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Signal Statistics in Fiber-Optical Channels with
Polarization Multiplexing and Self-Phase
Modulation

Lotfollah Beygi, Erik Agrell, Magnus Karlsson, and Pontwhdnnisson

Abstract—In this paper, the statistics of received signals in a link. They provided a quantitative understanding of theeys
single-channel dispersion-managed dual-polarization fier-optical  parameters for which NLPN sets the nonlinear performance of
channel are derived in the limit of low dispersion. The joint these modulation formats.

probability density function (pdf) of the received amplitudes L . . .
and phases of such a system is derived for both lumped and The characteristic function (i.e., the Fourier transforfn o

distributed amplification. The new pdf expressions are usedo Pdf) of NLPN for a single-polarization (SP) system has been
numerically evaluate the performance of modulation format over ~studied analytically in [12]-[15] by taking into accounteth
channels with nonlinear phase noise. For example, a sensity  correlation of the NLPN and the intensity of the received
gain of up to 2 dB is calculated for a specific system using gina| Moreover, the statistics of NLPN have been evathiate
polarization-multiplexed 8-ary phase shift keying compaed with experimentally in [16]. It was shown in [13], [14], [17] that
a similar single-polarization system at the same spectralffciency p ; y_ = . ' ' X
and a symbol error rate of 5 x 10~*. Moreover, the accuracy of the NLPN distribution cannot be approximated by a Gaussian
the derived pdf is evaluated for some single-channel dispsion-  distribution.
managed fiber-optical links with different dispersion-maps using  |n [18], a technique based on Gauss—Hermite basis functions
the split-step Fourier transform method. was used to calculate the variance of phase noise in a cdheren
system based on phase shift keying (PSK). A comprehensive
) ) _ ~ methodology and computational techniques for the analysis
T HE high demand for increasing the data rate of fibegg characterization of NLPN phenomena and their impact
optical channels imposes utilizing all resources in thegg, system performance have been presented in [19], based on
channels. Recently, extensive efforts see, e.g., [1]-Beh 4 jinear perturbation/noise theory.
been devoted to utilizing both polarizations of an optical |, orger to evaluate the performance of a phase-modulated
signal in a fiber channel to convey information. The duggnal, knowledge of the probability density function (pdf
polarization (DP) scheme makes it possible to exploit 8 the received phase, consisting of both NLPN and linear

degrees of freedom in a fiber-optical channel to bolost the d"i%ase, is necessary. Due to the dependence between NLPN
rate [5], [6]. A DP signal can be modeled in a four-dimenslong g the phase of amplifier noise, the joint pdf of these two

(4D) signal space [7], [8], which yields a more power-effitie (orms should be computed. Mecozzi derived this joint pdf

scheme for a fixed spectral efficiency by exploiting densg; gistributed amplification in [12], [17] and Ho [20, ch. 5]
sphere packing constellations. developed this joint pdf for both distributed and lumped

In a long-haul dispersion-managed (DM) fiber-optical changyjifications. The exact performance of PSK systems is
nel, the nonlinear phase noise (NLPN) [9, ch. 4] is a Majemputed exploiting this joint pdf in [20, ch. 6].

impairment for phase-modulated signals. NLPN is generatedy,q joint pdf of the received amplitude and phase given the

by the interaction of a signal and amplified spontaneoysiial phase of the transmitted signal and the signaldise
emission (ASE) noise from the optical amplifiers, due tpyio (SNR) was derived in [20, ch. 5] for a fiber channel
the nonlinear Kerr effect. Gordon and Mollenauer [10] firsfith NLPN caused by distributed or lumped amplification.
showed this phenomenon in a fiber link with many spans, #his joint pdf was used to evaluate the performance of a
which optical amplifiers are used to periodically Compeasa&uadrature amplitude modulated (QAM) signal in a fiber-
for fiber loss. This effect is known as self-phase mOdUIati(Hbtical channel with NLPN. Although the statistics of the
a.nd causes a major degradz_sltiqn in the performance of cahergReived signal provide a possibility of designing a maximu
single-channel data transmission systems. likelihood (ML) receiver for QAM signals, the analytical

