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Nomenclature

The nomenclature used in this work follows ISO standard 8855:1991 [21] for
the vehicle dynamics terminology. The notations for the aerodynamic forces are
adopted from SAE standard J1594 [54].

1Sum of wheels on that axle if force or stiffness or average of wheels on axle if angle
2Relative to vehicle, unless otherwise stated
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vi Nomenclature

Super-
/subscript

Description

0 Reference
1 Front left wheel
2 Front right wheel
3 Rear left wheel
4 Rear right wheel
F Front axle1

R Rear axle
F/R Front to rear
L/R Left to right
i Counter index
IN Input from power source
lim Value at which variable saturates or peaks
ss Steady-state
X Longitudinal, positive forward2

Y Lateral, positive to left
Z Vertical, positive upward

W
In wheel coordinate system

˙ Derivation of variable with respect to time
¨ Second time derivative

Table 1: Indices
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Variable Unit Description
α [rad] Tire slip angle
β [rad] Body slip angle
γ [-] Ratio between front and total roll stiffness
δ [rad] Wheel steered angle
δH [rad] Steering-wheel angle
δD [rad] Ackerman steering angle (l/R).
ϕ [rad] Roll angle
θ [rad] Pitch angle
ψ [rad] Yaw angle
τ [s] Time constant
κ [-] Longitudinal tire slip
µ [-] Ratio between peak tangential force and normal force;

the friction coefficient.
σ [-] Relative tire slip
ξ [-] Ratio between front and total drive force
ω [rad/s] Rotational velocity
Ω [rad/s] Rotational velocity of (vehicle) reference frame relative

to a inertial system.

Table 3: Greek variables



viii Nomenclature

Variable Unit Description
A n/a Jacobian respect to state variables
a [m/s2] Acceleration
b [m] Track width; distance between left and right wheel
B n/a Jacobian with respect to input(s)
C n/a State variables→ output transformation matrix
Cα [N/rad] Cornering stiffness
cα [-/rad] Cornering stiffness normalized with vertical force
d [Ns/m] or

[Nms/rad]
Damping

F [N] Force
FD [N] Drag force
g [m/s2 Gravitational acceleration
iS [-] Steering ratio
k [N/m] or

[Nm/rad]
Stiffness

KUS [rad s2/m2] Understeer gradient
M [Nm] Moment
l [m] Wheelbase; distance between front- and rear axle
lF [m] Distance from front axle to center of mass (CoM)
lR [m] Distance from rear axle to CoM
R n/a Transformation (rotation) matrix
R [m] Corner radius
h [m] Vertical distance from CoM to ground
h0 [m] Vertical distance from CoM to roll- & pitch axis
n [-] Gear ratio
u n/a Input variable(s)
v [m/s] Speed
x n/a State variables
y n/a Output variables

Table 4: Latin variables
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Chapter 1
Introduction

1.1 Background

Vehicle dynamics, is the theory of how tire and aerodynamic forces acting on a
vehicle affect the vehicle’s motion, response, stability,and other characteristics.
Ever since motor vehicles started traveling on roads, this research field has in-
creased in importance for road vehicles. In its infancy, themain focus was on
improving brakes and tires due to the demands of increased vehicle speed. Early
developments include preventing the rear wheels from locking prior to the front
wheels (a common cause of vehicle instability up to that point) through brake
proportioning. Later, electronic control of the vehicle dynamics was introduced
through anti-lock braking systems (ABS), which prevented the wheels to lock dur-
ing hard braking thereby improving stability and shorter braking distance, as well
as permitting the driver to maintain steer-ability. From ABS systems, traction con-
trol systems (TCS) were developed, which prevent wheel spinwhile accelerating.
This is particularly useful on surfaces with different friction on each driven wheel.
This electronic control of the brake system eventually leadto electronic stability
control (ESC) systems. ESC uses autonomous brake intervention to steer the ve-
hicle with the brakes in a situation when too large a deviation from the intended
direction is detected by the system.

In its most recent development, vehicle dynamics has expanded to include
active control of steering, driveline, and suspension sub-systems. Among these,
this thesis focuses on the the study of controlling active all-wheel drive (AWD)
systems. Even though AWD systems are almost as old as the automobile itself,
they have so far been passive, i.e. not electronically controllable. Moreover, the
purpose of these systems have changed from a pure traction aid for off-road con-
ditions to the introduction in passenger cars for the improved use of the available
grip on standard roads [28]. One current development in the field of drive force
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2 Chapter 1. Introduction

distribution, is the advent of electronically controlled driveline systems. These
active driveline systems enable the drive force distribution to be optimized for a
much wider range of operating conditions when compared to passive systems with
fixed characteristics.

As much as active driveline control offers opportunities tochange and im-
prove the vehicle characteristics, it is an area which has not been systematically
analyzed to any great extent, as is discussed further in thischapter. This present
work is motivated by the need to further explore the subject of combined longitu-
dinal (drive/brake) and lateral (cornering) forces for thepurpose of improving the
control and design of active driveline systems.

1.2 The Importance of Understeer and Lateral Grip
Limits of Road Vehicles

The subject of vehicle dynamics is of great interest to the development of road
vehicles in general and also for its active subsystems. In the field of vehicle dy-
namics, vehicle handling deals with the study of a vehicle’sresponse to input(s)
from the driver. Two important aspects in the field of vehiclehandling are the
understeer and lateral grip limits of a vehicle. The understeer of the vehicle can
be defined as how much the driver needs to change the steering input to maintain a
constant radius as the vehicle speed is increased. Understeer is therefor an impor-
tant feedback to the driver. A different way of viewing the understeer, but leading
to the same result as with the previous definition, is how muchthe cornering ra-
dius changes with vehicle speed when the steering input is held constant. The
understeer of the vehicle itself is determined by the rate atwhich the lateral forces
are generated at the tire contact patches of each axle and arelimited by tire/road
capacity, the latter defined as the grip or friction limit. Furthermore, as much as
the understeer is important for the driver, the vehicle itself is limited by the uti-
lizable lateral grip. The lateral grip is of great importance since it, for instance,
determines if an obstacle can be avoided [6], or if the vehicle can successfully
negotiate a given road curve.

For the purpose of vehicle control, it is essential to alwaysknow the desired
(or target) vehicle behavior based on driver inputs. Hiemer[18] notes that the an-
ticipation of average drivers to a vehicle’s response to his/her input can be viewed
as the handling characteristics of a vehicle where the tiresare in the linear range
of operation. This anticipation can be modeled with a lineardynamic model, often
referred to as the linear bicycle model. This linear model has a constant under-
steer and no lateral grip limit. Many researchers and developers of active safety
systems use this linear model as an interpretation of the drivers’ intention based
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on his/her steering input, so also in this work.

Even though constant understeer is desired, the understeerof real vehicle is
generallynot constant, but changes with speed and the amount of utilization of
the lateral and longitudinal grip. To overcome this change in characteristics of a
“passive” vehicle with a given understeer and maximum lateral grip, the grip lim-
its and understeer can be changed by actively controlling the steering, suspension
and traction/braking systems. ESC systems use the bicycle model as a reference
to control the vehicle motion [67, 66, 13, 72, 51]. ESC systems work on an in-
tervention basis, i.e. they only operate when a pre-set deviation from the desired
system output is exceeded. In contrast to these intervention based systems, it can
be shown that real vehicle behavior is able to follow the linear bicycle model up to
the grip limit, by fully utilizing steering, suspension andtraction/brake actuators.

In this research it is shown how active drive force distribution can be used
to accomplish the aim of constant understeer. Apart from changing the vehicle’s
understeer, the grip limit can also be expanded by drive force re-distribution. This
is possible since a passive vehicle cannot fully utilize alltires potential under all
operating conditions. Also, the ways to optimize the lateral grip by active drive
force distribution is dealt with in this work. The focus of this research is thus how
drive force distribution can be used to improve lateral gripand provide consistent
handling characteristics over a wide range of operation.

Drive forces have the primary purpose to accelerate the vehicle or to maintain
a constant vehicle speed. However, when accelerating in a corner, there is a strong
influence on the lateral grip and understeer of the vehicle. This influence is due to
the acceleration itself but is also dependent on how the drive forces are distributed.
For maximum lateral grip, (1) the lateral force capacity must be maximized while
(2) maintaining a balance between the lateral force capacity from the front and rear
axle. The second requirement is important, since an imbalance between the front
and rear axle will either tend to increase or decrease the turning rate of the vehicle.
The drive forces and how they are distributed on all four wheels influence the two
factors mentioned previously. Of interest in this study is therefor to understand
and describe this influence.

Concerning the understeer of the vehicle, a further motivation to adhere to
predefined understeer for any given operating condition is that the often dramatic
change in understeer near the grip limit could potentially lead to loss of directional
control or loss of vehicle stability. Accidents which are a result of the driver hav-
ing lost control are the type of accidents that ESC systems, mentioned earlier, have
been known to reduce by 25-40% [46, 31]. Miura et al.[44], forinstance, indicates
that consistent understeer, regardless of the operating condition, is desirable from
the perspective of driver comfort .
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1.3 Existing Research on Drive Force Distribution

Given the importance of the influence of drive force distribution on vehicle han-
dling for the control and design of active driveline systems, a thorough literature
review was conducted in order to identify the state-of art inthis field. Of the com-
monly used literature in this field, such as [2, 14, 26, 40, 41,43, 49, 51, 74], none
give details regarding the effect of the combined driving orbraking with cornering
on the understeer and lateral grip on a vehicle level. This fact may seem some-
what surprising since the effects of combined driving/braking and cornering are
well described on a tire level in both the previously mentioned literature as well
as recent work by Svendenius [63] and many others. One aim of this research is
to make a contribution to closing this gap between the knowledge available on a
tire level to its implication on vehicle level characteristics. The focus of this work
is thereby to explain the implications of drive force, and drive force distribution
to the specific and important vehicle characteristics, lateral grip and understeer.

Studying the available literature in more detail, an overview of various means
to actively control the vehicle characteristics by means ofsteer angle, drive/brake
force, and vertical load control can be found in [4, 30, 33, 75]. There are further
scientific papers that study the cross-coupling between lateral and longitudinal
handling properties such as Pacejka [48], Uffelmann [69], Abe [1], Shibahata et
al. [62] and Furukawa and Abe (1997) [12]. These papers are, however, mainly
limited to simulation results and the theory explaining thephenomena is brief.
Shihabata et al.[62], nevertheless, noted how longitudinal acceleration and decel-
eration in a corner can be seen as a yaw-moment,∆MZ . Furukawa and Abe [12]
further explains the result of Shihabata et al. by showing how this moment tends
to increase or decrease the cornering radius from the longitudinal load transfer
caused by braking or acceleration in a turn. Based on these findings, Shibahata et
al. proposed a feed-forward control of the left/right brakeproportioning to coun-
teract this yaw moment. This load transfer is not generally considered in analytical
studies of vehicle dynamics and is therefor an important expansion of the theory
for the combined longitudinal and lateral motion.

Most studies of vehicle dynamics have focused on understanding the lateral
dynamics of the vehicle decoupled from the longitudinal dynamics, as previously
mentioned. Even though the cross-coupling between longitudinal forces and lat-
eral forces is well understood on a tire level, methods on howto directly evaluate
the influence of drive force distribution on the total vehicle characteristics are
brief, incomplete or only based on empirical results.

As a conclusion, a considerable gap, concerning the theory available to de-
scribe the implications of drive force and drive force distribution, was identified
when reviewing the available literature in this field. It is this gap which therefor
should be addressed in this work.
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1.4 Objectives of this Study

This following work was on one hand motivated by the gap indicated in the avail-
able literature and, on the other hand, by the relevance thatthis knowledge has for
the design and control of active driveline systems. Based onthis motivation, the
objectives for this work were divided into,

• the problems to be addressed,

• the requirements on the solution to these problems,

• a proposed solution, supported with the supporting theorythat solves the
problems indicated, while fulfilling the stated requirements, and,

• the verification of the solution using computer simulations.

Based on the previously indicated areas of interest, the questions to be an-
swered in this project could be formulated as:

• How is the lateral grip affected by drive forces and how theyare distributed

– front/rear and

– left/right?

• What is the optimal front/rear and left/right drive force distribution? Opti-
mality here defined as the distribution that provides the maximum possible
lateral grip.

• How does the drive force distribution change the understeer of a vehicle?

• How is constant understeer maintained during different operating conditions
by means of drive force distribution?

• What drive force distributions are produced in particulardriveline configu-
rations what implications do they have on the lateral grip and understeer?

In order to limit the scope of the project, and to further establish some min-
imum requirements for the solution to be valid, the following requirements are
listed:

• The theory must be valid for steady-state trim conditions as well as steady-
cornering combined with steady braking/acceleration.

• The solution should be usable for design of driveline hardware and the as-
sociated feed-forward control.
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• The lateral grip limit should be predicted assuming that the tire forces and
the friction are known. For work on friction estimation techniques, see for
instance [3, 36, 34, 35].

Subsequently, the proposed solution, and supporting theory, should result in:

• a tool which graphically shows the effect of possible drive-force distribu-
tions on the lateral grip limit.

• a tool useful for the design a drive-force distribution that maximizes the
lateral grip for any given condition.

• an analysis tool and expressions for the effect of the driveforce distribution
on the vehicle understeer.

Finally, the proposed solution is verified using computer simulations. These
computer simulations are based on industry standard test procedures. The sim-
ulations are, first aimed at verifying the developed theory which is based on a
simplified modeling approach to describe the phenomena of interest. The use of
more sophisticated vehicle models can confirm to the assumptions of the simple
models. A second use of the simulations was to identify the limits to which the
simple models were valid. These simulations are based on

• Steady cornering test such as the ISO4138:2004 [23] test procedure with
constant steering angle. This test intends to verify the predicted understeer
and predicted lateral grip limit.

• Cornering tests with various levels of constant acceleration/braking such as
[24, 25]. The purpose of these tests are the same as the previous test with the
modification that the effect of the drive force and the drive force distribution
is included.

• Transient maneuvers with step-steer such as [22]. The objective with this
test is, to evaluate predictions of the steady-state limits, as well as limita-
tions in the theory with regard to overshoots possibly exceeding the pre-
dicted limit. The limit is detected by successively increasing the amplitude
of the steering input until the lateral acceleration no longer increases.

• Evaluate the generality and limitations of the developed theory with fully
dynamic maneuvers such as the NHTSA1 ESC test as defined in [47]. Since
this test is designed to induce oversteer, a vehicle where the steady-state
lateral grip is determined by the front axle will show a larger lateral accel-
eration than predicted by the steady-state theory in this test. The purpose of
the test is to verify that assumption.

1National Highway Traffic and Safety Administration – http://www.nhtsa.gov
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Apart from the tire/road capacity or friction, longitudinal forces generated by
the tires are also limited by the engine’s power. The drive force distribution is
further determined by the driveline configuration. This work also investigated
how a specific drive force distribution can be realized with some specific driveline
configurations.

1.5 Delimitations

The boundaries and scope of this work are given by the conditions that

• the tire/road friction is assumed to be given.

• only vehicle level modeling of drive force distribution isinvestigated. Com-
ponent level realization such as engine, transmission or driveline modeling
are outside the scope of this work. However, the control authority of certain
driveline concepts are discussed.

• the characteristics of the vehicle under steady-state cornering and constant
longitudinal acceleration while cornering (quasi-steadystate), are of pri-
mary interest. Transient and dynamic maneuvers are used to evaluate limi-
tations in the design methods valid for steady-state conditions.

• the only limits which are considered are the tire friction limits. Limits which
are imposed by engine performance and drag forces are only briefly dis-
cussed.

• The road surface is assumed to be equal on all four tires. In real situations,
the surface could vary in transients, which is not a topic studied in this work.

The modeling delimitations are further discussed in Chapter 2.

