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SE-412 96 Göteborg, Sweden
Telephone +46 (0)31–7721000

Typeset in LATEX. Figures created using Matlab and Corel Painter Essentials.

Chalmers reproservice
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Relaxation and Resonance in Brownian Motion-Coupled Resonators

CHRISTIN RHÉN
Department of Physics
Chalmers University of Technology

ABSTRACT

In physics, there exists a number of paradigm systems – exactly solvable models
that can represent a wide variety of physical realizations. My research is concerned
with two of these paradigm systems: the harmonic oscillator and Brownian motion.
In this thesis, I investigate the dynamics of coupled oscillator-diffusion systems, in
different contexts.
A general Hamiltonian model illustrates the rich dynamics of a particle-like degree
of freedom coupled to two degenerate oscillators. The interplay of the three creates
unpredictable particle behaviour, switching between trapped, regular oscillations,
and untrapped, possibly chaotic motion. The trapping-retrapping dynamics of the
particle corresponds to switching between high and low dissipation of oscillator
energy, resulting in an unusual, stepwise relaxation.
Motivated by the rapid strides made in recent years in the field of nanomechanical
sensing, in particular mass sensing, I consider particles loosely adsorbed on a one-
or twodimensional carbon nanomechanical resonator. The particles are allowed to
diffuse across the surface of the resonator, and fluctuations in their positions induce
dissipation of vibrational resonator energy. I show that depending on vibration
amplitude, the motion of the resonator-particle system separates into different
regimes. In each I describe the particle motion and characterize the resonator
relaxation towards equilibrium.
An immediately experimentally attainable diffusion-resonator system is a super-
conducting LC-resonator inductively coupled to a superconducting quantum inter-
ference device (SQUID). The superconducting phase of the SQUID takes the role of
a Brownian variable. I find that the resonant response of the circuit is multistable,
an effect that becomes more pronounced the weaker the noise is; the severity of
the circuit’s nonlinearity can be tuned by the level of noise in the system.
With superconducting circuit quantum electrodynamics being routinely done in
the lab, experimental verification of my results concerning the LC-resonator coupled
to a SQUID should be possible. For the nanomechanical particle-resonator system,
experimental interest in room-temperature applications, and in adsorbate-induced
anomalous dynamics is growing. My work in this area functions as a record of
possible diffusion-induced ringdown effects.

KEYWORDS: nonequilibrium dynamics, nonlinear dynamics, noise, relaxation,
resonance, Brownian motion, resonator, dispersive coupling, nanomechanics, su-
perconducting circuits.
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Relaxering och resonans i Brownsk rörelse-kopplade resonatorer

CHRISTIN RHÉN
Institutionen för fysik
Chalmers tekniska högskola

SAMMANFATTNING

I fysiken finns ett antal paradigmsystem - modeller som är exakt lösbara och
som kan representera ett stort antal fysiska system. Min forskning handlar om
tv̊a av dessa paradigmsystem: den harmoniska oscillatorn och Brownsk rörelse. I
denna avhandling undersöker jag, i olika sammanhang, dynamiken i system där
oscillatorer kopplas till diffuserande variabler.
En allmän Hamiltoniansk modell illustrerar den komplexa dynamik som uppst̊ar
i ett system best̊aende av en partikellik frihetsgrad kopplad till tv̊a degenererade
oscillatorer. Samspelet mellan dessa tre resulterar i ett oförutsägbart partikel-
beteende, som skiftar mellan regelbundna oscillationer nära ett potentialminimum
och oregelbunden, möjligtvis kaotisk, rörelse över hela partikelns domän. Växlin-
gen mellan f̊angad och fri partikelrörelse orsakar växlingar mellan hög och l̊ag
dissipation av oscillatorenergi; den totala oscillatorenergin relaxerar p̊a ett ovan-
ligt, trappstegsliknande sätt.
Känsligheten i nanomekaniska sensorer, speciellt massensorer, har utvecklats dram-
atiskt sedan sekelskiftet. Motiverad av dessa framsteg studerar jag partiklar
löst adsorberade p̊a en nanomekanisk resonator gjord av kolnanorör eller grafen.
Partiklarna kan diffusera över resonatorns yta, och fluktuationer i partikelposition-
erna orsakar dissipation av resonatorns vibrationsenergi. Jag visar att resonator-
partikelsystemet beter sig p̊a tv̊a olika sätt beroende p̊a om vibrationsamplituden
är hög eller l̊ag. I b̊ada dessa regimer beskriver jag partikelrörelsen och systemets
relaxering mot termisk jämvikt.
Ett resonator-diffusionssystem som redan idag kan konstrueras i laboratorium är
en supraledande LC-resonator induktivt kopplad till en supraledande kvantinter-
ferensenhet (SQUID). SQUIDens supraledande fas beter sig här som en Brownsk
variabel. När denna krets drivs nära resonans blir den multistabil, och ju lägre
brusniv̊an är, desto skarpare blir denna effect. Hur stark kretsens ickelinjäritet är
kan allts̊a justeras genom att ändra systemets brusniv̊a.
Experiment inom supraledande kvantelektrodynamik görs idag rutinmässigt, s̊a
mina resultat i LC-kretsen kopplad till en SQUID bör vara rättframma att veri-
fiera. Gällande det nanomekaniska systemet finns ett växande intresse att utföra
experiment i rumstemperatur, och av att studera ovanlig resonatordynamik or-
sakad av adsorbat. Här fungerar mitt arbete som ett referensverk över möjliga
diffusionsinducerade effekter.

NYCKELORD: ickejämviktsdynamik, ickelinjär dynamik, brus, relaxering, res-
onans, Brownsk rörelse, resonator, dispersiv koppling, nanomekanik, supraledande
kretsar.
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1 Introduction

In this thesis, I describe my work on systems consisting of a linear resonator
coupled to a Brownian degree of freedom. It is well known that an otherwise
linear oscillator can attain novel and nonlinear features through interaction with
another dynamical system. By choosing this auxiliary system to be Brownian,
my work connects two of the most broadly used paradigm systems of physics.
Accordingly, the novel dynamics described in this work could appear in a wide
range of applications. Perhaps the first such will be in the field of nanomechanics,
where the interest in studying nanomechanical resonators outside of cryogenic
conditions is rapidly growing.

My research was originally motivated by the desire to develop new nanomech-
anical mass sensors that would function also at room temperature. Then, thermal
noise would be unavoidable, and the measured mass would no longer be stationary
but instead diffuse across the resonator. In papers I and II, I show that diffusing
particles loosely adsorbed on the surface of carbon nanotube and graphene reson-
ators induce a coupling between the resonator vibrational modes, as well as intro-
duce new channels of dissipation. The time dependence of this diffusion-induced
dissipation changes depending on the behaviour of the particles, but it is never
an exponential decay. Graphene resonators are further investigated in paper IV,
where the effect of degenerate membrane modes on the induced mode coupling and
the atypical ringdown is studied. The most important lesson from these papers is
that even if a resonator used in a device is perfectly linear, if adsorbed particles are
present, the resonator ringdown dynamics will be quite complicated. While the
significance in mass sensing systems is clear, my work can also become relevant if
resonator-based devices are used in ambient conditions, exposed to air molecules
and thermal fluctuations.

Nanomechanical resonators are versatile systems with rich dynamics, but the
state of the art of their fabrication is not quite capable of creating devices where the
diffusion of adsorbates on a resonator is high and resonator sizes and frequencies
are controlled to the degree required to experimentally reproduce the results of
papers I and II. However, the large variety of physical realizations of resonators and
Brownian systems allows for the construction of analogous systems. In paper III,

1



2 1 Introduction

I consider one such analogous system. Here, a superconducting LC-resonator is
coupled to a Brownian degree of freedom realized as the superconducting phase of
a superconducting quantum interference device. This analogous circuit is capable
of recreating the anomalous ringdown of the nanomechanical resonator-particle
system, and its driven response is highly interesting in its own right. The level of
noise can tune the resonator frequency shift from linear to highly nonlinear and
back, resulting in a complex, multistable frequency response curve. The proposed
system should be straight-forward to realize in the lab.

Finally, in paper IV, a very general Hamiltonian description of multimode
resonators dispersively coupled to Brownian degrees of freedom is developed, that
can be adapted to fit a range of resonators, Brownian systems, and couplings
between the two. I consider a version of the Hamiltonian model with a minimal
set of degrees of freedom. Even in this simplified case, the oscillator energy relaxes
in an anomalous, stepwise manner; the behaviour of both the oscillator modes and
the Brownian particle is studied in depth.

1.1 Thesis overview

My research concerns nonlinear systems that are far from thermal equilibrium and
subject to noise. Accordingly, I build upon several rather disparate areas of physics
and mathematics. The following four chapters of this thesis, where the necessary
background and theoretical tools are explained, can thus seem somewhat detached
from one another. However, in the penultimate chapter 6, I summarize my own
research; I hope that all the threads will there be neatly tied together.

Leading up to that, in chapter 2, I briefly recapture the relevant theory of linear
and nonlinear oscillators. Some examples of physical pendulum systems are intro-
duced. Chapter 3 discusses how nanomechanical resonators are modelled and the
role they play in sensing applications. A brief overview of the field of nanomech-
anical sensing is made, with particular attention to recent advances enabled by the
emergence of low-dimensional carbon materials. In chapter 4, I describe the physics
needed to understand the superconducting analogous system, and in chapter 5, I
touch upon the messy reality of nonequilibrium and fluctuating phenomena. After
discussing my own work in chapter 6, I suggest some future lines of inquiry in
chapter 7. Some tangential topics, as well as some more in-depth calculations, are
covered in appendices. The thesis concludes with a popular science summary in
Swedish.



2 Oscillator dynamics

2.1 The harmonic oscillator . . . . . . . . . . . . . . . . . . . 3

2.2 Anharmonic oscillators . . . . . . . . . . . . . . . . . . . 6

Ever since a swinging chandelier caught the attention of Galileo Galilei, as the story
goes [1], oscillating systems of various kinds have featured prominently in physics.
There are two key reasons for this. First, the harmonic (or linear) oscillator is one of
few models that can be solved exactly. Second, many potentials are approximately
harmonic near their equilibrium, meaning that a broad range of problems can be
treated as variations of the harmonic oscillator. Consequently, alongside its cousin,
the anharmonic (nonlinear) oscillator, after more than four centuries, the harmonic
oscillator remains at the forefront of physics research.

In this chapter∗, I briefly discuss the mathematical description of linear and
nonlinear oscillators, and consider some special cases that are of particular relev-
ance to my work.

2.1 The harmonic oscillator

The simplest type of oscillator is a heavy, compact bob on a very light rod: a
mathematical pendulum. If set swinging in Earth’s gravitational field, the time-
dependent angular displacement from the equilibrium position of the mathematical
pendulum, q(t) in figure 2.1, obeys the equation of motion

q̈ +
g

L
sin q = 0. (2.1)

∗This chapter was partly inspired by reference [1], the only case study-centered physics
textbook I have encountered.

3



4 2 Oscillator dynamics

 

Figure 2.1: A mathematical pendulum with length L, whose angular deflection from
equilibrium is q(t).

Here, L is the length of the pendulum and g the gravitational acceleration. De-
fining the frequency ω =

√
g/L and considering small amplitudes, equation (2.1)

becomes
q̈ + ω2q = 0. (2.2)

This equation describes simple harmonic motion, and its solutions are trigonomet-
ric functions of ωt.

Driven and damped harmonic oscillators are often considered, in which case
the displacement obeys

q̈ + γq̇ + ω2q = F (t). (2.3)

Here, γ is a damping rate and F (t) is the driving force∗. The response of an
oscillatory system to a known drive can contain a wealth of information, and is
often used in applications; see section 5.4.

A common case is when the driving force is periodic, F (t) = F0 cos(Ωt). Then,
the solution to equation (2.3) is the sum of an exponentially damped solution that
depends on initial conditions, and

qres.(t) =
F0 cos(ωt− ϑ)√

(ω2 − Ω2)2 + γ2Ω2
, where tanϑ =

γΩ

ω2 − Ω2
. (2.4)

Due to its inverse dependence on ω2 − Ω2, the steady-state oscillation amplitude
F0[(ω2 − Ω2)2 + γ2Ω2]−1/2 will become very large when the drive frequency Ω is
close to the natural oscillation frequency ω of the pendulum. This resonant re-
sponse is shown in figure 2.2 (a) for some different values of γ. As the damping

∗Technically, all equations of motion in this chapter have been divided by the oscillator
moment of inertia. It is nonetheless convenient to call F (t) a force, despite it having dimensions
of angular acceleration.
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Figure 2.2: (a) Lorentzian response of a harmonic oscillator to a periodic drive for
different γ. The peak maximum height is F0/γ, and the full width at half maximum
is 2γ. (b) Typical response of a Duffing oscillator to a periodic drive, for different α.
Softened oscillators have α < 0 and the curve points towards the left (blue and red lines),
while the opposite is true for hardened oscillators (yellow, purple, and green lines).

decreases, the region of large amplitude response becomes very tall and narrow: a
fact made use of in nanomechanical sensors, discussed in section 3.2. In nanomech-
anics, oscillators are often described by their quality factor (Q-factor); Q = ω/γ.

Though widely applicable, the outlined theory of simple harmonic motion is
an idealized model that does have shortcomings. One such is that many physical
oscillating systems can support several harmonics, or modes. That is, more than
one copy of equation (2.2) can describe the oscillator, each with a different value
of ω:

q̈n + ω2
nqn = 0, n = 0, 1, 2, . . . , (2.5)

and
qn(t) = An exp (iωnt+ iϕn) (2.6)

where the An (ϕn) are the amplitudes (phases) of each mode∗. The harmonics
correspond to different spatial profiles of the motion. While it would be very
surprising to see a pendulum oscillate in anything other than its lowest harmonic
[see figure 2.3 (a)], the higher modes cannot be disregarded in most vibrating
solids. For example, as one plays a guitar, each vibrating string typically sounds
both at its lowest harmonic and several higher ones [figure 2.3 (b)].

∗The lowest harmonic – the fundamental mode – is customarily labelled as the zeroth one.



6 2 Oscillator dynamics
 

(a)

(b)

Figure 2.3: (a) Rarely-seen harmonics of a mathematical pendulum. (b) Harmonics of
a vibrating string.

2.2 Anharmonic oscillators

While the simple harmonic oscillator outlined above is a useful model, it is a fact
of the physicist’s life that most of the world is not linear∗ (see also section 5.2). A
nonlinear system – anharmonic in the case of oscillators – is characterized by that
its response to external forces is more complicated than simple proportionality.
This is mathematically reflected in that the equation of motion becomes non-
linear; the coordinate q(t) and its derivatives can appear in other configurations
than multiplied with a constant. Indeed, the general equation (2.1) is a nonlinear
equation. In this section, a few relevant examples of anharmonic oscillators are
discussed.

Perhaps the most obvious case of an anharmonic oscillator is obtained if more
terms are kept in the expansion† of the sin q in equation (2.1). Including also the
cubic term gives the Duffing equation

q̈ + γq̇ + ω2q + αq3 = F (t), (2.7)

here with linear damping and a driving force. Characteristic for the Duffing equa-
tion is its non-Lorentzian response to an harmonic drive; see figure 2.2 (b). As the
frequency response curve bends into a “shark fin”, the system becomes bistable.
Then, the state of the system at a given drive frequency depends on how it arrived
there. Experimentally, a signature of bistability is the existence of a hysteresis
loop, sketched in figure 2.4.

Oscillatory systems can also become nonlinear due to external “complications”

∗Stanislaw Ulam famously claimed that “using a term like ‘nonlinear science’ is like referring
to the bulk of zoology as the study of non-elephant animals” (quoted in reference [2]).

†This is an intuitive way of thinking about the Duffing equation, but does not, in practice,
imply that there is a fixed relation between the parameters ω and α.
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Figure 2.4: Bistable region of the response curve for a Duffing oscillator. The dashed
part of the blue response curve is unstable; here, the pendulum will jump to the upper
or lower branch depending on the path taken. The arrows pointing right (left) indicate
which of the bistable branches that is measured as the drive frequency is swept up
(down).

in their setup. One famous example is the Kapitza pendulum shown in fig-
ure 2.5 (a): a rigid pendulum whose pivot point is periodically driven in the
vertical direction. The equation of motion for the Kapitza pendulum is

q̈ + ω2 sin q = − a
L

Ω2 cos Ωt sin q, (2.8)

where a (Ω) is the amplitude (frequency) of the oscillation of the support. In-
triguingly, when a � L and Ω � ω, the downward equilibrium point q = 0,
q̇ = 0 becomes unstable, while the upright equilibrium point q = π, q̇ = 0 becomes
stable. For this reason, the Kapitza pendulum is an excellent classroom demon-
stration of the counterintuitive behaviour that nonlinear systems can exhibit; as
the drive frequency is increased, the pendulum will rise and stabilize in an upright
position∗.