Bononi et al. [11] studied the resilience of on-off keyingompytation of the exact performance of these systemslis sti
(OOK), incoherent differential binary and quadrature BRas.,mpersome. Moreover, the compensation of the NLPN has

shift keying (D(Q)PSK), and DSP-based coherent polanzatipeen stydied in [21], [22] based on the the aforementioned
multiplexed QPSK (PDM-QPSK) to NLPN in a DM f|berpdf_
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I. INTRODUCTION



i.e., lumped and distributed. The derived statistics mtevi where Py(t) = |Ex(0,t)|? + |Ey(0,t)|* is the instantaneous
the possibility of comparing the performance of SP and DBunched power into the fiber andz) = exp(—az/2) is a
systems for different system configurations. Some numleri¢anction that describes the power evolution.
results are given for the symbol error rate (SER) of the DP Here, we assume a fiber link with total length N spans
system with an 8-ary phase shift keying (8-PSK) signal sefith lumped amplifiers, where the fiber loss is compensated
in each polarization. According to these numerical restiits perfectly. Each amplifier adds complex circularly symneetri
DP scheme is superior to SP for a fixed spectral efficiencyGaussian ASE noisex; and nf, k = 1,...,N in the

To verify the accuracy of the exploited fiber-optic modebolarization x and y, respectively with varianeg. Moreover,
with low dispersion (see section Il), a general model of @e consider the noise within the optical signal bandwidth, i
DM fiber-optic link, consisting of a number of spans withignoring the Kerr effect induced from out-of-band signatian
optical amplifiers, single-mode fiber (SMF), and dispersiomoise in a same way as [10].
compensation fibers (DCF) is considered. For a DM link, the |f 53 4D signalS = (Sy, Sy), consisting of two-dimensional
pdf of the received signal will converge to a Gaussian-lik@D) components from a signal sa, is transmitted on the
pdf at high-enough symbol rates [11], [15]. Therefore, thgvo orthogonal polarizations, x and y, of a fiber channelsit i
derived pdf is a good approximation at low symbol rates fgeadily seen that each fiber span according to (2) contsbute

a DM fiber-optical link. The numerical results reveal tha ththe overall NLPN [10]p = v P: Les to the transmitted signal,
exploited fiber-optic model with low dispersion [20, p. 154]where

[10], [17], [21], [22] is not sufficiently accurate for incieed L/N 1 ol
symbol rates in a DM fiber-optical link due to the high group Lei = / ¢ (2)dz = — [1 — exp (__)}
velocity dispersion. 0 @ N

This paper is organized as follows. In section Il, we degcrilis the effective nonlinear length of each span dfhd= |Sx +
the system model for a DP fiber-optic channel with lo¥*  ni|2 + |5, + SO | ny|? is the input power of the:™
dispersion. The derivation of statistics of this channel fdiber span. The transmitted 4D signal experiences the total
NLPN alone is described in section Ill. The joint pdf of theNLPN of ¢p = ¢y + ¢y1. The termspy and ¢y are generated
received amplitudes and phases of the received signal fét a By interaction of the signal and noise due to Kerr effect in
signal is performed in section IV. We exemplify the use of ththe polarizations x and vy, respectively. This reveals tha fa
derived pdf in the SER evaluation of a particular system& withat signals in both polarizations contribute to the geteera
8-PSK modulation in section V for a fiber-optic link with lowNLPN ¢,. Due to symmetry, we show the derivations for the
dispersion and then by using a general model based on gtarization x only, while one may easily find the results for
split-step Fourier (SSFM) method [9, ch. 2], the accuracy dfe other polarization by replacing x with vy.
the simplified model is studied for some DM links. Finally,

) N i 2
section VI concludes the paper. by = VLeffZ ‘Sx i Z k|, 3)
=1 k=1
II. SvsTEm MODEL The received electric fiel® can be writteA
We neglect the effect of chromatic dispersion in this paper, E — fe—ion @)

which makes this analysis applicable to fiber-optic systems

with low dispersion, similarly as, e.g., [10], [17], [21RZ]. whereE = S+ _, n is the linear part of the electric field

However, we will evaluate the effect of chromatic dispemsiognd n* — (nf,n)f;)_ One may consider the distributed am-

on the validity of this model for a DM fiber-optical link by piification as a discrete lumped amplification with an innit

exploiting some numerical simulations with the SSFM. number of spans. This givésny_,.o N Le = L. In this case,

a continuous amplifier noise vecter(z) = (nx(2),ny(z))

is considered with elements as zero-mean complex-valued

Wiener processes with autocorrelation function [20, p.]154
For a zero polarization-mode and chromatic dispersion-fiber

optical channel, the nonlinear Schrodinger equation kwhic

describes the light propagation in an optical fiber is [9, clwhere 07 = NoZ/L. The NLPN can be computed for
6] distributed amplification by