1.6 Main Contributions

As previously mentioned, the subject of combined slip (combined lateral and lon-
gitudinal forces) for tires is throughly discussed in the literature. The objective
of this research has been to explain the implications of traction/braking in gen-
eral and the drive force distribution, specifically in combination with cornering on
vehicle level characteristics, namely the lateral grip andundersteer. The aim has
been to simplify the theory so that, wherever possible, closed-form expressions
between dependent and independent variables could be given. Further, the theory
has been applied on specific hardware concepts or driving scenarios. The main
outcome of this work can be summarized as
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• Closed form expressions for lateral grip versus the longitudinal drive force
are developed for four specific front/rear drive force distribution concepts.

• A lateral grip margin which is useful for the computation ofthe maximum
lateral acceleration for a given drive force and drive forcedistribution.

• A developed lateral grip margin which can be used to optimize the drive
force distribution for maximum lateral grip.

• The influence of the front/rear drive force distribution onthe lateral grip
and understeer. A mainly unknown method by Kato et al. [27]2, is further
developed.

• It is shown how load transfer, due to longitudinal acceleration, has a large
influence on both the understeer and lateral grip.

• The influence of left/right drive force distribution on theundersteer and lat-
eral grip as is shown using a further developed version of theclassic “han-
dling diagram” [48].

• The ability of a variable left/right wheel speed ratio on the rear axle to
keep the understeer constant for operating conditions within the limits of
the available speed ratio.

1.7 Thesis Outline

After this introductory chapter which was intended to provide background, moti-
vation and objectives for this work, Chapter 2 introduces vehicle, tire and driveline
models and associated theory and analysis methods for the vehicle dynamics and
handling characteristics. The main contributions of this work are described in the
subsequent Chapter 3, dealing with the influence of the drive-force distribution on
understeer and grip limits as well as the lateral grip margin. The work is divided
such that the influence of (1) front/rear and (2) left/right drive force distribution is
separately presented. Further, the validity and limitations of the previously devel-
oped theory are verified by the means of computer simulationsin Chapter 4, which
contains the results of the evaluation of the developed drive-force distribution and
lateral grip margin definition using various drive cases of some specific vehicle
configurations. Finally in Chapter 5, issues which need further development are
identified and some conclusions and final remarks are made.

2Cited only twice and only in other Mitsubishi papers according to Google Scholar. The paper
is not even indexed in Web of Science, Scopus or Compendex



Chapter 2
Vehicle Modeling and Handling
Analysis

The aim of any modeling should be to use the simplest possiblemodel that still
captures the relevant characteristics which are to be evaluated. The goal of the
following study is to study the influence of the drive force distribution on the
understeer and lateral grip in steady-state (SS) and quasi-steady-state (QSS) con-
ditions. This study requires the modeling of the influence ofdrive force on

• the lateral grip and

• cornering stiffness of the front and rear tires,

• the equations of motion and

• the normal forces.

Further, when studying the influence of left/right distribution on understeer and
lateral grip, the following additional effects need to be considered:

• yaw-moment produced by different left/right forces and

• the influence of a forced speed difference between left/right wheels.

Following the above requirements, the modeling is considering:

• The planar motion dynamics represented by the longitudinal, lateral and
yaw degrees of freedom.

• The vertical forces on all four tires accounting for the lateral and longitudi-
nal load transfer in SS and QSS conditions.

9
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• The (non-linear) lateral force to slip angle relationshiptaking into the con-
sideration the influence of longitudinal forces.

• The tire dynamics for transient maneuvers are modeled using a single-order
low-pass filter on the steady-state tire outputs [17].

Again, based on the requirements stated previously, items which are not consid-
ered are for instance:

• Roll, pitch and heave dynamics

• Steering system compliance

• Driveline dynamics (inertia and compliance)

• Wheel dynamics (inertia)

• Suspension kinematic- or elasto-kinematic characteristics.

From the above list it can be concluded that some dynamic characteristics are left
unmodeled. This is a consequence of the focus on SS- and QSS conditions. One
aspect that could be considered in more detailed studies of the understeer is the
steering system compliance, see for instance [69].

The term “operating conditions” refer to the road surface friction, µ and the
amount of longitudinal- and lateral acceleration,aX and aY respectively. At
steady-state and quasi steady-state operating conditions, the assumptions are that
aX ≈ F IN

X /m andaY ≈ vX ψ̇ = v2
X/R. The curve radius is related to the state

variables asR = vX/r.

2.1 Tire Modeling

In this study, what is required from the tire modeling is to find the effect of the
drive force on, (1) the cornering stiffness (∂FY /∂α), and (2) the peak lateral force.
The reason is that these two aspects of the tire level characteristics relate directly
to the vehicle level properties which will be studied, namely understeer and lateral
grip respectively. As a result, the following requirementsfor the tire model are
that:

• FY = Cαα asα → 0

• FY = µFZ asα→ ∞

• the model shall be valid for combined longitudinal and lateral slip, with
either the longitudinal force,FX , or the longitudinal slip,κ as independent
parameter.

Here,α is the tire slip angle, defined in Eq. (2.2).
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2.1.1 Model A — Inputs: α, FXW
, FZW

, µ. Output: FYW

One of the tire model used in this research treats the longitudinal forceFXW
as

an input. This is natural if the longitudinal force is directly controlled and is a
common approach when studying quasi-steady state cornering [49]. The lateral
force is then computed using the following simple relationship:

FYW
=
√

(µFZW
)2 − F 2

XW
tanh

(
cα
µ
α

)

, (2.1)

whereFXW
≤ µFZW

cos(α) and where the slip angle,

α , − tan−1

(
vYW

|vXW
|

)

. (2.2)

The change in sign convention compared to ISO8855:1991 [21], ensures that pos-
itive slip angles result in positive lateral force (along the YW -axis). The use of
the absolute|vXW

| in the denominator will avoid numerical problems whenvXW

changes sign (vehicle is traveling backwards) and that onlythe sign ofvYW
will

determine the sign of the force. Additionally, this definition restricts the maximum
possible slip angles to±90◦, which simplifies the tire model implementation.

Algorithm 1 FY = ftire−−A(α, FX , FZ , µ0)

1: Read tire parametersc0, c1, µ1 andFZ0.
2: c = c0[1 − c1(FZ − FZ0)]
3: µ = µ0[1 − µ1(FZ − FZ0)]

Ensure: FX ≤ µFZ

4: FY =
√

(µFZ)2 − FX)2 tanh
(

c
µ
α
)

2.1.2 Model B — Inputs: κ, α, FZW
, µ. Output: FXW

, FYW

The combined slip model using the longitudinal slipκ instead of the longitudinal
forceFX is the one proposed in [5]. In the work herein isotropic tire properties
are assumed, meaning that the friction and stiffness are equal in all directions.
Even though the friction usually is about 10-30% greater in the longitudinal di-
rection compared to the lateral, it is the lateral capacity (peak friction) which is of
interest here. In this case it is convenient to limit the longitudinal capacity to be
equal to the lateral capacity. With the slip angleα defined as in Eq. (2.2) and the
longitudinal slip,

κ ,
vXW

− v0
XW

v0
XW

, (2.3)
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with v0
XW

being the speed of the free-rolling wheel. The combined slipquantities
used to compute the forces are

σ ,
1

1 + κ

[
κ

tan(α)

]

, (2.4)

from which the tire forces are computed as:

[
FXW

FYW

]

=
σ

||σ||µFZW
tanh

(
cα
µ
||σ||

)

. (2.5)

Algorithm 2 [FX , FY ] = ftire−−B(κ, α, µ0, FZ)

1: Read tire parametersc0, c1, µ1 andFZ0.
2: c = c0[1 − c1(FZ − FZ0)]
3: µ = µ0[1 − µ1(FZ − FZ0)]
4: σX = κ/(1 + κ)
5: σY = tan−1 α/(1 + κ)
6: σ =

√

σ2
X + σ2

Y

7: F = µFZ tanh(c σ/µ)
8: FX = Fσx/σ
9: FY = Fσy/σ

Model B is a modified version of Model A where instead of the longitudinal
force being given as an explicit input, the longitudinal slip is in combination with
the slip angle used to compute both the lateral and longitudinal forces.

2.1.3 Tire model comparison

Many different ways to model the tire behavior are availablein current literature.
The method employed in Models A+B is a very simple one, but notreadily found
in the literature. In order to establish some credibility for the chosen method a
comparison to more established methods are shown in Fig. 2.1. The results shown
in this graph are for pure lateral slip conditions of the models in Section 2.1.1 and
Section 2.1.2, and normalized withFZ . Some of the industry standard models
to which the “tanh-tire” model (Models A+B) is compared are,the brush tire
model [49], the “magic tire” model [5], and an exponential function [76]. From
this comparison it can be seen that the tanh model is a good compromise of the
different accepted models.
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Figure 2.1: Comparison of the force/slip relationship of the “Tanh-tire” model to three
other tire models

2.1.4 Tire/road properties

Both the tire cornering, rotational stiffness, and the peaktire force increase with
normal force, but at a decreasing rate. In this work, the withFZ normalized tire
stiffness,cα, is here computed as

cα = c0[1 − c1(FZ − F 0
Z)] (2.6)

which relates to the cornering stiffness

Cα ,
∂FY

∂α

∣
∣
∣
∣
α=0

= cαFZ . (2.7)

Further the peak friction coefficient (which is the peak tangential force divided by
the normal force) is computed as

µ ,
Fmax

X

FZ

∣
∣
∣
∣
FY =0

≡ Fmax
Y

FZ

∣
∣
∣
∣
FX=0

= µ0[1 − µ1(FZ − F 0
Z)] , (2.8)

whereµ0 andµ1 are road condition and tire type dependent. In both cases,F 0
Z is

chosen as approximately equal to the average normal force ofall tires.
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2.1.5 Tire Dynamics

For the dynamic and transient simulations, reported in Chapter 4, the tire dynam-
ics are modeled using a first order filter. In the Laplace domain this can be written
as:

Fi =
1

τis+ 1
F ss

i , i = X, Y (2.9)

with

τi =
Li

vX

(2.10)

andLi the dynamic relaxation length.

2.2 Vehicle Models

The complete vehicle model developed for this work, fulfilling the requirements as
outlined in the introduction to this chapter, are describedin this section. The main
model nomenclature is presented in Fig. 2.2. For more complete nomenclature list
in the beginning of this thesis.

2.2.1 Planar dynamics

The vehicle’s planar dynamics has three degrees of freedom,two translational
(longitudinal and lateral) and one rotational (yaw). Basedon curve-linear motion
of a vehicle-fixed coordinate system, where

aX = v̇X − vY ψ̇

aY = v̇Y + vXψ̇
(2.11)

are the equations of motion according to Newtons second law written on the state-
space formẋ = f(x,u) are

d

dt





vX

vY

ψ̇



 =





ΣFX/m+ vY ψ̇

ΣFY /m− vXψ̇
ΣMZ/IZZ



 , f(x,u), (2.12)

with u = δ andx = [vX vY ψ̇]T. The driveline will require more inputs and states
and will be discussed further.
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2.2.2 Quasi-steady state approximation

The application of the quasi-steady-state approximation (QSSA) involves the re-
placement of some of the differential equations by algebraic equations, by as-
signing some of the state variable derivatives (ẋ) of the state-space model to zero
[57, 58, 68]. The solution of this differential-algebraic system of equations should
be real, positive, and in good accordance with the solution of the original system
of ordinary differential equations.

From Eq. (2.12), we have a non-linear dynamic model with three state vari-
ables. Many of the vehicle characteristics such as stability, understeer and lateral
limits are commonly studied for the steady-state case, i.e.ẋ = u̇ = 0. In this
work, however, also constant longitudinal acceleration isconsidered, i.e.̇x 6= 0.
It would therefor be useful if the theory developed for steady-state cornering could
be expanded to cornering with constant braking or acceleration. In this case, the
lateral dynamics are in this case assumed to vary slowly. This leads to the QSSA
of the lateral state variables to be approximately zero. TheQSSA has also been
used previously in the study of the understeer and lateral grip with constant brak-
ing or acceleration while cornering [1, 8, 32, 69].

In summary, for this work, QSS cornering in this work is defined such that the
states derivatives in the lateral and yaw direction are approximately zero during
constant braking and/or acceleration, i.e.v̇Y ≈ 0 andψ̈ ≈ 0 in this case.

How well does this QSSA represent the real behavior during when accelerat-
ing the vehicle along the curvature of the vehicle path? In this case the yaw-rate
increases proportional with the increase in speed if the curve radius is constant.
In this work, the longitudinal (or rather, tangential) acceleration is assumed to be
constant as being the definition of a QSS maneuver. One question for this research
is if the lateral- and yaw- equations still can be consideredas equilibrium condi-
tions? First let’s assume that the tangential accelerationis equal to the longitudinal
acceleration (β is small). We have further that

ψ̇ =
vX

R
. (2.13)

Taking the time derivative ofψ̇ and vX in the body-fixed reference frame and
further assuming that the curve radius,R, is constant, we have, together with
Eq. (2.11), that

d

dt
ψ̇ =

aX

R
=
v̇X −

≈0
︷︸︸︷

vY ψ̇

R
⇒ ψ̈ ≈ v̇X

R
. (2.14)

This yaw-acceleration multiplied with the yaw polar momentof inertia,IZZ and
should be negligible compared to the yaw moment produced by the lateral forces
if it can be ignored. The conclusion is, however, that the yawacceleration is much
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less than the change in vehicle speed since it is divided by the curve radius. As a
result, it is therefor assumed in this work thatψ̈ = 0. Even though it is not equally
straightforward to evaluate the effect ofaX on v̇Y , this effect is also assumed to
be small. One purpose in the final evaluation of a theory basedon the QSSA is
to ensure that the effect botḣvY andψ are small compared to the other terms in
Eq. (2.12).

2.2.3 Understeer Gradient

TheUndersteer Gradientis in ISO 8855:1991 [21] defined as

KUS ,
∂δH
∂aY

1

iS
− ∂δD
∂aY

=
∂(δ − l/R)

∂aY
, (2.15)

whereδD is the so-calleddynamic reference steeror theAckermann steering angle
and isδD = l/R, whereR is the curve radius. It is essentially the radius the vehicle
will turn at very low speed for a given steering angle.

2.2.4 Linear reference model

As indicated in the introduction, a model which represents the vehicle behavior
in the tires’ linear operating range, with a constant understeer gives the relation-
ship between the drivers input and his/her expected output.This model can be
derived from the model described by Eq. (2.12) by treating longitudinal veloc-
ity as an independent variable and assuming a linear relationship between lateral
force the cornering stiffness and the tire slip angle. Additionally, the track widths
are collapsed to zero, hence the name “bicycle” model, shownin Fig. 2.3. When
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Figure 2.3: The “bicycle” model
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assumingv̇x ≈ 0, δFXF
≈ 0 andFY = Cαα in Eq. (2.12) the following model

can be derived:
[
v̇Y

ψ̈

]

︸ ︷︷ ︸

ẋ

=
1

|vX |

[
m 0
0 ĪZZ

]−1 [ −CαR
− CαF

lRCαR
− lFCαF

−mv2
X

lRCαF
− lFCαF

−l2RCαR
− l2FCαF

]

︸ ︷︷ ︸

A

[
vY

ψ̇

]

︸ ︷︷ ︸

x

+

[
m 0
0 ĪZZ

]−1 [
Cαf

lFCαF

]

︸ ︷︷ ︸

B

[δ]
︸︷︷︸

u

(2.16)

Rewriting to separate out the vehicle speed we rewrite the A-matrix as:

A = − 1

|vX |

[
(CαF

+ CαR
)/m (lFCαF

− lRCαR
)/m

(lFCαF
− lRCαR

)/IZZ (l2RCαR
+ l2FCαF

)/IZZ

]

−
[

0 1
0 0

]

vX

(2.17)
For the analysis of the steady-state characteristics of thevehicle, the steady-

state gain of the vehicle is of interest. From the input to state gain, conditions for
stability and the relationship between the understeer and vehicle/tire parameters
of can be derived.

