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Giant acoustic atom: A single quantum system with a deterministic time delay

Lingzhen Guo,"? Arne Grimsmo,® Anton Frisk Kockum,*! Mikhail Pletyukhov,’ and Goran Johansson'
' Department of Microtechnology and Nanoscience (MC2), Chalmers University of Technology, SE-41296 Géteborg, Sweden
2Institut fiir Theoretische Festkérperphysik, Karlsruhe Institute of Technology (KIT), D-76131 Karlsruhe, Germany
3 Institut quantique and Département de Physique, Université de Sherbrooke, Sherbrooke, Québec JIK 2RI, Canada
4Center for Emergent Matter Science, RIKEN, Wako-shi, Saitama 351-0198, Japan
3 Institute for Theory of Statistical Physics, RWTH Aachen University, 52056 Aachen, Germany
(Received 30 December 2016; published 8 May 2017)

We investigate the quantum dynamics of a single transmon qubit coupled to surface acoustic waves (SAWs)
via two distant connection points. Since the acoustic speed is five orders of magnitude slower than the speed of
light, the traveling time between the two connection points needs to be taken into account. Therefore, we treat
the transmon qubit as a giant atom with a deterministic time delay. We find that the spontaneous emission of the
system, formed by the giant atom and the SAWs between its connection points, initially decays polynomially in
the form of pulses instead of a continuous exponential decay behavior, as would be the case for a small atom.
‘We obtain exact analytical results for the scattering properties of the giant atom up to two-phonon processes by
using a diagrammatic approach. We find that two peaks appear in the inelastic (incoherent) power spectrum of
the giant atom, a phenomenon which does not exist for a small atom. The time delay also gives rise to features
in the reflectance, transmittance, and second-order correlation functions of the system. Furthermore, we find
the short-time dynamics of the giant atom for arbitrary drive strength by a numerically exact method for open
quantum systems with a finite-time-delay feedback loop.
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I. INTRODUCTION

Superconducting circuits [1,2] form a promising technol-
ogy for realizing the computational nodes of a large-scale
quantum network [3,4]. In a large network, time delays
are unavoidable and have to be understood and handled
with care. The on-chip delays of standard superconducting
microwave circuits, however, are negligible due to the cm
chip size and the speed of light. A key element to realize
a quantum network is a coherent transducer capable of
converting quantum information from the microwave regime
to the optical regime, where it could be transmitted over
large distances. While many different designs for such a
transducer are very actively investigated [5—10], no high-
efficiency solution has been experimentally realized so far.
However, there is another possibility to investigate time delays
due to propagation on-chip. By transforming the quantum
information into surface acoustic waves (SAWs) [11-15], i.e.,
sound waves traveling with a velocity five orders of magnitude
lower than the speed of light, microsecond propagation-time
delays can easily be achieved. Delay lines are indeed also one
of the main applications of SAWs in microwave technology
[14].

The theoretical description of open quantum systems
including propagation time delays has until recently focused
on so-called cascaded quantum systems [16-20], where no
closed loops for quantum information are created. There are
also tools to describe systems with closed loops, but where
the dynamics of quantum systems is approximatively coherent
during the short time-delay, which can then be included in
terms of signal phase shifts [19-22]. Recently, there has been
an increased interest in longer time delays and closed loops,
where the quantum systems have time to evolve dissipatively
and really emit energy into the transmission line before that
energy returns [23-29].
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In this paper, we analyze one of the simplest examples of an
open quantum system with a deterministic propagation-time
delay. It consists of a single two-level atom, connected at
two points to a single open transmission line. This is not
only conceptually one of the simplest examples but also
straightforward to implement experimentally [11,12,15]. The
single two-level quantum system is realized by a transmon
qubit [30] with strong nonlinearity, which serves as an artificial
atom. Compared to the SAW wavelength (<1 um), the
transmon can be designed to extend over distances at least
several hundred, or even a thousand, times greater (> 100 pm).
Since the speed of SAWs is five orders of magnitude slower
than the speed of light, we need to consider the time delay
between the two connection points. However, we neglect the
time delay in the connections themselves and the transmon,
since they are metallic and signals travel through them at the
speed of light. Therefore, we refer to our single two-level
quantum system as a giant atom. Other examples of simple
systems that can exhibit time delay are a two-level atom
in front of a mirror [23,24,28,31] and two two-level atoms
at a long distance from each other in an open transmission
line [25,27,28,32-35].

The two connection points of the giant atom introduce
boundary conditions for the SAWs propagating in the open
transmission line, making the area between the connection
points reminiscent of a cavity. However, it is different from
both the cavities used for optical photons in cavity quantum
electrodynamics (QED) and the transmission line resonators
used for microwave photons in circuit QED, as well as from
the effective cavities for single photons that can be formed by
several small atoms in an open transmission line [33,36,37].
For example, we find that the total energy stored in the
atom and the SAWs between the connection points exhibits
an initially polynomial decay process before reverting to
exponential decay in the long-time limit.
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FIG. 1. Giant atom coupled to SAWSs. (a) The giant atom is a
transmon (orange SQUID circle) with large interdigitated capacitance
(red and black structures) from its two islands. The giant atom
couples to SAWs propagating on the piezoelectric substrate (gray
color) through the piezoelectric effect. (b) The transmon qubit is
modeled by a two-level atom with two legs (labeled by A and B,
respectively) coupled to a one-dimensional (1D) transmission line.
The distance between the two legs is L. In- and out-going phonons,
including external drive fields, near the two connection points are
shown as blue arrows.

II. THE MODEL

In Fig. 1(a), we show the setup investigated in this work. A
transmon is coupled to a piezoelectric substrate (gray color).
The interdigitated capacitance forming the two islands of the
transmon also forms a transducer which couples to the SAWs
propagating on the substrate. In our case, the whole interdigital
transducer (IDT) consists of two local IDTs at its two ends,
far away from each other. Each IDT has N pairs of fingers
[N =5 pairs are shown in Fig. 1(a)]. The fork configuration
of each finger is designed to minimize internal mechanical
reflections [11-14].

In this paper, we will explore the transmon dynamics in
the qubit regime, i.e., where only the lowest two transmon
levels with energy splitting /iwy are involved. Considering
just one of the two local IDTs, we assume the relaxation rate
corresponding to a single IDT finger pair is yp. Due to the
interference of all the finger pairs, the total effective relaxation
rate of each local IDT is given by [22]

1 — cos(NwyT)
=Y

D

1 —cos(wgt)

where 7 is the traveling time (negligible in this case) between
neighboring finger pairs [of the same color shown in Fig. 1(a)].
We now consider the distance between neighboring finger
pairs to match the wavelength of the corresponding phonons,
so that the transmon-phonon coupling is maximized, i.e.,
woT = 2nm, n € Z*, leading to y = N?y,. The bandwidth
of phonons involved in the qubit dynamics will be determined
by the coupling y. In the following, we will consider the
regime y < wo/N, so that we can neglect the weak frequency
dependence of the coupling around the maximum in Eq. (1).
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The distance L between the centers of the two local IDTs
can be made long, straightforwardly up to a few thousands of
SAW wavelengths [12], which is the regime of interest in this
paper. We characterize this distance by the corresponding time
delay T = L /v, for the SAWs traveling with the velocity v,
on the piezoelectric substrate. We thus arrive at the model of a
two-legged giant atom, as sketched in Fig. 1(b), with two legs
labeled by A and B, respectively. The model Hamiltonian is

H = hayle)(e| + Z /hwpalwpaawpda)p

a=1,2
+ 2 / a0l (€M E ) e
a=1,2 T
x dw,, ()

where a,,, are phonon field operators for the right-
(¢ =1) and left-propagating (o = 2) phonons satisfying
[aawp,al/w,p] = Saar8(w)p — a)’p), and w, represents the fre-
quency of phonon modes. We have defined atomic operators
o_ =|g){e|l and oy = (o_) where |g) and |e) are the atomic
ground and excited states. The coupling term in the second line
of Eq. (2) has included the phase difference between two legs
of the giant atom at positions x = —L/2 and x = L/2. The
parameter k, is the wave vector of the SAWs, i.e., k, = w, /v,
or k, =2mw/Asaw Wwith Agaw being the wavelength of the
SAWSs. Since the typical value of y is tens of MHz, which
is small compared to wy (several GHz), it is reasonable
to assume that the SAW dispersion is flat over the atom’s
bandwidth. The notation c,—; = +1, c4—> = —1 is used to
distinguish the interaction of the giant atom with the right-
and left-propagating phonon fields, respectively.

In Sec. III, we will explore the spontaneous-emission
dynamics of the giant atom when it is excited directly by
an electrical gate [11], and also the single-phonon scattering
properties of the giant atom when it is driven by SAWs
emanating from external IDTs. We then extend the scattering
calculations to two-phonon processes in Sec. IV, allowing us
to study second-order correlation functions for the scattered
phonons. Finally, in Sec. V, we investigate the short-time
dynamics of the giant atom when it is subjected to coherent
driving of arbitrary strength.

III. SINGLE-PHONON PROCESSES

We will first consider the single-excitation subspace of
the giant atom’s dynamics, since this is amenable to analytic
solutions. In this subspace, the total state of the two-level giant
atom and SAW field in the transmission line can be described
by [38]

W(1)) = / dolai,(1)al, + ar(t)al,]|g,vac)
+e(t)]e,vac), 3)

where |vac) represents the ground state of SAW field in the
transmission line. The integral part describes the state of a
single phonon propagating in the transmission line towards
the right, o4, or the left, ay,, with the giant atom in the
ground state |g). When the phonon is absorbed, the giant atom
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is in the excited state |e) with the probability amplitude e(?).
From the Schrodinger equation i29/0t|W(¢)) = 5|V (2)), we
obtain the evolution of e(¢) (see Appendix A 1 for details)
de(t)
ot

= —iwpe(t) — yle(t) + et — T)]
—iV[e(t) + &t — T) + af(t) + aj(t — T)].
“4)

The first term on the right-hand side (RHS) of Eq. (4) describes
the unitary evolution of the giant atom without dissipation and
driving. The second term on the RHS of Eq. (4) describes
the relaxation process via the two legs of the giant atom,
which includes the time delay between the two legs. The last
term on the RHS of Eq. (4) describes the dynamics due to
external driving sources exciting the atom through both leg
A and leg B. If a plane-wave driving field only comes from
the leg A, as shown in Fig. 1(a), the driving terms in Eq. (4)
are ai{‘(t) = Ae @ and ozibr,‘(t) = 0 with A the amplitude of
the drive. The coherent coupling amplitude V is determined
by the relaxation rate y through V = ,/yv./2 (details are
given in Appendix A 1). Previous work on the giant atom
only considered the Markov limit, where the time delay T
is negligible [22]. In this article, on the other hand, we are
mainly interested in understanding the effect of a nonnegligible
T. Below, we specify the parameter regimes that will be
considered.