0E «

O T - — NLe L

g, TYVEENE+jZE=0, (1) oo = 222 [ 78 4 n(2) P, (5)
0

whereE = (Ex, Ey) is the dual polarized launched envelope

signal into the fiber channel,is the fiber nonlinear coefficient, IHere, we have used equation (6.2.5) of [9] with — 1 based on the
«a is the attenuation coefficient of the fibg¢rlenotes Hermitian manakov model [23].

conjugation, and: is the distance from the beginning of the 2By definition, E = E(L,t) is a time dependent electric field, not a

fiber. The solution to (1) at timé can be written as vector representation of the projected received eleckid fin a signal space.
' We nevertheless use (4) to model the discrete-time systdmren is a

A. Fiber-optic channel with low dispersion

E[nx(z1)n} (22)]= ogmin(z1, 22),

) z 9 complex signal vector. This is a standard approximatiorh@nfteld and has
E(z,t) = E(0,t)q(z) exp j'yPO(t)/ g°(T)dr ), (2) been shown numerically [24], [25] to be reasonably accyraliiough the
0 theoretical justification is insufficient.



N One may interchange x and y in (7) to obtain,, and by

substituting¥ ¢, and ¥4, into (6), we get

SMF  DCF
EDFA -
Vg, (V) = sec? (Lad\/]w/)
Fig. 1. A dispersion-managed fiber-optical link with N spaRsch span - -
consists of an SMF, a DCF, and an EDFA. X exp ((px + py)Log\/jyv tan (Lad V JVV))- (8)

The pdf of the NLPN is illustrated in Fig. 2 for SNR = 15 dB

The ASE noiseny(L) and ny(L) generated by in-line am- by taking the inverse Fourier transform of (8). The mean and
plifiers in polarization x and y, respectively and accumedat the variance of the NLPN can be obtained as
at the receiver have the variander} = 2hvoptV Lansy

: . . d
[21], where huvop is the energy of a photongs, is the E{®p} = —j—Vg (v)
spontaneous emission factor, ald is the bandwidth of the dv
optical signal. The SNR vector is defined pas= (px,py) gng

=yL%3(px+py+1)  (9)
v=0

where px is |Sx|?/(Lo3) or |Sx|?/(No?) for distributed or 9 2,4 4,2 1
lumped amplification, respectively. Ta, =7 L C’d(g(px +oy) + 5)’ (10)
where we usedi{®2Z} = —jj—;\IJ%(u)‘ . As seen in

Fig. 2, the mean and the variance of the 'NLPN have been
doubled for the DP case compared with SP [20, p. 157]
We consider a general DM fiber link witlv spans in provided that the transmitted signals in both polarizatibave

which an SMF and a DCF is used according to a dispersigiie same SNR.

map (see Table 1). The dispersion of each span is fully
compensated by a DCF fiber and neither pre-compensation Bor
post compensation is used. An erbium doped fiber amplifier o ) ]
(EDFA) compensates for the fiber loss in each span. The SSFMI N characteristic function of NLPN for a SP system with
is used to simulate a DM fiber-optical link shown in Fig. 1lumped amplification is given in [20, ch. 5] by

B. Dispersion-managed fiber-optical channel

Lumped amplification

The following channel parameters are used for the numeri- N 1 iy Sel? Letr(As - )2
cal simulations: the nonlinear coefficiem{gye = 1.4 and \If¢n(u):H T T g? (ﬂ)\ X Zﬁ ;2 5 ),
Yock = 5.2 W™'km™!, the optical frequencyop = 193.55 o1 eV ARTD kT )V LeftV ARTH

THz, the attenuation coefficientgsyr = 0.25 andapce = 0.6 (11)
dB/km, t_he dispersion coefficienpcg = —120 ps/nm/km, wherex = (N,N —1,...,2,1)T, - is the inner product of
and the fiber lengthBsur = 80 km. The rest of the parameters, rea| vectors, andy, and A, are the eigenvalues and
are given in Table | for the numerical simulations (see secti eigenvectors, respectively, of the covariance matrix fi20.49]