The transfer functions from steering,δ, to the two states,vY andψ̇ are given
by:

G = (sI −A)−1B , (2.18)

wheres is the Laplace operator. The steady-state gain is found whens = 0 in
Eq. (2.2.4) which gives thatδ → ψ̇ is

ψ̇ss

δ
=

CαF
CαR

lvX

CαF
CαR

l2 − (lFCαF
− lRCαR

)mv2
X

(2.19)

Since the steady-state lateral acceleration,ass
Y is vX ψ̇, we have that

ass
Y

δ
=
ψ̇ss

δ
vX (2.20)

When re-writing Eq. (2.20) it can be found that the understeer gradient according
to Eq. (2.15), expressed in tire and vehicle parameters, is

KUS = −m
l

lFCαF
− lRCαR

CαF
CαR

. (2.21)

From this result follows that Eq. (2.19) can be rewritten as

ψ̇ss

δ
=

vX

l +KUSv2
X

(2.22)



2.3. Driveline Modeling 19

Finally, the steady-state gainδ → vY is, according to ,

vss
Y

δ
=

vX

l +KUSv2
X

(

lR − m

CαR

lF
l
v2

X

)

. (2.23)

From the three steady-state gain functions derived in this section, two impor-
tant results are: (1) the relationship between the understeer gradient and vehi-
cle/tire parameters, and (2) a stability criteria forKUS < 0, namely thatvX <
√

−l/KUS. This speed at which the steady gain goes to infinity is referred to as
the critical speed,vcrit

X where the steady-state gain goes to infinity. These two
results will be used in Chapter 3 when the influence of the drive force on the un-
dersteer, and further when the stability of the vehicle is discussed for cases when
KUS < 0.

2.3 Driveline Modeling

Modeling a driveline is one step down from the abstraction ona vehicle level
where each drive/braking force is treated individually. However, in order to un-
derstand how a given driveline concept realizes a specific drive force distribution,
it was determined to elaborate on this issue in this section.The driveline of the
studied vehicle configuration is assumed to have a single power source providing
a forceF IN

X to the wheels. This drive force is distributed to the wheels with dif-
ferent types of hardware. The drive force is first distributed to the front and rear
axles, and from there to each individual wheel.

2.3.1 Front/rear drive force distribution

The relationship between the drive force distribution and the longitudinal acceler-
ation can be approximated as:

maX ≈ FXF
+ FXR

= F IN
X , (2.24)

which can be re-written as

F IN
X = ξF IN

X
︸ ︷︷ ︸

FXF

+ (1 − ξ)F IN
X

︸ ︷︷ ︸

FXR

, (2.25)

if we defineξ as a parameter showing the front drive force relative to the total
drive force

ξ ,
FXF

FXF
+ FXR

. (2.26)
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In this work, four different specific front/rear drive forcedistributions are dis-
cussed in more detail. The first three of these can further be considered as basic
configurations which, when combined, realize more general drive force distribu-
tions. One can note that the driveline configurations in Table 2.1 are not able

Driveline Drive force distribution
Front wheel drive ξ = 1
Rear wheel drive ξ = 0
Locked center differential/clutch ξ ≈ FZF

/(FZF
+ FZR

)
Optimal drive force distribution that maximizes
the lateral grip

0 < ξ < 1

Table 2.1: Driveline concepts for the distribution of drive force to the front- and rear axle.

re-distribute forcebetweenthe front- and rear axles. In order to do this, the ra-
tio between the front- and rear wheels should be variable, such as described by
Tomari et al.[64] or as proposed by Wheals et al.[73]. In thiswork, only variable
ratio between the left- and right rear wheels is considered,described in the next
section.

Locked Center Differential

The special case which will be considered is when

ξ =
µFFZF

µFFZF
+ µRFZR

≈ FZF

FZF
+ FZR

, (2.27)

which means that the drive force distribution is proportional to the size of the
tire friction circles. In this work the friction circle is meant to be the maximum
combined lateral and longitudinalforce.

Taking into account the longitudinal load transfer, the normal forces are given
by

FZF
= m(lRg − haX)/l

FZR
= m(lFg + haX)/l

(2.28)

, which inserted in Eq. (2.27) simplifies to

ξ =
lR
l
− h

l

aX

g
. (2.29)

The above case is interesting since this is the drive force distribution which is ap-
proximately achieved by forcing the front and rear wheels torotate synchronously,
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in this work referred to as rigid all-wheel drive. EIt is evident the wheel slip for
this case must be equal since the average front and rear wheelspeeds are equal.
This is under the assumption that the effect of steering the front wheels is negli-
gible. Secondly, the driving/braking stiffness (∂FX/∂κ) changes approximately
proportional to the normal load. If additionally the peak friction is nearly equal
front/rear, the front/rear drive force distribution must follow the change in driv-
ing/braking stiffness which was proportional to the normalload.

2.3.2 Left/right drive force distribution

The left/right drive force distribution can be generalizedby aforcedifference, it is
in many cases more convenient to use thespeeddifference as parameter. For ex-
ample when the wheel speed is known, but not the actual drive force distribution.
The wheel speeds of each wheel are

vXW
=







vX − bψ̇/2 + (vY + lf ψ̇)δ

vX + bψ̇/2 + (vY + lf ψ̇)δ

vX − bψ̇/2

vX + bψ̇/2






, (2.30)

where the details are found in Section A.2. Using the definition of the wheel slip
given in Eq. (2.3), we can find that when restricting the speeddifference across
the rear axle, there will be a positive slip on the inner wheeland a negative slip
on the outer wheel. Superimposed on this slip is the applied longitudinal slip,κR,
resulting from the drive torque on the rear drive shafts. If the ratio between the
left and right wheels can be varied, the outer wheel could be forced to run faster
than it’s “nominal” speed as given by Eq. (2.30). It will thenhave a positive slip
and the inner wheel will then have an equally large negative slip. Again, a drive
torque on the rear axle will add a slip,κR, to the slip caused by the forced speed
difference.

An open differential directs equal drive force between the left/right wheels,
but imposes no restrictions on the wheel speed difference. Alocked differential
on the other hand forces both left and right wheels to rotate at the same speed, but
imposes no restrictions on thedrive forcedifference. A special type of differential
is one that imposes a fixed speed difference (rather than zerospeed difference)
between the left/right wheels. These various concepts for free, restricted and su-
perimposed wheel speed difference are given in Table 2.2.

The constraints imposed on the speed ratio of the concepts shown in Fig. 2.4
and an open differential are

nL/R , ωL/ωR . (2.31)
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Differential Condition
Open FX3

− FX4
= 0

Locked (eLSD) κR = κR + b/(2R)[1 − 1]T

Variable ratio (TV) κR = κR + (b/(2R) − (1 − nL/R))[1 − 1]T

Table 2.2: Driveline units that distribute drive force between the left- and right (rear)
wheels

As mentioned, the concept shown left in Fig. 2.4 is a variableratio TV-differential
having a fixed left/right speed difference across two controllable clutches, which
connect the left and right drive shafts [55, 56, 70] when engaged. When(1 −
nL/R) > b/(2R) the outer wheel has a higher slip than the inner wheel which
enables force to be transferred from the inner wheel to the outer. The system
shown in Fig. 2.4.a) re-distributes drive force between theleft- and right wheels
by controlling the speed difference across the differential by controlling one of
two clutches. Locking one clutch imposes a fixed speed difference across the
differential. Locking the other clutch gives an opposite indirection, and equally
large, speed difference. If for example the nominal speed difference across the
differential is 2%, andF IN

X = 0 (κR = 0) and the fixed speed difference imposed
by the differential is further, say 10%, the wheel slip on theinner wheel becomes
-4% and +4% on the outer wheel. This then means the inner wheelis braked and
this brake force is transferred to the outer wheel as a driving force. This force
pair generates a yaw moment in the direction of the turn, which could be called
an oversteering moment, since it reduces the understeer of the vehicle. Shown
in Fig. 2.4.b) is an electronic limited slip differential (eLSD). By engaging the
eLSD clutch, the speed difference between the rear wheels can be eliminated. If
from the previous example, the nominal speed difference (open differential) was
2%, the wheel slip on the outer wheel will become -1% and +1% onthe inner
wheel when this speed difference is eliminated. This will cause an understeering
moment proportional to radius of the curve taken by the vehicle.

2.4 Vehicle Handling

Several methods, commonly used to assess vehicle handling,was evaluated as a
background for this present work. The usefulness of these methods were evaluated
based on the following criteria:

1. Does it show the lateral grip limit?

2. Can the method be used to evaluate the understeer gradient?
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a.) Torque vectoring differential b.) Limited slip differential

Figure 2.4: Examples of two different rear differential units

3. Does it show the influence of the drive forces on 1 and/or 2?

4. Is the yaw moment required to fully utilize the lateral grip of all tires shown?

The methods which have been reviewed are listed in Table 2.3.In order to easier

Method Independent variable(s) Dependant variable(s)
Handling diagrams aY (αF − αR)

Phase plane diagramTime β & β̇ or β & ψ̇
MMM-diagram δ & β aY & MZ

Beta method δ β & MZ

Dynamic square FXF
& FXR

alim
Y

Table 2.3: List of methods used to evaluate vehicle dynamic properties

compare the methods against each other, they are (when applicable) plotted for
the same conditions.

2.4.1 Handling diagram

The method of the so-called handling diagram [48, 26, 49] is similar to the exper-
imental results which are obtained from a vehicle test such as the ISO-4138 [23]
steady-state cornering test. The handling diagram relatesthe difference in front-
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and rear slip angles to the lateral acceleration. Instead ofa vehicle experiment,
the lateral force of each axle is normalized by the normal force and plotted versus
the slip angle is the same diagram. From this diagram, the slip angle difference
of the front- and rear axles is plotted versus the normalizedlateral force, i.e. the
lateral acceleration. The axle with the least friction (peak lateral force divided by
the normal force) then also the maximum friction of the vehicle.

From Fig. 2.5 it can be seen thatδ − l/R = αF − αR. As can be seen from
Eq. (2.15) the partial derivative of the difference in slip angle with respect to the
lateral acceleration is the understeer of the vehicle and which can directly be seen
in the handling diagram.

F

R

l

R
R

- F

lF

lR

Figure 2.5: Relationship between wheelbase, slip angles, steering angle and the cornering
radius

As shown in Fig. 2.6, both the understeer and the lateral griplimit are available
from this test. It is therefor a method which reveals both of the variables of interest
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in this study in a single diagram. Even though the yaw moment required to fully
utilize both axles’ lateral capacity is not explicitly shown in the diagram, from
the left diagram the difference between the peak forces are shown. From the left
diagram in Fig. 2.6 the yaw momentMZ required to fully utilize both axles can
be derived as

MZ = lFµFFZF
− lRµRFZR

. (2.32)
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Figure 2.6: The handling diagram showing the understeer of the vehicle

One issue with the diagram in Fig. 2.6 is that it is not unique for various drive
force distribution conditions. Recent work by Frendo et al.[11, 10] generalizes
the method of the handling diagram to a wider range of operating conditions, such
as locked differentials.

2.4.2 Phase plane diagrams

Phase plane diagrams are useful if one is interested to review all solutions of a
specific operating condition (e.g. steering angle, speed) within a range of initial
values of two state variables as shown in Fig. 2.7. This method does however not
show the lateral grip limit of the vehicle and neither the understeer of the vehicle.
The steady-state solution is simply a single point in this diagram. The method
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could be refined to show how the steady-state solution (side-slip and yaw rate)
moves with vehicle speed and steering angle. References to usage of this method
can be found in [9, 15, 19, 20, 59, 65].
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Figure 2.7: Phase-plane diagram

2.4.3 MMM diagram

The so-called Milliken Moment Method [39, 42] was developedduring the 1970’s,
building on the research done during the 1950’s at the Cornell Aeronautical Lab-
oratory on behalf of General Motors. It applied existing aircraft dynamics theory
to the dynamics of automobiles [38]. The purpose of this method was that by only
performing a series ofstatic tests (or simulations), the response to disturbances
(stability) and steering angle (controllability) could beunderstood. From the di-
agram, it can be seen how much yaw moment a specific steering angle produces
and at which steady-state lateral acceleration the vehiclewill settle at (zero yaw
moment). The maximum steady-state lateral acceleration isshown at the bound-
ary of the diagram where it intersects theaX-axis. Also, the limit behavior can be
seen from the diagram. It can be seen that along the top edge ofthe diagram, the
front axle saturates and the rear axle along the bottom edge.From this, the limit
behavior can be seen from the diagram. Milliken describes vehicles where the
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top edge intersects theaX-axis as “final plowers”, sometimes referred to as termi-
nal understeer. Similarly, vehicles where the rear axle saturates prior to the front,
i.e. where the bottom edge intersects theaX-axis are denoted as “final spinners”
and when the vertex lies on theaX-axis they are called “final drifters”. A natural
question arises when reviewing the limits of the diagram: “Can an additional yaw
moment be produced that allows the vehicle to utilize both axles for maximum
lateral acceleration?”. One answer to this question is torque vectoring, where lon-
gitudinal force is transferred from inner rear wheel to the outer rear wheel, or vice
versa. These differential forces result in a yaw moment, moving the steady-state
equilibrium to the point where both axles fully utilize their lateral capacity. For
the purpose of evaluating the effect of front/rear drive force distribution, this is not
a very efficient method since the diagram needs to be re-produced for every given
drive force distribution and/or longitudinal acceleration. The diagram in Fig. 2.8
produced by computing the unbalanced yaw momentMZ and the lateral accel-
erationaY for fixed angles while increasing the body slip angleβ until rear axle
saturates. The front- and rear slip angles and the body side-slip angle are related
as

αF = δ − β − lF/R
αR = −β − lR/R

(2.33)

Fig. 2.8 is generated withR→ ∞ and withFX = 0 using Eq. (2.12).
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2.4.4 Beta Method

The Beta Method was developed by Shibahata [61, 62, 60, 64] taking inspira-
tion from MMM-method described in the previous section. In this method, rather
than plotting the stabilizing yaw moment versus the lateralacceleration for vari-
ous steering angles, the stabilizing yaw moment was plottedagainst the body slip
angleβ. From this beta diagram it can be seen that as the slip angle isincreased,
the unbalanced yaw moment first increases, but then saturates at a constant level.
If the unbalanced yaw moment is positive and/or increases when the slip angle is
positive, it stabilizes the vehicle, forcing it to return tosteady-state (zero unbal-
anced yaw moment). In other words, the rear axle is in this case able to produce a
larger yaw moment than the front. The yaw moment as a result ofleft/right drive
force distribution which forces both axles to saturate simultaneously at steady-
state is the unbalanced yaw moment which remains asβ → ∞. The understeer
gradient is not directly available from this diagram, but can be derived as

KUS =
m

lCαF
CαR

∂MZ

∂β
. (2.34)
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Figure 2.9:MZ versusβ diagram

This method could be used in this study to analyze the yaw moment required
to balance both front- and rear axles. On the other hand, the properties of interest
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in this study, the understeer and/or lateral grip limit are not readily given by this
method. The conclusion is therefor that the method is not suitable for this work.

2.4.5 Dynamic Square

This method plots the available lateral acceleration as iso-curves in a diagram
with the front and rear respective longitudinal force on each axle. It was a further
development from a method well-known for brake proportioning. The method of
a dynamic square was developed by Matsuo and Sekido [37] and Kato et al. [27]
for AWD system development. The method is however, not foundin any of the
mainstream literature such as [14, 40, 74, 41, 2, 43, 26, 49, 51]. Only one more
paper from Matsuno et al. [36] using this method was found by this author.