A. Spontaneous emission
1. Overview of parameter regimes

Equation (4) is a time-delay differential equation. Without
the external driving, i.e., setting a'’(t) = 0 and ail(t) = 0,
we straightforwardly find the analytical solution describing
the spontaneous relaxation of the giant atom’s excitation
amplitude (see Appendix A 2, and also Ref. [23], for details),

[t/T] n
e(t) = e(0)e '@ T—ir Dz Z (”T')n <n - i) e =ivT),
n! T
n=0

®)

where e(0) is the initial probability amplitude of the giant atom
and [#/T1] is the integer part of 7/ T. From Eq. (5), we see that
e(t) is a function of the dimensionless time /7, depending
on the two dimensionless parameters y T and wyT . Therefore,
the relaxation properties of the giant atom are determined by
the parameter plane spanned by yT and w7, which can be
divided into several regions as shown in Fig. 2. Since we work
in the rotating-wave approximation (RWA), we only consider
the region under the line y < wy. Furthermore, we neglect the
frequency dependence of the local IDTs [see Eq. (1)], implying
that y <« wp/N. We divide the remaining region into several
different subregions marked by A, B, C, and D, respectively.

The corner region A is defined by the condition wy7T <
1. Since wyT =k,L =2mL/Asaw, the condition wyT K
1 corresponds to the long-wavelength limit Agaw > 27 L,
which means we can neglect the phase acquired by SAWs
traveling between the connection points. Due to the RWA
condition y < wy, this region is also in the Markov limit,
ie., yT <€ wyT « 1. Thus, we can neglect high orders of

PHYSICAL REVIEW A 95, 053821 (2017)

W

vT YW S YKy

yT<1

» wT

FIG. 2. Parameter space. The parameter region under the line
y < wo/N, where the RWA holds, is divided into several dif-
ferent subregions. Region A: The limit of both long-wavelength,
woT = kL < 1, and Markovian dynamics, yT < 1. Region B: Still
Markovian dynamics, but arbitrary phase difference wy7 . Region C:
The moderately non-Markovian regime y T ~ 1. Region D: The deep
non-Markovian regime, y 7 > 1.

yT (n > 1) in Eq. (5) and obtain an approximate result,
e(t) =~ e(0) exp(—iwot — 2yt). This is indeed the result for
a small atom with total relaxation rate 2y, since the inter-leg
distance is much smaller than the phonon wavelength. Here, we
also note that this regime cannot be accessed experimentally
in the SAW-transmon system, since each individual local IDT
already consists of N legs separated by the phonon wavelength.
However, since the wavelength of microwave photons is
usually much longer than the dimensions of a superconducting
qubit, most circuit-QED setups work inside this regime.

Parameter region B is also in the Markov limit y7 < 1,
but with an arbitrary wyT', which means the phase acquired by
SAWs traveling in the transmission line between the two legs
needs to be considered [22]. In this case, the main contribution
comes from the low orders in the series of Eq. (5). Therefore,
by taking n —t/T =~ —t/T in the limit r > T, we have
the asymptotic behavior e(t) ~ e(0) exp(—i®ot — yt), where
the effective frequency is @y = wy + ye’” sin(wyT) and the
effective decay rate is given by 7 = y[1 + e’T cos(woT)].
Considering the Markov limit yT < 1, we can further take
e’ ~ 1in @ and y. We see that @, and 7 are both modified
by the phase factor wyT and the results coincide with those
given in Ref. [22], where the distances between the legs were
represented by frequency-dependent phase shifts.

The parameter regions C and D are both beyond the
Markov approximation. Region C corresponds to a moderate
non-Markovian regime y7T ~ 1 while region D is the deep
non-Markovian regime y 7T > 1. In region D, the dominant
term is the highest order in the series of Eq. (5). Thus we
have the approximate solution in the time interval mT < t <
(m + DT, withm € ZT,

m m
en(t) X e(0)e T =iy 7 " T‘) <m - %) e —iyT),
m!

(6)

In region C, no such simplifications are possible and the
complete time evolution, given by Eq. (5), must be used. Exam-
ples of relaxation dynamics in the experimentally accessible
parameter regions B, C, and D are given in Figs. 3(al), 3(bl),
and 3(cl), respectively, which we will discuss in detail below.
However, to understand the dynamics better, it is useful to first
also study the power spectrum of the giant atom.
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FIG. 3. Time evolutions and power spectra of giant atom. (al) Time evolution of |e(¢)|* in parameter region B with y T = 0.045,0,T =
2.4 The red line is a numerical simulation and the black dashed line is the analytical result from Eq. (8) with a single mode w). (a2), (a3)
The corresponding power spectra of the giant atom and the outgoing phonons, respectively. (b1) Time evolution of |e(r)|? in parameter region
C with yT = 1.0,wyT = 207. The black dashed line is the analytical result from Eq. (8) including the two modes () and w_y,. (b2), (b3)
The corresponding power spectra of the giant atom and the outgoing phonons, respectively. (c1) Time evolution of |e(r)|* in parameter region
D with yT = 37.5,wyT = 20007 . The black dashed line is the analytical result from Eq. (8) including eleven modes, i.e., from w_i¢) to w(g)-
The evolution exhibits revival peaks, the first two of which are shown in more detail in the inset. (c2), (c3) The corresponding power spectra

of the giant atom and the outgoing phonons, respectively.

2. Power spectra

We now study the solution of Eq. (4) from another point
of view by decomposing e(¢) into a superposition of many
independent modes, i.e., e(t) = Zk cre”iowt In general, the
mode frequencies wy) can be complex numbers where the
imaginary part gives the relaxation rate of each mode. Plugging
this form into Eq. (4) without driving terms, we obtain the
analytical solution

1 A
wpy = wo — iy + iTWk(—yTey””””T), )

with k € Z. Here, W(z) is the Lambert W function [39]
defined by the equation z = W(z)e"®, which in general
is a multivalued function with branches W;(z), k € Z. By
Fourier-transforming Eq. (4), we obtain the solution of e(?)
for ¢ > 0 (details are given in Appendix A 2):

e(t) = e(0) Z

We assume the giant atom is initially in the excited state and set
e(0) = 1 in the following. We now define the power spectrum

of the giant atom by
+00 )
/ e(t)e' dt

oo

—lw(k)l

—yTeowT” ®

2

€))

So(w) = wo

According to the Wiener-Khinchin theorem [40—42], the power
spectrum can be obtained by Fourier transform of the auto-
correlation function C,.«(7) = fe*(t)e(t + 1)dt,i.e., So(w) =
@ [ Ceer(T)e'"d7 [43]. From Parseval’s theorem, we have
the identity (27)~! [ So(w)dw = wy [ |e(t)|*dt, which is a
reflection of energy conservation; i.e., the energy in the time
domain is equal to the energy in the frequency domain.

Therefore, the power spectrum Sy(w) (normalized by a factor)
is the density of the atom’s energy distribution over the
frequency domain.

From Eq. (8), we can calculate the atomic power spectrum
as following:

i 1
)/Teiw‘k)T W — W)

So(w) = ay Ek T
! (10)

= N .

Yo —wo + iy (1 + eT)|?

Here, we have used Eq. (A30) in Appendix A2 to arrive
at the second expression. In Fig. 3, we show the time
evolution of |e(#)|? in different parameter regions and the
corresponding power spectra. The red curve in Fig. 3(al)
shows the time evolution of |e(¢)|* from a numerical simulation
with parameters in region B. The time evolution can be well
fitted by an exponential decay (black dashed curve) obtained
from Eq. (8) including only one frequency mode w(y). The
corresponding atomic power spectrum in Fig. 3(a2) shows
a single peak. The red curve in Fig. 3(bl) shows the time
evolution of |e(¢)|* with parameters in region C. In the atomic
power spectrum shown in Fig. 3(b2), we see that there are
two dominant modes, corresponding to w1y and w(). The
long-time behavior of |e(t)|2 can be fitted well by Eq. (8)
including the two modes w(_1y and o) [black dashed curve in
Fig. 3(b1)]. To fit the short-time dynamics, we need to include
more modes.

In Fig. 3(cl), the red curves show the time evolution of
le(t)|* with parameters in region D. We see that the giant atom
exhibits revivals during the evolution in intervals spaced by T'.
Here, the distance between the two IDTs is one thousand SAW
wavelengths, i.e., L = 1000Asaw. The giant atom decays to the
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ground state between revivals since the traveling time between
the IDTs is much larger than the decay time of the giant
atom (T > 1/y). The corresponding atomic power spectrum,
shown in Fig. 3(c2), has a more complicated structure of
multiple peaks with narrow widths. The higher-frequency
modes correspond to shorter wavelengths. In Appendix A 2,
we derive the approximate solution for complex mode w) =
Re[w)] + iIm[w)] in parameter region D:

1
Re[a)(k)] ~ wy — 7|:71(2k +1+A)
7Qk+ 1+ A)]
— arctan — = |,
yT

1 2%+ 1+ A
Im{o] ~ > 1n (1 + [(+7/—T+)n] ) (11)

Here, the residual phase is defined by A = wyT/m —2n €
[0,2) with n € Z. The real part of the kth mode Re[w] gives
the position of the center of the corresponding peak in the
power spectrum. The positions of the peaks are roughly equally
spaced; the frequency spacing is given by Aw = 27 /T when
yT > 2k + 1 + A)mr. The imaginary part of the kth mode
Im[wq,)] gives the width of each peak in the power spectrum.
In the limit y T > (2k + 1 4+ A)m, the width of each peak is
approximately given by 72(2k + 1 + A)?/y2T?.

