is
Fo-measurable with values in H® satisfying ||X0||2L2(Q’H1) + ||X0||i4(Q7L4) < p for some
p>0. Let T >0, €€ (0,1), and let Qe C Q and Kt be as in Corollary such that
also || Xolls < C on Q.. If X is the weak solution of and Xy, is the solution of

(B-6), then, for h € (0, 1],
1Xn(t) = X(@)| < O Xolls, ' Kp, T)h?|log(h)|, on Q, t € [0,T].

The constant C(|| Xo||3,e Kz, T) grows rapidly with e 'Ky and T due to the
use of Gronwall’s lemma in the proof. As noted before in the proof of Theorem
it is always possible to choose €2, in Corollary [3.2] such that also || Xo|ls < C on ..

Proof. Let w € Q. be fixed. Set

X(t) = Y(t) + Wa(t), (5.14)

where W4 (t) is the stochastic convolution (2.14)) and Y'(¢) is the weak solution (4.5))
of (4.1)). Also set

Xh(t) = Zh(t) + WAh (t)7 (515)
where Wy, (t) is the stochastic convolution ([2.15]) and

t
Zn(t) = e P X, —/ e~ (=945 4, Py (X (s)) ds. (5.16)
0
Finally, let
t
Yi(t) = e % P X —/ e~ (=A% 4, P, F(X (s)) ds. (5.17)
0

We subtract (5.14) from (5.15]) and take norms,
[Xn = X < [[Wa, = Wall + Yo = Y| +1|Zn — Yal- (5.18)
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We must compute the three norms on the right-hand side.
First we compute ||[Wa, (t) — Wa(t)|. Since ||AZQZ|lus < oo, we have that

Q2 |lus < oo, see (3.19), and hence, by Theorem and Chebyshev’s inequality,
we get

Wa, (6) = Wa(t)]| < e (B[ Wa, (£) — Wa(t)]|2]) 2
< e 2Ch2|1og(h)|Q* lus < C(e  Kg)*h?|log(h)],

where K is as in Theorem Since K¢ < Kr, we conclude
[Wa, (£) = Wa(t)l| < C(e K1) 2h?|log(h)]. (5.19)

Now we consider [|Y,(¢) — Y (¢)|| and use Theorem [5.1] to get

t 1
. 2 2 2
[¥i(6) = Y (1) < Ch*{tog(h)] masx [¥ ()l + ( / Vs)ds) ) (5.20)
where Y'(t) and V() are the solutions of
Y+ AV =0, V=AY + f(X), t € (0,T]; Y(0) = Xo.

By using Lemma (2.17)), (3.25), and Theorem , we get

/ V(s)2ds < | Xol2 + / F(X(s))I3ds
0 0

<P+ [arix@RxeRs O
< C(lIXolls, e Kz, T).
Now we bound |Y'(¢)|2. By Theorem [4.3| we have
YY)l < Y ®)]l3 < C(I Xoll3, ¢ K, T). (5.22)
Using and in gives
IYa(t) = Y(#)] < C(| Xolls, e~ Kz, T)h?|log(h)]. (5.23)
Finally we compute |en(t)|| = || Zn(¢) — Ya(t)||. By subtraction of and

(5.17), we obtain
¢ 2
len @)l S/O le™ =4 A Py P(f (Xa(s)) — f(X(5)))]] ds
‘ % —(t—s)A2 _%
=/ [Ape "[H[A, 2 P(f(Xn(s)) = £(X ()| ds,
since the constant eigenmodes cancel (cf. (2.16)). Using (2.18) and (2.9) gives

len()]l < C/O (t =) T (L+ [ Xn (I} + 1 XN 1 Xn(s) = X (5)] ds.
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By Corollary [3:2] we have

llen (@Il < C/O (t=s)" 1 (1+ e Kp) ([Wa, (s) = Wa(s)]

+¥(s) = Y ()] + llen(s)]]) ds
<C(l+e 1KT)T4 Jmax ([[Wa, (s) = Wals)|| + [[Ya(s) = Y(s)])

+C(1+671KT)/0 (t—s)*%Heh(s)H ds.

We apply Gronwall’s Lemma with a =1, 6 = Z and

A=C(1+e Kr)TH omax (W, (s) = Wa(s)ll + [I¥a(s) = Y (s)]),
B=C(1+¢'Kr),
to get
12n(t) = Ya (D)l = llea(®)|| < AC(B,T), tel0,T]. (5.24)

But we already obtained bounds for ||[Wau, (t) — Wa(t)]| and ||[Y,(¢) — Y (¢)|| in (5.19)
and (5.23)). By inserting these and ([5.24) into ((5.18)) we get the desired result. O

Since we have regularity of order 3 on €2, it would be possible to prove convergence
of order 3 for piecewise quadratic finite elements. We do not find this worth the extra
effort since our main result does not show a rate of convergence anyway.

We finally show that X} converges strongly to X.

THEOREM 5.4. Assume that | A% Q2|lus < oo for some v > 1 and that X, is
Fo-measurable with values in H® satisfying ||X0||2L2(Q7H1) + ||X()||‘i4(§m4 < p for some
p > 0. If X is the weak solution of and Xy, is the solution of , then

(E[ sup, 1 Xn(t) — (t)||2D%—>O as h — 0.

tel0,T
Proof. From Corollary [3.2] it follows that

E| sw |X(0)I1,] < Kr, B[ sw X0, <Kr, te01], (5:25)
te[0,T] te[0,T]

with K7 as in Corollary Let € € (0,1) and let Q¢ be as in Corollarysuch that
also || Xol|ls < C on Q.. Then

B[ sup %0 - XOF] < [ sup %) - X ()] aP

te[0,T] 2 t€[0,T]

b2 [ (s X0 + swp X)) d
c te[0,T)

te[0,T]

Here, by Hélder’s inequality and (5.25]), we have

[ sw x@Pap < ([ 12ap) ([ s X)), dP)
Q¢ t€[0,T Q¢ Q¢ t€[0,T

3 1
< (B swp IXWI1,])" <K
te[0,T]

[N
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and similarly for X},. Therefore, by Theorem [5.3]

(B[ sw I1Xn(H) = X(O)I2])" < Cle K, T log(h)] + CK et
t€[0,T]

1
Since C,(E%fw — 0 monotonically as € — 0, we may choose ¢ depending on h, such
that the two terms are equal. O
Since C(e K7, T) grows rapidly with e~1, is not possible to obtain a rate of
convergence from this proof.
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