The dynamic square is composed by plotting the front/rear drive (or brake)
force distribution which permits a given maximum lateral acceleration. Since
the details of how to compute this diagram was left out in the above mentioned
papers, an algorithm is given at the end of this section. A level curve of constant
maximum lateral grip results in a quadrilateral in this diagram with the front- and
rear drive force on the abscissa and ordinate axes, respectively. The quadrilaterals
become deformed near the center of the diagram if the vehiclewill saturate the
front axle prior to the rear whenµF ≤

√

µ2
R − (FXR

/FZR
)2. Along the top and

bottom edges of the quadrilateral, the rear axle saturates prior to the front axle.
The opposite is true for the left and right edges. At the vertices, both axles saturate
simultaneously. The front/rear drive force distribution which allows the maximum
possible longitudinal acceleration for a given lateral grip is the top right vertex for
acceleration and the bottom left vertex for braking.

An example of a complete dynamic square is shown in Fig. 2.10.The light
gray areas shows where the rear axle will saturate first and the dark gray area
where the front axle limits the lateral grip. Along the edge between the two areas,
both axles saturate simultaneously, providing the best possible lateral grip for any
given longitudinal acceleration. In a sense, the “optimal”drive force distribution
is along these ridges.

The “normal” operating regions are the first quadrant for accelerating and the
third quadrant for braking. The second and fourth quadrantscombine braking
on one axle with accelerating on the other which are not commonly utilized in
applications. Also, the previous discussion about optimality is valid only in the
first and third quadrants.

Shown in Fig. 2.10 are also diagonal lines whereFXF
+ FXR

≈ maX , along
which the longitudinal acceleration is constant.

The dotted line is the drive/brake force distribution whereFXF
/(µFFZF

) =
FXR

/(µRFZR
). In other words, this line describes the drive/brake distribution

which is proportional to size of the friction circle,µFZ. This drive force dis-
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tribution is closely followed when forcing the front- and rear wheels to rotate
synchronously.

Since the topic of this research is on describing the influence of drive force
distribution, only the first quadrant is considered in future discussions.
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Figure 2.10: Dynamic square assuming constant and equal friction front/rear

2.4.6 g-g Diagram

The method of plotting the maximum possible longitudinal acceleration versus
the lateral acceleration in a so-called g-g diagram [53, 52,40], shown in Fig. 2.11,
was developed prior to the dynamic-square method. As described in the introduc-
tion, this method is easy to understand, but reveals much less information than the
dynamic square method. One can see the g-g diagram as a section through the dy-
namic square diagram. Since the g-g diagram does not add any more information
than the dynamic square method it is not further used in this study. A typical g-g
diagram for four different driveline configurations is shown in Fig. 2.11.
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Algorithm 3 Dynamic square method, computing a matrixalim
Y for range of front-

and rear longitudinal forces fromFmin
X to Fmax

X .

1: F XF
=






Fmin
XF

· · · Fmax
XF

...
. . .

...
Fmin

XF
· · · Fmax

XF






n×n

2: F XR
=






Fmin
XF

· · · Fmin
XF

...
. . .

...
Fmax

XF
· · · Fmin

XF






n×n

3: F ZF
= (lRmg − h(F XR

+ F XR
))/l

4: F ZR
= (lFmg + h(F XR

+ F XR
))/l

5: µF = µ0(1 − µ1(F
0
Z − F ZF

))
6: µR = µ0(1 − µ1(F

0
Z − F ZR

))

7: F lim
YF

=
√

(µF • F ZF
)2 − (F XF

)2

8: F lim
YR

=
√

(µR • F ZR
)2 − (F XR

)2

9: for i = 1 to n do
10: for j = 1 to n do
11: M lim

Z = lF
(
F lim

YF

)

ij
− lR

(
F lim

YR

)

ij

12: if M lim
Z < 0 then

13: (alim
Y )ij = l

(
F lim

YF

)

ij
/(mlR)

14: else
15: (alim

Y )ij = l
(
F lim

YR

)

ij
/(mlF )

16: end if
17: if (alim

Y )ij ∈ C then
18: (alim

Y )ij = 0
19: end if
20: end for
21: end for
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2.5 Summary

This chapter first established some modeling and modeling considerations of tire,
vehicle and driveline behavior. In the following chapter, these models will be used
to describe the implications of the drive force distribution realized by the modeled
driveline concepts on vehicle level characteristics basedon tire level characteris-
tics. Further, various (graphical) methods that could be used to show these rela-
tions were discussed. The dynamic-square method, for instance, was identified
as useful to illustrate the implications of the front/driveforce distribution on the
lateral grip. In order to demonstrate the effect of the left/right force distribution,
however, will require more development of the existing methods. Further, meth-
ods that illustrate the implications of the drive force distribution on the understeer,
also require development. Combining the required modelingoutlined in this chap-
ter with the review of existing methods and their deficiencies in relation to the
objectives of this work, a base for further development has been established.





Chapter 3
Effects of Drive Force Distribution on
Lateral Grip and Understeer

In this chapter the main contributions of this study are presented. First the in-
fluence of the drive force on the tire characteristics are reviewed based on the tire
modeling from Section 2.1. Secondly, a lateral grip margin is presented which can
be used to evaluate the available lateral grip for a given drive force distribution.
In the next section, this lateral grip margin is used to show how the lateral grip
is related to the longitudinal acceleration for the driveline configurations modeled
in Section 2.3.1. Additional to the effects of the front/rear drive force distribu-
tion, the influence of the left/right drive force distribution is described. Finally,
the influence of the drive force distribution on the understeer of the vehicle is dis-
cussed. At the end of that section, it will be shown that the left/right drive force
distribution has a large authority to change the understeerof the vehicle for any
given operating condition.

As a further introduction to this chapter, the difference betweendirect and
indirect actuators are defined. Andreasson [4], defined the influence of various
actuators on the generation of lateral force in these two categories. Three items,
where the item numbers refer to sub-figures a), b) and c) in Fig. 3.1 respectively,
and which influence the lateral force generation, are

a.) – Slip angle,α, control – has adirect influence on the lateral force,FY

through the tire’s characteristics. Slip angle control is by Andreasson [4]
confined to steering actuators. In this work, this definitionextended to also
include the effect of

(a) different drive force left/right,MZ ∝ ∆FX ;

(b) or drive force on the steered wheels,MZ ∝ FXδ,

35
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which really are “α”-effects.

b.) – Normal force,FZ , control using suspension control – has anindirect effect
on FY . This is because the peak lateral force and cornering stiffness is
approximately proportional to change inFZ . Even though Andreasson [4] in
this context mainly mentions suspension actuators, the normal force control
in this work is due to the load transfer caused by acceleration or braking.

c.) – Longitudinal force,FX , control – anindirect influence on the lateral force
given, byFY ∝

√

1 − (FX/(µFZ))2. This is a result of combined slip on
the tire. This type of control is naturally directly relatedto this work.

The purpose of this discussion was to broaden the scope of drive force distribution
control effects. Drive force distribution does not only influence the lateral force by
reducing the cornering stiffness and peak lateral force. There is further the effect
of load transfer which needs to be considered, and finally theexplicit appearance
of the drive force in the lateral and yaw equations of motion when considering
different left/right drive forces and/or the lateral component of the drive force on
the steered wheels (FXδ).

a.) slip angle control b.) normal force control c.) control of longitudinal
force

Figure 3.1: Control of lateral force generation [4]

The influence of the drive force at a tire level are thus directly related to the
effect on the vehicle level characteristics of interest forthis study; understeer and
lateral grip. Therefor, some basic principles on the influence of the drive force
drive forces on a tire level are reviewed in more detail.

The lateral force versus slip angle is described in Section 2.1 and is modeled
as a linear relationship,FY = Cαα when the slip angle is near zero. Further, the
tire is modeled to saturate or peak at a value ofFY = µY FZ , when the slip angle
reaches a certain value (α ≈ 10◦).

Both the cornering stiffness as defined in Eq. (2.7) and the peak lateral force
are assumed to relate to the longitudinal force by the so-called friction circle con-
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cept. This is illustrated in Fig. 3.2 which showsFY versusFX for different levels
of constantκ andα. The outer edge of this diagram illustrates the so-called fric-
tion circle, marking how the maximum possible lateral and longitudinal forces are
related.
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Figure 3.2: FY & FX for different levels of constantκ andα

Alternatively,FY can be plotted vsα for various levels of constantFX , which
clearly shows the influence on the peak lateral force (saturation value) and the
cornering stiffness (slope through zero) as shown in Fig. 3.3.

The effect ofFX onCα influences the understeer of the vehicle as described
in Section 3.3. Further, the effect ofFX onµY has implications on the lateral grip
as discussed in Section 3.2.

3.1 Lateral Grip Margin

In order to determine how much grip is utilized in relation tothe maximum avail-
able grip (at a vehicle level), a lateral grip margin was envisioned. Examples of
usage of the lateral grip margin are

• As a limitation for
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Figure 3.3: FY vsα for different levels of constantFX

– maximum desired lateral acceleration (for model referencecontrol)
equal to maximum possible lateral acceleration;

– maximum lateral acceleration before warning the driver.

on a desired lateral acceleration

• As an optimization constraint to maximize the lateral gripwith the way the
drive force is distributed.

In previous work by this author [29] it was proposed that a lateral grip margin
Λ should relate the current vehicle speed,vX , to some limit speedvlim

X as

Λ , 1 − vX

vlim
X

(3.1)

which at steady state (vX =
√
aYR) can be re-written as:

Λ = 1 −
√

|aY |
alim

Y

(3.2)

It can be seen from Eq. (3.1) thatΛ = 1 asvX = 0 or vlim
X → ∞. The latter

condition occurs when going straight sincevlim
X = alim

Y /ψ̇ andψ̇ → 0 when driv-
ing in a straight line. Further it can be seen thatΛ → 1 asvX → vlim

X . Fig. 3.4
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Y .

shows the relationship between the proposed lateral grip margin versus the lateral
acceleration normalized with the limit lateral acceleration.

For the purpose of computing the limit lateral acceleration, it is of interest to
understand if the front or rear axle is limiting the maximum lateral acceleration.
In order to determine which axle is limiting the lateral acceleration, the limit yaw
momentM lim

Z is computed from the maximum possible lateral forces on the front
and rear axle respectively as:

F lim
YF

,

2∑

i=1

√

(µiFZi
)2 − F 2

Xi

F lim
YR

,

4∑

i=3

√

(µiFZi
)2 − F 2

Xi
,

(3.3)

given thatFXi
≤ µiFZi

cos(αi), which is the maximum longitudinal force possi-
ble. Further, the difference in all left and right longitudinal forces,

∆FX ,

4∑

i=1

(−1)iFXi
sign ψ̇ . (3.4)

We can here note that Eq. (3.4) is positive for a curve to the left if the forces on the
right side are greater than on the left; i.e. this quantity ispositive if the difference
in longitudinal forces produce a yaw moment in the directionof the turn. Next,
using Eq. (3.3) and Eq. (3.4) the limit yaw moment,

M lim
Z , lFF

lim
YF

− lRF
lim
YR

+ s∆FX , (3.5)
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wheres = b/2 (half track-width). HereM lim
Z thus is the sum of the yaw moment

contributions when saturating all tires in the direction ofthe turn, for a given drive
force distribution.M lim

Z indicates which axle is setting the limit for the lateral
acceleration, since a yaw moment balance (ΣMZ = 0) is required at steady-state.
If the M lim

Z > 0 (terminal oversteer), the rear axle is limiting and the front axle
is limiting if M lim

Z < 0 (terminal understeer) [39]. In order to determine the
maximum lateral acceleration, the relationship between; the lateral forces at the
front- and rear axle; and the lateral acceleration; needs tobe established. For this
purpose it is common to simplify Eq. (2.12) to the simple bicycle model as shown
in Fig. 2.3. The dynamic equilibrium (quasi steady-state) equations for assuming
small steer angles are here







FXF
+ FXR

= maX

FYF
+ FYR

= maY

lFFYF
− lRFYR

+ s∆FX = 0

(3.6)

We now have two equations in Eq. (3.6) that establish the relationship between
the lateral forces and the lateral acceleration. Now order to determine the limit
lateral acceleration,alim

Y , one more equation is required (two equations and three
unknown,aY , FYF

,FYR
). We know, however, that at the limit one or both axles are

saturated, i.e.FYF
= F lim

YF
and/orFYR

= F lim
YR

. As indicated previously, the sign
of M lim

Z give the condition for which axle is limiting the lateral acceleration, i.e.
FYF

= F lim
YF

if M lim
Z < 0 whenaY = alim

Y . Combining this insight with Eq. (3.6)
we have that, in QSS conditions,

alim
Y =







(
lF lim

YF
+ s∆FX

)
/(mlR) , ifM lim

Z < 0
(
lF lim

YR
− s∆FX

)
/(mlF ) , ifM lim

Z > 0
(
F lim

YF
+ F lim

YR

)
/m , ifM lim

Z = 0
(3.7)

The above equations conclude this section on the lateral grip margin. In or-
der to determine the lateral acceleration, a method that employs the concept of a
limit yaw-moment was introduced. If the friction coefficient and the drive force
distribution is known, these expressions provide a tool to compute the lateral grip
margin. In the continuation of this chapter the influence of the front/rear- and
left/right- drive force distribution is shown in detail, building on the methods in-
troduced in this section. It will also be shown how the results in this section can
be use to find the optimal drive force distribution.

3.2 Drive Force Distribution and Lateral Grip

The lateral grip has been defined as the maximum possible lateral acceleration,
alim

Y , at steady-state. It was seen that the lateral grip is not only dependent on the
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maximum lateral grip of each individual tire, but also on theyaw-balance of the
vehicle. At steady-state all moments around the vertical axis, yaw-moments, must
result in a state of equilibrium. If the longitudinal forcesare equal on the tires
of each respective front and rear axle, the maximum possiblelateral acceleration
is determined by the axle which is able to produce the least amount of yaw mo-
ment from the lateral capacity of their tires. This is assumed to be the case in
Section 3.2.1, and the influence of the drive force distribution on the lateral grip
is described. If instead the longitudinal forces on either axle are not equal, the
yaw moment contribution from the different drive/brake forces are able to force
the axle with more lateral capacity to increase it’s yaw moment. This can increase
the lateral grip to the point where both axles fully utilize their lateral capacity as
is further dealt with in Section 3.2.2

3.2.1 Effect of front/rear drive-force distribution

When analyzing the effect of the front- to rear drive force distribution, equal drive
forces on the left and right wheels on each axle are assumed. From Eq. (3.6) and
if ∆FX = 0, the lateral force on each axle is

FYF
=
lR
l
maY

FYR
=
lF
l
maY

(3.8)

Further, neglecting the coupling between the lateral acceleration and the longitu-
dinal load transfer as given by Eq. (A.10) we have:

FZF
=
m

l
(lRg − haX)

FZR
=
m

l
(lF g + haX) (3.9)

By combining Eq. (3.8) and Eq. (3.9) we can see that the utilized lateral friction,
defined asFY /FZ , is dependent on the longitudinal acceleration. This is an im-
portant result since it determines the over- and understeerof the vehicle and is not
mentioned explicitly in the literature. By comparing the utilized lateral friction
between the front and rear axle, we have that

FYF

FZF

− FYR

FZR

= − aXaY hl

(aXh+ glF )(aXh− glR)
. (3.10)
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From the above result the conclusion can be drawn that the utilized friction is
larger on the front axle compared to the rear axle when accelerating and vice versa
for braking. If, for a moment, we assume that the lateral friction is not dependent
on the longitudinal force (which is true for small longitudinal forces) the vehicle
grip will be lost on the front axle prior to the rear when accelerating and vice
versa for braking. This is the explanation why vehicles can spin-out close to the
grip limit when subjected to sudden changes in normal force,for instance when
releasing the accelerator pedal.