In an experiment, it is more convenient to measure the
power spectrum of the outgoing phonons «®'(¢) = a"'(t) =
a%"(t), which is given by the interference of the phonons
emitted from the two legs,

out . V
a®(t) = —i—[e(t) + e(t — T)]. (12)

Vg
Similarly to the definition of the atomic power spectrum in
Eq. (9), we define the power spectrum of «®"'(z) (fluorescence
spectrum) and calculate it as (see Appendix A 2 and Ref. [38]

for details)
+00 2
Sout(a)) = vg / Otom(t)elwtdl
—00
1 1 + ioT 2
Y e
= %| 3y 2 Ty 7ot 5 o

k vie w W(k)
1+ coswT

(13)

Yo —wo + iy + @)’

Compared to Eq. (10), there is an additional factor (1 +
coswT), which comes from the interference of outgoing
photons from the two legs of the giant atom. In Figs. 3(a3),
(b3), and (c3), we calculate the power spectra of the out-
going phonons in the three parameter regimes B, C, and
D, respectively. The fluorescence spectrum S°“(w) can be
directly obtained by measuring the autocorrelation function
of outgoing phonon fields Coo+(7) = [ (1) (1 + T)d1.
According to the Wiener-Khinchin theorem, the quantity
S°U(w) is given by the Fourier transform of the above auto-
correlation function, i.e., S(@) = v; [ Coe(T)e'“"dT [43].
The fluorescence spectrum S°"'(w) is the energy distribution
of outgoing phonons over the frequency domain.
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In the above discussion, we assumed a general case where
the parameters were chosen to satisfy wgT # (2n + 1), such
that all the modes die out in the end and the giant atom decays
to the ground state. In the case of wyT = (2n + 1)z, from
the definition of the Lambert W function and Eq. (7), we
have a real frequency mode w() = wp with zero imaginary
part. In the long-time limit, this mode survives while all the
other modes die out. Therefore, we have the stationary solution
e(t > +o0) = ﬁe‘iwot. This corresponds to a dark state
which does not decay to the ground state in spite of the
coupling to the open transmission line. The reason is that
the emissions from the two legs cancel each other due to the
phase difference wyT = (2n + 1), reminiscent of how two
or more atoms in waveguides can form dark states [44—47].
Therefore, the stationary values of le(+00)|* will be finite and
the corresponding spectra |So(w)|*> will show a singularity at
w = wy due to the zero imaginary part of the dark mode.

3. Polynomial decay

As discussed in the introduction, the whole structure shown
in Fig. 1(a) is reminiscent of a cavity for SAW phonons, since
the two connection points of the giant atom introduce boundary
conditions that can act as semitransparent mirrors. The energy
stored in the atom and in the SAWs between the connection
points is gradually lost to SAWs propagating out from the two
connection points. In the case of an ordinary cavity with a
small atom inside, and in the case of a small atom coupled to
an open transmission line, the damping follows an exponential
decay law. In our setup, however, we here show that the decay
process in parameter region D exhibits a different behavior.

In Fig. 4, we plot the numerical results for the time
evolution of the energy stored in the form of phonons

aLM&m () — E,, ©=2001n ]
i () = E,, ®,=2001n

SF Smaav

In(E_/hwy) & In(E /o)
h A b v S o
1

() = E;, ®=2000n

C (IV) =— E, , @ =2000 : (I'I'I)'_

r (a) Polynomial fitting : ( 2—

1 N 1 N 1 N 1 ]

0 1 2 3 4 5 6
In(t/T)

-3.0 [ T T T T T T T T
3.5 1 (U

) —E,,o=2001x (D]
() = E,, ©,=2001xn
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In(E, /hw,) & IN(E,/hw,)

50l () — E,, ©,=2000% "
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t/T

FIG. 4. Spontaneous decay of giant atom. (a) The initial decay
of the phonon energy stored between the connection points of the
giant atom Ep(¢) [curves (II) and (IV)] and the total energy of
giant atom E7(¢) [curves (I) and (II)] exhibit universal polynomial
behaviors on the time scale of 7. However, the long-time behavior
(the part indicated by the dashed box) deviates from this polynomial
behavior. (b) The long-time decay follows exponential decay laws.
The slope (decay exponent) for wy7 = 2000 (bright state) is given
by 72/(y>T?). The slope for wyT = 2001 (dark state) is zero.

053821-5



GUO, GRIMSMO, KOCKUM, PLETYUKHOV, AND JOHANSSON

between the connection points, E p(¢), and the total energy of
the giant atom, E7(t) = Ep(t) + hayle(t)|?, for parameters
woT = 2001w (dark state) and wyT = 20005 (bright state).
In the long-time limit, the decaying behavior depends on the
parameter woT [see the part in the dashed box in Fig. 4(a)].
However, before this stage, there is a universal energy damping
following a polynomial law. From Fig. 4(a), we see that the
total energy E7(¢) [curves (I) and (IIT)] decays monotonically
in a staircase-like function. The decay of the phonon energy
Ep(t) [curves (IT) and (IV)] overlaps with E7(¢) most of the
time except around integer multiples of 7', where a dip of Ep(?)
appears on the time scale of y ~! « T. On the large time scale
T, we find that the energy decay of the stairs shown in Ep(¢)
and E7(¢) obeys (see Appendix A 4 for details)

E "y hawg t -1z
S ON
It is interesting to note that the time scale for the polynomial
decay, which here follows an inverse square-root law, is not
set by the coupling strength y but is instead determined solely
by the propagation time 7. In contrast, the time scale of the
exponential decay of a small atom in an open transmission line
would be completely fixed by y.

The spontaneous emission of a small atom is a continuous
process. However, the staircase behavior of the total energy
E7(¢) indicates that the giant atom emits energy in the form
of phonon pulses with time period 7. In an experiment, it
should be straightforward to measure the outgoing phonons
from the two legs of the giant atom, o®"(¢). One can measure
the total energy of each outgoing phonon pulse, i.e., E®"'(m) =

o ST ot (1) 2d i form < t/T < m + 1. We find that the

total pulse energy E°"(m) as a function of the pulse number
m also decays polynomially, i.e., E®'(m)/hwo ~ ﬁ;m_m
[see Eq. (A48) in Appendix A4]. Beside the polynomial
behaviors of Ep(t), E7(t), and E°"(m), we find that the
revival peaks shown in Fig. 3(cl) also exhibit polynomial
decay. In Appendix A4, we calculate the time position of
the revival peaks’ maximat,, = mT +m/y fort € [mT,(m +
1)T) and the values of the revival peaks P)"*(z,,). As given
by Eq. (A45) in Appendix A4, the decay of revival peaks
follows a polynomial law P)'*(z,) o< t,, !. From Fig. 3(cl),
we also see that the width of the revival peak becomes
broader and broader. In fact, from the revival peaks’ maxima
tn =mT 4+ m/y, we see that the peak will spread over the
whole time interval [mT,(m + 1)T] when m > yT, which
implies that the polynomial decay is valid only for ¢ < y T2,
For sufficiently long time ¢ > y T2, the decaying behavior
deviates from the polynomial law. In parameter region D,
the total system energy is mainly stored in the form of
propagating phonon wave packets excited at both legs of the
giant atom as shown in Fig. 3(cl). A wave packet contains
many frequency modes, given by Eq. (11). Each mode k decays
at a different rate as described by its imaginary part Im[w,].
The initial polynomial decaying behavior is the collective
effect of multiple modes decaying. In the long-time limit,
however, only the mode with the slowest (exponential) decay
rate survives. In Fig. 4(b), we show the long-time decaying
behavior in two cases, both following an exponential decay
law. From the analytical expression of wq) given by Eq. (11),

(14)
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we see the slope for wyT = 20007 is nz/(szz). For the dark
state case wyT = 2001, the smallest imaginary part is zero,
explaining the finite remaining energy and zero decay rate.

B. Single-phonon scattering

Above, we studied the spontaneous emission of the
undriven giant atom. Now, we investigate the scattering
process in the weak-driving limit, i.e., single-phonon driving.
In experiments, it is convenient to measure transmittance
and reflectance of such a weak drive. We consider SAWs
incoming towards leg A and transmitted to leg B; i.e.,
the driving terms in Eq. (4) are set to be oifi(t) = Ae '@
and aié’(t) =0 [see also Fig. 1(a)]. Using the method of
Laplace transformation, the reflectance in the long-time limit,
defined as R = |oeg“t(oo)|2/|ai/§(t)|2, is calculated to be (see
Appendix A5 for details)

— y2(1 + cos wyT)?
" [(wg — wo) — y sinwgT1? 4+ y2(1 4+ coswyT)?

15)

The transmittance in the long-time limit is given by 7 =
|ozj§‘"(c>o)|2/|ozi{‘(t)|2 =1—"R. From Eq. (1), we see that
the effective relaxation rate y also depends on the driving
frequency wy. [In the driven case, wy appearing in Eq. (1)
needs to be replaced by w,.] However, as long as the change
of w, is small enough, i.e., Awy K 2w /(NT) ~ wy/N, we can
view y as approximately constant in the full range of driving
frequencies. From Eq. (15), we see that the condition for total
reflection, R = 1, is given by

(16)

and the condition for total transmission, R = 0, is given by
wygT = (2n 4+ 1), n € Z. For the case in which the phase
difference between the two legs is a multiple of 27, i.e., wgT =
2nm, Eq. (16) has only one solution (wg; = wy) for yT < 1,
but two additional solutions exist for y7 > 1.