For small oscillation amplitudes q, equation (2.8) reduces to the Mathieu equa-
tion

q̈ +
(
ω2 +

a

L
Ω2 cos Ωt

)
q = 0, (2.9)

where the support drive acts as a periodic modulation of the constant natural
frequency. Comparing equations (2.2) and (2.9), it is clear that the Mathieu
equation can be viewed as an oscillator with a time-varying frequency.

An oscillator with time-dependent parameters is called parametric. Such oscil-
lators can exhibit parametric resonance; if Ω ≈ 2ω (or, more generally, an integer

∗A video of this phenomenon can be found at reference [3].
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(a) (b)

Figure 2.5: (a) A Kapitza pendulum; a rigid pendulum whose support point is har-
monically driven with amplitude a and frequency Ω. (b) A Holweck-Lejay pendulum.
The mass is free to move along the inverted rod, which is supported by a spiral spring.

multiple), any small perturbation away from q = 0 will grow to large amplitude.
This is different from regular resonance in that for a parametric oscillator the amp-
litude has to be non-zero before it can resonantly increase, whereas the amplitude
of the regular forced oscillator (2.3) will grow also from rest. Hence, parametric
oscillators can act, for instance, as amplifiers.

A final example of an anharmonic oscillator is the Holweck-Lejay pendulum
pictured in figure 2.5 (b). Described by

q̈ + γq̇ + ω2q = F0 sin q, (2.10)

the period of this inverted pendulum is very sensitive to changes in the down-
ward, gravitational force, to which F0 is proportional. Historically, the Holweck-
Lejay pendulum was used in large-scale mappings of Earth’s gravity in France and
China [4].

Linear models are, in a sense, universal; the lessons learned from a bob on a
string can be applied also to an LC-circuit; the behaviour of a pendulum with
one frequency is (after some rescaling of variables) the same as the behaviour of
another pendulum. In contrast, nonlinear models are more like unhappy families∗;
each one complicated in a unique way. However, a few qualitative features of
nonlinear systems do tend to appear in many incarnations.

One such feature has been discussed in connection with the Duffing oscillator;
bi- and multistability can only occur in nonlinear systems. A related feature is
that, for a given value of the Duffing parameter α (with sufficiently large mag-
nitude), there must be a certain drive frequency where the oscillator changes from

∗“All happy families resemble each other; each unhappy family is unhappy in its own way” [5].
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monostable to bistable. This is an example of a a bifurcation: a point where the
dynamics of a system changes in a qualitative manner. Another example of a bi-
furcation occurs in the simple pendulum (2.1); if |q̇(0)| > 2ω, the pendulum will
spin in large circles instead of oscillating back and forth [6].

Finally, nonlinearity is a necessary condition for a (finite-dimensional) system
to exhibit chaos. Chaotic systems are more precisely described as highly sensitive
to initial conditions, and are mathematically classified as such by measuring how
fast nearby trajectories in phase space diverge. Determining this divergence rate is
a nontrivial process, and there is generally no straightforward way to say whether
a given system trajectory is chaotic or not. However, there exists signatures of
chaotic motion that can at least give an indication. For example, if the time
evolution of an oscillatory system is not periodic, the system either exhibits chaotic
dynamics or is subject to noise (see section 5.2).

The great variety and complexity of nonlinear systems means that there is a
near-endless supply of intriguing phenomena that I will not discuss in this thesis.
However, even the brief account given here hints at, perhaps, the greatest practical
difference between linear and nonlinear systems. A linear system can be studied in
a fairly small parameter space, and its behaviour can be broadly generalized both
to other parameter values and other linear systems. In contrast, a nonlinear system
is not generalizable. What is learned in a certain situation does not, necessarily,
apply in any other case. However, the bright side of this complication is is that
nonlinear systems can exhibit dynamics far more rich and exciting than in linear
systems.
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The theory of the previous chapter is not limited to the various pendulums used as
illustrations, but can describe a host of different devices: electric circuits, children
on the swings on a playground, and mechanical oscillators like vibrating cantilevers
and beams. When the length, width, or thickness of such a mechanical oscillator
approaches nanometer size, the oscillator is referred to as a nanomechanical res-
onator ∗. In this chapter, I describe how I mathematically model these resonators,
and how they can be used to create incredibly precise sensors. This precision might
never have been achieved had it not been for the emergence of low-dimensional
carbon nanomaterials, which are initially briefly discussed.

3.1 Carbon nanomaterials

Carbon may be the element of which allotropes were known the earliest, though it
seems unlikely that diamond-miners millenia ago saw any connection between the
gemstone they sought and the graphite they used to write. Alongside these old ma-
terials, a plethora of new carbon allotropes have emerged during the past century.
Perhaps the two most thoroughly studied are graphene and carbon nanotubes.

Graphene – a single layer of carbon atoms arranged in a honeycomb lattice –
was theoretically studied already in 1947, then as a stepping stone to describing

∗The standard in the field is to use “resonator” for devices described by variants of equa-
tion (2.1), while the term “oscillator” is reserved for devices that cause oscillations; the difference
is illustrated, for example, in reference [7]. This terminology is adopted henceforth.

11
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Figure 3.1: A cat sitting in a hammock made of graphene (honeycomb pattern not
to scale). The hammock weighs less than one of the cat’s whiskers, but is nonetheless
strong enough to support the weight of the cat. Image from reference [23], Airi Iliste,
c© Kungl. Vetenskapsakademien. Reprinted with permission.

the band structure of graphite [8]. For graphene, the electronic band structure
was calculated in 1970 [9], and the fact that electrons in graphene obey the Dirac
equation was shown in 1984 [10, 11]. However, graphene was only considered a
single-layer approximation of three-dimensional graphite, or perhaps an impur-
ity stuck between the proper layers of a graphite crystal. It was not believed
that a two-dimensional crystal could be stable at room temperature [12,13]; when
graphene was isolated [14] in 2004, the paper reporting the feat was rejected re-
peatedly [15]. As quickly as six years later, however, the Nobel Prize was awarded
for “groundbreaking experiments regarding ... graphene” [16].

Singlewalled carbon nanotubes∗ can be thought of as graphene sheets that
have been rolled up and pasted into cylinders. They were independently isolated
in 1993 by two teams of scientists [17,18]. Larger carbon filaments, that are today
believed to have been multiwalled carbon nanotubes [19], have been studied since
the 1950’s [20], but the topic did not attract significant attention until 1991 [21].

The contrast between hard, transparent diamond and soft, opaque graphite
underlines the fact that allotropes can have drastically different material proper-
ties, despite being formed by the same element. This is true also for graphene and
carbon nanotubes, which are extraordinary also in a wider context, and not only
when compared to other forms of carbon.

Graphene is the strongest [22] material in relation to its mass that is known
today. An illustration of the strength of graphene is shown in figure 3.1; a ham-

∗When referring to carbon nanotubes without a determiner, I always consider single-walled
ones.
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mock made from one square meter of graphene would weigh less than a milligram,
but be strong enough to support up to four kilograms [23]. Carbon nanotubes also
combine an extremely low mass with high tensile strength [24], something which
has prompted suggestions that they might be woven together into a space elevator
cable. Other properties of these nanomaterials seem tailor-made for applications
and incorporation in devices. For instance, graphene has the largest surface area
relative to mass there is, which translates to very high interaction cross-section
with particles. The electrical conductivity of graphene [14] and the thermal con-
ductivities [25–27] of both materials are also unprecedented. Finally, graphene is
transparent [28] and flexible, leading to applications like solar cells [29], bendable
touch screens [30,31], and other types of flexible electronics [32].

3.2 Nanomechanical sensors

The majority of measurements done in physics are not direct measurements, where
the quantity of interest is the one detected. Instead, most measurements are
indirect; equipment is used that translates something easily-measured, a proxy
variable, into another quantity, the target variable∗. Measuring length using a
ruler is a direct measurement, but a mercury thermometer translates volume to
temperature, and an old-school kitchen scale translates the distance a spring is
compressed to a mass†.

In section 2.1, I considered a mathematical pendulum, whose natural frequency
depended on the gravitational force pulling on the bob. This is an example of a
much more general fact; the frequency of an oscillating system is a function of
the forces the system is subject to. This fact is indifferent to the nature of the
forces involved, be they gravitional, electromagnetic, elastic, or more exotic. Con-
sequently, using the resonant frequency as a proxy variable, resonator-based sensors
have shown to be some of the most versatile measurement equipment developed.

The connection between force and frequency has long been exploited in non-
contact atomic force microscopy (AFM), where a cantilever probe is oscillated
at its resonant frequency a few nanometers above the surface of a sample [33–35].
Electromagnetic and van der Waals forces between the probe and the sample acts to
decrease the oscillation frequency: ω → ω−∆ω. The relative frequency shift ∆ω/ω
is proportional to the force gradient, so by recording the frequency variations, an
image of the topology of the sample – or the charge or spin distribution on it –
can be generated.

The AFM was originally conceived as an imaging tool, but its uses have ex-

∗The terminology of proxy- and target variables is borrowed from statistics.
†Both kinds of measurements rely on correct calibration: that the scale of the ruler or the

thermometer is accurate.
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panded to include manipulation of nanostructures, resonant sensing, and much
more [36, 37]. In a simultaneous development, resonator devices designed spe-
cifically for metrology [38, 39] have pushed the limits of sensing charge [40–44],
force [45–48], position [49–51], spin [52,53], and mass [54–61], including detecting
when individual molecules attach to or detach from the resonator [62, 63]. Hol-
low nanoresonators that incorporate a fluid-filled channel can measure the masses
of particles and bacteria suspended in the liquid [64–66]; this is only one of the
applications behind the increasing prominence of nanomechanical components in
chemical and biological sensors [67–75].

It is notable that quite a few of today’s state-of-the-art sensors incorporate
carbon nanotube [40–42,48,58–61,76–78] or graphene [55,63,70,79–82] resonators.
The reason for this is that resonators fabricated from these materials, by virtue
of their low mass, small size, and tolerance for being suspended under significant
strain, can achieve very high resonance frequencies. This translates to a high
sensitivity since, as for the AFM, the relative frequency shift is proportional to
changes in force [38].

For example, adding a particle of mass m to a resonator of mass M causes a
relative frequency shift ∆ω/ω ∝ m/M . If the human ear could detect a frequency
shift of a few Hertz, it might be possible to hear the frequency shift resulting from a
bumblebee landing on a vibrating guitar string, whose resonant frequency is around
100-300 Hz and whose mass is a few grams. In order to hear the adsorption of
something smaller – detect a smaller m/M – one would either need better hearing
(smaller ∆ω) or tune the guitar string to vibrate faster (larger ω). Nanomechanical
sensing functions in much the same way. In sensing experiments, it is much easier
to decrease the magnitude of ∆ω/ω by increasing the resonant frequency (making
a device with larger ω), than by decreasing the frequency resolution (improving
the performance of read-out equipment). Thus, a resonator with a higher bare
frequency enables the detection of smaller perturbations.

In closing, I note that real-world sensors are now approaching the nanoscale.
For instance, in anticipation of the need to be able to detect leakages from hydrogen-
powered vehicles, a hydrogen gas-sensor has been developed [83]. The key compon-
ent is a doubly clamped resonator beam coated with a layer of palladium, thirty
nanometers thick. The resonant frequency of the beam changes as the coating
chemically reacts with hydrogen, allowing the detection of hydrogen gas before
its concentration becomes harmful. This sensor functions in room temperature at
atmospheric pressure and high ambient humidity. Truly nanosized room temper-
ature devices are also emerging; a graphene transducer [84] has been constructed,
and suspended carbon nanotubes have been proposed to act as antennas in tele-
communications devices [85].
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3.3 Continuum mechanics description

Nanomechanical resonators are stiff, elastic bodies under deformation, and as such
they can be modelled in the framework of continuum mechanics. For beams and
plates that are mainly deformed in the transverse direction – they are bent, but
not compressed – it is straightforward to show [86] that the Lagrangian is

L0 = 1
2
ρẇ2 − 1

2
σ [∇w · ∇w]− 1

2
κ
[
∇2w

]2
. (3.1)

Here, ρ, σ, and κ are, respectively, the mass density, the stress, and the bending
rigidity of the solid. The dot denotes the total time derivative, and w(x, t) is the
flexural displacement of the solid at position x and time t; see figure 3.2.

The principle of least action leads to the equation of motion

ρẅ − σ∇2w + κ∇4w = 0. (3.2)

Without loss of generality, the displacement w(x, t) can be written as a linear
combination of orthogonal resonator eigenmodes ϕn(x):

w(x, t) =
∞∑

n=0

qn(t)ϕn(x). (3.3)

The eigenmodes are solutions to

−ω2
nρϕn − σ∇2ϕn + κ∇4ϕn = 0, (3.4)

where ωn is the vibration frequency of the n:th mode. It is now straightforward
to show that the amplitude qn(t) of each vibrational mode acts as a harmonic
oscillator∗, since equation (3.2) transforms into a set of equations of the form

q̈n + ω2
nqn = 0. (3.5)

The exact form of the eigenmodes ϕn(x) and eigenfrequencies ωn depends on
the geometry and boundary conditions of the resonator under consideration. In
this thesis, the two relevant cases are a one-dimensional doubly clamped beam,
and a two-dimensional drum pinned along the edges, shown in figure 6.4 (page 39).
Their eigenmodes and -frequencies are discussed in some detail in appendix A.

∗This is, of course, the reason for denoting both the angular displacement of a pendulum and
amplitude of a resonator mode as q(t). However, where the former is dimensionless, the latter is,
in general, a length. In chapter 6, I normalize the mode amplitudes by defining them as divided
with the length or radius of the resonator, thereby returning to dimensionless qn(t).
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Figure 3.2: A chain of elements is deformed in the transverse direction. The dis-
placement field w(x, t) contains the distance each element has moved. Note that the
x-coordinate system is attached to the chain, and is thus not an inertial frame of refer-
ence.

3.3.1 Limitations of the model

Some approximations have been made in the derivation of the above equations;
see reference [87] for details. The first is that the solid considered only experiences
flexural deflections. In reality, if the edges of a solid are fixed, as it is bent its
length increases, so the solid must also be stretched. This longitudinal part of the
displacement field is neglected based on that the the characteristic frequencies for
the transverse oscillation of a nanoresonator are much lower than the frequencies
of longitudinal vibration. Thus, for any deformation, the in-plane displacement
field relaxes into a static state before the flexural displacement shows any dis-
cernible change. Consequently, longitudinal deformations can be neglected when
considering the resonator dynamics.

The second approximation is that the trace of the stress tensor has been set to
a constant; Trσ ≡ σ. This is a valid approximation if the transverse displacement
is small, which can be achieved by placing the solid under longitudinal strain; after
all, a loose guitar string can be bent much more than one that is properly tuned.

On philosophical grounds, one might object to the use of continuum mech-
anics altogether; how can a classical theory – one that is routinely applied to
the steel beams scaffolding our bridges and buildings – accurately describe a
nanomechanical resonator? The key is that continuum mechanics performs very
well as long as the solid can be considered homogenenous. That is, the length scale
of any deformations must be much larger than the length scale of inhomogeneit-
ies in the solid being deformed. In the case of a (defect-free) carbon resonator,
the length scale for inhomogeneities is the typical distance between atoms in the
material: a few Ångström. The characteristic length scale for a deformation is
the wavelength of a vibrational mode. For low-lying modes, this wavelength is a
large fraction of the resonator size: of the order of a few tenths of a micrometer.
This separation of length scales is more than enough to consider the resonator as a
smooth, homogeneous solid, and continuum mechanics is then appropriate to use.



4 Superconducting circuits

4.1 Josephson physics and SQUIDs . . . . . . . . . . . . . . 18

4.2 Circuit quantum electrodynamics . . . . . . . . . . . . . 20

Superconducting materials∗ are characterized by that, below a critical temperat-
ure Tc, their electrical resistivity abruptly vanishes [89] and surface currents are
induced that cancel external magnetic fields [90], effectively turning the interior
of the superconductor into a perfect diamagnet†. Superconductors have become
the materials of choice whenever strong electromagnets are required, as in particle
accelerators, maglev trains, railguns, and medical diagnostic technologies like mag-
netic resonance imaging and nuclear magnetic resonance. To a physicist, however,
perhaps the most striking aspect of superconductivity is that it is a macroscopic
manifestation of a quantum phenomenon.

Briefly, superconductivity arises due to that below Tc, lattice vibrations mediate
a coupling of electrons near the Fermi surface into Cooper pairs [91]. A Cooper pair
mimics the behaviour of a bosonic particle with twice the mass and charge of an
electron [92]. Roughly similar to the formation of a Bose-Einstein condensate‡, the
sea of Cooper pairs forms a superconducting condensate [90], that can be described
by a single complex wave function.