The so-called dynamic square mentioned in Section 2.4.5, isa useful tool
to evaluate the influence of the drive-force distribution onthe lateral grip limit.
Building on the model introduced in this section, the friction can be less on the
front axle than on the rear. This assumption is a modificationof the results ob-
tained in Section 2.4.5 and is typical for a front biased weight distribution.
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Figure 3.5: The Dynamic Square Method for evaluating the influence of front/rear drive
(or brake) force distribution on the lateral grip margin

One question one could ask when studying the dynamic square diagram is:
“Given a specific desired longitudinal acceleration,aX , which front/rear drive
force distribution results in the maximum possible lateralgrip?” A section through
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the dynamic square diagram for a constantaX ≈ F IN
X /m can be defined as

alim
Y (ξ)

∣
∣
aX=F IN

X /m
. The highest point on that section is the drive force distribution

that maximizesalim
Y , which is our definition of optimality. Thus, the front/rear

drive force distribution,ξ, that minimizes

min
FXF

∈[−µF FZF
,µF FZF ]

− alim
Y (FYF

)
∣
∣
aX=F IN

X /m
(3.11)

is the optimal drive force distribution. However, since this section is discontinu-
ous whereM lim

Z = 0, it is not straightforward to solve Eq. (3.11). When studying
Fig. 3.5 it can be seen that the maximum lateral grip for a given longitudinal ac-
celeration is along the “ridge” between the area where the front axle first saturates
(dark gray) and the area where the rear axle saturates first (light gray). Along the
“ridge” between the two areas, both axles saturate simultaneously, where

alim
Y =

√

µ̄2g2 − a2
X , (3.12)

The optimalFXF
for a givenF IN

X appear to be solutions whereM lim
Z = 0, except if

FXF
FXR

< 0, i.e. not both front and rear drive forces are positive. It thus appears
that, the amount of front drive forceFXF

, that minimizes

min
FXF

∈[−µF FZF
,µF FZF ]

|l2F [(µFZF
)2−FXF

)2]−l2R[(µFZR
)2−(F IN

X − FXF
︸ ︷︷ ︸

FXR

)2]| (3.13)

is a candidate for the optimal drive force distribution. In the above distribution,
Eq. (3.13) being zero can be interpreted as traversing the ridge in Fig. 3.5. On
the other hand, it can be shown that the above condition does not give the optimal
solution for smallaX . When reviewing Fig. 3.5 more closely we can, however,
see that for smallaX , the optimal solution isnot whereM lim

Z = 0.
It can be shown that all solutions ofFXF

< 0 to Eq. (3.13) are non-optimal if
F IN

X ≥ 0. Without exhausting this matter, it can be seen that point B in the Fig. 3.6
is where the constant longitudinal acceleration line (inclined dashed line) tangents
the level curve wherealim

Y = 9m/s2 in Fig. 3.5. This tangent point results in the
greatestalim

Y for a given longitudinal acceleration, i.e gives the optimal front/rear
drive force distribution and which is whenFXF

= 0. It also agrees with the
intuition that as long as the front axle is limiting the lateral grip, i.e.M lim

Z < 0, the
optimal front/rear drive force distribution is to only drive the rear wheels (ξ = 0)
up to point C in the figure. The bold solid line in Fig. 3.6 showsthe solution to
Eq. (3.13) with constraint thatFXF

must be in the interval ofFXF
∈ [0, µFFZF

].
The bold dashed line shows the drive force distribution thatarrises without this
constraint, which gives in a loweralim

Y than would be the case if that constraint is
added.
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Figure 3.6: Optimal front/rear drive force distribution that minimizes
min[FXF

∈[0,µF FZF ] |M lim
Z | shown with a bold solid line. Non-optimal solutions

with FXF
< 0 is indicated with bold dashed line.

A step further from the simple vehicle equilibrium as described in Eq. (3.6)
is to also include the explicit effect of the front drive force in lateral force and
yaw-moment balance. When assuming only front-wheel steer and small steering
anglesδ we have

FYF
+ FXF

δ + FYR
= mvX ψ̇

lF (FYR
+ FXF

δ) − lRFYR
= 0

(3.14)

This effect can be included in the creation of dynamic squares when the steering
angle is known. The effect is not further explored in this work, but it can be seen
from the equations that a positive longitudinal force decreases the tendency for
the front to saturate when steered in the direction of the turn. However, even at
rather extreme steering wheel angles such asδH = 180◦ the steered angle of the
front wheels is onlyδ ≈ 10◦ ≈ 0.2rad. This means that≈ 20% of the front drive
force contributes to turning the vehicle.
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3.2.2 Effect of left/right drive-force distribution

Following the study of the front/rear drive force distribution, the effect of the
difference between the left- and right drive forces are studied in this section. It was
shown in the previous section that for equal left/right drive forces, the yaw balance
is primarily determined by the yaw moments caused by the lateral force of front-
and rear axles. From this requirement of balanced yaw moments, the maximum
possible lateral acceleration was determined by the axle which could provide the
least yaw moment. It was also concluded previously that the maximum possible
lateral acceleration is achieved ifM lim

Z is minimized forξ ∈ [0, 1] for a given
drive total drive force,F IN

X . On the other hand, the best solution is ifM lim
Z = 0

for ξ ∈ [0, 1], which was not reachable for smallF IN
X . The reason is that for

smallF IN
X , the optimal drive force distribution is to only drive the rear wheels,

but even when doing so, there is still unutilized lateral capacity at the rear axle.
In order to achieveM lim

Z = 0 for all F IN
X , one more control variable is needed; a

additional yaw moment caused by different left/right forces. Since only one more
degree of freedom is required, a decision is required, whether the left/right drive
forces are to be varied on the front wheels, the rear wheels, or at both axles, with
a single control? As previously concluded, the lateral griplimit for smallF IN

X and
an optimal front/rear drive force distribution is determined by the front axle. Since
the difference in drive forces reduce the lateral capacity,the rear axle is the better
choice as long asM lim

Z < 0.
It can be shown, for a given front/rear drive force distribution ξ ∈ [0, 1] for

whichM lim
Z ≤ 0; that the optimal difference in left/right drive forces,∆FXR

that
solves

arg∆FXR
lF

2∑

i=1

√

(µiFZi
)2 − F 2

XF
/4

−
4∑

i=3

(

lR
√

(µiFZi
)2 − (FXR

/2 + (−1)i∆FXR
)2
)

+ s∆FXR
≡ 0 ,

(3.15)

given that

∆FXR
<
√

(min(µ3FZ3
, µ4FZ4

))2 − F 2
XR
/4 . (3.16)

In order to find the optimal combined front/rear and left/right drive force distri-
bution; first theFXF

∈ [0, µFFZF
] that minimizes|M lim

Z | as given by Eq. (3.13) is
found. Then ifM lim

Z after this first step still is less than zero, Eq. (3.15) is solved
using theFXF

found in the previous step, or otherwise. This final optimization
step can also be used for systems that have limitations in thespace of possibleξ
that yield aM lim

Z < 0 for the minimum possibleξ.
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3.2.3 Special cases

Based on more general method of computingalim
Y given in Section 3.1,alim

Y for the
four different special cases given in Section 2.3.1 are given in this section. The
special cases were:

• Front-wheel drive (ξ = 1)

• Rear-wheel drive (ξ = 0)

• Fixed all-wheel drive (ξ ≈ lR/l − haX/(lg))

• Optimal all-wheel drive

By a fixed all-wheel drive is meant that the front- and rear differential units are
fixed to rotate synchronously. This is commonly achieved forvehicles with a
locked center differential, or a locked transfer clutch forhang-on all-wheel drive
systems. For all configurations the assumption is thatµF < µR whenFX = 0.

Front-wheel drive

For a FWD vehicle it is assumed thatmaX ≈ FXF
, we then have thatM lim

Z < 0,
i.e. the front end of the front axle will saturate prior to therear. From the Eq. (3.7)
we can now derive the limit lateral acceleration for this vehicle configuration:

alim
Y = lF lim

YF
/(mlR)

=
l

mlR

√

(µFFZF
)2 − F 2

XF

=
l

mlR

√
(

µF
m

l
(lRg − haX)

)2

− (maX)2

=
√

µ2
F (g − aXh/lR)2 − (aX l/lR)2

(3.17)

under the condition that

|aX | ≤
µF glR

l + hµF sign (aX)
. (3.18)

The above condition restricts the longitudinal acceleration to be less or equal to
theaX that causesalim

Y in Eq. (3.17) reduce to zero, i.e. the maximum possible
longitudinal acceleration.
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Rear-wheel drive

Analogous to the FWD case, we can, derivealim
Y for a RWD vehicle/maX ≈

FXR
) as

alim
Y =

√

µ2
R(g + aXh/lF )2 − (aX l/lF )2 , (3.19)

whenM lim
Z > 0. However,M lim

Z < 0 for smallFXR
which for this case gives that

alim
Y = lF lim

YF
/(mlR) = lµFFZF

/(mlR) = µF (g − aXh/lR) . (3.20)

From the above, we can see thatalim
Y for the RWD case depends on which of

Eq. (3.19) and Eq. (3.20) is valid, i.e. depends on the sign ofM lim
Z . Combining

these two equations it is evident that the limit lateral acceleration is given by the
one that gives the least limit lateral acceleration:

alim
Y = min

(

µF (g − aXh/lR),
√

µ2
R(g + aXh/lF )2 − (aX l/lF )2

)

(3.21)

The limit for the maximum possible longitudinal acceleration is whenFXR
=

µFFZR
, which requires that

|aX | ≤
µRglF

l − hµR sign (aX)
. (3.22)

Synchronous front and rear differentials

As can be seen from Section 2.4.5 is that as long asaX < µg, the front axle limits
the maximum lateral acceleration for this configuration, i.e.M lim

Z < 0 ∀ aX < µg.
NowmaX ≈ FXF

+ FXR
= F IN

X as introduced in Section 2.3.1 and the front/rear
drive force distribution is approximately equal to the normal force distribution.
From Section 2.3.1 we have that

FXF
= ξF IN

X =

(
lR
l
− h

l

aX

g

)

F IN
X

which inserted into Eq. (3.7) derives to

alim
Y =

l

mlR

√

(µFZ)2 − F 2
XF

=
l

mlR

√
(

µF
m

l
(lRg − haX)

)2

− (ξmaX)2

=
1

lR

√

µ2
F (lRg − haX)2 − (lRg − haX)2(aX/g)2

=
lRg − haX

lRg

√

µ2
F g

2 − a2
X .

(3.23)
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Optimal front/rear distribution

In this section the optimal drive front/rear drive force distribution that fulfills
Eq. (3.13) is shown. The restriction is on the drive force distribution which is
required to be positive on both axles meaning0 ≤ ξ ≤ 1. This results in that the
optimal drive force distribution is to drive only on the rearwheels up to the point
whenM lim

Z = 0. Thereafter the drive force is distributed to keep the limityaw
moment zero. Up to this transition point, the front wheels will set the limit for the
lateral acceleration capacity due to the load transfer, off-loading the front wheels
and increasing the normal force on the rear wheels. From Eq. (3.7) it thus follows
that

alim
Y = min

(

µF (g − aXh/lR),
√

µ̄2g2 − a2
X

)

, (3.24)

given that the condition
min

FXF
∈[0,µF FZF

]

∣
∣M lim

Z

∣
∣ (3.25)

is minimized for all0 ≤ aX ≤ µ̄g.

Authority of some specific driveline configurations

The control authority of some driveline configurations which operate between
the above special cases by controlling the slippage in one (or two) clutch(es) are
described in Fig. 3.7, based on the previously described Dynamic Squares method.
Table 3.1 describes configurations with one clutch. These configurations are of
interest since they exist in a number of vehicle applications on the market today.

Description Clutch open Clutch locked Subspace of possibleξ.
FWD ⇒ Fixed AWD ξ = 1 ξ = FZF

/(mg) ξ ∈ [FZF
/(mg), 1]

RWD⇒ Fixed AWD ξ = 0 ξ = FZF
/(mg) ξ ∈ [0, FZF

/(mg)]
35:651⇒ Fixed AWD ξ = 0.35 ξ = FZF

/(mg) ξ ∈ [0.35, FZF
/(mg)]

Table 3.1: Driveline configuration that operate between two differentdirve force distri-
butions by controlling a clutch.

The final configuration is not a configuration existing on any vehicle sold on
the market, but is interesting since it operates between three different “modes” as
given by Table 3.2

For all configurations in Fig. 3.7 it is important to considerthe “rigid” AWD
case, which was described in Section 2.3.1. In all these configurations, locking
the front and rear axles together will yield the drive force distribution denoted as
“Rigid” in the figure.
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Front Clutch Rear Clutch Drive force distribution
Locked Open ξ = 1
Locked Locked ξ = FZF

/(mg)
Open Locked ξ = 0

Table 3.2: Driveline configuration that operate between three different drive force distri-
butions by controlling two clutches

From Fig. 3.7.a it can now be seen that this vehicle, which is FWD in it’s basic
configuration (open clutch), can only operate at an optimal front/rear drive force
distribution at upper right vertex of the diagram. However,this vehicle configura-
tion is not able to accomplish a drive force distribution above the “rigid” line. This
vehicle should therefor have excellent take-off capability, but could lack cornering
capacity relative to an optimal AWD system under combined acceleration/corner-
ing. The advantage of this system, however, is that it alwaysoperates in the “safe”
area whereM lim

Z < 0.
The configuration shown next in Fig. 3.7.b, on the other hand is a RWD

based vehicle is the inverse of the previous case and has the authority to opti-
mize the torque transfer to the front axle such that the optimization criteria given
in Eq. (3.25) is fulfilled. On the other hand, operating in thelight grey area where
M lim

Z > 0, by improper control, can lead to instability.
The third configuration shown in Fig. 3.7.c is what often is called permanent

AWD, with center differential providing a fixed front/rear drive force distribution.
This system has no particular advantage over the system shown in Fig. 3.7.b when
it comes to controllability. The advantage is mainly that the demand on the clutch
is less, since only a smaller amount of the total torque is transferred through the
clutch. This configuration one of the most common on AWD vehicles, when also
vehicles without a controllable clutch are considered.

The final configuration, shown in Fig. 3.7.d is able to operatein the entire first
quadrant of the dynamic square diagram (however, not in the second, unless the
brakes are used) and is therefor an interesting concept. This system combines the
benefits of both the configurations in Fig. 3.7.a) and Fig. 3.7.b). The disadvantage
of this configuration is that two clutches are required and that both need to be
packaged near the transmission. In vehicles with a transversely mounted engine
with the configuration in Fig. 3.7.a), the clutch is often located near the rear axle
where there is more package space. In these vehicles, it is often not possible to
package two clutches near the transmission.

The results ofalim
Y as function ofaX for these four configurations are also

shown in a g-g diagram. This method shows, as described in Section 2.4.6, sec-
tions through the dynamic square for special drive force distributions. These re-
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3.3. Drive Force Distribution and Understeer 51

sults are shown in Fig. 3.8. As can be seen from Fig. 3.8 for this particular
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Figure 3.8: g-g diagrams for four different drive force distributions

weight distribution, the FWD vehicle has a larger longitudinal acceleration capa-
bility than the RWD vehicle. The acceleration capabilitiesfor an arbitrary weight
static front/rear weight distribution is shown in Fig. 3.9.The maximum lateral
acceleration is given by the conditions Eq. (3.18) and Eq. (3.21) for the FWD and
RWD vehicle respectively. In order to get a feel for these figures, it is often useful
to take look at the extremes. For a FWD vehicle, the more weight on the front
axle, the better the maximum forward acceleration under thecondition that en-
gine power is unlimited. The maximum weight possible would then be the entire
weight of the vehicle, which is only possible if the center ofmass would be placed
in front of the front axle. Analogously for a RWD vehicle, more weight on the rear
axle is better. Since the forward acceleration moves weightto the rear axle, there
is a point where moving the center of mass even would cause thefront wheels to
lift from the ground when accelerating.

3.3 Drive Force Distribution and Understeer

This section describes the effect of the drive force distribution on the understeer
of the vehicle. As earlier described in Section 2.2.4, the understeer gradient is

1Example of a fixed front/rear distribution
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defined in [21] as

KUS ,
∂(δ − l/R)

∂aY
≡ ∂(αf − αr)

∂aY
,

It will be shown in this section that the front/rear the effects on the understeer can
be divided in parts, namely the effect of the

• load transfer caused by acceleration or braking,

• drive force on the cornering stiffness and

• yaw moment caused by different left/right longitudinal forces.