In Fig. 5(a), we plot the reflectance R as a function
of the scaled detuning (w; — wo)/wo for wyT = 100r. The
black curve corresponds to ¥ 7 = 0.1 and exhibits the typical
features of a small atom: a single peak with perfect reflection
at wy = wyp. The red curve corresponds to y 7 = 2 and shows
some features characteristic of the giant atom: (1) R exhibits
a multipeak structure as a function of detuning; (2) there
are two additional driving frequencies resulting in R =1
beside the central peak at w; = wy. In fact, the multiple peaks
correspond to the frequency peaks shown in Fig. 3(c2). When
the driving frequency w, resonates with one of the modes w),
the reflectance shows a local maximum in Fig. 5(a). However,
the central peak at w; = wy does not correspond to any mode
). This peak is instead the result of a new pole in the complex
plane due to the driving. The side peaks of R = 1 can also be
understood using Eq. (16). The transition frequency of the
giant atom is shifted by y sin(w,7T). Therefore, the driving
frequency can be resonant with the shifted transition frequency
of the giant atom again (if ¥7 > 1) when it deviates from
wg = wy. In Fig. 5(b), we plot the reflectance R as functions
of the scaled detuning (w; — wp)/wo and the scaled decay rate
y /wo for wyT = 1007.

In experiments, the transition frequency wy of the transmon
qubit can be easily tuned in situ; tuning the decay rate y

wg = wp + y sin(wyT),
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(b)
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FIG. 5. Reflectances. (a) Reflectance R as a function of the
scaled driving detuning (w; — wp)/woy for yT = 0.1 (dashed black
line) and yT =2 (red line). (b) Reflectance R as a function of
the scaled detuning (w; — wp)/wy and the scaled decay rate y /wy.
(c) Reflectance R as a function of the scaled driving frequency
detuning (w; — w,)/w, and the scaled transition frequency detuning
(wyp — w,)/w, for yT = 1, where w, is the reference frequency. (d)
The same as (c), but with yT = 2. Other parameters: w,7T = 100
for (a) and (b), w, T = 1007 for (c) and (d).

is considerably more difficult. [As discussed below Eq. (1),
we have neglected the frequency dependence of the effective
decay rate y. Thus, the only way to tune the effective decay
rate y is to change the single-finger decay rate yy which is,
however, fixed by the design of the device.] Thus, we plot
the reflectance R as a function of both drive detuning (w; —
w,)/w, and transmon detuning (wy — w,)/w, in Figs. 5(c)
and 5(d) for yT =1 and yT = 2, respectively. Here, the
reference frequency w, is given by @, = 100z /T . The dashed
red curves correspond to the condition of total reflection given
by Eq. (16).

IV. TWO-PHONON PROCESSES

In this section, we study the scattering of a weakly coherent
pulse from the giant atom, focusing on two-phonon processes.
We construct the exact two-phonon scattering matrix following
the diagrammatic approach of Ref. [25] and use it to compute
the leading-order contribution (in the phononic flux) to the
second-order coherence functions and to the inelastic power
spectrum of the scattered phonons. In addition, we find the
first-order correction to the transmittance, extending the result
of Sec. III B beyond the single-phonon approximation.

A. Two-phonon scattering matrix

We assume that the phonon field is initially prepared in a
coherent state in the form of a wave packet centered around

PHYSICAL REVIEW A 95, 053821 (2017)

the driving frequency w,. By defining a unitary operator

U = exp |:—lwdt<o+cr + Zf aaw],dwp>:|9 (17)

a=1,2

the Hamiltonian in Eq. (2) is transformed into Hgp =
Ut#U +i E%U in the frame rotating with frequency wj.
Dropping the fast-oscillating terms in Hgr and setting 7 = 1,
we arrive at the Hamiltonian under the RWA,

1
H=— +sz‘+ Z /dwa)a wlaw
a=1,2
+ ) /dw(uwaanrHc) (18)
a=1,2

Here, we have defined the atomic detuning § = wy; — wo and
o, = |le){e| — |g){gl. The phonon frequency is also shifted by
the driving frequency, i.e., ® = w, — w,. We have introduced
the interacting operator v,,, which we call bare vertex

operator,
- |/ 3 e,
Voo = i o_e

=12

19)

The parameter ¢ = wgT = wyL /v, is the phase accumulated
by the phonons during propagation from one leg to the other
(we have used the relationship kL = @, T for SAWs).

We consider a rectangular pulse of spatial length d, initially
created at a large distance (>>d) to the left of the giant atom,
propagating rightwards with a constant group velocity v,.
Keeping contributions from up to two phonons, we can write
the initial phonon state

W) = eV o)

~e n/2|:|0 ~|—«/_bT|O Y+ — b |O>~|—0(n3/2)i| (20)

where 1 < 1 is the mean number of phonons in the coherent
state, and b; is a normalized wave packet operator

bizfdaxz)(wmiw, e )—\/2";%, @1

defined in terms of the plane-wave operator aIw which
creates a right-propagating phonon of frequency o + w, (the
frequency w in aiw is measured from the driving frequency
wq). We also assume that the wave packet ¢(w) has a narrow

bandwidth 2% « y, which implies that we can make the

replacement ¢(w) — 27;% 8(w) whenever ¢(w) is convolved

with a function varying slowly on the bandwidth scale.
After scattering from the giant atom, the initial phonon state
in Eq. (20) becomes the final one,

_ n
W) = e_”/2|:|0) +V/asVbl10) + ES<2)biz|o> + 0(ﬁ3/2):|,

(22)
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where S1 and S@ are the one- and two-phonon scattering
operators. They can be expressed as [25]

SO = (8,5 — 271 P_vy M(0)V] P_Spyp)ala,,  (23)
§@ = 15 —27i P_vg M(&))[8, +
) SlYl Y2€7 S 1 W W) YzYz
AZAZ(E)M(Q)I)8w1+a)’2,w1+w2]vi] P_ }
X a; aLaSzasl, (24)

where s = (a,) is a multi-index, and we implicitly assume
summation/integration over it, when it is repeated. The param-
eter £ must eventually be set to the value of an incoming-state
energy w; + w;;for the initial state [Eq. (20)] in our convention
about the energy reference point it equals E = O The Green’s
functions of the qubit in the ground G(E) = and excited

M(E) = 5555
projectors Py = 04104 = &Ta The self-energy of the ground
state is infinitesimally small (n — 0%), while the self-energy
of the excited state X(FE) has to be established. The effective
two-phonon vertex Wy, (E) also requires specification.

We note that the Hilbert space of the qubit is two-
dimensional, and, in addition, the Hamiltonian in Eq. (18)
is written in the RWA. This means that in a diagrammatic
representation of X (E) and Wy (E), the bare vertices v and vl
must alternate each other. Along with an application of Wick’s
theorem, this leads to the following exact equations:

states are spanned by the correspondlng

X(E) = vIG(E — w)v;,
WS’S(E) = ws’s(E) + ws’sl(E)M(E - wl)Wsls(E)v

(25)
(26)

where wy(E) = va(E —w — o)vy, and Eq. (26) is ob-
tained from the iteration w + wMw + .

A simple calculation shows that Eq. (25) yields X(E) =
—iP,y[1+ ¢ ET+9)] and this is sufficient to recover the
single-phonon scattering matrix. Thus, we obtain

SUB]10) = sup10(@)al, ,, 10), 27)
where the matrix elements
§—ysing
SI1= s (28)
d+iy(l+e¥)
1+4cose
S21 = —1y 29)

S+iy(l+ev)

Note that the scattering matrix elements s;; and s, con-
nect the incident right-propagating phonons to the scattered
right-propagating and left-propagating phonons, respectively.
Therefore, the reflectance and transmittance are given by 7 =
Is1.11? and R = |s2.1|?, which coincides with the definitions
found in the previous section and in Appendix A 5.

The effective two-phonon vertex Wy (E) obeying Eq. (26)
accounts for multiple excursions of two correlated phonons
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between the two legs. Parametrizing

P . , . —
W (E) = Z y4ﬂ+ e*’Ca’Cﬁ’(w T+(p)/2etcu05(wT+w)/2W(w/’w)’

BB
(30)
we simplify Eq. (26) down to
— 1
W w) = —————
E—o —w+in
+ _— / d(,()]
—w —w+in
elw1T+l(p o
W(w,w). 3D

X—
E—w +5+iy

The first term on the RHS of Eq. (31) does not depend
on the travel time T = L /v, between the legs. The function
W(w',w) is analytic in the lower half plane in both its
arguments. In the regime yT <« 1, we can neglect the term
e!'T under the integral and close the integration contour
in the lower half plane, which leads to the second term
vanishing. Therefore, at short inter-leg distances we can
approximate W (o', w) ~ m identifying this term with
the Markovian contribution.

For larger separations ¥ T 2 1, we need the full solution of
Eq. (31). Taking into account the particular form of the initial
state in Eq. (20), it suffices to solve Eq. (31) for E = w = 0.
This can be done analytically, and we find

— 1
W(=4.0)le=0 = ——— + F(q),

32
q+in 2
iye'? et — gtort

F@ = 2 G 33)

Atiyelv o q+op

where
p=VAT+y2elv, A=58+iy, (34)
4+ — VeEPT — j1ei?

C, = (£p —Me tye Co=—-1. (35)

2(pcos pT —irsin pT)’

The parameter p appears only in the non-Markovian part
F(g) of the term (32). Its real and imaginary parts contain
a new oscillation frequency Re(p) and a new relaxation rate
Im(p), which can only manifest themselves in the two-photon
inelastic scattering processes in the non-Markovian regime
Ipl-T > 1.

Finally, we derive

1 1 o
Es<z>blrz|o) =3 Esa;’1saé,lqﬁ(a)/l)q&(w’z)ali!w,lallé!wé|O)

af,0h
20,y qT+¢ —qT+gp
d
+ Z sz,1/ g cos 3 Ccos )
o,0
x M(q)[q + F(q)]a s 10}, (36)

thus completing the determination of the scattering state in
Eq. (22). In this expression (and in the following), we use the
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notation M (q) for
structure.

In the Markovian regime |p|-T <« 1, the second—
inelastic—contribution to Eq. (36) is approximated by

» T T
)3 [ a

o),q" 0, —q
$7,1CO8” = DL 2
af,a)

m, omitting the associated matrix

2vgy
d

————|0),
2 (g +A+iye?)q

where the g dependence of the integrand features only simple
poles. We also note the absence of the parameter p in this
expression.