In this chapter, I give a short overview of Josephson junctions, in which the

∗Here, the discussion is limited to conventional superconductivity, described by the Bardeen-
Cooper-Schrieffer (BCS) theory [88].

†A high enough external magnetic field will not be expelled, but instead destroy the super-
conductivity. Since a current will induce a magnetic field, it follows that there is a limit to
how high a current a superconductor can support. This upper limit is the (material-dependent)
critical current.

‡The electrons in a Cooper pair are only weakly bound together, contrasting with the strongly
bound, di-fermionic molecules that would be required to form a true Bose-Einstein condensate
(BEC) in a gas of fermions. If the electron-electron interaction strength can be continuously
increased, it is in principle possible to turn the superconducting (BCS) condensate into a BEC [93,
94]. This BCS-BEC transition was first realized in 2004, in a gas of potassium atoms [95].

17
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quantum nature of superconductivity is made manifest. In superconducting cir-
cuits∗, these junctions are equally fundamental building blocks as inductors and
capacitors. Contrary to the more familiar circuits elements, however, a Josephson
junction is nonlinear: a fact that allows for the creation of artifical atoms.

4.1 Josephson physics and SQUIDs

If a superconductor is interrupted by a narrow barrier – a layer of a normal metal
or a dielectric, or a spatial constriction – a Josephson junction is formed; see
figure 4.1. It is not only possible that electrons tunnel through this barrier, but
that intact Cooper pairs do. This type of tunneling causes a supercurrent

IJ = Ic sinϕ, (4.1)

that flows without resistance across the junction [96, 97]. Here, Ic is the super-
conductor’s critical current, and ϕ is the gauge-invariant† difference in condensate
wave function phase between the two sides of the barrier. This phase difference
evolves according to

dϕ

dt
=

2π

Φ0

V, (4.2)

where V is the potential difference across the Josephson junction and Φ0 = h/2e
is the flux quantum, defined through Planck’s constant h and the charge of the
electron e. From the Josephson equations (4.1) and (4.2), it follows that the
potential energy stored in a junction is

UJ =

∫
IJV dt = EJ(1− cosϕ), (4.3)

where EJ = IcΦ0/2π is the Josephson energy.
Two Josephson junctions that are connected in parallel – achieved, for instance,

by inserting two normal layers into a ring of superconducting material – forms a
superconducting quantum interference device (SQUID) [99]; see figure 4.2. When

∗Any circuit whose leads are made of a superconducting material is, when cooled below the
relevant critical temperature, a superconducting circuit.

†In order to preserve gauge invariance under an external magnetic field, the actual phase
difference ∆φ has to be replaced [90] with

ϕ = ∆φ− 2π

Φ0

∫

C
ds ·A,

where C is a curve that crosses the junction. Since the vector potential A here appears explicitly,
the phase shift resulting from a gauge transformation [98] will be immediately cancelled.
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Figure 4.1: A Josephson junction consisting of a thin piece of a normal metal (N)
sandwiched between two superconducting leads (S) .

Figure 4.2: Two Josephson junctions in parallel forms a SQUID, threaded by the
magnetic flux Φext..
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Figure 4.3: The magnitude of the SQUID supercurrent (4.5) (V t = Φ0/4) as a function
of the external flux, compared with the typical optical diffraction pattern of a double
slit (where the slit separation d = 2λ and the viewing angle θ relates to Φext./Φ0 as
πΦext./Φ0 = 2 sin θ). Tuning Φext. changes the electromagnetic length that electrons
have to travel through the SQUID, and thus the magnitude of the current. This is
analogous to moving the observation point along the screen of an optical double slit
experiment.
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connected to a current source, the two branches of the SQUID become analogous
to the slits of an optical double slit experiment; in both cases, particles (Cooper
pairs and photons, respectively) can pass through a region of space only through
two constrictions, small enough to make the particles instead behave as interfering
waves; see figure 4.3. This is the quantum interference of the SQUID, and arises
mathematically by considering the change in superconducting phase as a Cooper
pair passes from one side of the SQUID to the other.

The phase change ϕu across the upper branch of the SQUID will not be the
same as that across the lower branch, ϕl. The difference between the two is [100]

ϕu − ϕl =
2πΦext.

Φ0

(mod 2π), (4.4)

where Φext. is the magnetic flux threading the SQUID. This flux is a combination
of the flux of any external magnetic fields, and of the magnetic field generated by
the supercurrent through the SQUID.

Using equation (4.4), the total supercurrent Is across the SQUID is obtained
by summing the Josephson current (4.1) over the two branches of the SQUID. For
identical junctions,

Is = 2Ic cos
πΦext.

Φ0

sin
2πV t

Φ0

(4.5)

and the potential energy of the SQUID becomes

USQ = 2EJ cos
πΦext.

Φ0

(
1− cos

2πV t

Φ0

)
. (4.6)

The dependence of Is on Φext. makes the SQUID exceptionally sensitive to
magnetic fields. One of the more eye-catching applications of this is magnetoen-
cephalography [101]; the mapping of activity in the human brain by measuring the
minute electromagnetic fields generated by firing neurons.

4.2 Circuit quantum electrodynamics

Josephson junctions are integral components not only in the (dc) SQUID discussed
above, but also in several circuit compounds that function as artificial atoms : mac-
roscopic systems that have quantized energy levels and whose states can become
entangled and superposed [102, 103]. A key feature in an artificial atom is that it
has an anharmonic energy spectrum; its energy levels are not equidistant, so that
specific transitions can be addressed. An LC-circuit is a harmonic oscillator with
equidistant energy levels. Replacing the inductor with a nonlinear element, like
a Josephson junction [103], changes the spectrum to the sought-after anharmonic
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one.
Artificial atoms can be coupled to the electromagnetic field of the current

running through a circuit or a transmission line, and particular field frequencies
can be addressed by means of, for instance, coplanar waveguide resonators [104].
Superconducting circuit systems can thus offer an alternative to cavity quantum
electrodynamics [105] when it comes to studying the interaction between light and
matter: circuit quantum electrodynamics (cQED) [106–108]. In particular, cQED
systems show great promise for quantum computing [109,110].

The interaction between light trapped in a cavity and a two-level atom –
or a superconducting circuit analogue – is frequently described by the Jaynes-
Cummings [111,112] Hamiltonian:

HJC = ~ωca
†a+ 1

2
~ωaσz + 1

2
~Ω(aσ+ + a†σ−), (4.7)

here written in the (nearly always used) rotating wave approximation. The cavity
mode has frequency ωc and creation (annihilation) operator a† (a); ωa is the atomic
transition frequency with σz the corresponding inversion operator; σ± are raising-
and lowering operators of the two-level system, and Ω is the interaction strength.
The interaction term in the Hamiltonian expresses that a photon can be annihilated
by a as the two-level system is raised to its excited state by σ+ – a photon is
absorbed by the atom – and vice versa.
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The real world is not only frequently nonlinear, it also tends to be subject to
fluctuations and noise, and to spend a fair amount of time out of equilibrium.
In fact, a significant fraction of experiments in condensed matter physics concern
transport or response properties: inherently nonequilibrium situations. As in the
case of nonlinearities (see section 2.2), these issues often have to be dealt with on
a case-by-case basis. In this chapter, some relevant aspects of fluctuations and
nonequilibrium states are discussed. Frequently, a combination of complications
can lead to rich and nonintuitive dynamics; for this reason, particular attention is
paid to noise in nonlinear systems.

The smaller a system is, the larger is the influence of fluctuations on it [113–
116], sometimes to the point where thermodynamical laws can be violated over
short timescales [117, 118]. The nanomechanical sensors discussed in section 3.2
are generally small enough that thermal fluctuations – either thermally excited
vibrations of the resonator [43, 45, 46, 48, 52, 119], or noise in the temperature,
stiffness, or charge of the device [42,55,56,120–122] – must be taken into account.
Fluctuations in material parameters are inherited as fluctuations in the resonator
frequency, which broadens the frequency response of a linear resonator and limits
its sensitivity [54,123,124]. In the nonlinear case, the picture is far more complex,
as I discuss in the overview of energy loss and frequency noise in nanomechanical
resonators that closes this chapter.
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5.1 Brownian particle diffusion in equilibrium

A system in thermal equilibrium is characterized by that its macroscopic system
state variables (like volume and pressure) do not change over time, or if the system
is isolated from its environment∗. However, this does not mean, as the word might
imply, that a system in equilibrium is completely static. On the microscopic level,
the atoms and molecules making up the system are constantly moving. This causes
thermal fluctuations, where the system randomly changes between all its available
states. The probability of finding the system in a state with energy E at tem-
perature T is given by the Gibbs distribution [125], proportional to exp[−E/kBT ]
where kB is Boltzmann’s constant. The exponential form of this distribution sug-
gests that, in general, the mean values of macroscopic system state variables are
very strongly favoured. This is the reason why thermal fluctuations rarely have
an impact on the macroscopic scale.

One example of equilibrium fluctuations is that the atoms in a solid randomly
vibrate around their equilibrium positions: in a crystalline solid, the lattice points.
Each of these vibrating atoms will hit its neighbours, which hit theirs in turn, so
that every atom affects the motion of all others over quite a long range. Hence,
while there are only a few atoms that are in contact with a particle adsorbed on
the surface of the solid, their motion is a superposition of the thermal motion of
many more atoms. The net effect on the adsorbed particle is thus as if it was, at
any given time, subject to a very large number of random “kicks”. As a result, the
particle will perform a random walk over the surface of the solid. It is generally
reasonable to think of this random walk as a Brownian motion.

The position† x of the adsorbed particle of mass m is described by Newton’s
second law:

mẍ = F (t). (5.1)

The sum of external forces, F (t), here only includes forces exerted on the particle
by the lattice vibrations. There are two qualitatively different contributions: one
stochastic (random) and one dissipative.

The stochastic contribution to F (t) is the random kicks discussed above. This
random force is the sum of a large number of random variables (the thermal motion

∗The second condition is necessary to separate equilibrium states from nonequilibrium steady
states. A cooking pot standing on a turned-on stove will, eventually, be in a steady state, where
its temperature is constant because the pot is heated by the stove at the same rate as it is cooled
by the colder air in the kitchen. It is clear that a constant temperature is not sufficient to claim
that the pot is in thermal equilibrium; if it is removed from the stove – isolated from (a part of)
its environment – its state will change.

†For convenience, x is written as a scalar in this chapter. For x ∈ Rn, the force F (t) also
becomes an n-dimensional vector, and there will be n copies of equation (5.1): one for each
component of x.
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of each lattice atom) and will thus tend to a normal distribution according to the
central limit theorem [126,127]. Then, the stochastic force can be written as σξ(t),
where the stochastic process ξ(t) is normally distributed. That is, at each time t,
ξ(t) ∼ N (0, 1). The standard deviation of the stochastic force is σ. Setting the
mean 〈ξ(t)〉 as zero∗ is based on the assumption that if the particle is stationary
it will, on average, be kicked equally often in every direction. Finally, assuming
that the net direction of the kicks at time t will not have any influence on the net
direction at another time t′ means that ξ(t) is a white noise process with correlation
function 〈ξ(t)ξ(t′)〉 = δ(t−t′). While truly white noise is an idealization, as will be
discussed also in section 5.2, it is an accurate approximation when the correlation
time of the noise is sufficiently short.

The dissipative contribution to F (t) arises if the particle is moving. Then, it
will be “in range” of the lattice vibrations of a larger number of substrate atoms,
in particular along the direction of motion. Consequently, the particle will meet
more kicks along that direction. The net effect of this increased collision rate is a
friction force between the particle and the substrate, that increases if the particle
moves faster. This is modelled by including the term −ηẋ in F (t). Typically, a
dissipation rate γ is defined through η ≡ mγ.

Combining the above, equation (5.1) can be written

mẍ+mγẋ = σξ(t). (5.2)

This is the Langevin equation† [131, 132]. When σ is independent of the system
state x the noise is called additive; x-dependent σ is discussed in section 5.2.

The fact that, in equilibrium, random forces [the σξ(t) in equation (5.2)] al-
ways‡ occur together with friction (the mγẋ) is a reflection of the fluctuation-
dissipation theorem [125,126]. In general, this theorem claims that the power spec-
trum (containing information about fluctuations) of a variable exposed to a field
is proportional to the imaginary (or dissipative) part of the Fourier-transformed
response function that determines how the variable reacts to that field [92,133].

∗A non-zero mean value of ξ(t) can be taken into account by rescaling the dissipation rate γ.
†A much more careful derivation is certainly possible, for example from the Caldeira-Leggett

model [128]. To read this thesis, however, an intuitive understanding of the Langevin equation
is sufficient. The presented phenomenological argument is adapted from reference [129], and a
similar line of reasoning appears in reference [130].

‡The fluctuation-dissipation theorem is valid as long as the system in question obeys detailed
balance [126]. In the context of a random walker, the principle of detailed balance can be
formulated as p(xA)wA→B = p(xB)wB→A. Here, p(xA) is the probability that the particle is
found at position xA and wA→B is the transition rate (probability per unit time) for the particle
to move from xA to xB . The equation of detailed balance thus expresses that, over time, the
particle will move from xA to xB (a transition that, of course, requires that it is present at xA
to begin with) as often as it will move from xB to xA.
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For the Langevin equation, the fluctuation-dissipation theorem becomes σ =√
2mγkBT . This relation can be found without involving linear response theory,

by formally integrating equation (5.2) to find the particle velocity:

ẋ = v0e
−γt +

σ

m

∫ t

0

dt′ e−γ(t−t′)ξ(t′), (5.3)

where v0 = +dotx(t = 0). Equation (5.3) is then substituted in the equipartition
theorem, 1

2
kBT = 1

2
m〈ẋ〉2, and the resulting double integral is evaluated using

the properties of the stochastic process ξ(t). Transient, nonequilibrium effects are
eliminated by considering arbitrarily large times t.

The Langevin equation (5.2) expresses the system dynamics directly in terms
of the fluctuating variable x. Another way to deal with stochastic quantities is to
work with their probability density function p(x, ẋ, t). In terms of this function,
the probability P that a particle under the influence of a stochastic force will be
at∗ position x and have velocity ẋ at time t can be calculated as

P (x, ẋ, t) =

∫ x+dx

x

dx′
∫ ẋ+dẋ

ẋ

dẋ′ p (x′, ẋ′, t) . (5.4)

The time evolution of a probability density function is determined by the
Fokker-Planck equation. This description of a system is equivalent to the Langevin
description, in that the dynamics captured is the same in the two cases, and there
exists a general rule for how to arrive at the corresponding Fokker-Planck equation
from a given Langevin equation [130] (see equation (5.7) below). For example, the
Fokker-Planck equation corresponding to equation (5.2) is

∂p

∂t
= γp+ γẋ

∂p

∂ẋ
− ẋ ∂p

∂x
+
γkBT

m

∂2p

∂ẋ2
. (5.5)

5.2 Noise in nonlinear systems

It is not uncommon that fluctuations in physical systems are thought of as a kind of
heavy wet blanket, placed over and obscuring the sharp results that are beneath.
Noise, one imagines, makes things a little bit harder to measure [134], but will
not, on average, cause qualitative changes. While this picture can be accurate in
linear systems, it typically fails in nonlinear ones [135]. For example, the presence
of noise can alter where and if bifurcations occur (noise-induced transitions [136]
and smearing of hysteresis loops [137]), or cause the system to switch between
stable states [138]. Perhaps the most dramatic example of the counter-intuitive

∗Here, I use “at” in the physicist’s sense of “in a sufficiently small interval around”.
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effect that fluctuations can have is when their presence is beneficial, with stochastic
resonance being the most extreme example.

In its original formulation [139], stochastic resonance is a synchronization phe-
nomenon. The idea is that if there are two stationary points – or potential wells –
in a system, the presence of noise will eventually cause the system state to switch
from one well to the other. One estimation of the characteristic frequency of such
escape events is the Kramers rate [140]. If the system is also driven by a weak
periodic signal, whose frequency matches the Kramers rate, the switching between
potential wells will pump the signal. This resonance effect can amplify signals
far weaker than the strength of the noise to the point where they are detectable.
Originally conceived as an explanation for very slow periodic variations in the aver-
age temperature of the Earth∗ [141,142], stochastic resonance has now been shown
to occur in electronic circuits [143], optically levitated dielectric spheres from the
micro- [144] to the nanoscale [145], nanomechanical resonators [146], crayfish neur-
ons [147], and in the dynamics of the small hairs in mammal ears [148].