The first two effects will be discussed in the Section 3.3.1 and the third effect in
Section 3.3.2 dealing with the effect of left/right drive force distribution.

3.3.1 Effect of front/rear drive force distribution

For the study of effect of the front/rear drive force distribution on the understeer,
we recall that the understeer in vehicle parameters as givenby Eq. (2.21) is

KUS = −m
l

lFCαF
− lRCαR

CαF
CαR

.
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By introducing,C ′
α, as the effective cornering stiffness for a given drive force

FX as

C ′
α ,

∂FY

∂α

∣
∣
∣
∣
α→0

, (3.26)

which combined with Eq. (2.1) becomes

C ′
α = cαFZ

√

1 −
(
FX

µFZ

)2

. (3.27)

By replacing the normal force with the expression as given inEq. (3.9) and by
using thatCα is the cornering stiffness at thestaticnormal force we have that

C ′
αF

= CαF

(

1 − h

l

aX

g

)
√

1 −
(

FXF
l

µm(lRg − haX)

)2

, (3.28)

which can be further simplified for smallFX as

C ′
αF

≈ CαF

(

1 − h

l

aX

g

)

(3.29)

and similarly

C ′
αR

≈ CαF

(

1 +
h

l

aX

g

)

. (3.30)

By further replacing the cornering stiffness,Cα, in Eq. (3.3.1) with the approxi-
mations of the effective cornering stiffness,C ′

α given by Eq. (3.29) and Eq. (3.30)
we have that

KUS = −m
l

lFC
′
αF

− lRC
′
αR

C ′
αF
C ′

αR

= −mg lFCαF
(lg − haX) − lRCαR

(lg + haX)

CαF
CαR

(l2g2 − h2a2
X)

.

(3.31)

This modified expression of the understeer is an important result and can be
used to explain why a vehicle can become oversteered when braking (aX < 0)
and that acceleration (aX > 0) explicitly increases understeer. By using the above
result, Fig. 3.10 shows the understeer gradient as a function of longitudinal accel-
eration.

As the above result is a very simple way to take into account the load transfer
caused by acceleration and braking, it does not take into account the drive force
distribution. Since the dynamic-square method described in Section 2.4.5 is an
effective way to show the influence of the drive force distribution on the lateral
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Figure 3.10: Understeer gradient as function of longitudinal acceleration

grip; the idea was that it also could be used to show the effecton the understeer.
Given that proposal, the understeer was plotted versus all possible combinations
of front/rear drive force distributions. The understeer gradient ataY = 0 is plotted
under the assumption that the cornering stiffness changes according to Eq. (3.27).

In Fig. 3.11 the results of this modified dynamic square can beseen. The
diagram shows the effect of the rear wheels saturating alongthe top- and bottom
edges. Along these edges,KUS → −∞ asC ′

αR
→ 0 becauseFXR

→ µRFZR
;

similarly, along the left- and right edges where the front wheels saturate,KUS →
∞ asC ′

αF
→ 0 whenFXF

→ µFFZF
. Further, the diagram is divided into three

different areas; the light-gray areas at the top and bottom are areas where the
understeer gradient is negative, i.e. oversteeer; conversely, the dark gray areas
indicate (positive) understeer. Based on these discriptions, the edges between
the dark and light areas mark the neutral steer boundaries, i.e. whereKUS = 0.
Finally; as in the previous usage of the dynamic square, the dotted line is where
the drive force distribution is proportional to size the normal force as given by
Eq. (2.27).

3.3.2 Effect of left/right drive force distribution

Now having discussed the implications of the front/rear drive force distribution on
the understeer of the vehicle; the next topic of interest is the effect of the left/right
drive force distribution. Or rather, it is the effect of the difference between the left
and right drive forces which are the subject of this section.In this research there
was an interest to evaluate the effect of controlling the speed difference across
the rear axle. By restricting the nominal speed difference of the rear axlebψ̇ (see
Eq. (A.7)) by locking the differential, an understeering moment is added to the
vehicle. If instead, a fixed speed difference> bψ̇ is imposed on the axle, the
added moment decreases the understeer.

One further contribution of this research is to show how the handling diagram,
described in Section 2.4.1, can be used to evaluate the effectiveness of an torque



3.3. Drive Force Distribution and Understeer 55

FXF
/m [m/s2]

F
X

R
/m

[m
/s

2
]

aX =-1g aX =-0.5g

aX =0g aX =0.5g aX =1g

−8 −6 −4 −2 0 2 4 6
−5

−4

−3

−2

−1

0

1

2

3

4

5

6

Figure 3.11: Modified Dynamic Square method which shows the influence of the drive
force distribution on the understeer gradient,KUS ataY = 0.
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vectoring differential or a limited slip differential. Forthis purpose, knowing the
maximum speed difference which can be imposed by the torque vectoring differ-
ential when fully locked, the handling diagram for this configuration is drawn.
The assumption in this research was that a constant understeer was desirable, so
if the optimization criteria

min
nL/R∈R

KUSaY −
(

2∑

i=1

αi −
4∑

i=3

αi

)

, (3.32)

is minimized∀ aY ≤ alim
Y the understeer is constant up to the lateral grip limit.

HereKUS is a tuning parameter which here is assumed to be the understeer of the
vehicle whenaY → 0 andaX → 0. The above result is based on the understeer
definition Eq. (2.15), i.e. if the difference between the average slip angles on the
front and rear axle increase linearly with the lateral acceleration, the understeer is
constant.

3.3.3 Critical speed considerations

In Section 3.1 the limit speed,vlim
X , is computed for the speed at which the front

or rear axle reach saturation. As briefly discussed in Chapter 3, the vehicle could
become unstable at a lower speed than the saturation limit ofthe front and rear
tires. One such a scenario is when the slip angles at the rear axle build up faster
than at the front. This scenario defines an oversteered vehicle which will become
unstable when reaching thecritical speed. The vehicle stability is related to the
understeer coefficient,KUS. From Section 2.2.3 we have that

ψ̇ss

δ
=

vX

l +KUSv2
X

, (3.33)

from which it can be seen that the stability limit is whenKUSv
2
X = −l, given that

KUS < 0. The speed at which this occurs is commonly referred to as thecritical
speed, which here is denoted asvcrit

X . Further the transfer function fromδ → vY

is
ass

Y

δ
=

v2
X

l +KUSv
2
X

,

for which the same stability criteria as forψ̇ss/δ is valid.
The question is now, when is thevcrit

X ≤ vlim
X , i.e. when is the speed at which

the vehicle becomes unstable is less or equal compared to thespeed at which either
axle saturates?

Since we have that at steady state that the critical speed,

(vcrit
X )2 = − l

KUS
, if KUS < 0
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and the in limit speed from Eq. (3.1);

(vlim
X )2 = alim

Y R = alim
Y

∣
∣
∣
∣

vX

ψ̇

∣
∣
∣
∣
,

we are interested to see at whenvcrit
X ≤ vlim

X , namely when

KUS ≤ − l

alim
Y

∣
∣
∣
∣
∣

ψ̇

vX

∣
∣
∣
∣
∣
. (3.34)

The solution to this issue is to analyze whenvX → vlim
X . It should be noted that it is

common for the critical speed to decrease very rapidly afterKUS has changed sign
from positive to negative. In order to maintain a safe distance of∆vX between
the vehicle speed and the critical speed, the condition is that

|vX − vcrit
X | < ∆vX . (3.35)

To summarize, ifKUS < 0 it is not sufficient only to study the speed at which the
lateral grip limit is reached. Concurrently, the critical speed must be computed
based on the understeer of the vehicle. When the current speed is approaching the
critical speed, the intersection between the two speeds will be the point where the
vehicle becomes unstable.

3.4 Summary

In this chapter, the influence of longitudinal accelerationand the drive force dis-
tribution on the lateral grip and understeer was shown. The effects studied were
limited to steady-state analysis with constant longitudinal acceleration, defined as
quasi steady-state conditions. Further; drag forces, suchas rolling resistance and
aerodynamic drag; and steering effects, were neglected. The benefit of these sim-
plifications were, however, that the often complex interaction between the longi-
tudinal and lateral characteristics could in many cases be shown using close form
expressions. In this way, the various effects could systematically be analyzed and
quantified.

First, the change in normal force distribution due to (positive) longitudinal
acceleration was shown to linearly decrease the lateral capacity on the front axle
and increase the understeer gradient. The contribution of this work relating to this
phenomena are the expressions which relate the longitudinal acceleration to the
understeer. For braking, the results are opposite the acceleration case. Secondly
there is an effect of the drive force itself on the lateral grip. This effect starts
to dominate the influence on the lateral capacity and understeer when the drive
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force is sufficiently large (FX ≈ 0.4µFZ). Subsequently how the drive force is
distributed on the front and rear axles is important to consider in the latter case.

A further area of contribution in this work is the development of a lateral grip
margin was developed which could be used to evaluate the effect of the drive force
distribution on the maximum possible lateral acceleration. From this lateral grip
margin, conditions for optimality, were given separately for the front/rear drive
force distribution as well as the left/right drive force distribution. Further, the re-
sults used to compute the lateral grip margin for a general drive force distribution
was developed for four special cases; front-wheel drive; rear-wheel drive; all-
wheel drive with synchronous front- and rear differentials; and finally, an optimal
front/rear drive force distribution. Subsequently, the expressions that relate the
longitudinal acceleration to the lateral acceleration limit were shown to be useful
when generating g-g diagrams (showingalim

Y versusaX) for the above mentioned
special cases. Further, the it was shown that these g-g diagrams were sections
in the dynamic square diagram, the latter showing the effectof the lateral accel-
eration capacity for an arbitrary front/rear drive force distribution. Expressions
on the optimal left/right drive force distribution were shown and were related to
previously derived conditions for the optimal front/rear drive force distribution.
Based on these results, the conclusion is drawn that keepingthe understeer con-
stant while optimizing the lateral grip under all operatingconditions, requires a
combination of front/rear and left/right drive force distribution optimization. Fi-
nally, the implications of the change in understeer by meansof drive force dis-
tribution on vehicle stability was discussed in the case theundersteer becomes
negative (oversteer).



Chapter 4
Simulations and Results

The purpose with the following simulations was to evaluate the validity and limi-
tations of the theory developed in the previous chapter.

The evaluation was performed such that it starts with QSS conditions, for
which the theory developed in Chapter 3 was valid, and which relates the drive
force and drive force distribution to the lateral grip and understeer. The vehicle
model in the simulations is, however, more comprehensive than the one for which
this theory was developed. It was therefor expected that discrepancies between the
predicted lateral grip and understeer and simulation results relate to these model-
ing simplifications. The purpose of the first part of this study was therefor to
identify these shortcomings.

Continuing the evaluation, transient steering input was evaluated. For these
simulations the lateral acceleration will after some time,for a stable solution,
approach a steady state value. As the steering amplitude wasincreased until no
further increase in lateral acceleration was possible, this maximum steady state
value should correspond to the predicted lateral grip limit. Another purpose of
this test was to evaluate if the lateral acceleration duringthe transient part of the
maneuver can exceed the predicted lateral grip limit.

Finally, a dynamic maneuver was performed at increased steering input ampli-
tude. During these maneuvers, the lateral acceleration never reaches steady-state
and the theory developed in this work, should therefor not bevalid in this case.
The purpose of this part of the evaluation was to identify areas where the lateral
grip margin computation could be improved to also identify the lateral grip limit
during dynamic maneuvering.

Results are plotted in this chapter and further simulationsresults are provided
in Appendix B.

59
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4.1 Quasi–steady state cornering – fixed steering

The purpose of steady state cornering analysis was to evaluate the understeer, and
lateral grip limit of the vehicle while cornering. The performed vehicle simula-
tions are based on a modified version of the test procedure ISO4138:2004 [23].
According to the test procedure, they can be run in three different ways:

1. Constant radius – speed is slowly increased

2. Constant steering angle – speed is slowly increased

3. Constant vehicle speed – steering angle is slowly increased

Quasi–steady state (QSS) in this work means steady braking and acceleration
while cornering with a fixed steering angle or constant curveradius as discussed in
Section 2.2.2. This method is a natural extension of the steady-state cornering and
is useful to evaluate the influence of the drive force distribution on the cornering
behavior of the vehicle, which is the objective of this research. The idea of using
constant braking and acceleration is that the analysis methods used for the steady-
state cornering case are assumed to still hold, which they are not expected to do
when doing dynamic steering maneuvers.

The simulations in this work, using the model described in Appendix A, were
performed at various levels of constant drive forces; and ontwo different surfaces.
The vehicle speed was then slowly increased until the eitherfront- or rear axle
saturated; while keeping the steering angle constant.

4.1.1 Results – front/rear drive force distribution

The front/rear drive force distribution configurations which are studied studied
are:

• Front wheel drive

• Rear wheel drive

• All-wheel drive – synchronous front- & rear differentials

The test objectives were to evaluate the effects of the more comprehensive on the
lateral grip computation given in Chapter 3. Additionally,the understeer of the
vehicle was estimated based on the drive force distribution. The results of the
understeer estimation, along with the lateral grip estimation, are shown in Fig. 4.1
and Fig. 4.2. In these figures, six different operating conditions are verified on
two different surfaces; dry asphalt(µ0 ≈ 1) and snow(µ0 ≈ 0.4). The driveline
configurations which are evaluated are the first three as given in Table 2.1. These
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configurations were evaluated with two different levels of constant drive force,
as given by the title of each subfigure. The inclined thin lineis the predicted
understeer; the vertical thin line is the limit lateral acceleration; and the circle the
maximum lateral acceleration achieved in the detailed vehicle model.

In Fig. 4.1.e and Fig. 4.2.e it should be noted that the vehicle becomes unstable
before reaching the lateral grip limit. This issue was discussed in Section 3.3.3.
The circle in these sub-figures is therefor not a steady-state lateral acceleration,
since the vehicle is unstable. The point of instability is indicated by a⋄-character.
At this point, the condition in Eq. (3.35) is violated. A different point indicated
by a square is the point where

{
δ − l/R = 0
KUS < 0

. (4.1)

Additional to the results shown in Fig. 4.1 and Fig. 4.2, a condensed param-
eter sensitivity study was performed. The conclusions fromthis parameter study
together with the results shown in Fig. 4.1 and Fig. 4.2 are that:

• alim
Y is predicted to be approximately 10% more, on high-µ surfaces, than

possible with the more comprehensive vehicle model used in the simula-
tions. On low-µ surfaces this error is reduced to apprimately 3%. From
the parameter study results shown in Appendix B, the conclusion is that the
main descrepancy between thealim

Y computation and the actual maximum
atainable lateral acceleration is the lateral load transfer, which reducesµF

andµR.

• the longitudinal acceleration,aX , and thereby the longitudinal load transfer
is significantly influenced the following resistance forces,

– δFYF
/m for high lateral acceleration and

– FD where the aerodynamic drag dominates at high speeds (>50 km/h)
and the rolling resistance at low speeds;

both of which are attained at high-µ surfaces. For low-µ surfaces, the most
noticeable factor is the rolling resistance, which can be upto 50% of the
available friction. This reduction inaX relative the predictedF IN

X /m is
significant for the computation of the lateral grip insofar that it influences
the load transfer front/rear.

A final conclusion, which can be drawn from the results given in Appendix B,
is that when the model with which the simulations were performed, was equal to
the one for which the theory was developed (second “block” inthese tables), the
remaining difference in the results could be attributed to the QSS simplifications
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Figure 4.1: Plots ofδ − l/R versusaY for constant steering (δH = 80◦), constant longi-
tudinal force starting at a low longitudinal speed. The surface is assumed to be dry asphalt
(µ ≈ 1) and the figures show the results of three different drive force distributions and two
different levels of constant drive force, as indicated by the headings of each sub-figure.
The inclined thin line is the predicted understeer; the vertical thin line is the limit lateral
acceleration; and the circle the maximum achieved lateral acceleration.
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Figure 4.2: Plots ofδ − l/R versusaY for constant steering (δH = 80◦), constant lon-
gitudinal force starting at a low longitudinal speed. The surface is assumed to be packed
snow (µ ≈ 0.4) and the figures show the results of three different drive force distributions
and two different levels of constant drive force, as indicated by the headings of each sub-
figure. The inclined thin line is the predicted understeer; the vertical thin line is the limit
lateral acceleration; and the circle the maximum achieved lateral acceleration.
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discussed in Section 2.2.2. Based on the fact that the remaining differences are
small, the conclusion is that the QSS assumptions hold for the simulated cases and
as long as the vehicle was stable.