B. Correction to the transmittance

Knowing the exact two-photon S matrix [Eq. (24)],
we can find the first nonlinear correction to the trans-
mittance. We calculate (W s|a;(x)|Ws) = /%% /fls1 1 +
8s1,1 + O(f?)], where f = fivg/d is a phonon flux. To
compare our results for a giant atom to known results for a
small atom, we introduce the driving amplitude Q2 = /8y f
(Rabi frequency in the small-atom limit y 7 — 0), which is
widely used in the study of quantum optics. Then, we write
the correction s ,; to the single-phonon transmittance,

()
8ipy? cos* %(A cos pT —ipsin pT +iye'?)

X . : .
A +iye?|2(A+iye®) (pcos pT —iksin pT)
(37)

1
8s11 = 3

Q
2y

While the linear transmittance s | corresponds to the transition
|1) — |0) (elimination of a single phonon), the correction §s
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corresponds to a measurement of a phonon in a two-phonon
state, |2) — |1). Letus analyze §s, ; in different limiting cases.
For yT « 1, we obtain

1/ 2\ 8iy? cos* £
dsp1~ = — — —. (38)
’ 2\2y ) A +iyel?|P(n +iyei®)

In the small-atom limit ¢ — 0, we can furthermore simplify

the above correction,
. 5
(=) oy
5 \212°
[1+ ()]
which is consistent with the result in Ref. [48] for the study
of a small artificial atom (recall that the total relaxation rate of

our atom in this limit is 2y).
For yT > 1 and p # 0 (Im p > 0), we find that

2
2)/)

which differs from its short-distance counterpart in Eq. (38)
by the additional factor at the end.

For p = 0 (resonance 6 = 0 and bright state ¢ = 2km,k €
N), we derive the expression directly from Eq. (37),

1 2
ds11 == ,
’ 2 IL+yT

valid for arbitrary 7. Since in this case s;,; =0, Eq. (41)
represents the leading contribution to the transmittance. Unlike
Eq. (40), it vanishes at large T'.

We plot the corrected transmittance 7 = [s; 1 + 8511 |2 in
Fig. 6 for different parameter regimes. Figures 6(a) and 6(b)

1

2

Q

2y

x

5S1,1 (39)

49

1

o

2

Q 8iy3 cos p

8811 &~ T Y] PR
’ A+ iyel?|2(A +iye?) d+iyei?

(40)

Q
2y

(41)

1.0 1.0,
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FIG. 6. Transmittance including two-phonon processes. The plots show 7 = |5 | + 85, ;| as a function of normalized driving detuning
(wqg — wp)/wyp. In all figures, wyT = 1007. (a) 7 for yT = 0.02 and various scaled driving parameters Q/(2y). (b) Same as (a), but with
yT =0.2.(c) 7 for yT = 2.0 and various scaled driving parameters €2/(2y). (d) Zoom-in of the dashed box in (c).
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show the transmittance for y7 = 0.02 and y T = 0.2, respec-
tively. We see that the two-phonon process basically enhances
the transmittance. The reason is that the atom can only interact
with a single phonon at any given time. When y T is small,
corresponding to the limit of a small atom with Markovian dy-
namics, a second incoming phonon will thus not interact with
the atom and simply be transmitted forward [49-51]. However,
for larger y T = 2.0, when the Markov approximation breaks
down, the transmittance through the giant atom shows a more
complicated structure as can be seen in Figs. 6(c) and 6(d).
In particular, we observe that the two-phonon process does
not always enhance the transmittance, but instead sometimes
suppresses it. This is due to the fact that the giant atom
can interact with one phonon while the other phonon travels
between the two connection points. These two phonons can
then interfere constructively or destructively in a way that is
not possible with a small atom.

C. Inelastic power spectrum

At weak coherence 71 << 1, the elastic scattering dominates
over the inelastic scattering: the former receives the leading
0(£2?) contribution from a single-phonon process, while the
latter starts to happen when at least two phonons are involved.
This gives the O(2*) contribution.

Let us compute these leading terms in the power spectrum
of the giant atom in the state from Eq. (22). We con-
sider gél)(t) = (\Ilf|al(x — U, T)aq(x)|Wy), where a,(x) =

\/g f da)aawei(w+w0)x/vg s and establish

g () = € {(By) Q01 [P —(4y) *Q*RIm[s; | AM(0)]}

+ /da)ei(wo+w)rsinel(w)+ 0(96), (42)
where R = |51 |> and
ivet? . .
A=1+2Xc,d—ePTy—C (1 =Py, (43)

The leading inelastic contribution is given in terms of the
corresponding power spectrum

2ol +¢ 5, —oT +¢
cos
2 2
M(w)— M(—w)
X —_—
2w

94
Sinel(w) = ER cos

L M@F @)+ M) F(=w) :

> (44)

We see that the inelastic power is on the order of oM.

It is important to check the power conservation. Summing
gY(0) over the channels o and using the unitarity of the
single-phonon matrix from Eq. (23), we obtain the incoming
power up to leading order O($2?). Therefore, the elastic and
inelastic contributions to the power in O(2*) must cancel each
other, i.e.,

—(@4y) Q'R Y Imls; | AM(0)] + 2 f dwSie(w) = 0.
’ (45)
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FIG. 7. Inelastic power spectra. The black dotted dashed, green
long dashed, red short dashed, and blue solid curves are the scaled
inelastic power spectra Sinel(@) = 2y / 2)*Sipet(w) for yT =0.2
(enlarged 50 times), yT = 0.5 (enlarged 50 times), yT = 2.0
(enlarged 50 times), and y T = 20, respectively. Other parameters:
8/wy =0.0, 0 = 2km,k € Z+.

This relationship indeed holds due to the unitarity of the
two-phonon scattering matrix in Eq. (24). In the resonant
case §/wo = 0.0 and for the bright state ¢ = 2km,k € Z, we
have M(0) = —i(2y)~' and A = 1/(1 + y T) from Egs. (35)
and (43). From Egs. (28) and (29), we have the scattering
matrix elements s, ;| = —1 and s;; = 0. The total power of
the inelastic spectrum can be calculated from Eq. (45):

dospa@) = (2 — 7
/ w mel(w)—(g) 4(1+yT)

In the small-atom limit y 7" — 0, the total power of the inelas-
tic spectrum is %(%)4. However, in the giant-atom limit y T >
1, the total inelastic power is ﬁ %)4. In Fig. 7, we plot the
scaled inelastic power spectrum Sinel (w)=QRy/ Q)* Siner (@) as
a function of the dimensionless frequency w7 /2m. Due to the
narrow bandwidths and the high peaks in the large-atom limit
yT = 20, we enlarge the plots for yT = 0.2, yT = 0.5, and
yT = 2.0 by fifty times.

For pointlike atoms (7" = 0), we can simplify the inelastic
power spectrum Eq. (44) on resonance §/wy = 0 and bright
state ¢ = 2km,k € ZT:

Sy = (2 Y4 N
nell =12 \2y ) \or 4+ 42 )

This gives a single peak around the central resonant frequency
in the elastic spectrum as shown by the black dot-dashed line in
Fig. 7. However, if we increase the size of the atom, the central
peak will split into two peaks. In the general case y T > 0, we
have the inelastic power spectrum,

94
167(1 + yT)>

(40)

(47)

Sinel(w) =

1+ coswT
X .
(w — ysinwT)? + y2(1 + cos wT)?

2
] . (48)

The critical point where the central peak splits into two peaks
can be determined by the second derivative of the inelastic

&g 1(0)|weo = 0, which gives the

power spectrum, i.e., 7~
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critical value (yT). = 1/2. The mechanism of two peaks
appearing here is different from that of two side peaks in
the famous Mollow triplet [52], which comes from relatively
large driving ©2/(2y) > 1 [52,53]. In fact, our two-phonon
expansion is only valid for 2/(2y) < 1. The two peaks found
here come from the time delay of the giant atom, not from
strong driving.

D. Production of phonon pairs

To further understand the meaning of the inelastic power
spectrum S;,.;(w), we rewrite the scattered two-phonon state
from Eq. (36) as

2mv : y
2
SPpi2|0) = Tg D SuriSan1a4, 0@, 410)

o, 00

+ /da)w(a))(a;wa;_w —i—a;wa;_wﬂm

4 / dorp()a] 0}, +a} ,a] _)I0). (49)

Here we have used the narrow-bandwidth assumption, i.e.,

P(w) = 2”;"8(a)). The first line on the RHS of Eq. (49)

means that the two phonons travel through the transmission
line independently. The second and third lines on the RHS of
Eq. (49) represent the final states of two phonons after inelastic
scattering (exchanging energy). Due to energy conservation,
the two scattered phonons are always generated in pairs with
frequencies of opposite signs (with reference to the driving
frequency wy,). The second line on the RHS of Eq. (49)
represents the superposition state of a right-propagating
phonon pair and a left-propagating phonon pair. The third
line on the RHS of Eq. (49) represents the phonon pair of a
right-propagating phonon and a left-propagating phonon. The
coefficient of these photon-pair states at frequency w is given
by

Y(w) = s31 2Udgy cos a)T2+ Ld cos —a)7;+ Ld
|:M(a)) —M(—w) M(w)F(w) +M(—w)F(—a)):|
X + .
2w 2

(50)

Compared to Eq. (44), we see that the inelastic power spectrum
Sinel o | (w)|? is a direct measure of the production of phonon
pairs with frequency w.

In Fig. 7, we plot the scaled inelastic power spectrum
Sinet(@) with the parameters §/wyp =0 and ¢ = 2km, k €
Z*, which corresponds to perfect reflection R = |sy1|> = 1
and zero transmission 7 = |s; ;| = 0 in the single-phonon
approximation. In this case, no phonons are transmitted by
elastic scattering; i.e., the first line on the RHS of Eq. (49) gives
no contribution to the transmission channel. However, phonons
are still allowed to transmit through inelastic scattering as
described by the second line on the RHS of Eq. (49) (two
phonons are transmitted) and the third line on the RHS of
Eq. (49) (one phonon is transmitted and the other is reflected).
From Fig. 7, we see that, in the small-atom limit y T = 0.2, the
production of phonon pairs centers at w = 0 decreasing with
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FIG. 8. Inelastic power spectra vs detunings. (a) The black solid
and red dashed curves are the scaled inelastic power spectra Sinet(@)
for §/wy =0 and §/wy = 0.003, respectively. (b) Density plot of
S;ner (@) with the detuning 8 /w, € [—0.003,0.003]. Other parameters:
yT = 5.0, ¢ = 2007 for both figures.

frequency on both sides. However, when the atom becomes
larger, e.g., yT =2, the phonon pair production centers
around two well-separated frequency regions. For the giant
atom with y T = 20, we generate phonon pairs of frequencies
o =~ £+ /T with a narrow bandwidth.