It has been argued that all cases of “helpful randomness” [149] that makes
systems perform better in the presence of noise than in its absence – the reversal
of the “wet blanket” idea – should be considered examples of stochastic resonance.
One case where helpful randomness (different from traditional stochastic reson-
ance) appears, is the ring-laser gyroscope† [151] used in inertial navigation. Here,
randomness is not only helpful but crucial; when the noise is too weak, there is a
dead band of low rotation frequencies where the gyroscope does not work as inten-
ded. This dead band can be narrowed and made to vanish by increasing the levels
of noise [152, 153]. More recent examples of beneficial noise include a stochastic
heat engine [154] and a thermally gated transistor [155]. Many biological systems
also rely on randomly occurring events: in muscle contraction processes, neural
signals, and the opening of channels in cell walls [156,157].

It is clear that a nonlinear stochastic differential equation results if a stochastic
force is added to a previously nonlinear differential equation‡: say, if the driving
term F (t) in the Duffing equation (2.7) is a Langevin term. It is also possible that
a stochastic differential equation is nonlinear due to that the strength of the noise
depends on the state of the system. Then, a generalized Langevin equation with
the structure

∂x

∂t
= A(x, t) + B(x, t)ξ(t) (5.6)

has to be treated; the deterministic part A(x, t) is the drift of x, and B(x, t) is the
diffusion strength. This kind of multiplicative noise appears, for instance, if there

∗To my knowledge, while stochastic resonance is now a well-studied phenomenon, its relevance
in Earth’s climate has, ironically, still not been confirmed.

†Traditional stochastic resonance can also be observed in the ring-laser gyroscope [150].
‡The “use and abuse” of this Langevin approach is extensively discussed in reference [130].
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is noise in the parameters of a differential equation: say, if the mass or the friction
in equation (5.2) fluctuates [158].

There is a built-in ambiguity in equation (5.6) [130, 159, 160]; if the stochastic
force ξ(t) is thought of as giving the system a “kick” at time t, at what time is it
decided how strong this kick is? In other words: how do the time arguments in ξ(t)
and B(x(t), t) relate to each other? In order for equation (5.6) to be well-defined,
a rule must be defined to solve this ambiguity. From a mathematical perspective,
all such rules are equally valid (but not necessarily equally easy to use). From
a physical perspective, on the other hand, the microscopic details of the system
of which the Langevin equation is a coarse-grained description [161] determine
what is the correct interpretation rule. Essentially, it is a question of what kind of
process the white noise ξ(t) is a limit of. Two versions of stochastic calculus have
come to dominate the literature.

In Itō stochastic calculus [162], the strength of the stochastic force at time t
is given by the state of the system a moment before; B(x(t), t) is thought of as
B(x(t− δt), t− δt). This choice corresponds to evaluating the stochastic integral
over the fluctuation term,

∫
B(x(t), t)ξ(t)dt, using the left-hand rectangular rule.

The Itō formalism arises when a series of discrete stochastic impulses is approxim-
ated as a continuous white noise process [161], and is used in applied mathematics
and financial modelling [127].

In physics, the standard choice is Stratonovich stochastic calculus [163]. Then,
the stochastic integral

∫
B(x(t), t)ξ(t)dt is evaluated using the midpoint rectan-

gular rule, corresponding to that the strength of the kick is determined in the
middle of the time interval that defines the impulse of the stochastic force. The
Stratonovich formalism naturally arises [130, 159] when treating the white noise-
limit of coloured noise, which has a finite correlation time τc so that 〈ξi(s)ξj(t)〉 =
δi,jσ

2τ−1
c exp [−τ−1

c |t− s|]. This is the type of noise that is most common in phys-
ical processes, and may be approximated as white when τc is very small compared
to the other relevant timescales in the system. The limit τc → 0 leads to a
white noise process that is accurately treated in the Stratonovich way; an example
is found in reference [135]. Stratonovich calculus also has the advantage that
transformation of variables and partial integration works in the same way as in
deterministic calculus.

Different choices of integration rules lead to different values of a stochastic
integral. However, for a physical system, the evolution of the probability density
function must be independent of the choice of stochastic calculus. It follows that
the equivalent Fokker-Planck equation looks different depending on the formalism
used; the Itō solution of a Langevin equation is identical to the Stratonovich
solution of a slightly different Langevin equation, where the drift term has been
rescaled. With Stratonovich calculus, the Fokker-Planck equation equivalent to
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the general Langevin equation (5.6) is [126,130]

∂p

∂t
= −

∑

i

∂

∂xi

[
Ai(x, t)p(x, t)

]
+

1

2

∑

i,j,k

∂

∂xi

[
Bik(x, t)

∂

∂xj

[
Bjk(x, t)p(x, t)

]]
.

(5.7)

5.3 Nonequilibrium dynamics

It is easy to imagine the furor caused by Newton’s formulation of his first law of
mechanics [164]. To claim that a body in motion will stay in motion is to contradict
the physical intuition of any child old enough to throw a ball, so ubiquitous are
nonequilibrium processes where the state of a system changes over time. Of course,
the matter is settled by the less-often-quoted second half of the first law; the body
stays in motion unless acted upon by an external force. In most quotidian examples
of dynamical systems, such external forces are unavoidable. Air molecules and
floating dust collide with the pendulum of a clock, slowing it; small imperfections
in the surface of a table hook into similar ones on a fork, causing friction that
keeps silverware in its place.

Nonequilibrium systems have already appeared in this thesis. Any system
where there is a driving force is out of equilibrium, like some of the pendulums in
chapter 2 and the weakly driven, stochastically resonant systems discussed above.
In fact, the very first system I mentioned – the mathematical pendulum (2.1) –
would be in a nonequilibrium steady state once given an initial push.

The pendulum equations of motion discussed in chapter 2 are initial value
problems ; their dynamics is completely determined by the form of the differential
equation, along with some initial value for deflection and angular rate of change.
The equilibrium case (q = 0, q̇ = 0 and no external drive) is the trivial solu-
tion, that is typically considered fundamentally uninteresting. Instead, the study
of initial value problems is almost exclusively a study of nonequilibrium states.
In particular, chaotic dynamics (in the mathematical sense) is a nonequilibrium
phenomenon.

In real systems, it can be very difficult to separate the effects of deterministic
chaos and stochastic noise. Even one of the most decisive tests for chaos there is –
the existence of a positive Lyapunov exponent – cannot differentiate between noise
and chaos [165]. A time series that is irregular only due to noise can sometimes
be discerned from one whose irregularity is only due to chaos by means of spectral
analysis, or by calculating the respective Poincaré sections. However, in real data
from nonlinear systems, both effects can be present simultaneously. Considering
the counterintuitive way that noise can act in nonlinear systems, and adding high
sensitivity to initial conditions, it is easy to see what a challenge is involved in
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Figure 5.1: Superposition of three initially in-phase modes with slightly different fre-
quencies. Despite there being no damping of individual modes, the total oscillation
amplitude decreases due to dephasing. Inspired by a similar figure in reference [167].

predicting results in a noisy, chaotic system [166].
If a system in a nonequilibrium state can interact with a thermal environment,

it will do so in order to return to its equilibrium state: a process known as relaxa-
tion. One simple functional form of a relaxation process is an exponential loss of
energy proportional to exp(−γt). This type of dissipation is common in oscillatory
systems, where it results from a friction term γq̇ like the one in equation (2.3).

In multimode systems, the total amplitude of an oscillation can also decrease
due to dephasing, a consequence of modes having different time dependence. Since
an oscillation is typically the sum of several modes, if these interfere with each
other, the total mode amplitude can change regardless of whether drive or damping
is present. This is illustrated in figure 5.1, which shows the time evolution of three
modes with the same phase, but slightly different frequencies. As the modes fall
out of sync, the amplitude of their superposition decreases. Over a longer time
period, the modes would once more line up and add constructively, followed by
another decrease. In this way, dephasing can cause slow beats in the oscillation
amplitude.

Dephasing can also occur if the phase of each mode [see equation (2.6)] has a
time dependence. A case of particular interest is a system with a large number of
modes present, where the phase of each fluctuates and the phase noise of different
modes is uncorrelated; many vibrating solids can be described in this way. Then,
no coherent beats in oscillation amplitude will be seen. Instead, since the phases
are randomly distributed due to the noise, on average, the modes will add in a
manner that decreases the oscillation amplitude [168]. This process is irreversible
viewed over long time scales. In the context of nanomechanics, “dephasing” refers
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to this kind of amplitude loss caused by random phase variation.
While the oscillation energy is unaffected by dephasing, what is measured in an

experiment is typically the magnitude of the oscillation amplitude. Thus, dephas-
ing can make it appear as if the energy of a system changes, and can be difficult
to separate from dissipation. For instance, both effects causes resonance peaks
(see figure 2.2) to broaden. The combined effect of dissipation and dephasing on
amplitude is the ringdown of an oscillation.

5.4 Dephasing and dissipation in nanoresonators

The exceptional sensitivity of sensors based on nanomechanical resonators (see
section 3.2) is a double-edged sword. Measuring small things involves monitoring
the response of the sensor to a very small, intentional perturbation. It follows that
an unintentional perturbation also causes a measurable response, but since this is
an unplanned one, it becomes noise. As the proxy variable of a nanomechanical
sensor is its resonant frequency, it is relevant to consider sources and consequences
of frequency fluctuations [54, 169, 170]. Typically, “frequency noise” and “phase
noise” are used synonymously.

As an illustrative example, I consider the frequency shift ∆ω caused by adding
a particle of mass m to a resonator of mass M :

∆ω ≈ ωm

2M
φ2(x). (5.8)

Here x is the point where the particle adsorbs, ω is the bare resonant frequency,
and φ is the mode shape of the resonator∗. Fluctuations in any of the variables on
the right-hand side of equation (5.8) will cause noise in the frequency shift, and
hence in the measured frequency ω −∆ω.

One unplanned perturbation that, in this manner, could cause frequency noise
is changes in m due to adsorption and desorption of other particles than the one
being measured [61–63,171]. This kind of noise will not only cause dephasing that
broadens the Lorentzian frequency response of the resonator, but can also change
the number and shape of peaks in the spectrum [171,172]. Another source of phase
noise evident in equation (5.8) is fluctuations in the position x of the particle [57,
61,62], which causes dephasing [173,174] and a bistable response to driving [175], as
well as effects that are discussed in section 6.2. Finally, the bare resonant frequency
ω is not immune to noise. As it is a function of material parameters (like the
resonator’s stiffness) and external factors (like the tension the resonator is under)

∗The mode shape depends on the boundary conditions for the resonator and whether it
is one- or twodimensional; see appendix A. For example, a string of length L vibrating in its
fundamental mode has a mode shape φ(x) ∝ cos(πx), where x ∈ [−L/2, L/2].
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that can fluctuate, its value is not completely stable. In experiments to date, the
dominant cause of frequency fluctuations [124] in nanomechanical resonators is
noise in the experimental setup, arising at the resonator suspension points or in
the measurement equipment connected to the resonator [7, 42–44,53,59,60].

The suspension of nanomechanical resonators also introduces an intrinsic non-
linearity; as its deflection increases, a resonator whose edges are fixed must stretch.
The resulting increased strain adds a nonlinear restoring force, typically modelled
as a Duffing nonlinearity [176]. Additionally, graphene resonators have been shown
to be nonlinearly damped [177–179]. These nonlinearities cause vibrational modes
to be coupled together [180,181], a mode coupling that, in turn, can cause anom-
alous, nonexponential dissipation [182–185] and non-Lorentzian spectra [186].

As several mechanisms contribute to broadening of the resonant response peak,
as well as its shape, in order to study the dissipative dynamics in a nanomechanical
resonator it does not suffice to consider its frequency response. Instead, time-
domain experiments, like ringdown measurements [187–190], must be done. In a
ringdown experiment, clever use of quadratures makes it possible to separate the
amplitude loss that is due to dephasing and the amplitude loss that follows from
the dissipation of energy. In this way, the dynamics of the latter can be isolated.
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In this chapter, I summarize some results of papers I-IV concerning the nonequi-
librium dynamics of resonators coupled to a noisy subsystem. The resonators are
modelled as linear, but the coupling to the auxiliary system is not. Consequently,
the equations of motion that I considered are quite nonlinear. This means that
while the subsystems I have studied are some of the simplest and most well-studied
in physics – harmonic oscillators and Brownian motion – their coupled dynamics
exhibits a variety of intriguing effects. The research reported in this thesis primar-
ily has the character of basic research. My main contribution to the the field is
that I have investigated and created a record of new dynamics that might appear
in future experiments, for instance when room temperature nanomechanics begins
to breed applications.

I have studied the time evolution of coupled resonator-Brownian motion sys-
tems by numerically integrating their stochastic equations of motion, using a

33
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second-order algorithm [191–193]. Numerical results were supplemented by ana-
lytical ones when possible, like in single mode-cases, and in limits of high or low
noise.

The first three sections of this chapter are organized by realization of the
resonator-Brownian motion system: a general, Hamiltonian model (section 6.1),
a nanomechanical resonator with adsorbed particles (section 6.2), and a super-
conducting LC-resonator inductively coupled to a SQUID (section 6.3). In the
summarizing section 6.4, I point out some connections between these three. A
discussion of how my research can be continued is deferred to chapter 7.

The initial motivation behind considering the superconducting system was to
recover resonator-diffusion dynamics in a system that would be easier to fabricate
in the relevant parameter range than the nanomechanical one. Before arriving at
the superconducting system discussed here, I investigated a dielectric sphere levit-
ated in an optical cavity. This optomechanical system is described in appendix B.

6.1 Stepwise relaxation in a Hamiltonian model

A set of N harmonic oscillators coupled to a set of K free particle-degrees of
freedom is described by the Hamiltonian

H =
1

2

N∑

n=1

(
q̇2
n + ω2

nq
2
n

)
+
µ

2

K∑

k=1

ẋ2
k −

1

2

∑

k,n,m

gmnqnqmφn(xk)φm(xk). (6.1)

Here, gmn = gnm are coupling constants and the φn(xk) specify the functional form
of the interaction between oscillators and “particles”. This very general model can
be adapted to represent a wide range of physical systems. Despite the model’s
simplicity, its dynamics is rich and complex. In paper IV, I study a reduced
version of the Hamiltonian (6.1), where the degrees of freedom were restricted to
a minimal set. Even this minimal model retains quite intricate system dynamics.
In this section, I discuss the main result of paper IV; the oscillator energy decays
in a stepwise manner, connected to unpredictable trapping-retrapping behaviour
of the particle degree of freedom.

The minimal model includes two degenerate oscillators and a single particle;
N = 2, K = 1, and ω1 = ω2 ≡ Ω. The coupling matrix is set to gmn = g,
and φ1(x) =

√
2 cosπx, φ2(x) =

√
2 sin 2πx. The position x is normalized and

constrained to remain in a unit interval; x ∈ [−1/2, 1/2]. Thermal noise is not
considered, but a friction term for the particle is included. Thus, the equations of
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motion for the minimal model are

q̈1 +
[
Ω2 − gφ2

1

]
q1 − gφ1φ2q2 = 0,

q̈2 +
[
Ω2 − gφ2

2

]
q2 − gφ1φ2q1 = 0, (6.2)

ẍ+ γẋ− g

2µ
∂x
[
(q1φ1 + q2φ2)2] = 0.

Equations (6.2) were numerically integrated using a second order method:
essentially the one discussed in references [191–193] with the coefficients of the
stochastic force set to zero. The reason why I did not use a more sophisticated
integrator is that x evolves under reflecting boundary conditions, which are non-
trivial to include in higher-order methods adapted to initial value problems. The
typical initial condition used was nonzero q1 and x, and q2 = 0, q̇1 = q̇2 = ẋ = 0.
After the initial displacement of the q1-oscillator, the free evolution of the system
was simulated, and its relaxation studied.

The equations of motion (6.2) are deceptively simple; two coupled harmonic
oscillators, whose frequencies and coupling strength depend on the position of the
particle. This particle, in turn, moves in a time-dependent potential U(x, t) defined
by the oscillators; U(x, t) ∝ (q1φ1 + q2φ2)2. While this may sound like a textbook
problem – perhaps tricky, but ultimately straight-forward – the reality is much
more involved, due to the interdependence of the variables q1, q2, and x.

The x-equation of (6.2) describes particle motion in a potential. One thus
expects that, for a low enough particle energy, x will be trapped near some min-
imum of the potential. Conversely, for a high enough particle energy, x will move
above all potential barriers and seem free. On short timescales, this is indeed what
happens. However, interference between the q1- and the q2-oscillators will, over
longer timescales, change the depth, number, and location of the potential wells.
This results in particle dynamics that switches between trapped and free regimes,
as illustrated in figure 6.1 (b).