V).
N N—-1 N-2 ... 1
N-1 N-1 N-2 ... 1
I11. NONLINEAR PHASE NOISE I =
In this section, we extend the results of [20, ch. 5] to DP 1 1 1 o1

signals. Due to the difficulty of computing the pdf o4 di- The characteristic function of the NLPN for a DP system with

rectly, we first compute the characteristic function. Singe:) e )
andny (=) are independenty, and ¢, are also independent lumped amplification can be derived by an analogous approach
¢ : y ‘as lII-A and using (11) as

Therefore, the pdf ofp, can be obtained by the convolution

;)f the pdfs of¢, and¢y, or the product of their characteristic o (1) ﬂ 1
unctions [26 e '
[26] Pl (1- j’YLeffV)\kag)Q
Vg, (v) = \I/@(V)\If@y(y)' (6) X ex jW/HSHQLeﬁ(Ak : X)2 (12)
A — jyLevAiog )

The mean and the variance of the NLPN for a DP system

with lumped amplification can be readily obtained explgjtin
For distributed amplification, the characteristic funatiof the results for an SP system in [20, sec. 6.2], as

¢y is given in [20, p. 157

A. Distributed amplification

E{®n} = NyLen(||S||* + 2(n + 1)0p), (13)
Vg, (V) = sec (Lad\/jwu) and
X exp (prad jyv tan (Lad\/jw/)). @) o2 :éN(N +1)(yLetoo)?
"3
1
3In contrast to [20], we have removed the normalization factd.e, in X {<N + —> ISI?+2(N? + N+ 1)o5| . (14)
(7) and (12). 2



Dist amp. and Ug, (jv) is given in (7). In the case of lumped amplifi-

AN ---  Lumped amJev cation,
6 N AL - )2
(V) = o2 —( kX , 19
» st ) 0 ; 1 — juyLei ko (19)
=
g ", (A 3)(AxT)/A
g k- X)Lk k
O3t = S 20
mx(y) XI; 1_jV'7Leﬁ)\k08 ’ ( )
B -
A in whichT' = (1,1,...,1)7, and ¥4, (jv) is given in (11).
Here, the statistics of a DP 4D signal after propagationu@ho
o — v ‘ - - a DM fiber channel are derived for distributed and lumped

on/ L, gn/ (N'Len) x10° amplification. The motivation for derivinge r (0, 1), i.e., the
joint pdf of the normalized received amplitudes= (ry,ry)
and phase® = (6y,0y), is to design an ML receiver for
such systems. The joint pdf of the two normalized independen
Ricean random variables, andry can be written by [28, p.
50]

fr(r) :4rx7°ye_(”rH2+px+py)Io (2rwpx) Io (2rypy) . (21)

Analogously, it can be shown using (13) and (14) that the According to the model (4), the received phase veé&or

mean and the variance of NLPN of a DP syste_m are twice @fthe sum of the transmitted phase vector, the phase vector
those for an SP system, which was first shown in [27]. As Se8Rihe received linear paé _ (éx, éy), and the NLPN vector

in Fig. 2, the pdf of NLPN for a lumped amplification will bew ¢n). Without loss of - :
) L ns Pn)- generality, we assume the transmitted
overlapped with distributed one fa¥v > 32. The pdf of the phase vector to be (0,0). Therefore, we have

NLPN is plotted by taking the inverse Fourier transform & th R
characteristic functions (8) and (12). As seen in Fig. 2,0Re 0 =6 — (¢, Pn). (22)
scheme has larger mean and variance than the SP system.

Fig. 2. Pdfs of the normalized NLPN for a fiber-optic link witw dispersion
and distributed ¢,/L) and lumped ¢n/ (N Lex);
N =38, 16, and32) amplification py=py=15 dB,
L = 4000 km, and ks = 10 Gbaud).

Theorem 1:The joint pdf of the received phase vectfr
and the normalized amplitudesof a DM fiber channel with

distributed amplificationis
IV. THE JOINT PDF OF THE RECEIVED AMPLITUDES AND

fr(r 1 — -
PHASES OF THEDP SIGNAL for(6,r) = Zr(?) + 5 Z Re{ckx(r)egkxex}
k=1
In the SP case, the system transmits in only one polarization ] &&= . »
and the joint pdf of the amplitude and the phase of the redeive + 52 Z Z Re{Ck(r)eJk"’ + O+ (r)e7® '9}
signal is [20, p. 225] T =1 ky=1
s . 1 o :
f@x,Rx(9X7TX) — ‘][R;i(rx) + l Z Re{cz(rx)ejkex} , (15) + W Z Re{Cky(r)ejkyey} , (23)
T = ky=1
where the normalized received amplitudg is denoted where
by |Ex|/(cqV/L) and |Ex|/(cov/N) for distributed and rery U, (Fixy) )12 + [[m (k) |2
lumped amplifications, respectively. Here, the inducedspha Ci(r) :W - 272 (kyy )
noise from the noise of the orthogonal polarization and Y (g ) m (ky r
the out-of-band noise is ignored. Moreovefz(r) = I, | 22 I, (24)
7—2 (kxy) Y T2 (kxy)