We further plot the scaled inelastic power spectrum as
a function of the dimensionless driving detuning §/wg in
Fig. 8. We set the parameters as y7 = 5.0 and ¢ = 2007 and
change the detuning value continuously from §/wy = —0.003
to 8/wo = 0.003 in Fig. 8(b). It is shown that the inelastic
power spectrum is symmetric with respect to the detuning. At
zero detuning, §/wy = 0, we see two peaks in the inelastic
power spectrum as shown by the black curve in Fig. 8(a). For
a small detuning §/wg = 0.003, however, we see four peaks as
shown by the red curve in Fig. 8(a). This means we can generate
phonon pairs at two different frequencies. From the third line
on the RHS of Eq. (49) and Eq. (50), we see that the production
of phonon pairs is proportional to the reflectance R = |s1|>.
Note that at ¢ = 7 + 27k, k € Z™T, the backward scattering
is absent (R = 0), and the inelastic scattering vanishes; all
phonons propagate forward without any obstruction due to the
formation of a dark state in the giant atom. In this case, as a
result, no phonon pairs are generated.

E. Second-order coherence correlation functions

A further important quantity is the second-order coherence
correlation function defined by

G2 (1) = (Wylal (¥)al, (x — v, T)aw (x — v, T)a (X)W ).
(5D
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This correlation function corresponds to the probability of
detecting a phonon in channel « at time 7 after detecting a first
one in channel o’ for the final state W) (see, e.g., [23,53]).
It is also useful to introduce the normalized second-order
coherence correlation function

(W lal (al,(x — v,0)ag (x — v 7)aq (X))

2)
8ua(T) = :
24 (0)g4(0)
(52)
In the two-phonon approximation, it becomes
e (D) = 11 + kaa(@)cos plo() + (DI, (53)
where the coefficients
2
(1 4 cos ¢)
=— 54
K11(@) 6 —ysingy? (54
1
= 55
Kk22(9) T cosg (55)
iy
k12(9) = k21(@) = 3 (56)

— ysing
specify the coherence correlations in the transmitted (gﬁ))
and reflected (gg)) channels, as well as the cross correlations

@ _ @

(812 = &)
The delay-time dependence enters in Eq. (53) via the
functions

M~0) 1
Iy(7) = T/qu(q)<Z] + F(q)> cosqt, (57)
It —=T)+ Iy(t+T)

Li(v) = 5 (58)
Performing the integral, we obtain them in the explicit form
1
Ip(r) = —
2(pcos pT —iXsin pT)
% {efip(|T|+T)M71(p) _ Eip(‘r|+T)M71(—p)
oo
+ Y 0(r| —nDig (@) = g1, (59)
n=0
where

ioyn o FirT (Ep + A tiyeterly
(£p + 1!
x [e:FiP(\Tl—"T) _ eil(|T\—”T)frfi)(.L-)]’

¢ (1) = (~iye

(60)

n

A=Y (=il =nT)GEp + D"

m!

(61)

m=0

For small T, i.e., yT < 1, we can neglect the explicit T
dependence, keeping only ¢ finite. Thus, we obtain

Iy(t) = I () ~ ' CHrenr, (62)
which leads to
8522)(1) =1- PG singo)refy(lJrcosgo)t'Z. (63)
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The small atom can only absorb and emit one phonon at
a time, which results in gézz) (0) = 0, exhibiting the typical
antibunching behavior of a single-phonon state.

For large T, i.e., yT > 1, we neglect the terms containing
|e’PT| « 1 [without loss of generality we assume Im p > 0,
since Eq. (59) is invariant under p — —p]. For t > 0, this

yields

Io(t) ~ Z@(nT <t <@+ DT)(—iye?)

n=0
eip(rfnT) ) e*ip[l'*(n“rl)T]
X |:— —iye't———
(=p+ay (p+ !
_ gmm( G G )] (64)
(=p+2" (p+rr)]

i.e., in a given interval [nT,(n 4 1)T] there are terms which
exponentially decay inward the interval at rate Im p from both
ends, and in addition there is a term exponentially decaying at
rate y from the left end and multiplied by a polynomial of a
degree n — 1.

There is, however, a special case p — 0, in which the
approximation of Eq. (64) is not applicable. It is realized
when§ = 0and ¢ = 2rk,k € Z. For these parameters a single
phonon is fully reflected, so we focus on the correlation
function for two phonons in the reflected channel as well.
Its exact expression reads

00 2
g9(T) = (1 + Z O(t —nT)K,(t — nT)) ,
n=0

L+yT =
(65)

)"

Ku(z) = (=1)"le7e
n!

(66)
In Fig. 9, we plot the this correlation function for different
choices of yT. For yT « 1 (short dashed black line), we see
that the behavior is close to that of a small atom, which displays

1.2 ra \
1.0 r—wwm
T: ~ =" ="
~ 0.8 / ¢¢"
N / ,'
Q0.6 . « =« yT=02
0 o cmmm yT=2.0
0.4 R4 yi=a
. yT=20
0.2 S
‘O
P
0.0% ) 4 6 3 10

FIG. 9. Second-order correlation function for phonons reflected
from a giant atom. The plot shows the correlation function ggzz)(r) for
three choices of y T', taken from regions B, C, and D of the parameter
space shown in Fig. 2. For the other parameters, we have chosen
the resonance condition §/wy = 0 and the constructive-interference
condition wyT = 2km, k € Z.
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FIG. 10. Transmitted and cross second-order correlation func-
tions. (a) Correlation functions G(lzl)(‘l.') = G(lzz)(r). To be visible,
we enlarge the correlation functions by 10 and 100 times for
yT =2.0 and yT = 20, respectively. (b) Correlation functions at
=0, G(lzl)(O) (solid lines) and G(lzz)(O) (dashed lines), as functions
of the reduced phase ¢ = ¢ — 2km € [0,2n]. Parameters: §/wy = 0
and wyT = 2km, k € Z for both figures.

perfect antibunching [gg)(O) = 0] on resonance [50,51]. For
larger values of y T (long dashed red and solid blue lines), there
is a possibility that a photon was emitted from the right leg of
the giant atom at an earlier time, which results in g%)(O) # 0.

For yT > 1, each contribution K,(t —nT) is localized
in the beginning of the corresponding interval, being expo-
nentially small at its end. Therefore, the contributions from
different intervals do not overlap, and gézz) is represented by
a sequence of kinks attached to the line of unity height. The
shape of the nth kink (n > 1) is given by

@ 2
0T+ 1% K. ©7)

Because of the sign factor in Eq. (66), every odd kink rises
upwards, while every even kink dips downwards, and we
observe an alternation of bunching and antibunching properties
of the reflected phonons.

In Fig. 10, we plot the unrenormalized transmitted corre-
lation function G(lzl)(t) ~ ngﬁ)(t) and the unrenormalized
cross-correlation function G(lzz)(r) x R’Tgizz)(r), where we
only keep the leading order in Eq. (42). In the special case
8 =0and wyT = 2kn, k € Z, we have G)(r) = G3(x) =
illo(f)-i- I,(7)]> as plotted in Fig. 10(a). The equality of
G(lzl)(t) and G(lzz)(‘t) can be understood from Eq. (49), which
indicates that there is no contribution to the transmitted channel
from the first line on the RHS of Eq. (49). Therefore, the second
and third lines on the RHS of Eq. (49) give equal contribution
to the correlation functions G(lzl)(r) and G(lzz)(‘l,'), respectively.
Another feature revealed by Fig. 10(a) is that G(lzl)(t) and

G(lzz)(r) always show bunching behaviors initially, irrespective
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of the size of the atom, which comes from the fact that
phonons are always created in pairs and there is no contribution
to the transmitted channel from single-phonon scattering. If
we change the phase ¢ = 2kw + ¢, ¢ € [0,27], and k € Z,
however, the contributions to the correlation functions G(lzl)(r)

and G(lzz)(r), from the first line on the RHS of Eq. (49), are no
longer equal to each other. In Fig. 10(b), we plot the initial
value of the correlation functions, i.e., G(lzl) (0) (solid lines) and
G(lzz)(O) (dashed lines), as functions of phase ¢ for yT = 0.2
(black, labeled by solid circle), y T = 2.0 (red, labeled by solid
square), and yT = 20 (blue, labeled by solid triangle). We
see that the transmitted correlation function G(lzl) (0) is always
larger than the cross-correlation function G(122) (0). In particular,
for ¢ = m we have G(lzl)(O) = 1 and G(lzz)(O) = 0, which means
that all the phonons are perfectly transmitted and no phonon
is reflected back.

V. TRANSIENT DYNAMICS WITH ARBITRARY
DRIVE STRENGTH

The finite time delay makes the dynamics of the giant atom
highly non-Markovian and with more than a few phonons
present in the delay-loop the dynamics is correspondingly
complex. Recently, a numerically exact method for integrating
the dynamics of open quantum systems with deterministic
time delays was introduced in Ref. [26]. The method is
based on mapping the problem onto a Markovian problem
in an extended system space: It was shown that the problem
can be solved by integrating the dynamics of a fictitious
quantum cascade [16,17] of system copies, where each copy
represents a past version of the atom. This is analogous to how
classical stochastic dynamical systems with finite delays can
be solved by recasting them in terms of multivariate Markov
processes [54,55]. In the following, we use this method to study
the atom’s dynamics, including properties of the scattered
output field, for arbitrary drive strengths.