4.1.2 Results – left/right drive force distribution

Figure Fig. 4.3 shows the simulation results of the configurations that were dis-
cussed in Section 2.3.2, namely an

1. Open rear differential

2. Locked rear differential

3. Fixed positive ratio between inner and outer wheel

4. Variable L/R ratio which fulfills Eq. (3.32)

These results are plotted in a handling diagram first developed by Pacejka [48, 26,
49]. The handling diagram is an alternative way of presenting the results obtained
from the cornering test described in this section. Further,this method can therefor
be used to evaluate the understeer characteristics as well as the lateral grip limit for
a given vehicle configuration. It can be then seen from the handling diagram that
the understeer (the slope of the slip angle difference versus the lateral acceleration)
increases with increased utilization of the lateral grip for a vehicle with equal
left/right drive force distribution. If however the drive force is re-distributed from
one side of the car to the other [55, 70, 16, 56, 64, 50] the understeer can be kept
constant up to the grip limit. In addition to providing consistent handling, it can
also be seen from the diagram that the maximum grip is increased by utilizing
both axles to their maximum potential, whereas the front axle was limiting the
lateral grip for the passive vehicle. Referring to the characteristics of a passive
vehicle, the unaltered dynamics in combination with the increased lateral grip by
using drive-force distribution could lead to a conflict between performance and
consistent dynamics on the one hand and the need of driver feedback/warning
on the other as previously described. The proposed solutionto this conflict is
a lateral grip margin which shows the relative distance to the lateral grip limit.
When the lateral grip margin is reduced to a preset level, warning strategies could
be executed to warn the driver. The details of these warning strategies are however
outside the scope of this present work.

4.2 Transient cornering – step-steer

A step-steer maneuver according to ISO7401:2003 [22] reveals the vehicle’s re-
sponse, damping and steady-state gain for the given maneuver. In Fig. 4.5 the
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Figure 4.4: Example of how understeer increases with lateral acceleration for a passive
vehicle but can be kept constant with torque vectoring (“active”) for any given longitudinal
acceleration. Additionally, the maximum lateral lateral acceleration possible is increased.
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yaw-response to a step-input of the steering wheel of three different amplitudes at
t = 0 were evaluated. The drive force distribution in this study is ξ = FZF

/mg,
i.e. fixed AWD. It can be seen that initially, there is no difference between the two
vehicles, but as the yaw rate increases, so does the force difference between the
left and right wheels for the vehicle with the locked differential. This force dif-
ference is against the turn and has ayaw dampingeffect. Further, the limit lateral
acceleration using three methods are plotted as horizontallines. These methods
are

amax
Y = (F lim

YF
+ F lim

YF
)/m

alim
Y |δ=0 = lF lim

YF
/(mlR)

alim
Y |δ 6=0 = l(F lim

YF
+ δFXF

)/(mlR)

(4.2)

The first method, computingaY max, is the lateral acceleration when both front-
and rear tires are saturated simultaneously. This lateral acceleration is not possible
at steady-state ifM lim

Z 6= 0. In transients (such as a step in the steer command),
however, the yaw-balance equation in Eq. (3.6) also includes the yaw accelera-
tion, ψ̈, multiplied with the yaw inertia,IZZ. In fact, it can be shown thatamax

Y

can be reached ifIZZψ̈ = M lim
Z . Now the second method in Eq. (4.2) isalim

Y

as given by Eq. (3.7) under the condition thatM lim
Z < 0. The results shown in

Fig. 4.5, however, show a clear discrepancy between the steady-state lateral accel-
eration (aY ast→ ∞) and the estimatedalim

Y |δ=0. As discussed toward the end of
Section 3.2.1, for large steering angles and large longitudinal forces on the front
wheels, their contribution cannot be neglected. This is confirmed by the results
shown in Fig. 4.5. The conclusions that can be drawn from thisanalysis is that

• The effect ofδFXF
should be included in the computation ofalim

Y at large
steering angles, as in the case of this study where the maximum steering
amplitude wasδH = 180◦ → δ ≈ 0.2rad. A simple modification to the
lateral grip computation as proposed in Eq. (4.2) is one proposal to take this
effect into account.

• As indicated,alim
Y is the steady-state maximum lateral acceleration. If yaw

acceleration is sufficiently large, i.e.̈ψ = M lim
Z /IZZ, the lateral acceleration

aY = amax
Y , can be reached.

4.3 Dynamic cornering – Sine with Dwell

From the previous study of the lateral acceleration in transients, it was seen that the
maximum lateral acceleration attainable at steady-state can be exceeded when the
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speed ofvX = 90km/h. The four sub-figures show the results of four differentlevels of
longitudinal acceleration. The drive force distribution,ξ = FZF

/mg, i.e. fixed AWD.
Further, the limit lateral acceleration using three methods are plotted as horizontal lines.
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yaw acceleration is large. The step-steer maneuver, however, does not reachamax
Y ,

as computed in Eq. (4.2) when the vehicle is accelerated. TheNational High-
way Traffic Safety Administration in the United States has proposed an open-loop
steering maneuver for evaluating ESC systems, described inthe Federal Motor
Vehicle Safety Standard (FMVSS) 126 [45]. This test-procedure called the “Sine
with Dwell”, described in [47], is designed to induce oversteer, which occurs when
ψ̈ ≥ M lim

Z /IZZ. This maneuver should be a good candidate to generate sufficient
yaw-acceleration to reachamax

Y , here designated asamax1

Y .
Simulation results shown in Fig. 4.7 indicate a spin-out forhigh steering an-

gles, since lateral acceleration is sustained even though the steering is zero (com-
pare with Fig. 4.6). In dynamic maneuvers the lateral acceleration should therefor
be able to reachamax1

Y shown by the thin horizontal dash-dotted lines. The lateral
acceleration, however, never reaches this limit, so thealim

Y computations appears
to have some limitations.

It can be shown that this limitation is, due to an assumption in this work that
(with some abuse of notation)

F lim
Y =

∑√

(µiFZi
)2 − F 2

Xi
≈
√

(
∑

µiFZi
)2 − (

∑

FXi
)2 . (4.3)

In other words, the assumption is that the sum of the limit lateral forces on each
tire on one axle can be computed by summing the normal load andlongitudinal
force separately. This simplification was done in order to remove the dependency
which the lateral force has on the normal force. To estimate how large this sim-
plification is, an attempt was made to computeamax

Y which takes this effect into
account. In short, the computation of a newamax2

Y as given by Eq. (4.2) involves
now involves the solving of

arga
max2

Y
amax2

Y − (F lim
YF

(amax2

Y ) + F lim
YR

(amax2

Y )/m ≡ 0 . (4.4)

The results of the computation ofamax2

Y in this way, is shown as dashed lines in
Fig. 4.7. These new results show a good correlation between the actual maximum
lateral acceleration and the estimatedamax2

Y whenaX = 0. If, however,aX 6= 0,
there is again a deviation between the computed an actual andcomputedamax2

Y .
As for the steady-state limit,alim1

Y is computed as in Eq. (3.7). This method, as
for amax

Y in Eq. (4.2), does not take into account the effect of the loadtransfer. For
this purpose,alim2

Y is computed analogous toamax2

Y . In Fig. 4.8 these two different
limits, alim1

Y andalim2

Y , are plotted as horizontal lines. As expected,alim
Y is never a

good measure of the limit lateral acceleration for this maneuver, since steady-state
cornering is never achieved.

The conclusions from this study is that

• alim
Y is not a valid measure in this maneuver which never reaches steady

cornering.
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Figure 4.6: Open-loop steering input consisting of a 0.7Hz sine input with a 500ms dwell
after 3/4 period. The steering amplitude is varied according to [47].

• The computation ofamax
Y , as introduced in the previous section, requires

further development since there is a significant lateral load transfer. This
proposal is that each tire must be handled separately when computingF lim

Y

instead of computingF lim
Y using the combined normal load and longitudinal

force on the axle.

Finally, this study points the way to future work that needs to be done in order to
create a more comprehensive understanding of the lateral grip limits.

4.4 Summary

In this chapter, the main purpose was to evaluate the theories introduced in Chap-
ter 3. One objective of this study was therefor to evaluate the lateral grip estima-
tion accuracy, given the modeling simplifications which were made. For this pur-
pose, a more comprehensive vehicle model was used that took into account more
factors than the bicycle model, which influence were of interest. Further, some
transient and dynamic maneuvers were performed. The purpose of these simula-
tions was to find limitations in the lateral grip estimationswhich are a result of the
QSS assumption. Even though only a limited number of operating conditions and
driveline configurations could be evaluated within the scope of this work, several
areas for further development of the lateral results from Chapter 3 were identified.
Additionally, further evaluations should include even more comprehensive vehicle
models, and eventually real-world measurements. A main conclusion, however,
is that the developed theory in Chapter 3 takes into account,and explains, most
of the important factors influencing the lateral grip and understeer of the vehicle.
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The left/right drive force distribution was also shown to permit a constantKUS

and increased lateral grip limit.





Chapter 5
Future Work and Conclusions

The objective of this study was to show the influence of the drive force distribu-
tion on the understeer and the lateral grip of passenger vehicles. It was expected
that, if the drive force could be re-distributed freely, theundersteer could be kept
constant across an expanded range of operating conditions and that the maximum
attainable lateral acceleration would be increased relative to a vehicle with fixed
drive force distribution. One objective was further to develop a way to measure the
lateral grip margin. This measure was aimed to predict the amount of utilization
of the lateral grip in a given operating condition (cornering radius and longitudinal
acceleration). Moreover, closing the gap in the existing knowledge regarding the
influence of drive force distribution on the lateral grip andundersteer was another
major objective. This has lead the development of new- and enhanced methods
which can be used to analyze the effects of front/rear and left/right drive force
distribution on the understeer and the lateral grip of the vehicle. Knowing these
effects naturally lead to conditions on the drive force distribution for maximum
possible lateral grip.

Drivers are known to adapt the vehicle’s speed to a limit where the control
response (handling) is familiar [71, 7], therefor the vehicle speed would likely
increase, if the range where the vehicle handling characteristics are constant is
expanded. Since a gradual change in understeer as the grip limit is approached
changes the response and damping of the vehicle [40], it can also be viewed as
a driver feedback or warning [37]. How to develop this driverfeedback is left to
future work, but the lateral grip margin developed in this present work is assumed
to be useful for this purpose.

As indicated, only the understeer and the lateral grip were studied in this the-
sis. Moreover, other handling characteristics such as yaw-damping and side-slip
control, are not mentioned in great detail in this report. Apart from changing
the lateral grip limits and understeer, drive force distribution can also be used to
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change the response, damping and stability in transient anddynamic maneuvers.
Future work should expand to also cover these aspects.

Summarizing the main contributions of this work, the drive force re-distribution
was shown to allow the vehicle to perform consistent with thedrivers expectation,
i.e. constant understeer, under a large range of operating conditions. Furthermore,
it was shown that the vehicle’s performance in terms of the combined lateral- and
longitudinal grip, by proper drive force distribution on all four wheels, is improved
considerably under combined longitudinal acceleration and cornering when com-
pared to two-wheel drive vehicles.

Moreover, the dynamic square (which is a fairly unknown, butuseful method)
was used to evaluate the influence of front/rear drive force distribution on the lat-
eral grip of the vehicle was described in detail. How to create dynamic squares
was namely not clearly described in the paper describing this method [27], but
which is done in this work. The method was further developed for the purpose of
showing the influence of front/rear drive force distribution on the vehicle under-
steer.

Another area which is unsatisfactorily described in current literature is a method
to evaluate the capabilities of systems which are able to alter the drive force dis-
tribution between the left and right wheels. When controlling the drive-forces be-
tween the left and right wheels the lateral grip performanceand understeer can be
optimized for any given operating condition. For the purpose of evaluating these
effects, this work proposed to expand the well-known handling diagram [48].

As a summary, the main findings related to effect of the drive force distribution
in this work are that

• A lateral grip margin was developed which relating the drive force distribu-
tion to the lateral grip.

• Further, for the front/rear drive force distribution:

– A method on how the drive force distribution influences the lateral grip
margin when accelerating was developed from existing methods. The
connection between so-called GG-diagrams and this method was also
developed as part of this work.

– Conditions for maximizing the lateral grip were given.

– Closed-form expressions for four specific driveline configurations were
derived from the developed lateral grip margin.

– The control authority of a selection of hardware realizations of fron-
t/rear drive force distribution were shown.

• For the left/right drive force distribution:
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– It was shown how the understeer coefficient could be kept constant up
to the grip limit and which hardware realizations could achieve this
aim.

– Increases the lateral grip to the average of the front and rear axle, rather
than the axle that has the least grip.

– When the vehicle is tuned to understeer in steady state conditions,
left/right drive force distribution is only required at therear axle.

– Can, in contrast to front/rear drive force distribution, change the vehi-
cle characteristics regardless of the desired longitudinal acceleration.

In order to estimate the lateral grip margin the following quantities are required
to be known:

• The tire/road friction. The accuracy of this estimate is directly related to
the accuracy of the lateral grip of the total vehicle. More information is
available in [3], co-authored by this author.

• Normal force distribution, which can be estimated from thestatic load dis-
tribution combined with the load transfer due to longitudinal and lateral
acceleration.

• The influence of the longitudinal force on the lateral characteristics are as-
sumed be modeled by a friction circle concept, the influence starts to be
significant when they start to become a large part of the totalcapacity. For
example, 50% utilisation of the total capacity in the longitudinal direction
means less than 14% reduction in the lateral capacity.

This research has had the aim to contribute to an improved understanding of
the interaction between drive force distribution and vehicle characteristics. In
fulfilling that objective, this work is another piece in the puzzle of understand-
ing road vehicle dynamics, a quest which has been ongoing since the invention
of road vehicles. As a further result the improved design andintelligently con-
trol driveline systems. As a result the vehicles equipped with these technologies
would become increasingly capable and predictable, thereby further contributing
to improved vehicle safety – an over-embracing motivation for this research.
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Appendix A
Simulation Model

This chapter contains the details of the vehicle model used for simulations in this
work.

A.1 Equations of motion

The planar dynamics have three degrees of freedom; two translational (longitudi-
nal and lateral) and one rotational (yaw). The equations of motion according the
Newtons second law become

m(v̇X − vY ψ̇
︸ ︷︷ ︸

aX

) =

4∑

i=1

FXi
+ FD

m(v̇Y + vX ψ̇
︸ ︷︷ ︸

aY

) =
4∑

i=1

FYi

IZZψ̈ = lF

2∑

i=1

FYi
− lR

4∑

i=3

FYi
+
b

2

4∑

i=1

(−1)iFXi

(A.1)

which can easily be re-writing to state-space formẋ = f(x,u), whereu = δ
andx = [vX vY ψ̇]T for simulation implementations an where the front and rear
longitudinal forces expressed in the wheel coordinate systemXW − YW are when
projected onto the vehicle reference frameX − Y for smallδ are

4∑

i=1

FXi
=

4∑

i=1

FXWi
− δ

2∑

i=1

FYWi

4∑

i=1

FYi
=

4∑

i=1

FYWi
+ δ

2∑

i=1

FXWi

(A.2)
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The drag force,FD can be divided into rolling resistance and aerodynamic
drag as

FD = CRRmgsign vX +
1

2
ρairAFCD|vX |vX ; . (A.3)

For practical implementations, thesign function can be replaced with thetanh
function to avoid numerical issues.