As the particle friction term is the only source of dissipation in equations (6.2),
it is not surprising to see that regions of large particle motion in figure 6.1 (b)
correspond to regions of high dissipation of oscillator energy (En = q̇2

n + ω2
nq

2
n,

E =
∑

nEn) in figure 6.1 (a). When the total and individual oscillator energies
change, so does the shape of the potential that x moves in. In other words: the
freely moving particle causes dissipation; because of this dissipation, the potential
that the particle moves in changes, and can become deep enough to trap the
particle again. The switch from free to trapped motion is a rapid process, that,
as the region traversed by the particle is rapidly restricted, causes the oscillator
dissipation rate to sharply shift to a much lower value. The resulting stepwise
relaxation of the oscillators is shown in figure 6.1 (a). The particle decay rate γ
influences how easy it is for the particle to escape a potential trap; figure 6.1 (c)-(f)
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Figure 6.1: Time evolution of the energies of individual oscillators in the minimal
Hamiltonian model, along with their total energy, at (a) intermediate, (c) low, and (e)
high decay rate γ (Γ in the figure). The stepwise decay of total oscillator energy E
is clear, as well as coherent coupled oscillations at the low-dissipation energy plateaus.
These plateaus correspond to a trapped particle, and vice versa, as can be seen in the
simultaneous evolution of the particle coordinate in (b), (d), and (f). The gray dashed
lines illustrate that, over short times, the energy decay is linear.



6.1 Stepwise relaxation in a Hamiltonian model 37

    
 

 

 

0 1000 2000 3000
time (units of 2π/Ω)

100

101

102

E

(a)

0

0.1

fraction

0 −0.5 −1 −1.5 −2
∂E/∂t

0

25

50

75

E

(c)

     
 

 

 

 

 

 

 

    
 

 

0 75E
0

1

fr
ac
ti
on

    

 

 

 

 

 

−0.4

−0.2

0

0.2

0.4

x

0 25 50 75
E

(b)

Figure 6.2: (a) Stepwise decay of total oscillator energy, at different initial conditions
and γ = 0.2. (b) Periodicity diagram of the particle motion for a wide range of oscillator
energies; each point is the position x(t) when ẋ(t) = 0. Hence, exactly two points
for a given E indicates that the particle here moves periodically. (c) Distribution of
dissipation rates during the ringdown, as a function of energy. The color indicates the
fraction of time spent at a certain energy that is also spent at a certain dissipation rate
∂E/∂t. Fractions equal to or greater than 0.1 are coloured black. Inset: Distribution of
energies for which |∂E/∂t| < 0.05: the low-dissipation plateaus of the ring-down.

illustrates the underdamped (low γ) and overdamped (high γ) system dynamics.
The stepwise decay of oscillator energy is a stable feature, that does not vanish

when averaging a large number of ringdowns. As can be seen in figure 6.2 (a), the
energy plateaus appear at similar energies, for quite different initial conditions.
This fact is solidified in figure 6.2 (c). For each timestep in the numerical integ-
ration of equations (6.2), the value of E and a finite difference-approximation of
∂E/∂t was recorded. Repeating this process over many ringdowns gives a kind of
energy phase space distribution of time spent at each point (E, Ė). Figure 6.2 (c)
is a density plot of this data from 105 trajectories with random initial conditions,
normalized∗ so that the density for every E adds to 1. There is a definite struc-
ture of correlations between the value and the decay rate of oscillator energy, that

∗That is, if the ringdown passes a certain energy E, the probability that it there takes some
value of ∂E/∂t is 1. The opposite is clearly not true.
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is particularly clear for the plateaus of very small |∂E/∂t| shown in the inset of
figure 6.2 (c).

Figure 6.2 (b) is a Poincaré-like diagram of the particle dynamics. Here, the
total oscillator energy was conserved during the numerical integration by normaliz-
ing the coordinates qn, q̇n with

√
E(0)/E(t) in each timestep, allowing the system

dynamics in a particular regime to be studied. For each value of E, the value of
x when ẋ = 0 was plotted. Thus, if there are only two x-points for a given E,
the particle performs periodic motion between these two extrema. This is the case
for E ≈ 30. For E ≈ 0 and E ≈ 20, the particle is trapped in a narrow region
near a potential minimum. Comparison with the inset in figure 6.2 (c) further
emphasizes that the oscillation energy plateaus correspond to regions of trapped,
regular particle motion. The sharply delineated regions of regular and irregular
particle behaviour bring to mind the Poincaré diagrams of chaotic systems.

While I have not determined if the particle dynamics in the untrapped regions
is indeed chaotic, the erratic and unpredictable behaviour of this nonlinear system
is certainly suggestive. Also implying chaotic dynamics is figure 6.3, which shows
the dependence of ∆x = maxx(t)−minx(t), t ∈ [1200, 1500] on oscillator energy E
and particle damping rate γ, when using the energy-conserving normalization. The
difference ∆x is the fraction of its domain traversed by the particle, after initial
transients have vanished (compare with figure 6.1), and indicates if a particle
trajectory is trapped and regular (∆x . 0.7) or if it is irregular (higher ∆x).
The overall look of the diagram in figure 6.3 is somewhat similar to the Arnold
tongues [6] of the Mathieu equation (2.9), but on a smaller scale the regions of
trapped, regular particle dynamics look almost fractal. Even if this complexity
is not true chaos, a comparable level of unpredictability is clearly inherent in the
dynamics of the system (6.2).

Even when only considering the reduced version of the Hamiltonian (6.1) that
I discussed in this section, complicated dynamics arise that are not yet completely
understood. Nevertheless, the more experimentally relevant systems that are the
subject of the remainder of this chapter can be derived from (6.1), under certain
limitations and approximations. Consequently, despite its complexity, the general
model can illuminate some aspects of the systems of papers I-III.

6.2 Nanomechanical resonators with adsorbed

particles

The dynamics of K noninteracting, identical particles loosely adsorbed on and
diffusing across the surface of a nanomechanical resonator (see figure 6.4) with N
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Figure 6.3: The distance ∆x between minimum and maximum values of x (compare
with the particle trajectories in Fig. 6.1) as a function of damping rate γ (Γ in the
figure) and oscillator energy E. States with ∆x . 0.7 are trapped near one or both of
the potential well at x ≈ ±0.25, and evolve in a predictable manner. The untrapped
states are typically irregular and unpredictable.

Figure 6.4: A particle adsorbed on the surface of a suspended (a) carbon nanotube
beam resonator (b) graphene drum resonator. Thermal fluctuations cause the adsorbate
to perform a random walk over the resonator surface, which induces dissipation in the
vibrational motion. Here, only a single adsorbed particle is shown for clarity.
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flexural vibrational modes is described by the equations of motion

q̈n + ω2
nqn − ε

N∑

m=1

K∑

k=1

ω2
mqmφn(xk)φm(xk) = 0, (6.3)

ẍk + γẋk −
∑

m,n

ω2
mqmqnφm(xk)∇φn(xk) = γ

√
2D ξk(t). (6.4)

The coupling constant is here ε = m/M , the ratio between the mass of a single
particle and the mass of the resonator; the particles are set to be identical, and
the dissipation constant D = kBT/mγ. In equations (6.3)-(6.4), the geometry of
the resonator is determined by defining φn and ωn as the appropriate mode shapes
and mode frequencies; see appendix A. Choosing the resonator geometry in turn
determines if the particle’s position xk and the stochastic force ξk are one- or
twodimensional. Some details regarding the integration algorithm in the case of
twodimensional diffusion in polar coordinates are found in appendix C.

The equations of motion (6.3)-(6.4) are found by variation of the Lagrangian
for the entire system: the sum of the resonator Lagrangian (3.1) and the kinetic
energy of the particles

T =
1

2
m

K∑

k=1

δ(x− xk)
[
ẋ2
k + (ẇ + ẋk · ∇w)2

]
, (6.5)

where w(x, t) is the transverse displacement field of the resonator; see section 3.3.
For low-lying modes, the equations of motion (6.4) capture the same qualitative
dynamic as those following from the general Hamiltonian (6.1); for details, see
paper IV.

As in the case of the general system discussed in section 6.1, in this nanomech-
anical system, the action of the particles on the resonator and vice versa causes
unconventional dynamics. I have studied this type of resonator-particle system in
papers I, II, and IV; the primary results are summarized below.

6.2.1 Particle motion: inertial trapping to free diffusion

The particles adsorbed at positions xk(t) perform Brownian motion in the inertial
potential U(xk, t) ∝ w2(xk, t). When the motion is dominated by a single mode
– the typical situation in the beginning of a ringdown measurement – the inertial
force corresponding to U(xk, t) is proportional to q2

n(t)φn(xk)∇φn(xk). This force
is always directed towards an antinode of the mode function, where the coupling
term of equation (6.4) vanishes. Hence, the particles adsorbed on the resonator act
as beads on a string that is twirled; they are pulled towards the point of maximal
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Figure 6.5: (a) Ringdown of the fundamental mode energy E0 (E in the figure) of a
carbon nanotube resonator. (b) Corresponding probability density p(x, t) (the coordin-
ate x is denoted ξ in the figure) of particle positions for a single trajectory. At high
resonator amplitude, the particles are trapped near the antinode of the mode function
(the length of the nanotube is normalized to one). The strength of the inertial trap
decreases with the amplitude, until the particles can escape and diffuse across the entire
resonator. With this escape, the resonator dissipation switches from linear to algebraic.

resonator deflection. As the resonator amplitude decreases, so does the strength
of the inertial trap, and eventually the particles escape to diffuse freely across the
resonator. This long-timescale behaviour is shown in figure 6.5.

When a single mode dominates the resonator motion, the dynamic regime of the
system is determined by the ratio 1

2
mω2

nq
2
n/kBT ≡ Evib./Etherm.; the ratio between

the kinetic energy of each particle due to the resonator vibration, and the thermal
energy. When Evib./Etherm. & 1, the particles are inertially trapped, and when the
ratio falls below one, they escape to diffuse freely.

On short timescales, in the trapped regime, the periodic motion of the resonator
leads to a periodically varying force on the particles, illustrated in figure 6.6.
As the particles are alternately forced towards the resonator antinode (as the
resonator deflection |qn| increases towards its maximum) and diffuse away from it
(as the resonator approaches its relaxed state qn = 0), the ensemble of adsorbed
particles oscillate in a kind of breathing mode where the distance from the potential
minimum to each particle on average varies with frequency 2ωn. The fact that the
particle positions xk change not only in a Brownian manner but also contain this
periodic component causes a periodic modulation of the effective mode frequency
ω̃2
n = ω2

n [1− ε∑k φ
2
n(xk)] (the combination of the term with m = n in the sum

of equation (6.3) and the qn-term outside the sum). However, since it takes a
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finite time for the particles to respond to the inertial forcing, the particle ensemble
breathing mode is out-of-phase with the resonator motion. Consequently, this
periodic frequency modulation results in parametric attenuation; compare with
equation (2.9) and discussion thereof.

6.2.2 Diffusion-induced dissipation of resonator energy

The particle-generated parametric attenuation of resonator energy discussed above
is the source of the linear dissipation seen in the trapping regime in figure 6.5 (a).
Using a single-mode approximation w(x, t) = q0(t)φ0(x), the dissipation of reson-
ator energy can be analytically studied.

In the trapped regime, where particles remain in the vicinity of the antinode,
the mode functions in equation (6.4) can be expanded. The Langevin equation
describing particle motion then becomes linear in xk and can be solved, assuming
that the evolution of q2

0 is much slower than the particle dynamics; see papers I
and II for details. The end result is that the mean fundamental mode energy obeys

∂〈E0〉
∂t

≈ 2Tsim.KzK(t)I [zK(t)] , (6.6)

where K is the number of particles, and the dimensionless simulation temperature
Tsim. = kBT/ML2ω2

0 with L the length (radius) of a beam (drum) resonator. The
integral I(z) is

I(z) =
1

2π

∫ 2π

0

dt sin 2ω0t

∫ t

−∞
dt′e−z

∫ t
t′ dt

′′ cos2 t′′ , (6.7)

and zK = −2γ−1φ0(0)φ′′0(0)E0(t). When E0 (and hence zK) is large∗, I(zK) asymp-
totically approaches −2/zK

√
π and equation (6.6) can be integrated, revealing a

linear decay of energy:

〈E0〉(t) = E0(0)− αKt, with αK = 4Tsim.Kπ
−1/2. (6.8)

Since kBT = Dmγ, αK ∝ Km: the total added mass. Considering that in the
trapped regime particles are forced together at the antinode, it is reasonable that
only the total adsorbed mass, and not what number of particles it is distributed
among, plays a significant role in determining the dissipation rate.

As shown in figure 6.7, equation (6.8) holds for both the graphene and the
carbon nanotube resonator, over several orders of magnitude of zK ∝ γ−1E0(0).

∗In this context, “large” means resonator amplitudes that are much larger than the amplitude
of thermally excited vibrations. Oscillations can be large in this sense while still remaining small
enough that the continuum mechanics model is valid, as discussed in section 3.3.1
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Figure 6.6: Trapped regime short-timescale dynamics of an ensemble of particles ad-
sorbed on a nanomechanical drum resonator oscillating in its fundamental mode. On
the left, the resonator is viewed from above, and on the right, from the side. From top
to bottom: When q0 takes its maximum negative value, the particles are trapped at the
fundamental mode antinode. As |q0| decreases and |q̇0| increases, the particles begin
to diffuse away from the antinode. They reach a characteristic distance ∝ kBT when
the resonator is momentarily relaxed (q0 = 0, q̇0 maximal). As the resonator deflection
begins to increase once more, the process is reversed. The inertial trap reforms, forcing
the particles to the resonator antinode once more.
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Figure 6.8: (a) Initial linear decay rate of resonator energy for a carbon nanotube
resonator for different numbers of modes N in the simulation (blue circles), with a linear
fit (dashed line); K = 1. (b) Comparison of analytically (black line) and numerically
(blue dots) calculated decay rates in the diffusive regime for a carbon nanotube resonator.
Here, εE0(0)/Tsim. = Evib./Etherm., N = 1, and K = 1.
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I numerically investigated how the initial, linear decay rate changed when more
than one vibrational mode was present; the result is shown in figure 6.8 (a). As
the presence of adsorbed particles couple modes together, when there are more
than a single mode present, energy can be transferred from the initially excited
mode to initially frozen ones. This new path of energy transfer quantitatively
increases the dissipation rate of resonator energy, but the qualitative behaviour of
the ringdown is unchanged. Once the initially frozen modes are thermalized, the
energy transferred in this way is dissipated through interaction with the particles.
That is, each additional mode acts as a new dissipation channel, and consequently
the actual linear dissipation rate increases proportionally to the number of modes.
While the numerically determined α1 for N = 1 seen in figure 6.8 (a) does not
quite match the analytical expression (6.8), this latter estimation is clearly within
the correct order of magnitude. Finally, since the number of modes N is arbitrarily
large in a real system, there must be a cut-off value for the increase in dissipation
with N ; this value was estimated to 20 in paper I. However, as the equations (6.3)-
(6.4) only follow from the Hamiltonian (6.1) for low-lying modes (see paper IV),
any conclusions regarding the high-mode dynamics must be tentative.

When the resonator amplitude is no longer large enough to inertially trap
the particles, these diffuse over the entire resonator and are best described in
terms of their probability density function. In the single-mode approximation,
equation (5.7) can be used to find the Fokker-Planck equation equivalent to (6.3)-
(6.4), which is solved with a pertubative approach; details are found in paper I.
To first order, the time evolution of the mean fundamental mode energy is given
by

〈E0〉(t) =
E0(0)

1 + E0(0)βKt
, (6.9)

where

βK = 4Tsim.Kπ
4 1

γ2

∑

j

j4f 2
j

λ2
j + 16

, (6.10)

with fj =
∫

dx cos(jπx)φ2
0(x) and λj = 2j2π2Tsim./εγ. Including also second-order

corrections will ensure that 〈E0〉 → kBT over long timescales. Figure 6.8 (b)
shows that the analytical expression (6.9) well captures the actual decay rates
found in simulations, when N = 1 also in the numerical integration. As shown
in figure 6.9 (b), the number of modes included does not affect results in the
diffusive regime, in contrast to in the trapped regime. Similarly, where in the
trapped regime only the total added mass matters, in the diffusive regime the
microscopic details of how that mass is distributed among adsorbates also play a
role. This fact is indicated by the presence of the single-particle friction coefficient
γ in equation (6.10). Simulation revealed that βK scales as Km2; see figure 6.9 (a).
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Figure 6.9: (a) Diffusive regime dissipation rates βK for different numbers of particles
K, where the total adsorbed mass Km is kept constant. (b) Decay rates βK in the
diffusive regime for different numbers of modes N and particles K, with Km2 constant.

6.2.3 Diffusion-induced intermode dynamics

The presence of adsorbed particles couples resonator modes together, evidenced
by the N -dependent dissipation rate of figure 6.8 (a). As I here model the vibra-
tional modes of a carbon nanotube resonator as linear, there are no strong internal
resonances, and the diffusion-induced mode coupling only acts to transfer energy
in the manner discussed above. One example of the process is shown in figure 6.10;
initially frozen modes thermalize rapidly and, apart from what might be a slight
initial overshoot, their energies remain fluctuating around the thermal energy until
the system reaches thermal equilibrium.