As discussed in Sec. II, the giant atom couples to two
fields—a left-propagating and a right-propagating one—each
of which couples to the atom’s legs at two different locations,
x =—L/2 and x = L/2. The fields can be treated as inde-
pendent (correlations between the left- and right-propagating
phonons only arise through scattering via the atom), and the
atom can thus be seen as being subject to two independent
coherent feedback loops [26], each with the same time delay
T =L/v,.

We note that only a single feedback field was considered in
Ref. [26], but the extension to multiple fields with commensu-
rate delays is straightforward [55]. The case we consider here,
with two feedback fields with identical delays and a decay rate
of y /2 into each feedback loop, is particularly straightforward,
as from the atom’s point of view this is no different than a
single feedback loop with a decay rate of y. Experimentally,
there is of course a difference since the atom has two distinct
input-output ports through which a scattered signal can be
measured.

In this section, we will explore the giant-atom dynamics
beyond the few-phonon limit by considering a monochromatic
coherent drive of arbitrary strength applied to the atom.
Experimentally this can be achieved by driving the atom
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through the phonon waveguide, as has been explored for one
and two phonons in the previous sections, but one can also
consider a drive applied directly on the atom through a voltage
side gate. The latter option is more flexible in the sense that
a drive with arbitrary frequency can be applied, while a drive
with a 7 phase shift between the two legs would cancel if
applied through the phonon waveguide.

In either case, the drive can be accounted for by including
a drive term in the atom’s Hamiltonian (see Appendix B for
more details):

Hg = li8|e)(e| + 3/i(Qo_ + H.c.), (68)

where we have moved to a rotating frame at the drive frequency,
8 = wg — wy is the detuning, and 2 is the drive strength (Rabi
frequency). To connect with the treatment in the previous
sections, if a drive is applied through the phonon waveguide
we have that Q =2V A*(1 4+ e~¢) where ¢ = wyT is the
phase shift of the drive, and the coherent input drive is
ag’(z‘) = Ae~'® as before. Below we however take € to be
independent of ¢ since the drive can be applied through a
voltage side gate as already mentioned.

Following Ref. [26], to find the atomic state at a time
(k— 1T <t < kT with k € Z", we numerically solve the
cascaded master equation

J k
S50 = > {——H[Hz 1+1()] + DIL, 1+1(S)]}5 (),

— | 2h
(69)
for the atomic time propagator (). This time propagator is a

superoperator on a k-fold system space S| ® --- ® S, as are
the superoperators

H[A]e =[A, o], (70)
D[Ale=A e AT —1ATA e —1 0 ATA. (71)

The system operators H; ;4 and L; ;4 are given by
Hyp = HY + H' 4iye 966" —He), (72)
Liy = /70 + yye o™, (73)
except for Hy, = Hl Hk,k+l = Hék), LO,] = \/76—1‘(/10,9),

and Ly 41 = f o®, where we use a superscript to de-
note the system on which an operator acts. Finally, we
have defined A®(s) = A® for all I <k, and AP(s) =
Ot — (k — DT — s]A®, where ©O(s) is the Heaviside step
function, for any system operator A.

The cascaded chain given by Eq. (69) is illustrated in
Fig. 11. The mapping from a single system with feedback
to a cascaded chain is analogous to the “method of steps”
used to solve classical delay-differential equations [54]: the /th
system copy in the cascade can be interpreted as representing
the time interval (I — 1)T < t < IT. A system with feedback
is, however, not equivalent to a conventional quantum cascade,
since the identical copies do not represent physically distinct
systems. This has to be taken into account when the frue
reduced density matrix for the system, ps(¢), is found by
tracing out the auxiliary degrees of freedom. As explained
in more detail in Ref. [26], the reduced density matrix is found
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FIG. 11. Mapping from a quantum system with deterministic time
delay (top) to the fictitious quantum cascade of k identical system
copies, described by Eq. (69) (bottom). The /th copy represents the
interval ({ — )T <t < IT.

by first integrating Eq. (69) uptos = T, where s is an auxiliary
time variable, to find £7(¢), and then acting on the given initial
state pg, (0) for system S and taking a generalized partial trace:

Tres,, s) Er(H)ps, (0), (74)

where the generalized trace Tr(s, s,) acts on a superoperator in
the following way

Trs,.s)Ae =Y (i1l ACe ® liy) (jiDLjn).

ij

,Os(t) = Tr(SAsSk—l) -

(75)

where |i;) and |i;) are orthonormal bases for the two respective
systems, S; and Sp. This operation can be understood as
mapping the output of system S; to the input of system Sy [26].

This method is a powerful tool for exploring the transition
from essentially linear dynamics in the single-phonon regime
to strongly nonlinear dynamics with multiple phonons. We
focus in the following on the giant atom’s transient dynamics
and the field it emits into the phonon waveguide when the atom
is starting in the ground state and driven on resonance with
varying drive strengths. The emitted radiation is a phononic
analog to resonance fluorescence. To explore the consequences
of non-Markovian effects due to the propagation delay between
the two legs we consider two values of the time delay, y T =
1.0 and y T = 10, corresponding to regions C and D in Fig. 2,
respectively.

In Figs. 12 (yT = 1.0) and 13 (y T = 10), we display the
transient atomic dynamics, starting from the ground state for
various drive strengths and an on-resonant drive, wy; = wy.
We plot the short-time evolutions of the atomic excited-state
probability |e(t)|2 and the output phonon number at leg A,
n(t) = (a" '(t)a"“‘(t)), where the output field a$"(r) is
defined in Appendlx B. We normalize our data by (€2/ 2)/)2 We
consider two distinct cases with phase shifts of ¢ = 0 (bright
atom) and ¢ = 7 (dark atom), respectively.

The figures show a clear transition from a linear regime
to a nonlinear regime. For low drive strengths, the atomic
population as well as the output-field phonon number is
proportional to the drive power: the lines with 2/(2y) = 0.01
and 0.1 coincide. As the drive power is increased we enter the
nonlinear regime where the two-level nature of the atom starts
to be important. The transient dynamics is initially essentially
Markovian for t < T, as the atom does not feel any feedback
effects. Therefore, the atom can be viewed as an ordinary
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FIG. 12. Transient dynamics for a giant atom starting in the
ground state with y T = 1.0 (region C). Solid lines show numerically
exact results for various drive strengths €2/(2y) in the range 0.01 to
1.0. The plotted quantities |e(t)|> and n9%"(t) [normalized by (2/ 2y)?]
are the atomic excited-state probability and outgoing phonon number
at leg A, respectively. Black dashed lines shown in (a) are the
analytical results from Eq. (76) for 0 < ¢ < T. Parameters: ¢ =0
(bright atom) for (a) and (b), ¢ = 7 (dark atom) for (c¢) and (d).

atom with two connections to the waveguide. The probability
of excited state has an analytical result [53]

le(r)2 i 1 — % (coshzr + Y sinh e
=——|1— cos — sin ,
€ oyp+202| ¢ §r o simng

(76)
where ¢ = /(y/2) — Q2. InFigs. 12(a) and 13(a), we plot the

curve (76) and compare it with numerical simulation for 0 <
t < T. Actually, the time evolutions of |e(?)|? and n‘j,“‘(t) of the
bright and dark atoms for 0 < ¢ < T are the same regardless
of the phase ¢ across the two legs. At r = T, the atom enters
the non-Markovian regime, marked by a sharp kink in the
observables, best visible in the output-field phonon number.
In the moderately non-Markovian regime (Fig. 12), we see
that the feedback interferes constructively with the outfield for
the bright atom [Fig. 12(b)]. For the dark atom [Fig. 12(d)],
the destructive interference instead leads to a reduction of
the output field. The bright atom approaches a steady state
within the simulation time, due to the comparatively strong
dissipation. The dark atom has an effectively weaker coupling
to the outgoing phonons, leading to an increase of the atom
population during the whole simulation for all but the strongest
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FIG. 13. Transient dynamics for a giant atom starting in the
ground state with ¥ T = 10 (region D). Solid lines show numerically
exact results for various drive strengths €2/(2y) in the range 0.01 to
1.0. The plotted quantities |e(t)|* and n%"(¢) [normalized by (Q2/2y)?]
are the atomic excited-state probability and outgoing phonon number
at leg A, respectively. Black dashed lines shown in (a) are the
analytical results from Eq. (76) for 0 <t < T'. Parameters: ¢ =0
(bright atom) for (a) and (b), ¢ = 7 (dark atom) for (c) and (d). Note
that the outgoing phonon numbers are larger than that in Fig. 12 due
to the drive being an order of magnitude larger.

drive. For the strongest drive, the atom population changes
noticeably during the propagation time 7', which makes the
destructive interference of the feedback less efficient.

In the deep non-Markovian regime (Fig. 13), we find
transient dynamics with plateaus of constant population and
output field amplitude, interrupted approximately at integer
values of /T with steps on the time scale of 1/y. This pattern
can be understood starting from the initial Markovian regime
t < T, where the steady state of the driven, damped atom is
established on the time scale of the local coupling strength
1/y. At t =T the feedback changes the effective drive and
damping, which gives a transient period until a new steady state
is established. The length of the transient periods increases
with each period, probably allowing the system to approach
a global steady state at very long times. For the bright atom
[Fig. 13(a)], we note a pattern of alternating high and low
population where the relative amplitude of the steps decreases
with increasing drive strength and increasing time. For the dark
atom [Fig. 13(c)], we instead see a population increasing with
time, again due to destructive interference in the output fields.
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FIG. 14. Phonon correlation function G(222>(O,r) scaled by
(2/2y)? for a giant atom starting in the excited state. (a) yT = 1.0,
¢ = 0 (bright atom), (b) yT = 1.0, ¢ = & (dark atom), (c) yT =
10.0, ¢ = 0 (bright atom), (d) yT = 10.0, ¢ = & (dark atom).