ore= (1" +0%) 1, (2r\/p) is the Ricean pdf and the coefficients
Cy of the polarization x for both types of amplifications idiere,k = (ky, ky) is a vector with positive integer elements,
obtained as ky = (kx,0), ky = (0, ky), k* = (kx, —ky), kxy = kx + ky,
2 2 m(v) = (mx(v), my(v)), 7(v) andmy(v) are given in (17)-
CX (1) = %"k(k)exp (—%ﬂl(m) A (mé(k]j”), (1é),)anc§\11@n( (;'u) fs( g;i)ven(irz ®). v
(k) 7*(k) (k) Proof: See Appendix A. [ |
Theorem 2:In the case oflumped amplificationthe joint
whereI,(-) denotes the-order modified Bessel function of pdf of the received phase vectérand normalized amplitudes

the first kind. For distributed amplification r of a DM fiber channel is given by (23)-(24), wherév)
2\ , - andmy(v) are given in (19)-(20)¥ 4, (jv) is given in (12),
7 (v)=tan(Log\/jyv)/(2Loa\/ jyv), (17) " and the rest of the parameters are the same as in Theorem 1.

i Proof: The proof is analogous to Theorem 1, exploiting
mx(v) =+/pxsec(Loay/jv), (18)  the results of [20, p. 185] for a finite number of spans with
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Fig. 3. The SER of a fiber-optic link with zero dispersion, 1ba@d, and
Nspan= 50 for DP and SP 8-PSK constellation versus transmitted power p

polarization P.

0 2
P (dBm)

TABLE |
SIMULATED DISPERSION-MANAGED SYSTEMS.

System I mnmm v v Vi VI
Symbol rate (Gbaudp 10 15 20 3 5 7
D (ps/nm/km) 3 3 3 3 165 16,5 165
TNisp 32 32 32 32 14 14 14
Nspan 25 14 10 8 25 22 14

1. We compute the SER of PM-8PSK and compare it with SP
8-PSK for the same powd?, per polarization. The exploited
symbol-by-symbdi ML detector uses the derived pdf to detect
the received four-dimensional symb®lby

S =arg gleaMX fe_eor(0,1), (28)

where fg_go g is the joint pdf of the differential received

phases and amplitudes of both polarizations in Theorem 1.
lumped amplification. B Here, @ is the initial phase vector (i.e., at the transmitter)
Interestingly, the Fourier series coefficient& for a DP of the transmitted symbols of both polarizations which was
system are the product of the Fourier series coefficiente®f tassumed to bé in Theorem 1. The signal seé¢! denotes the
two polarizations x and vy, four-dimensional constellation, i.€8-PSK)? in our numerical
x analysis. This evaluation is done for distributed amplifara
Ci(r) = Ci(r) Cilry). (25) with no dispersion similarly to [21], [22] (system VI). In
The coefficient<”} (r«) of the polarization x for both types of Fig. 3, the SER performance is plotted versus transmitted
amplifications are power per polarization for the SP and DP systems with zero
9 9 dispersion, 10 Gbaudyspan = 50, and 8-PSK constellation.
C(ry) = w e (_%X(kxy)) As seen in this figure,pthe DP scheme shows a negligible
72 (kxy) 272 (kxy) performance degradatiorr( 0.25 dB) in the linear regime
I <mx(/€xy)7°x) . (26) @ the same symbol ratB, and SER =5 x 10~*, while for
N\ T2 (kyy) a fixed spectral efficiency, one may observé a 3 = 2 dB
Hence, the coefficient§’ of (16) for an SP system can pePerformance improvement in exploiting the_DP scheme rather
obtained as a special case of (26) by setling k. than S_P (_to compare at thg same transmltt_ed power, the DP
The marginal joint pdf of the amplitude and the phase GHVein Fig. 3 should be shifted 3 dB to the right). This réesul