In contrast, in a graphene membrane, degenerate modes are present by sym-
metry. The energy transfer between these can be very efficient, enabling more com-
plex ringdown dynamics. An example is shown in figure 6.11, where a graphene
membrane was initialized in a superposition of the two degenerate first excited
modes (indexed by 1+ and 1−). Then, for a short time in the beginning of the
free evolution of the membrane, large amounts of energy is traded between the
two degenerate modes while the total resonator energy remains almost constant.
This low-dissipation region is then followed by a sharp drop in total energy, that
levels into a second plateau when the fundamental mode is sufficiently excited to
dominate the dynamics. At this point the relaxation proceeds as in section 6.2.2.
This ringdown is reminiscent of the stepwise relaxation discussed in section 6.1, as
well as of the mode coupling-induced anomalous dissipation seen in references [182]
and [183].
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Figure 6.12: (a) Superconducting circuit realization of a diffusion-resonator system;
a symmetric SQUID is inductively coupled to an LC-resonator. For read-out and ac-
tuation, the LC-resonator can be coupled inductively or capacitively to an external
transmission line (TM). The nodes A and B indicate where the node fluxes used below
as dynamic variables are defined. (b)-(c) Numerical integration of the full equations of
motion, absent external drive and noise (f(τ) = 0, γ = 0, η = 0, and D = 0). The phase
of the SQUID is rapidly trapped at integer (b) or half-integer (c) values of x, depending
on resonator amplitude; q(0) = 0.45 in (b) and 3.65 in (c).

6.3 Superconducting LC-circuit coupled to

a SQUID

A superconducting LC-resonator inductively coupled to a SQUID can be described
in terms of the node fluxes ΦA,B(t) =

∫ t
−∞ dt′ VA,B(t′) at points A and B [194],

indicated in the system sketch in figure 6.12 (a). The Lagrangian of this system
is

L =
1

2
C0Φ̇2

B −
1

2

Φ2
B

L0

+
1

2
CJΦ̇2

A − EJ cos
πΦext

Φ0

(
1− cos

2πΦA

Φ0

)
, (6.11)

where C0 (L0) is the capacitance (inductance) of the LC-resonator, and CJ/2
(EJ/2) is the capacitance (Josephson energy) of each Josephson junction in the
symmetric SQUID. The last term, proportional to EJ, is the potential energy of a
SQUID: equation (4.6). When there is no applied field or other external sources
of flux, Φext. is determined by the current through the resonator. To lowest order,
then, Φext. ≈ 2gΦB.
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Variation of the Lagrangian leads to the equations of motion

q̈ + γq̇ + q − ε sin q (1− cos 2πx) = F0 cos Ωt (6.12)

ẍ+ ηẋ+ α cos q sin 2πx = η
√
Dξ(τ). (6.13)

where dimensionless variables q = 2πgΦB/Φ0 and x = ΦA/Φ0 were defined; ω0 ≡ 1.
A dissipation term and a harmonic driving force have been included in equa-
tion (6.12), whereas damping and noise according to the resistively and capacitively
shunted Josephson junction-model [195,196] has been added to equation (6.13). In
paper III, I studied this description of a superconducting resonator-Brownian mo-
tion system; I refer to that paper for algebraic details, and definitions and values
of the dimensionless coefficients.

For |q| � 1, identifying φ(x) =
√

2 sinπx, equations (6.12)-(6.13) almost reduce
to the N = 1, K = 1-case of equations (6.3)-(6.4). The only difference is that
the “particle” described by x now moves in a potential ∝ φ2(x), in addition to
the q-dependent potential induced by the resonator. Hence, many of the results
for the nanomechanical system carry over to this superconducting circuit. For
experimental relevance, I consider the driven response of this circuit, instead of
the ringdown studied in sections 6.1 and 6.2.

6.3.1 The superconducting phase as a classical two-level
system

When the LC-resonator is driven, its amplitude q will be high in the sense of
section 6.2, and the system dynamics will be analogous to the trapped regime of
the nanomechanical system of that section. In particular, the superconducting
phase x will be driven towards a trapped position. The trapped values xeq. are
given by the vanishing of the supercurrent (4.5) through the SQUID; in the present
variables, Is = Ic cos q sin 2πx. Hence, xeq. = n/2, n ∈ Z.

It turns out that whether the SQUID phase is trapped at an integer or a
half-integer value depends on the amplitude of the resonator; see figure 6.12 (b)-
(c). The reason for this is clear from equation (6.13). The full potential that
x moves in is proportional to cos q sin2 πx, so its sign is completely determined
by the value of q. When q is in the interval [−π/2, π/2], cos q is positive and
the potential minima are at integer x. For q ∈ [π/2, 3π/2], the potential flips
upside down so that its minima move to half-integer x. These intervals match
those in figure 6.13 (a), where smearing due to the very shallow potential near
q = π/2, 3π/2 can also be seen. This inversion of stable and unstable points is
not entirely unexpected, considering the Kapitza-like structure of equation (6.13);
compare with equation (2.8) and discussion thereof.
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Figure 6.13: (a) Distribution of the SQUID phase x (mapped to the interval [−1
4 ,

3
4 ]) as

a function of resonator amplitude envelope |u| (defined through equation (6.14)). The
gaps in the distribution occur where the slope of the resonance curve is infinite, and
no stable state could be found. (b) Theoretical response curve (solid black line) for
F0 = 0.02 and α/πηD = 25 together with the unperturbed Lorentzian response (yellow
dashed line). When x is an integer, the resonator decouples from the SQUID, and the
resonator response is very close to the Lorentzian. For half-integer x, the magnitude of
the coupling to the SQUID is maximized, and the resonator response is highly non-linear.

Figure 6.12 (b)-(c) shows that the process of trapping is very quick, and fig-
ure 6.13 (a) illustrates rapid switching of x as a function of q. Additionally, the
periodicity of equations (6.12)-(6.13) means that for the system dynamics, only
whether x is close to an integer or a half-integer value matters, not the exact value
of n. In this sense, the SQUID phase x of this system can be considered a classical
two-level system.

As such, my results in paper III could be the first steps down a new avenue
of studying the classical limit of Jaynes-Cummings systems; compare with sec-
tion 4.2. Since this is a classical system, there is not an obvious parallel to electro-
magnetic quanta being absorbed and emitted by an atom that, as a consequence,
switches between levels. However, it is suggestive that the state of the SQUID is
completely determined by the amplitude of the electromagnetic field in the LC-
resonator, and flips between two possible states as the field continuously changes.
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(dotted curve), 1 (dashed curve), 10 (dash-dotted curve) and 100 (solid curve). The inset
shows how the frequency response curves vary with driving force, for α/πηD = 25 and
F0 = 0.002 (blue curve), 0.01 (yellow curve), 0.04 (red curve), and 0.2 (purple curve). For
moderate drive amplitudes, the frequency response can be multistable. (b) Simulated
resonant response of the circuit as the drive frequency is swept up (yellow dots) and
down (blue circles), with F0 = 0.02, and α/πηD = 25; the agreement with the analytical
black curve is excellent. The inset shows the broadening induced by the coupling to the
SQUID; the response of the full system (black) compared with the Lorentzian response
of an unperturbed LC-resonator (yellow).

6.3.2 Noise-tunable resonator nonlinearity

It is evident from equation (6.12) that the cases of integer and half-integer xeq.

correspond to very different resonator dynamics. If the SQUID phase fluctuates
around integer xeq., the ε-term in equation (6.12) fluctuates around zero, and the
coupling between SQUID and resonator is very weak. Consequently, the reson-
ator response to driving is linear. If, on the other hand, xeq. is a half-integer,
equation (6.12) approaches the highly nonlinear Holweck-Lejay pendulum (2.10).
As the xeq. depends on the resonator amplitude, during a single sweep across the
resonant frequency the resonator response alternates between linear and nonlinear
regimes, as shown in figure 6.13 (b).

The resonant response to driving – the black line in figure 6.13 (b) – was ana-
lytically calculated in the rotating wave approximation. The slow-moving envelope
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|u| of the resonator oscillation was defined through

q = 1
2
(ueiΩt + u∗e−iΩt), q̇ = i

2
Ω(ueiΩt − u∗e−iΩt), (6.14)

and rapidly oscillating terms in the equations of motion were discarded. The
stationary probability distribution of x was found from the equivalent Fokker-
Planck equation, and was used to replace the factor (1−cos 2πx) in equation (6.12)
with a mean-field value. The result is that the steady-state value of |u| when the
circuit is driven is given by the transcendental equation

|u|2
[
γ2

4
+ [σ − εh(|u|)]2

]
=
F 2

0

4
. (6.15)

Here, the detuning σ = Ω − 1 is assumed to be small, and the frequency shift is
given by

h(|u|) =
J1(|u|)
|u|



I1

(
J0(|u|) α

πηD

)

I0

(
J0(|u|) α

πηD

) − 1


 (6.16)

where (I0,1) J0,1 are (modified) Bessel functions of the first kind [197]. The fre-
quency shift (6.16) as a function of amplitude |u| is shown in figure 6.14 (a).
Self-consistently solving equation (6.15) gives the resonant response of the LC-
resonator to a periodic drive: the black line in figure 6.13 (b). See also the inset
of figure 6.14 (a).

Where the qualitative behaviour of the nanomechanical system was determined
by the ratio Evib./Etherm., it is clear from equations (6.15)-(6.16) that the dynamics
of the superconducting circuit is set by α/πηD = 2πEJ/kBT . In the former case,
I considered ringdown dynamics, whereas in the present case, I study the driven
steady state. Despite this, it is striking that both these resonator-Brownian motion
systems reduce to a single determining parameter: a ratio between the thermal
energy and the characteristic energy of the Brownian subsystem.

As can be seen in figure 6.14 (a), as the level of noise in the system (that is,
the size of D) decreases, the frequency shift becomes less smooth, to the point
where it switches between regions where h(|u|) ≈ 0 and highly nonlinear regions
in an almost discontinuous manner. The sharper the frequency shift, the more
pronounced will the anomalous, flame-like frequency response be. Hence, the
noise level can be used to tune the nonlinearity of this superconducting circuit.
As more noise means a smoother, more well-behaved response, this system may
be an example of the kind of helpful randomness I discussed in section 5.2.



6.3 Superconducting LC-circuit coupled to a SQUID 53

       
 

 

 

 

 

 

0

0.2

0.4

0.6

0.8

1

R
el
at
iv
e
o
cc
u
p
an

cy

4 5 6 7 8 9 10|u|

σ = −0.0014
σ = −0.0013
σ = −0.0012

5

10

|u|

−0.002 −0.001 0
σ   

 

 

Figure 6.15: Distribution of resonator amplitudes for three values of the detuning σ.
The inset shows a close-up of the relevant region of the analytical resonance curve, where
the dashed lines indicate the examined values of σ. The tristability of the analytical
response curve is reflected in the three possible steady states found.

6.3.3 Multistable frequency response

It is clear in figure 6.14 (b) that, in this circuit, the analytically calculated fre-
quency response implies that multistability beyond bistability is possible. However,
the finite temperature of the simulation means that many of the potential hyster-
esis loops of the driven response are smeared; there is little difference between
frequency sweeps up and down as calculated with the full, stochastic equations of
motion (6.12)-(6.13).

In order to determine if the possibility for multistability is real, or an arte-
fact of the approximations made in arriving at equation (6.15), the time evolution
of equations (6.12)-(6.13), with σ chosen in a theoretically tristable region, was
simulated several hundred times, with random initial conditions. For each tra-
jectory, the final steady state amplitude was recorded; the distribution of these
amplitudes is shown in figure 6.15. Evidently, multistability is possible also in the
full equations of motion (6.12)-(6.13). While there is likely to be some correlation
between initial and final states, as shown in figure 6.16, even if the initial state of
the system is the same apart from small variations in q(0), its time evolution can
sample all three stable steady states. Figure 6.16 also illustrates, once more, that
the amplitude of the resonator determines the state of the SQUID phase, and, like
other two-level systems, the phase switches very rapidly between the two xeq..
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Figure 6.16: (a) Three examples of the time evolution of |u| for σ = −0.0013. Despite
quite small variations in the initial conditions, the system eventually settles in very
different states. (b) The corresponding time evolutions of x. In each case, the SQUID
phase is initially trapped at a half-integer value. The subsequent evolution of xeq. is
dictated by the resonator amplitude |u|, in agreement with figure 6.13 (a)

6.4 Summary

I have studied harmonic oscillators coupled to auxiliary systems, primarily auxili-
ary Brownian systems.

In paper IV and section 6.1, the nonlinearity of a set of oscillators coupled
to free particles was illustrated by a minimal model without noise. The action-
back action interplay between particles and oscillators creates unpredictable particle
dynamics, switching between trapped, regular oscillations, and untrapped, possibly
chaotic motion. The trapping-retrapping dynamics of the particle corresponds to
switching between high and low dissipation of oscillator energy, leading to an un-
usual, stepwise relaxation.

One physical realization of resonator-Brownian motion systems is particles ad-
sorbed on the surface of nanomechanical resonators. This kind of system appears
in mass sensing experiments, and can also be relevant to nanomechanical reson-
ators operated in ambient conditions, exposed to air molecules and floating nan-
oparticles. There is also recent experimental interest in the diffusion of 4He on
carbon nanotube and graphene resonators. I have studied ensembles of particles
on one- and twodimensional multimode resonators in papers I, II, and IV, and
summarized some results in section 6.2. In particular, the ringdown of the res-
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onator has been characterized and described, in the two regimes of high and low
Evib./Etherm.: particle vibrational energy over thermal energy. The two regimes
correspond to trapped and freely diffusing particle dynamics, with qualitatively
different resonator ringdown behaviour. The ringdown is never exponential, and,
if degenerate modes are present, there are indications of a stepwise relaxation also
in this system. This part of my work functions as a record of possible diffusion-
induced ringdown effects, and, as such, could prove useful in the future when
nanomechanics experiments in ambient conditions becomes commonplace.

Finally, in paper III and section 6.3, I considered a realization of a resonator-
Brownian motion system that is straightforward to fabricate: a superconducting
LC-resonator coupled to a SQUID. I have showed that the circuit’s resonant re-
sponse to driving is highly nonlinear and multistable. The level of noise tunes the
resonator from linear to nonlinear and back, determined by the ratio between the
Josephson energy and the thermal energy: EJ/Etherm.. My results in this paper
are well within reach of experimental verification.
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7 Outlook

The subsystems I consider – the harmonic oscillator and Brownian motion – are,
I emphasize again, very general and can model a wide range of physical systems.
Counting the one discussed in appendix B, this thesis discusses three quite dis-
parate realizations: one nanomechanical, one optomechanical, and one supercon-
ducting. Together, these three systems represent a significant fraction of the field
of condensed matter physics. As such, my work can be continued in a myriad of
directions.

Experimentally, my work in paper III was designed to facilitate reproduction.
Fabricating and studying this superconducting resonator-Brownian motion circuit
is a natural next step for the work discussed in this thesis. Another aspect of the
superconducting circuit is that noise can be injected. One is thus not confined to
the Gaussian thermal noise I studied; both the level and the distribution of noise
can be customized and closely controlled.

Theoretically, relaxing some of the constraints and approximations used in my
work leads to a number of possible smaller projects. For instance, the requirement
that particles are noninteracting is likely not accurate when the number of particles
becomes large. To take particle interactions and collisions into account, it is likely
that one must turn to molecular dynamics or multiscale methods.

Another, more straightforward, generalization is to consider particles that are
not identical. Then, parameters that depend on the particle mass must be re-
placed with indexed versions: εk, γk and Dk. While I do not believe that such a
generalization will significantly alter the qualitative dynamics of the nanomech-
anical resonator-particles system, it can nonetheless be a worthwhile study. For
instance, experiments in ambient conditions can be modelled using one or a few
heavy adsorbates, and a large number of light ones that represent air molecules.
In this vein, it is also straightforward to expand my work to take adsorption- and
desorption-events into account.

One interesting avenue for further study, that is likely to connect the results
of the four papers even closer, is the ringdown dynamics of a higher mode. My
work in papers I and II assumed that it was the fundamental resonator mode that
was initially excited. The fundamental mode only has a single antinode, but if a
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higher mode is dominant, the inertial potential will have several minima. As long
as the particles are closely trapped to a single antinode, the analysis of section 6.2
does not qualitatively depend on the exact mode shape considered. However, even
in the trapped regime, switching between the antinodes of a higher mode can be
present, and will be present for long enough times. It seems probable that, at least
in a transient state, this switching could trigger trapping-retrapping dynamics like
those of paper IV. Possibly, the introduction of another timescale (the Kramers
escape rate) could cause synchronization phenomena, including stochastic reson-
ance. If the nanomechanical resonator is driven in a higher mode, there might be
connections to the switching behaviour of the superconducting phase in paper III.