A.2 Wheel Speeds

The wheel speeds of each wheel given in the vehicle referenceframe are:

vXi
= [ 1 0 0 ]Ri(vO′ + Ω × rWi

)

= [ 1 0 0 ]Ri









vX

vY

0



+





0
0

ψ̇



× rWi



 ,
(A.4)

whererWi for each respective wheel (i = 1, 2, 3, 4) in the chassis frame is

rW1
=
[
lF bF/2 0

]T

rW2
=
[
lF −bF/2 0

]T

rW3
=
[
−lF bR/2 0

]T

rW4
=
[
−lF −bR/2 0

]T

(A.5)

andRi, the rotation matrix for each wheel

Ri =





cos δi sin δi 0
− sin δi cos δi 0

0 0 1



 ≈





1 δi 0
−δi 1 0
0 0 1



 , (A.6)

if δi is assumed to be small. The wheel patch contact speeds now become

vXW
=







vX − bψ̇/2 + (vY + lf ψ̇)δ

vX + bψ̇/2 + (vY + lf ψ̇)δ

vX − bψ̇/2

vX + bψ̇/2






, (A.7)

when settingδ1 = δ2 = δ andδ3 = δ4 = 0 andbf ≈ br = b. Interesting to note is
the speed difference left/right,∆v

L/R
X = bψ̇ and front/rear∆vF/R

X = (vY + lf ψ̇)δ,
which is of importance when transferring torque using speedcontrol of the wheels.
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A.3 Slip Angles

Similar to the wheel speed computation above we have in the wheel reference
frame

vWi = vO′ + Ω × rWi =





vX

vY

vZ



+





0
0

ψ̇



× rWi (A.8)

From Eq. (A.8) to the slip angles are derived according the definition given in
Eq. (2.2) as follows:

α =







δ − tan−1((vY + ψ̇lf)/(|vX − ψ̇b/2|))
δ − tan−1((vY + ψ̇lf )/(|vX + ψ̇b/2|))
− tan−1((vY − ψ̇lr)/(|vX − ψ̇b/2|))
− tan−1((vY − ψ̇lr)/(|vX + ψ̇b/2|))







(A.9)

A.4 Static load transfer

Givenms << mu,mu ≈ m:

F Z = m







(lRg − haX)/2l − (γh0 + hϕF
lR/l)aY /b

(lRg − haX)/2l + (γh0 + hϕF
lR/l)aY /b

(lF g + haX)/2l − ((1 − γ)h0 + hϕR
lF/l)aY /b

(lF g + haX)/2l + ((1 − γ)h0 + hϕR
lF/l)aY /b






, (A.10)

whereγ is the ratio between the front- and total roll stiffness. SeeSection A.5
for more details.

The distance of the sprung mass to the roll axis,h0, relates to the front- and
rear roll centers,hϕF

andhϕR
, andh as

h0 = h− ((hϕR
− hϕF

)lF/l + hϕF
) (A.11)

A.5 Roll Dynamics

The pure roll dynamics (not considering the coupling between yaw and roll dy-
namics) can be expressed by the following dynamic equation:

(ĪXX +msh
2
0)ϕ̈+

∂MX

∂ϕ̇
ϕ̇+

∂MX

∂ϕ
ϕ = msh0(aY + gϕ) (A.12)

Rewriting as a state-space equation and taking he lateral acceleration,[ay] as
the input vector, the above equation becomes:
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Figure A.1: Rear view of vehicle model including roll dynamics

d

dt

[
ϕ
ϕ̇

]

=

[
1 0
0 ĪXX +msh

2
0

]−1 [
0 1

msh0g − ∂MX

∂ϕ
−∂MX

∂ϕ̇

] [
ϕ
ϕ̇

]

+
msh0

ĪXX +msh2
0

[
0
1

]

[aY ] (A.13)

At steady-state the lateral acceleration,aY = vXψ̇ and the roll angle

ϕ =
msh0

∂MX

∂ϕ
−msh0g

vXψ̇ (A.14)

A.5.1 Roll Center Height

The front and rear suspensions are assumed to have a fixed rollcenter height,hr,
determined by the layout of each suspension. Ifh is height of the CoM above the
ground, the height above the roll axish0 is computed as from the front and rear
roll center heights as:

h0 = h− ((hrr − hrf )lf/l + hrf) (A.15)
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A.5.2 Roll Stiffness and Damping

Considering a linear spring stiffnessk and damping coefficientd at the wheel
center the roll stiffness and damping respectively of each axle can be computed.
Usually each axle is also equipped with an anti-roll bar which roll stiffnesskϕ is
added to the contribution from the springs. If a roll moment,MX is applied to
the vehicle body, the reaction moment from the front and rearsuspension can be
expressed as:

MX =2(kzf
bf
2
ϕ

︸︷︷︸

∆Zf

+dzf
bf
2
ϕ̇

︸︷︷︸

Żf

)
bf
2

+ kϕfϕ+ 2(kzr
br
2
ϕ

︸︷︷︸

∆Zr

+dzr
br
2
ϕ̇

︸︷︷︸

Żr

)
br
2

+ kϕrϕ

=

(
kzfb

2
f + kzrb

2
r

2
+ kϕf + kϕr

)

︸ ︷︷ ︸

∂MX/∂ϕ

ϕ+
dzfb

2
f + dzrb

2
f

2
︸ ︷︷ ︸

∂MX/∂ϕ̇

ϕ̇ (A.16)

The roll moment also has a small effect on theZ-axis of the vehicle due to the
inclination of the roll axis which is neglected here.





Appendix B
Evaluation of lateral grip margin
estimation

This chapter contains data obtained from a series of verification tests described
in Chapter 4. The purpose of this was evaluate the various modeling effects
which are not included in the theory developed in Chapter 3. First a fully de-
tailed model was used; including the aero drag and rolling resistance; steer effects
(off-direction forces projected due to steering of the front wheel); and lateral load
transfer. The succeeding rows start with disabling all these effects, thereafter turn-
ing them on one at a time. The influence on the maximum lateral acceleration and
the longitudinal acceleration are collected in Table B.1 and Table B.2. Conclu-
sions are given in Section 4.1.
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Asphalt (µ0 = 1)
F IN

X /m Drivline alim
X amax

Y amax
x amin

Y

Full model
1,0 FWD 8,9 7,9 0,8 0,3
1,0 RWD 9,1 7,9 0,8 0,3
1,0 AWD 9,0 7,9 0,8 0,3
3,0 FWD 7,0 6,1 2,8 0,2
3,0 RWD 8,6 7,4 2,8 1,9
3,0 AWD 8,2 7,4 2,8 0,3

No lateral load transfer, steer effect or drag
1,0 FWD 8,9 8,8 1,0 1,0
1,0 RWD 9,1 9,0 1,0 1,0
1,0 AWD 9,0 9,0 1,0 1,0
3,0 FWD 7,0 6,9 3,0 3,0
3,0 RWD 8,6 8,4 3,1 3,0
3,0 AWD 8,2 8,1 3,0 3,0

Lateral load transfer considered
1,0 FWD 8,9 7,9 1,0 1,0
1,0 RWD 9,1 8,1 1,0 1,0
1,0 AWD 9,0 8,0 1,0 1,0
3,0 FWD 7,0 5,8 3,0 3,0
3,0 RWD 8,6 7,3 3,0 2,4
3,0 AWD 8,2 7,2 3,0 3,0

Effect of steering angle considered
1,0 FWD 8,9 9,0 1,0 0,5
1,0 RWD 9,1 9,0 1,0 0,5
1,0 AWD 9,0 9,0 1,0 0,5
3,0 FWD 7,0 7,4 3,0 2,6
3,0 RWD 8,6 8,1 3,0 2,6
3,0 AWD 8,2 8,4 3,0 2,6

Aero drag and rolling resistance considered
1,0 FWD 8,9 8,8 0,8 0,4
1,0 RWD 9,1 9,0 0,8 0,5
1,0 AWD 9,0 8,9 0,8 0,4
3,0 FWD 7,0 6,9 2,8 0,2
3,0 RWD 8,6 8,0 2,8 2,8
3,0 AWD 8,2 8,1 2,8 0,4

Table B.1: Verification of lateral grip margin estimation on a dry surface(µ0 = 1). Units
are [m/s2], where applicable.
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Snow (µ0 = 0.4)
F IN

X /m Drivline alim
X amax

Y amax
x amin

Y

Full model
0,5 FWD 3,6 3,6 0,3 0,1
0,5 RWD 3,7 3,6 0,3 0,1
0,5 AWD 3,6 3,6 0,3 0,1
1,0 FWD 3,2 3,3 0,8 0,1
1,0 RWD 3,6 3,4 0,8 0,6
1,0 AWD 3,5 3,5 0,8 0,1
No lateral load transfer, steer effect or drag
0,5 FWD 3,6 3,6 0,5 0,5
0,5 RWD 3,7 3,7 0,5 0,5
0,5 AWD 3,6 3,6 0,5 0,5
1,0 FWD 3,2 3,2 1,0 1,0
1,0 RWD 3,6 3,7 1,1 0,7
1,0 AWD 3,5 3,5 1,0 1,0

Lateral load transfer considered
0,5 FWD 3,6 3,6 0,5 0,5
0,5 RWD 3,7 3,7 0,5 0,5
0,5 AWD 3,6 3,6 0,5 0,5
1,0 FWD 3,2 3,2 1,0 1,0
1,0 RWD 3,6 3,7 1,1 0,7
1,0 AWD 3,5 3,5 1,0 1,0

Effect of steering angle considered
0,5 FWD 3,6 3,6 0,5 0,3
0,5 RWD 3,7 3,7 0,5 0,3
0,5 AWD 3,6 3,7 0,5 0,3
1,0 FWD 3,2 3,4 1,0 0,8
1,0 RWD 3,6 3,6 1,0 0,7
1,0 AWD 3,5 3,6 1,0 0,8

Aero drag and rolling resistance considered
0,5 FWD 3,6 3,6 0,3 0,1
0,5 RWD 3,7 3,7 0,3 0,1
0,5 AWD 3,6 3,6 0,3 0,1
1,0 FWD 3,2 3,2 0,8 0,1
1,0 RWD 3,6 3,6 1,0 0,7
1,0 AWD 3,5 3,5 0,8 0,1

Table B.2: Verification of lateral grip margin estimation on a snowy surface(µ0 = 0.4).
Units are [m/s2], where applicable.





Appendix C
Vehicle Data

This chapter contains the technical data of the vehicle which was used for the
various simulations and evaluations.

Figure C.1: Vehicle dimensions

Par. Value Unit Description
ρ 1.204 [kg/m3] http://en.wikipedia.org/wiki/Density_of_air
g 9.81 [m/s2] Gravitational constant
µ 1.0 [-] Friction coefficient

Table C.1: Environment

Par. Value Unit Description
vmax

X 220 [km/h] Top speed (unconstrained)
t0→100 8.5 [s] Acceleration 0 to 100 km/h
t60→100 8.5 [s] Acceleration 60 to 100 km/h (4:th gear)
t80→120 12.5 [s] Acceleration 80 to 120 km/h (5:th gear)

Table C.2: Vehicle Performance
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Par. Value Unit Description
m 1675 [kg] Curb weight (full tank, no driver

or pass.)
mpayload 450 [kg] Maximum payload (driver not

included)

I





540 0 50
0 2398 0
50 0 2617



 [kg m2] Inertia matrix

l 2.675 [m] Wheel base
lF 0.4l [m] Distance along X-axis from CoG

to front axle
lR 0.6l [m] Distance along X-axis from CoG

to rear axle
bF 1.517 [m] Track width front
bR 1.505 [m] Track width rear
h 0.50 [m] Distance along Z-axis from CoG

to ground
AF 2.17 [m2] Front area
CD 0.30 [-] Air drag coefficient

Table C.3: Vehicle Body

Roll damping & stiffness

kϕ = kZb
2/2 + kaux (C.1)

dϕ = dZb
2/2 (C.2)
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Par. Value Unit Description
mu 185 [kg] Unsprung mass all four wheels
kZF

30.8·103 [N/m] Front Susp. Ride Rate (w/o tire)/side
kZR

29.9·103 [N/m] Rear Susp. Ride Rate (w/o tire)/side
dZF

4500 [Ns/m] Suspension damping front, per side
dZR

3500 [Ns/m] Susp. damping rear, per side
kaux

F 16.22 [N/rad] Front aux. roll stiffness (w/o springs)
kaux

R 7.837 [N/rad] Rear aux. roll stiffness (w/o springs)
hϕF

4.49·103 [m] Front roll center hight above ground
hϕF

0.101 [m] Rear roll center hight above ground

Table C.4: Suspension

Par. Value Unit Description
F 0

Z 4000 [N] Force around which tire characteristics are lin-
earized

µ1 6.0·10−5 [N−1] Friction versus normal load
c0 21.3 [-/rad] Normalized cornering stiffness
c1 11.1·10−5 [N−1] Normalized cornering stiffness vs. load
CRR 0.0164 [N/kg] Rolling resistance constant
C2RR 4.0·10−8 [Ns2/m

kg]
Rolling resistance velocity squared term

LY 0.6 [m] Tire lag to lateral force buildup
LX 0.3 [m] Tire lag to longitudinal force buildup
rdyn 0.316 [m] Static rolling radius of tire
Jω 1.0 [kg

m2]
Spin inertia for one wheel + brake rotor

Table C.5: Tire Data

Par. Value Unit Description
iS 15.9 [-] Ratio of steering gear
kδ 115 [Nmm/rad] Steering column stiffness
q 57.8 [mm] King-pin lateral offset @ center
r -0.58 [mm] King-pin lateral offset @ ground
σ 0.23 [rad] King-pin inclination angle
rτ 14.6 [mm] Castor trail @ ground
τ 0.057 [rad] Castor inclination angle

Table C.6: Steering data & geometry
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Gear Ratio [-]
1st 3.385
2nd 1.760
3rd 1.179
4th 0.894
5th 0.660
Reverse -3.166
Final 4.059
Power take-off unit (PTU) 2.782
Rear drive module (RDM) 2.769

Table C.7: Manual transmission, PTU and RDM ratios

0 1000 2000 3000 4000 5000 6000
−100

−50

0

50

100

150

200

250

300

Engine Speed [rpm]

E
n
gi

n
e

T
or

q
u
e

[N
m

]

Figure C.2: Engine map for wide-open (WOT) and closed throttle



Appendix D
Gauss-Newton Solver

This solver1 was used for solving of all the non-linear problems in this work.

% Purpose: Finds and returns an approximate solution X, with in a given
% error tolerance tol, of F(X(i-1)) - F(X(i)) ≤ tol
% using Newtons metod starting from a given initial vector X0 .
% For over-determined systems, the solver gives the optimal
% solution in a least-square sense.
% Usage: [X,iter] = MyNewtonSysSolver(F, X0)
% Example: [X,iter] = MyNewtonSysSolver(@(x) [sin(x(1)); x(2)-x(1)^2],[4;0])

function [X,iter] = MyNewtonSysSolver(F, X0)
h = 1e-8; gamma = 1; tol = sqrt(h); % Use a absolute tolerance
X = X0; dX = tol + 1; iter=0; d = length(X); e = eye(d);
dY = zeros(length(feval(F,X)),d); % Intialize Jacobian
while norm(dX) > tol && iter < 100

Y = feval(F,X);
for i = 1:d

dY(:,i) = (feval(F,X+h * e(:,i))-Y)/h; % Jacobian
end
c = rcond(dY' * dY); % Check how nice this matrix is...
if (isnan(c) || c<eps), X=NaN * X0; return , end
dX = - (dY' * dY)\(dY' * Y);
X = X + gamma* dX ;
iter = iter +1;

end
if iter == 100 % Terminate if the tolerance criteria has not been met

% after a set number of iterations.
disp( 'Warning: not converged!' )
X = NaN* X0;

end

1http://en.wikipedia.org/wiki/Gauss-Newton_algorithm
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