the received signal for solely polarization x can be obwmind'@S been demonstrated previously in [30]. Moreover, the SP
from (23), (24), and (25) as 8-PSK system with symbol rateRs does not go below SER =

fa () - 5 x 10~* for any power, while DP 8-PSK reaches a minimum
IR (% 1 / Gk of 3 x 107°. As expected in the nonlinear regime, the SP
Jou i, 1x) = 2m + T Z Re{Ck*(Tx)e }’ scheme is superior to the DP case at the expense of losing
(27) half of the spectral efficiency.
Another interesting point is the convergence of BPand
where SPR, at low P, and the convergence of DR; and SP2R,
/ R < at high P;, as seen in Figs. 3. The convergence at Bwis
Cie (1) = Ci (1) /ry_o Cre,ry)dry. due to disappearing nonlinear effects in this regime. Ahhig
Py, the major impairment is NLPN, which is a function of the
transmitted signal power and the added noise power in both
V. NUMERICAL RESULTS polarizations. In the DP system, the total transmitted pdge
In this section, we first compare the SER performance of &fiice the power in the SP system. On the other hand, doubling
SP and a DP fiber-optic link with low dispersion to evaluate tithe symbol rate will boost the noise power by a factor of 2 for
SER degradation due to the NLPN contribution from the twidie SP system. Therefore, the high-power SER performance
polarizations. Then, we check the accuracy of the exploit#dll be the same for the DI, and SP2R; systems.
model for DM fiber-optical links of Table I.

kx=1

B. Dispersion-managed channel
A. Fiber-optic channel with low dispersion To verify the accuracy of the theoretical pdf derived in

The performance of a polarization-multiplexed 8-PSK (PM'[heore_mlldffor d_ifferegtfscenarios, we comparel i.t Wir::t' the
8PSK) [29] modulation format is evaluated by simulationglUMerical pdf estimated from extensive numerical simaetl

The approach proposed in [21] is implemente(_j to "fmain a VelYiwe use an uncoded scheme and the detector is memorylessn(idt a
low complex ML detector based on the pdf derived in Theoresaquence detector).
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Fig. 4. The SERs of systems (a) I-lll, (b) V=VII with two diffent detectors versus transmitted power per polarization

The SSFM [9, ch. 2] is exploited to implement the fiber-
optical channel for the systems given in Table I. In thiseabl
we have considered systems with dispersion coefficients
3 and 16.5 ps/nm/km for a range of symbol rates that th
pdf changes from a shape close to our theoretical result
a Gaussian-like pdf. One may use a measure of similarit
between the two pdfs, i.e, the numerical pdf of a DM link,
extracted based on the NLSE and the theoretical pdf for a
fiber-optic channel with low dispersion, derived in Theorem
Since the numerical calculation of the pdf tails is cumbersp
applying such measures of similarity like the Kullback+bler
distance [31, p. 251] are not feasible.

Instead, we only measure the advantage of using tt
theoretical pdf rather than the Gaussian pdf quantitativel
by computing the SER using two different detectors: The
detector based on (28) and a standard DP receiver with ide
polarization demultiplexing and phase synchronizatianc&
the decision boundaries in the standard receiver are astsurggl 5

(0) (d)
. . . . i . The marginal joint pdf of the received phase and anmtéi in one
to be straight lines, its performance is optimal for Gaussiapolarization, e.g., x at transmit powg% = 1 dBm for (a) system without

like pdf. On the other hand, a new detector based on (28jpersion (the same system as Fig. 3), (b) system I, (cpsyst, and (d)

tem IV. The corresponding values of the contours are dneesfor all

outperforms the standard receiver for a non-Gaussian {begt figures

like) pdf. Moreover, we perform the SER comparison for
two different types of fibers. In low-dispersion fibers, e.g.

systems |-lll as seen in Fig. 4(a), the new detector showsibe{15]. Hence, this pdf can be approximated very well by a
results for 6 Gbaud, while at 15 Gbaud, the standard recei®sussian pdf for symbol rates higher 7 and 20 Gbaud for
outperforms the new detector. Therefore, the theoretidblp systems with dispersion coefficients of 3 and 16.5 ps/nm/km,
not accurate for symbol rates above 10 Gbaud. An analog@dspectively. A Gaussian pulse shape filtering and its neatch
interpretation from Fig. 4(b) reveals that this threshsl@ven filter are considered for all simulations at the transmisted
smaller forD = 16.5 ps/nm/km (systems V-VII). Moreover, the receiver, respectively. The corresponding number afisp
we plotted the numerical marginal pdf of the received sign Table | were chosen such that the performance of the

in one polarization, e.g., X, of the received signal for foufiven systems can be evaluated with reasonable Monte-Carlo
different systems. Figs. 5(a)—5(d) show the pdf plots fgra@ complexity.