Finally, real nanomechanical resonators are almost exclusively modelled as
Duffing resonators, a model that agrees well with experimental results. In order
to connect to existing experimental and theoretical knowledge on Duffing systems,
both driven and relaxing, the most relevant extension of my work is to include
a cubic nonlinearity in the equations of motion. Considering the here presented
dynamical richness that arises in a linear resonator coupled to diffusing degrees of
freedom, it seems likely that also the Brownian motion-coupled Duffing resonator
can be the topic of a whole thesis.
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A Eigenmodes and -frequencies

Here, I derive the eigenmodes and eigenfrequecies for a doubly clamped beam and
a circular, pinned membrane∗.

In the case of a one-dimensional beam resonator of length L that is doubly
clamped (ϕn(0) = ϕn(L) = ϕ′n(0) = ϕ′n(L) = 0), the now-ordinary differential
equation (3.4) has the characteristic equation

κk4 − σk2 − ρω2
n = 0. (A.1)

Its roots are ±k+
n ,±ik−n , where

k±n =

√√
σ2

4κ2
+
ρω2

n

κ
± σ

2κ
. (A.2)

The general solution for each eigenfunction ϕn(x) is thus

ϕn(x) = An sinh k+
n x+ A′n sin k−n x+Bn cosh k+

n x+B′n cos k−n x, (A.3)

where the integration constants will be chosen so that the ϕn are real and normal-
ized to L: ∫ L

0

dx ϕm(x)ϕn(x) = Lδmn. (A.4)

That the eigenfunctions are orthogonal is straight-forwardly verified; see, for ex-
ample, reference [198].

The algebra involved in determining the A
(′)
n , B

(′)
n and the eigenfrequencies ωn

turns out to be simplified by a change of variables to χ = x − L/2. Then, the
boundary conditions neatly divide the ϕn into sets of even and odd functions:

ϕn(χ) = An cosh k+
n χ+ A′n cos k−n χ, n = 0, 2, 4, . . . ,

ϕn(χ) = Bn sinh k+
n χ+B′n sin k−n χ, n = 1, 3, 5, . . . . (A.5)

∗This appendix was originally published as a section in [87].
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Figure A.1: Flexural eigenmodes of a doubly clamped beam of length L.

The eigenfrequencies ωn are determined from the equation

k∓n
k±n

= ± tan k−nL/2

tanh k+
nL/2

, (A.6)

where upper (lower) signs correspond to odd (even) n. While the value of the
frequencies depend on material parameters, the ratio between them is only a func-
tion of the resonator geometry. Table A.1 lists the ratio ωn/ω0 for some excited
mode; ω0 denotes the fundamental mode frequency. A quick estimate is given by
ωn/ω0 ≈ 1

9
(2n+ 1)2.

Finally, the integration constants A
(′)
n and B

(′)
n are found from the boundary

conditions combined with the normalization chosen in (A.4). The result is that

A′n = −cosh k+
n
L
2

cos k−n
L
2

An, B′n = −sinh k+
n
L
2

sin k−n
L
2

Bn (A.7)

and

|An|2 = 2

[
1 +

sinh k+
nL

k+
nL

+
cosh2 k+

n
L
2

cos2 k−n
L
2

(
1 +

sin k−nL

k−nL

)]−1

,

|Bn|2 = 2

[
1− sinh k+

nL

k+
nL

− sinh2 k+
n
L
2

sin2 k−n
L
2

(
1− sin k−nL

k−nL

)]−1

. (A.8)

The final undetermined phase is chosen so that the ϕn are real.
While the expressions for the eigenmodes may look complicated, the mode

shapes can be thought of as sines and cosines that have been somewhat deformed
in order to fit the doubly clamped boundary conditions. The four lowest vibrational
modes are shown in figure A.1.
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Table A.1: Normalized eigenfrequency ωn/ω0 for the n:th excited mode of a beam and
a membrane resonator, where ω0 is the fundamental mode frequency (corresponding to
(µ, ν) = (0, 1) for the membrane). For the beam resonator, a good approximation for
the ratio ωn/ω0 is 1

9(2n + 1)2, while for the membrane ωn/ω0 ≈ 6
5

√
n. Note also the

two-fold degeneracy of many of the membrane excited modes.

n Beam Membrane (µ, ν)

1 2.7245 1.5933 (±1, 1)
2 5.3139 2.1355 (±2, 1)
3 8.7633 2.2954 (0, 2)
4 13.074 2.6531 (±3, 1)
5 18.246 2.9173 (±1, 2)
6 24.280 3.1555 (±4, 1)
7 31.176 3.5001 (±2, 2)

In the case of a two-dimensional membrane with vanishing thickness, the bend-
ing rigidity κ is negligibly small [199]. Then, (3.4) becomes the Helmholtz equation

∇2ϕn = −ω
2
nρ

σ
ϕn, (A.9)

with the known [197] solutions

ϕn(r, θ) = Ane
iµθJ|µ|

(
rωn

√
ρ

σ

)
. (A.10)

Here, µ ∈ Z and J|µ| are Bessel functions of the first kind. All eigenmodes with
µ 6= 0 are doubly degenerate.

The boundary condition that ϕn(R, θ) = 0 fixes the eigenfrequencies as

ωn =
α|µ|ν
R

√
σ

ρ
, (A.11)

where αµν is the ν:th zero of Jµ. The index n must now be interpreted as a vector
index n = (µ, ν). Again, the ratio between eigenfrequencies depends only on the
resonator geometry: some of the normalized excited mode frequencies are listed in
table A.1. A quick estimate of the frequency ratio is ωn/ω0 ≈ 6

5

√
n.

The membrane eigenfunctions are orthogonal by construction, and the normal-
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Figure A.2: Flexural eigenmodes of a circular membrane. Those excited modes that
are not rotationally symmetric are degenerate; there is a second eigenmode with the
same frequency but with a phase difference of π/2.

ization is chosen so that

∫ 2π

0

dθ

∫ R

0

rdr ϕ∗n(r, θ)ϕm(r, θ) = πR2δmn (A.12)

by setting

An =

[
J|µ|+1

(
ωn

√
ρ

σ
R

)]−1

=
[
J|µ|+1

(
α|µ|ν

)]−1
. (A.13)

The shape of the four lowest vibrational modes is shown in figure A.2.



B Optomechanical analogous
system

When considering ways to realize a resonator-Brownian motion system different
from the nanomechanical one discussed in section 6.2, the first one I studied was an
optomechanical [200] system: a levitated dielectric sphere in an optical cavity [201],
sketched in figure B.1. The sphere is trapped in a harmonic potential using optical
tweezers [202]. By levitating the particle, interactions with a thermal environment
are minimized, enabling cooling to the quantum ground state in a room temper-
ature [203] environment and, possibly, quantum superposition of bacteria-sized
objects [204].

Conceptually, as this system contains a particle, whose position can be allowed
to stochastically vary, interacting with a harmonic mode, there are clear simil-
arities to a single particle on a nanomechanical resonator. It is also possible to
levitate the sphere using a multimode optical cavity [205], in which case a separate
optical tweezer is not necessary, and the conceptual likeness increases further. For
simplicity, I here consider a separate trap and only a single cavity mode.

In this appendix, I show that the classical limit of the levitated sphere in
an optical cavity does indeed obey equations of motions analogous to the ones
discussed in chapter 6. However, the frequency mismatch between the optical and
the mechanical frequency is very large, so the parametric component of the sphere
motion becomes weak. Thus, the anomalous coupled dynamics is very unlikely to
be detectable. For this reason, study of this system was not pursued further.

The levitated sphere in an optical cavity is described by the Hamiltonian [206]

H = ~ωca
†a+

p

2m
+ 1

2
mω2

tx
2 + 1

2
~g sin2

(
ωc

c
x+ π

4

) (
a+ a†

)2
, (B.1)

where ωc is the frequency of the optical cavity mode, c the speed of light, the
optical mode creation (annihilation) operator is a† (a), the sphere has mass m
and center-of-mass position (momentum) x (p), ωt is the frequency of the optical
tweezer trap, and g is a coupling constant.

The time evolution of the mean values of the operators in equation (B.1) is
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Figure B.1: A dielectric sphere with mass m, levitated by optical tweezers with fre-
quency ωt inside an optical cavity with frequency ωc.

given by d〈 · 〉/dt = i~−1[H, · ], where the brackets signify commutation with the
Hamiltonian. With the notational redefinitions 〈a〉 → a,

〈
a†
〉
→ a∗, 〈x〉 → x, and

〈p〉 → p, the equations of motion for the mean values are

ȧ = −iωca− ig sin2
(
ωc

c
x+ π

4

)
(a+ a∗)

ȧ∗ = iωca
∗ + ig sin2

(
ωc

c
x+ π

4

)
(a+ a∗)

ẋ = p/m (B.2)

ṗ = −mω2
tx−

ωc

c
g sin

(
ωc

c
x+ π

4

)
cos
(
ωc

c
x+ π

4

)
(a+ a∗)2 .

In analogy with (6.14), the mode amplitude q = a+ a∗ and velocity v = i (a− a∗)
are defined. Note that q̇ = ȧ+ ȧ∗ = −ωcv and

v̇ = i (ȧ− ȧ∗) = ωcq + 2 sin2
(
ωc

c
x+ π

4

)
q. (B.3)

It follows that, defining φ(x) =
√

2 sin
(
ωc

c
x+ π

4

)
, equations (B.2) can be written

q̈ = −ω2
cq + gωcφ

2(x)q

ẍ = −ω2
tx− 1

2
gm−1q2∂xφ

2(x). (B.4)

In order to include thermal fluctuations in x, damping and diffusion terms can
now be introduced by hand.

Equations (B.4) are clearly the single-mode version of equations (6.2), with the
addition of an external harmonic potential that the sphere moves in. They are also
equivalent to the limit when q, x� 1 of equations (6.12)-(6.13).



C Integration algorithm details

To numerically integrate the stochastic differential equations (SDEs) that appear
throughout my work, the second-order algorithm proposed in [191–193] was used.
It deals with SDEs of the form

ẋi = fi(x) + gi(x)ξ(t), (C.1)

where i = 1, . . . , N , x = (x1, . . . , xN); f and g are defined analogously. The
stochastic force ξi(t) is Gaussian, characterized by 〈ξ(t)〉 = 0 and, here, 〈ξ(s)ξ(t)〉 =
δ(s− t). See references [191–193] for the extension to coloured noise.

In equation (C.1) there is a single source of noise, that acts differently on
the different coordinates through g(x). It is not immediately obvious how an
algorithm written for this type of SDE can be applied to the problem of two-
dimensional diffusion, where ξ(t)→ ξi(t). A generalization to several uncorrelated
stochastic forces exists [191], but only to first order. Fortunately, for additive noise
and the Langevin-like equations of motion considered in this thesis, this difficulty
can be circumvented, as detailed below. The key is that, when rewritten to a set of
first-order differential equations, the noise is in the equations for particle velocity.
These velocity coordinates only appear in linear damping terms, leading to the
vanishing of non-Gaussian terms; see equation (C.18) and discussion thereof.

Another complication that appeared in my work is that if one näıvely makes a
change from Cartesian coordinates to polar coordinates in the SDE, it appears as if
the additive Cartesian noise has been transformed into multiplicative polar noise:
clearly not something that is physically sound. By instead making the change of
variables in the expressions for numerically integrating the SDE over a timestep,
this issue is avoided.
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C.1 Two-dimensional diffusion

The equations of motion discussed in chapter 6 are of the form

q̇n = pn, ṗn = −ω2
nqn + ε ∂qnU(qn, x, y),

ẋ = u, u̇ = −γu+ ∂xU(qn, x, y) + γ
√

2D ξx(t),

ẏ = v, v̇ = −γv + ∂yU(qn, x, y) + γ
√

2D ξy(t), (C.2)

where ξi(t), i = x, y is Gaussian, with mean 〈ξi(t)〉 = 0 and correlation function
〈ξi(s)ξj(t)〉 = δi,jδ(s − t). Equation (C.2) is cast in the form of equation (C.1)
by identifying x = (q1, p1, . . . , qN , pN , x, u, y, v), and f and g with the appropriate
parts of the right-hand side of (C.2). The algorithm for numerical integration is
derived by formally integrating the SDE over a short time period [0, h]:

xi(h)− xi(0) =

∫ h

0

fi(x1, . . . , xN)dt+ gi

∫ h

0

ξi(t)dt. (C.3)

The fi are Taylor expanded around zero, and the ∆xi(t) = xi(t)−xi(0) that appear
in this expansion are replaced by equation (C.3). By iterating this procedure,
successively higher-order terms can be determined. However, I first discuss the
stochastic (Stratonovich) integral in (C.3).

The integral over a stochastic process is itself a random variable. In order to
numerically integrate systems like (C.2), the strategy is to find the distribution

of
∫ h

0
ξi(t)dt (and any other random variables that arise by integration), and, at

each time step, replace this integral with a random number generated from that
distribution.

As the process ξi(t) is Gaussian, any increment ξ(tn)− ξ(tn−1) is also normally
distributed [127]. It follows that the integral

Z
(i)
1 (h) ≡

∫ h

0

ξi(t)dt (C.4)

is the sum over a large number of normal variables, making also Z
(i)
1 (h) a Gaussian

variable. It is thus completely determined by its first two moments, which are
straight-forwardly calculated:

〈
Z

(i)
1 (h)

〉
=

∫ h

0

〈ξi(t)〉 dt = 0, (C.5)
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and

〈
Z

(i)
1 (h)Z

(j)
1 (h)

〉
=

∫ h

0

dt

∫ h

0

〈ξi(t)ξj(s)〉 ds = δi,j

∫ h

0

dt

∫ h

0

δ(t− s)ds

= hδi,j. (C.6)

That is, Z
(i)
1 (h) ∼ N (0, h), and the Z

(i)
1 (h) that correspond to different stochastic

forces (different values of i) are uncorrelated.

Time integrals of Z
(i)
1 (t) will also appear;

Z
(i)
2 (h) ≡

∫ h

0

Z
(i)
1 (t)dt =

∫ h

0

dt

∫ t

0

ξi(s)ds, (C.7)

Z
(ij)
3 (h) ≡

∫ h

0

Z
(i)
1 (t)Z

(j)
1 (t)dt =

∫ h

0

dt

∫ t

0

ξj(s)ds

∫ t

0

ξj(s
′)ds′. (C.8)

By the same argument as for Z
(i)
1 (h), Z

(i)
2 (h) is normally distributed. The relevant

moments are
〈
Z

(i)
2 (h)

〉
= 0 and

〈
Z

(i)
1 (h)Z

(j)
2 (h)

〉
=

∫ h

0

dt

∫ h

0

dt′
∫ t′

0

〈ξi(t)ξj(s)〉 ds = δi,j

∫ h

0

dt′
∫ t′

0

ds

= 1
2
h2δi,j, (C.9)

〈
Z

(i)
2 (h)Z

(j)
2 (h)

〉
=

∫ h

0

dt

∫ h

0

dt′
∫ t

0

ds

∫ t′

0

〈ξi(s)ξj(s′)〉 ds′. (C.10)

In order to evaluate the autocorrelator of Z
(i)
2 (h), the integral over t′ is split into

two parts: over the intervals [0, t] and [t, h]· Considering the first of these intervals
gives a contribution

∫ h

0

dt

∫ t

0

dt′
∫ t′

0

ds′
∫ t

0

δ(s− s′)ds =

∫ h

0

dt

∫ t

0

dt′
∫ t′

0

ds′ =
h3

6
. (C.11)

To ensure that the integral over δ(s− s′) in nonzero (that the point s = s′ exists
in the integration interval), the integral over s ∈ [0, t] was evaluated first; s′ ∈
[0, t′] ⊂ [0, t]. By the same argument, in the second contribution over t′ ∈ [t, h],
the s′-integral must be the first to be evaluated. That is,

∫ h

0

dt

∫ h

t

dt′
∫ t

0

ds

∫ t′

0

δ(s− s′)ds′ =
∫ h

0

dt

∫ h

t

dt′
∫ t

0

ds =
h3

6
, (C.12)
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leading to 〈
Z

(i)
2 (h)Z

(j)
2 (h)

〉
=
h3

3
δi,j. (C.13)

With the moments of Z
(i)
1 (h) and Z

(i)
2 (h) found, it is easy to realize that the

correct replacements in the numerical integration are

Z
(i)
1 (h)→ h1/2Y

(i)
1 , Z

(i)
2 (h)→ h3/2

[
1
2
Y

(i)
1 + 1

2
√

3
Y

(i)
2

]
, (C.14)

where Y
(i)

1 and Y
(i)

2 are uncorrelated and normally distributed with mean zero and
variance one.

The moments of the non-Gaussian [191] variable Z
(ij)
3 (h) are quite complicated

alredy in the case of one-dimensional noise (when i = j), and have not, to my
knowledge, been determined in the higher-dimensional case. Luckily, as shown be-
low, all the Z

(ij)
3 (h)-terms will vanish when the noise is additive and the integrated

differential equation has the particular structure of (C.2).
With the stochastic integrals defined, the rest is algebra.
Expanding the fi in equation (C.3) leads to

∆xi(h) ≈ giZ
(i)
1 (h)+

∫ h

0

dt

[
fi(x(0))+fi,j(x(0))∆xj(t)+

1
2
fi,jk(x(0))∆xj(t)∆xk(t)

]
,

(C.15)
where fi,j ≡ ∂fi/∂xj, and analogously for fi,jk. Summation over repeated indicies
is implied. For brevity, the argument of the fi and its derivatives will henceforth
be omitted.

The integration over the constant term in the expansion can be performed,
leading to

∆xi(h) ≈ giZ
(i)
1 (h) + fih, (C.16)

which is substituted back into the right-hand side of (C.15). That is,

∆xi(h) ≈ giZ
(i)
1 (h) + fih+

∫ h

0

dt

[
fi,j

(
gjZ

(j)
1 (t) + fjt

)

+ 1
2
fi,jk

(
gjZ

(j)
1 (t) + fjt

)(
gkZ

(k)
1 (t) + fkt

)]

= gZ
(i)
1 (h) + fih+ fi,jgjZ

(j)
2 (h) + 1

2
fi,jfjh

2 + 1
2
fi,jkgjgkZ

(ij)
3 (h). (C.17)

where terms above order h2 have been discarded; the order of each stochastic
integral can be inferred from equation (C.14). Refining the algorithm by substi-
tuting (C.17) in (C.15) is not necessary; this yields only higher-order terms∗.

∗Attempting to take this integration scheme beyond second order “involves evaluation of
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For equation (C.2), g = γ
√

2D(0, . . . , 0, 0, 1, 0, 1). Hence, the only potentially
non-zero terms in the sum fi,jkgjgk are

2Dγ2∂
2fi
∂u2

, 2Dγ2∂
2fi
∂v2

, and 4Dγ2 ∂
2fi

∂u∂v
: (C.18)

all derivatives that vanish. It follows that for the type of systems studied in this
thesis, the non-Gaussian Z

(ij)
3 (h) is an avoided complication, and the final, second-

order algorithm for numerical integration that I used is

∆xi(h) ≈ giZ
(i)
1 (h) + fih+ fi,jgjZ

(j)
2 (h) + 1

2
fi,jfjh

2. (C.19)

C.2 Polar coordinates

As shown in appendix A, the eigenfunctions of a circular drum resonator are nat-
urally phrased in terms of polar coordinates. For simplicity, it is thus desirable
to reformulate the equations describing particle dynamics from the Cartesian co-
ordinates used in equation (C.2) to polar coordinates.

By substituting x = r cosφ and y = r sinφ, equation (C.2) is transformed to

ṙ = w, ẇ = rζ2 − γw + ∂rU(qn, r, φ) + γ
√

2D ξr(t),

φ̇ = ζ, ζ̇ = −2wr−1ζ − γζ + r−2∂φU(qn, r, φ) + r−1γ
√

2D ξφ(t). (C.20)

The only change in the qn- and pn-equations is that U(qn, x, y) is replaced by
U(qn, r, φ), so these equations are omitted in this section.

The significant issue with equation (C.20) is that the angular noise is multiplic-
ative. This represents a significant change in the physical properties of the system,
one that should not be caused by a simple change of variables. Additionally, the
new terms involving w and ζ means that the Z

(ij)
3 (h)-coefficient no longer van-

ishes, so the numerical integration is now only valid to first order. Clearly, näıve
substitution of variables is not as straight-forward as it might seem.

Instead, I consider small increments in x and y, with corresponding polar in-
crements. To first order,

x+ ∆x = (r + ∆r) cos(φ+ ∆φ) ≈ r cosφ+ ∆r cosφ− r∆φ sinφ,

y + ∆y = (r + ∆r) sin(φ+ ∆φ) ≈ r sinφ+ ∆r sinφ+ r∆φ cosφ. (C.21)

stochastic integrals of an increasingly complex nature and the difficulty in evaluating them does
not appear to be commensurate with the gain in accuracy” [207].
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It follows that

∆u ≈ ∆w cosφ− r∆ζ sinφ and ∆v ≈ ∆w sinφ+ r∆ζ cosφ. (C.22)

Now, an algorithm for integrating the equations of motion in polar coordinates
can be found using equation (C.19). For instance,

∆r(h) = cosφ∆x(h) + sinφ∆y(h)

= cosφ
(
gxZ

(x)
1 (h) + fxh+ fx,jgjZ

(j)
2 (h) + 1

2
fx,jfjh

2
)

+ sinφ
(
gyZ

(y)
1 (h) + fyh+ fy,jgjZ

(j)
2 (h) + 1

2
fy,jfjh

2
)

≡ grZ
(r)
1 (h) + frh+ fr,jgjZ

(j)
2 (h) + 1

2
fr,jfjh

2. (C.23)

In the last step, I defined fr(x(0)) = fx(x(0)) cosφ+fy(x(0)) sinφ and fr,j(x(0)) =

fx,j(x(0)) cosφ+ fy,j(x(0)) sinφ. The new stochastic integral Z
(r)
1 (h) is defined as

cosφZ
(x)
1 (h) + sinφZ

(y)
1 (h). It has expectation zero and variance

〈
Z

(r)
1 (h)Z

(r)
1 (h)

〉
=

〈(
cosφZ

(x)
1 (h) + sinφZ

(y)
1 (h)

)2
〉

= h cos2 φ+ h sin2 φ = h, (C.24)

just like the Cartesian Z
(j)
1 (h). I have also used that gx = gy = gr (= 0, but all

terms are here kept for clarity). One step in the change of variables remains; in
equation (C.23), I would like to interpret the summation index j as indexing polar
coordinates. This issue is solved by transforming differentiation with respect to
Cartesian coordinates into differentiation with respect to polar ones.

It is easy to show that, for any (sufficiently smooth) function F ,

∂xF = cosφ∂rF − 1
r

sinφ∂φF, ∂yF = sinφ∂rF + 1
r

cosφ∂φF,

∂uF = cosφ∂wF − 1
r

sinφ∂ζF, ∂vF = sinφ∂wF + 1
r

cosφ∂ζF, (C.25)

since the relationship between u, v, w, and ζ mirrors that of x, y, r, and φ.
Additionally, new random variables are defined:

Z
(x)
2 (h) = cosφZ

(r)
2 (h)− sinφZ

(φ)
2 (h), Z

(y)
2 (h) = sinφZ

(r)
2 (h) + cosφZ

(φ)
2 (h),

Z
(u)
2 (h) = cosφZ

(w)
2 (h)− sinφZ

(ζ)
2 (h), Z

(v)
2 (h) = sinφZ

(w)
2 (h) + cosφZ

(ζ)
2 (h).

(C.26)

As for Z1(h), it can be shown that the polar Z2(h) have the same moments as the
Cartesian ones.
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Straight-forward substitution now yields

fr,jgjZ
(j)
2 (h) = fr,xgxZ

(x)
2 (h) + fr,ygyZ

(y)
2 (h) + fr,uguZ

(u)
2 (h) + fr,vgvZ

(v)
2 (h)

= gx

(
cosφZ

(r)
2 (h)− sinφZ

(φ)
2 (h)

) (
cosφ∂r − 1

r
sinφ∂φ

)
fr

+ gy

(
sinφZ

(r)
2 (h) + cosφZ

(φ)
2 (h)

) (
sinφ∂r + 1

r
cosφ∂φ

)
fr

+ gu

(
cosφZ

(w)
2 (h)− sinφZ

(ζ)
2 (h)

) (
cosφ∂w − 1

r
sinφ∂ζ

)
fr

+ gv

(
sinφZ

(w)
2 (h) + cosφZ

(ζ)
2 (h)

) (
sinφ∂w + 1

r
cosφ∂ζ

)
fr

= fr,rgrZ
(r)
2 (h) + 1

r
fr,φZ

(φ)
2 (h) + fr,wgwZ

(w)
2 (h) + 1

r
fr,ζZ

(ζ)
2 (h)

= fr,jgjZ
(j)
2 (h). (C.27)

In the final line, the summation index j does indeed refer to polar coordinates,
with the understanding that fr,φ = r−1∂φfr and fr,ζ = r−1∂ζfr. Again, I used the
diffusion strength gx = gy = gr = gφ = 0, and gu = gv = gw = gζ = γ

√
2D. Re-

peating these manipulations for the remaining terms verifies that equation (C.23)
is true also when summation is taken over polar coordinates.

In the same manner, I find:

∆w(h) = gwZ
(w)
1 (h) + fwh+ fw,jgjZ

(j)
2 (h) + 1

2
fw,jfjh

2,

∆φ(h) =
1

r

(
gφZ

(φ)
1 (h) + fφh+ fφ,jgjZ

(j)
2 (h) + 1

2
fφ,jfjh

2
)
,

∆ζ(h) =
1

r

(
gζZ

(ζ)
1 (h) + fζh+ fζ,jgjZ

(j)
2 (h) + 1

2
fζ,jfjh

2
)
, (C.28)

where Z
(j)
1 (h) and Z

(j)
2 (h) are given by equation (C.14).
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Populärvetenskaplig
sammanfattning

De flesta av oss har vid n̊agot tillfälle hört en gitarr stämmas. När stämningssk-
ruven vrids varierar den kraft som gitarrsträngen utsätts för, och strängens ton
förändras. Det faktum att vibrationshastigheten – tonen – hos ett svängande
material beror p̊a krafter i omgivningen kan utnyttjas för att bygga sensorer :
konstgjorda “sinnen” som känner av vad som händer i närheten. En vanlig gi-
tarrsträng “mäter” via sin ton den elastiska kraft den utsätts för när den spänns
mellan stämskruv och stall.

Nästan alla tekniska prylar vi använder behöver känna av sin omgivning p̊a
n̊agot vis, och inneh̊aller n̊agon sorts sensorer. De sitter i bilars säkerhetssystem
och mäter hastighetsförändringar, de h̊aller koll p̊a vilket h̊all som är ned̊at s̊a att
skärmen roteras i mobiltelefoner och surfplattor, och de vet hur många g̊anger en
stegräknare har pendlat fram och tillbaka. Det är nästan s̊a att ju nyare en pryl är,
desto fler sensorer inneh̊aller den. Tänk till exempel p̊a VR-headsets som måste
veta hur du rör ditt huvud för att kunna visa en korrekt bild, och p̊a alla sätt
som en självkörande bil måste h̊alla koll p̊a vägens sträckning, mötande trafik,
och lekande barn. I framtiden kanske vi kommer kunna använda kontaktlinser
med inbyggda små skärmar, eller fästa en touchscreen som ett klistermärke p̊a
underarmen. Ny teknik ställer nya krav p̊a hur sensorer utformas – de kanske
måste ta mindre plats eller vara mycket känsligare än idag.

Hur små krafter en strängliknande sensor kan mäta beror bland annat p̊a
hur stor den är. En person med känslig hörsel skulle kanske kunna höra hur
en gitarsträngs ton ändras när en humla landar p̊a den, och fr̊an tonförändringen
räkna ut hur mycket humlan väger. Däremot kan ingen av oss märka om n̊agra
dammkorn skulle fastna p̊a strängen; kornen är helt enkelt alldeles för små, jämfört
med strängen. En metod för att göra känsligare sensorer är därför att göra dem
mindre.

Inom grundforskning försöker forskare svara p̊a fr̊agor bara p̊a grund av ny-
fikenhet och intresse, och att veta vad praktiskt kan använda ett resultat till är
mindre viktigt. En s̊adan grundforskningsfr̊aga är “hur små saker kan vi mäta?”,
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och strävan efter att svara p̊a denna fr̊aga ligger bakom fantastiska framsteg i
hur känsliga sensorer vi kan skapa. Forskare har skapat strängar som är s̊a små
att hundratals av dem f̊ar plats p̊a ett enda h̊arstr̊a och som vibrerar en miljon
g̊anger snabbare än en vanlig gitarrsträng. Med hjälp av dessa “nanosträngar” har
forskare lyckats mäta nästan ofattbart små saker, till exempel hur mycket (eller
kanske hur lite) en enstaka atom väger.

En s̊a känslig sensor kan ha sv̊art att mäta rätt sak – dammkornen som gi-
tarrsträngen inte alls märker av är enorma jämfört med nanosträngen! För att
kunna mäta väldigt små saker måste nanosträngen därför isoleras fr̊an alla sorters
störningar i väldigt hög grad. Detta uppn̊as genom att pumpa bort all luft som
omger strängen, s̊a att den hamnar i vakuum, samtidigt som man kyler ner den
till nära den absoluta nollpunkten. Det är nästan som om man skulle ha skickat
ut nanosträngen i rymden. Som du säkert först̊ar g̊ar det dock inte att skapa rym-
dliknande förh̊allanden kring en nanosträng som ska sitta i en pryl vi använder
i vardagen. För att kunna använda nanosträngs-sensorer i sammanhang utanför
laboratorium s̊a m̊aste sensorn fungera trots att den utsätts för störningar.

För att kunna lösa ett problem måste man först först̊a hur problemet fungerar.
Min forskning handlar om att matematiskt beskriva och undersöka nanosträngar
som utsätts för störningar i form av pytteskräp, tungt som ett par hundra atomer,
som fastnar p̊a strängen och studsar runt. Jag har upptäckt att det studsande
skräpet dramatiskt förändrar p̊a vilket sätt strängen beter sig. I början av strängens
vibration fastnar allt skräp i mitten av den, precis som när pärlor p̊a ett snöre dras
till mitten av det ifall snöret snurras runt som ett hopprep. Att h̊alla skräpet f̊angat
p̊a detta sätt kräver dock energi, som tas fr̊an nanosträngens vibration. Precis som
hur en gitarrsträng tappar energi och gradvis l̊ater tystare och tystare för att till
sist stanna av helt, s̊a kommer nanosträngen ringa ned p̊a grund av skräpet. Efter
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ett tag rör sig inte strängen nog för att h̊alla skräpet f̊angat i mitten, utan det
rymmer och börjar studsa runt över hela strängen. Den takt i vilken strängen tap-
par energi p̊a grund av skräpet är väldigt speciell. Dels s̊a är det inte samma takt
som energi försvinner fr̊an en vanlig sträng, dels s̊a förändras takten när skräpet
rymmer.

Att jag har undersökt effekten av skräp p̊a nanosträngar gör att det nu finns
ett “facit”. Om andra forskare i framtiden ser oväntade saker i sina nanosträngs-
experiment s̊a kan de ta en titt i min forskning. Ifall det beteende de ser är samma
sorts konstigheter som jag har upptäckt, s̊a vet de att det sannolikt har fastnat
skräp p̊a deras nanosträng. P̊a detta sätt bidrar denna avhandling till forskningen
i stort. Även om jag främst har sysslat med grundforskning, som sannolikt inte
kommer att kunna användas i vardagen de närmaste åren, s̊a kan mitt arbete
komma att bli en liten pusselbit i utvecklingen av nya sorters sensorer som sitter
i nya, häftiga prylar. Den som lever f̊ar se!




	Abstract
	Sammanfattning
	List of publications
	Contents
	List of figures
	Introduction
	Thesis overview

	Oscillator dynamics
	The harmonic oscillator
	Anharmonic oscillators

	Nanomechanical resonators
	Carbon nanomaterials
	Nanomechanical sensors
	Continuum mechanics description
	Limitations of the model


	Superconducting circuits
	Josephson physics and SQUIDs
	Circuit quantum electrodynamics

	Fluctuations and nonequilibrium dynamics
	Brownian particle diffusion in equilibrium
	Noise in nonlinear systems
	Nonequilibrium dynamics
	Dephasing and dissipation in nanoresonators

	Dynamics of Brownian motion-coupled resonators
	Stepwise relaxation in a Hamiltonian model
	Nanomechanical resonators with adsorbed particles
	Particle motion: inertial trapping to free diffusion
	Diffusion-induced dissipation of resonator energy
	Diffusion-induced intermode dynamics

	Superconducting LC-circuit coupled to a SQUID
	The superconducting phase as a classical two-level system
	Noise-tunable resonator nonlinearity
	Multistable frequency response

	Summary

	Outlook
	Eigenmodes and -frequencies
	Optomechanical analogous system
	Integration algorithm details
	Two-dimensional diffusion
	Polar coordinates

	Bibliography
	Populärvetenskaplig sammanfattning
	Paper I
	Paper II
	Paper III
	Paper IV