system without dispersion (the same system as Fig. 3), (b)

I, (c) system Il, and (d) system IV, ab, = 1 dBm. The VI. CONCLUSION

numerical pdf is close to the theoretical one for systemavith ~ The signal statistics of a DP fiber channel including the
dispersion and |, but as seen in system Il and, particularpdf of the NLPN and the joint probability of the received
in system IV by increasing symbol rate, the pdf converg@snplitudes and phases given the SNR of both polarizations
to a Gaussian-like pdf, as was previously reported in [11jave been derived. This makes it possible, for the first time,



to analytically evaluate the performance of data trandonss coordinates can be written

systems over DP fiber channels with phase noise and low.

enough symbol rate, and to optimize the performance of ‘Pm@vR(V’“’n) :\Ij¢x7@x7Rx(V’“"’nx)

such systems. Moreover, a quantitive approach is proposed X ‘If¢y7@y,pby(1/, ty,1y), (31)
to measure the accuracy of the analytically derived pdf for

specific dispersion-managed fiber-optical link. where y = (1x; pry) @ndmn = (nx,ny). Hence by taking the

inverse Fourier transform, we get

Fv;i)r{\l/@n,é),R}:]:rXer{\I/@x,(C)X,Rx}fr;;:ry{qJ@y,é)y,Ry}- (32)

. On the other hand, using the results in [20, p. 225], we have
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2 2
ri +mg(v) rxmx (V)
-2 | ——=]. (33
APPENDIX X exp ( 572() e\ 2 ) (33)

PROOF OFTHEOREM 1
One may replace x with y in (33) to obtaj 1, {¥, 4
Before going into the detail of the proof of Theorem 1, Wang then, by substituting it and (33) iriﬁ”gzy{wgyggﬁy}
define the partial characteristic function by

. ) _ rxry Ve, (V)
]—";31—>r{\11(~)1,(~)2.,R(W1,w2,W3)} = }-"Hr{\l/{)”’@’R(V’ )} = ()
o0 e _ e+ m@)) 2 remx (V) rymy(v)
/700 Vo, 0, r(w,ws,ws)e *dws, X e SRR N T(V) L, 2w ) (34)

where F 1, denotes the inverse Fourier transform witffhe partial characteristic function (see Definition 1) oé th
respect tavs and the characteristic functiohe, o, iS given received phase vectérand amplitude vectar of the received

by signal can be computed by
27 21 e’} —1
Fe 0, = F LG , . 35
Vo, 001w, wa,ws) = / / / for.00n(61,02,7) blfor@.0)} =F L {Vor(v, W} (35
j?elwliezwzowm) Now, one may use (35) to find the coefficients of the two-
xe ’d01dO2dr.  (29)  dimensional Fourier series expansion of
Moreover, we introduce the following lemma, which will be 1 0 o o
used later. for(0,r) = — > > Culr)e™?, (36)
Lemma 1:The two-dimensional Fourier series coefficient Fx=—00 ky=—00
Cx(r) of the joint pdf fo, 6, r(01,02,7) With respect tof,  with respect taf for a givenry andr,. Therefore using (22),
and o over [0, 27) is obtained by (35), and Lemma 1, these Fourier series coefficiéhtsare
1, obtained as
C(r) = 5 Fnr{Verenr(—k1, —k2, —n)}, .
h ( 7; h | Ck(r) = ‘Fnﬂr{\l/@-,R}(_ka I‘)
wherek = (ki, ko) is a vector with integer elements. —Fl oy b 4 Ky —k. 1 37
Proof: According to the definition of the partial charac- nori¥a, o) (Rt by, ~k.r). 37)
teristic function, Substituting (34) into (37), one can get (24). On the other
. hand, exploitingC_, = C\', wheret denotes the complex
FssriVor,0, r(W1, w2, w3)} conjugateC( o) = fr(r), and some algebraic manipulations
= F(01,00)— (w1 w2) LfO1,02,R(01,02,7)} on (36), one can obtain (23).
21 27 ) [ |
_ / for.00.1(01, 05, r)e I E101+R202) 49, da, . (30)
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