It is also interesting to look at higher-order correlation
functions for the atom’s output field. In Fig. 14 we show the
second-order correlation function

G (t0,7) = (a5 1(00)a™ (20 + )a™ (1o + 1)aS(10)). (77)

In our previous definition of the second-order correlation
function in Eq. (51), we have implicitly chosen the average
over the stationary state after scattering |V ); i.e., we calcu-
lated the correlation function in Eq. (77) at o = 4-00. Since
G(ZZZ)(ZQ,‘L') = 0 for an atom starting in the ground state, we
show in Fig. 14 the behavior when starting from the excited
state instead. We again show results for two values of the time
delay, yT = 1.0 and yT = 10.0, as well as two values of
the phase shift ¢ = 0 (bright atom) and ¢ = 7 (dark atom).
From the definition of the second-order correlation function,
G(zzz)(O,r) is proportional to the joint probability density of
observing one phonon at + = 0 and another at r =t [41].
We have assumed that the atom is in the excited state and
the entire waveguide (including the part between the atom’s
legs) is in the vacuum state at initial time t = 0. Thus the
atom is in the ground state when the first phonon is observed
at t = 0. Then the probability to observe another phonon at
t = t is proportional to the phonon field emitted by the atom
at leg A. Therefore, the second-order correlation functions
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G)(0,7)scaled by (22/2y)* in Fig. 14 exhibit exactly the same
behaviors of n%‘“(t), up to a normalization factor, as shown in
Figs. 12 and 13. The second-order correlation function shows
particularly strong signatures of the feedback force at times
t = nT for integer n.

Output field properties are calculated using a generalization
of the well-known quantum regression formula for systems
with time delays, given in Appendix C. The numerical simu-
lations were performed using an open source implementation
of the method from Ref. [26] in QuTiP [56,57].

VI. SUMMARY AND OUTLOOK

We have investigated the quantum dynamics of a single
two-level quantum system (a transmon qubit) coupled to a
SAW transmission line via two connection points separated by
alarge distance L, which introduces a deterministic time delay
T. We explored how the non-Markovian dynamics that arises
due to a long time delay affects the spontaneous emission and
scattering properties of this system, which we call a giant atom.
We found several notable differences from the more common
case of a small atom coupled to a transmission line at a single
point. Both the large time delay and the phase acquired by
phonons traveling between the connection points, resulting in
interference effects, are important to explain these differences.

For single-phonon processes, we obtained analytical so-
lutions by solving a differential time-delay equation. Using
these solutions, we first studied the power spectrum of the
spontaneous emission from the giant atom. This revealed the
presence of several frequency modes, something not seen
for a small atom. Furthermore, interference between these
modes was shown to make the energy decay from the system
polynomial at first; only after a long time, when all modes but
one have decayed, does the giant atom follow an exponential
decay law. During this process, the atom experiences revivals
as it emits energy from one connection point and later
reabsorbs some of it at the other one. The presence of multiple
modes at large 7 was also shown to cause multiple peaks in
the single-phonon reflection of the giant atom, another feature
distinguishing it from a small atom, which only has a single
reflection peak at its resonance frequency.

For two-phonon processes, we obtained an exact analytical
solution of the scattering matrix by using the diagrammatic
Lippmann-Schwinger-equation approach given in Ref. [25].
Using the two-phonon scattering matrix, we calculated the
lowest-order correction to the transmittance of the system.
For a small atom, increasing the driving always increases the
transmittance, but for the case of a giant atom, we show that
the transmittance sometimes decreases instead. This is due
to interference effects between phonons emitted at the two
different connection points. We also calculated the inelastic
(incoherent) power spectrum. For a small atom (y7 < 1),
the inelastic power spectrum showed a central peak around
the driving frequency. For yT > 1/2, the central peak splits
into two peaks due to the time delay of the giant atom. This
is different from the Mollow triplet, which is due to strong
driving.

We discussed the second-order correlation functions for
phonons scattered by the giant atom. While phonons (or
photons) reflected from a small atom will display perfect
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antibunching, this effect is diminished for a giant atom since
a second phonon can be emitted from the second connection
point at an earlier time. However, the second-order correlation
function for the reflected phonons from a giant atom has a
richer structure than for the case of a small atom; both bunching
and antibunching occur, and the function has kinks at integer
multiples of 7.

Finally, we also considered coherent driving of arbitrary
strength being applied to the giant atom. In this case, an
analytical solution is beyond the reach of the diagrammatic
approach. Therefore, we instead used the exact numerical
method for integrating the dynamics of open quantum systems
with deterministic time delays introduced in Ref. [26]. This
allowed us to numerically simulate the short-time dynamics
of the giant atom and calculate second-order correlation
functions.

There are several possible directions of research beyond
our present work. When it comes to an experimental imple-
mentation, we believe that the parameter regimes we have
considered here are rather straightforward to reach with a
transmon coupled to SAWs by modifying the experimental
setup of Ref. [11]. A pure circuit-QED setup might also be able
to reach a regime with long enough time delays to demonstrate
differences from the small-atom case, but to achieve truly
long time delays SAWs seem more promising. One potential
obstacle for measurements in such experiments is the low

J
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conversion efficiency of SAWs to electric microwave signals
in conventional symmetric IDTs. However, the recent work
in Ref. [58] demonstrated unidirectional transducers (UDTSs),
which can increase the conversion efficiency up to 99.4%
at GHz frequencies and millikelvin temperatures. From a
technical perspective, it is of interest whether the diagrammatic
Lippmann-Schwinger approach can be extended to scattering
with more than two phonons. In a similar vein, it would be
desirable to extend the numerical technique used to simulate
the short-time dynamics to work for longer times. Finally, the
system under investigation could also be extended, e.g., to in-
clude more than two connection points of the atom or to include
several giant atoms coupled to the SAW transmission line.
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APPENDIX A: SINGLE-PHONON PROCESSES

1. Equations of motion

We start from the RWA Hamiltonian based on Eq. (18),

1 / . P
H=— ';UZ(S+ Z fdwwaiwaaw+ %/da){a_[aifwe*l(wTer)/Z+a2|wel(wT+w)/2]+H_C_}

a=1,2

+Vam / dofolal,e 0" +al,e TR+ He,

(AL)

where § = wy — wy is the atomic detuning and o, = |e){e| — |g){g|. The phonon frequency w = w, — wy is also shifted by the
rotating frequency. The phase difference between two legs is given by ¢ = w;T = wyL/v,.
As discussed in Sec. II, we make the following ansatz for the single-phonon process:

W (1)) = f dolai,(1)al, + ar(t)ab,]lg,vac) + e(t)le,vac).

Then, the Schrédinger equation gives

(A2)

H|W¥ (1)) = —de(t)|e,vac) + / da)[a)alw(t)aifw + wotzﬁ,(t)agwﬂg,vac)
+e(r) /%/dw[aiwe*"(“’”‘”)/z +a;wei(wr+w)/2]|g,vac> + e(t) /%/dw[a;rwgi(wTer)ﬂ ~|—a§we*"(“’”“’)/2]|g,vac)
T T

+ /4L / Aoy, e @2 4 e OTHO2 o vac) + /4L / dofay,e T2 4 ay o OTHO2|e vac)
T T

=1 f da)[d{lw(t)afw + o'zz(v(t)agwﬂg,vac) + ie(t)|e,vac).

Therefore, we have the dynamical equations for the giant atom

(A3)

d : . . .
Ee(t) =ise(t)—i | ﬁ / dowle! @12 4 o1 @I+ (1) — i /ﬁ / dowle 1 @TH/2 L @T+0/214, (1),  (A4)
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right-propagating phonon fields in the transmission line

d ) )
To1o(1) = —itan (1) = ie(o), | e OTHOR 4 OTHOP), (AS)
and left-propagating phonon fields in the transmission line
d . . YV [ i(T+y))2 —i(wT+¢)/2
Eazw(t) = —iway,(t) —ie(t) E[e +e ]. (A6)
Integrating Eqs. (AS5) and (A6), we have
t
alw(t) — e—iwt{alw(o) —i %[e—i(wTﬂp)/Z + ei(wT‘Hﬂ)/z] / dt/e(t/)eiw[/} (A7)
V 0
and
t
0 (1) = e_i“”{otgw(O) —i /%[e“‘“”@/2 + e i@THe)/2) / dﬂe(t’)e"wf}. (A8)
0

Inserting the two equations above into Eq. (A4), we have

d . . .
Ee(t) = ise(t) —i.| ﬁ / dole!@THO2 4 omi@THO2)=ioty (0)

t
—i L/dw[e—i(wT+w)/2+ei(wT+<ﬂ)/2]e—iwta2w(O)_ L/dw|ei(wT+¢)/2+e—i(wT+</>)/2|2/ dt/e(t/)e_i“’(l_t’>_
V4 2 0
(A9)

If the amplitude of one plane wave at time ¢ is a2, (?), then the total SAW field in the transmission line at position x is

1 .
051(2)()6,2‘) = /dwei’“’x/”ﬁozl(g)w(t). (A10)
nvg

2

For right- (left-) propagating fields we take the positive (negative) sign in the phase. Using this notation, we can continue
massaging Eq. (A9):

d . .
e(r) = ide(t) i %[ew/zal(uz — 0,0) + e ey (—L /2 — v,1,0)]

! %[e—waz(uz —vg1,0) + &2 (~L /2 — vy1,0)]

t
—y f dt'e(t)[28(t — ')+ e8(T —t + 1)+ e 8(=T —t +1')]
0

— ide(t) — yle(t) — O — TYe'%e(t — T)] — i %[eiw/zal(uz — 01,0) + e ey (— L /2 — v,1,0)]

=i [P o (L2 = g1,0) + ¢ Par(~L/2 = v, 0) (all)

where ®(x) is the Heaviside step function [®(x) = O for x < 0 and ®(x) = 1 for x > 0]. We can transform Eq. (A11) into the
original frame by making the replacement &(t) — e~'“¢’¢(t). We then get

%é(t) = —iwe(t) — y[e(t) — Ot — T)e(t — T)] — i V[@1(L/2 — vyt,0) + & (—L/2 — v,t,0)

+a2(L/2 — vyt,0) + Go(—L/2 — v,yt,0)], (A12)
where V = % is the coupling strength and
&12)(x,0) = Py )(x,0) (A13)
are the SAW fields in the rest frame. For simplicity in the following, we further omit the tildes. Then, we have
de(r) . .
” = —iwpe(t) — yle(t) + et — T)] —iV[ai(L/2 — vgt,0) + a1 (—L /2 — v,t,0)

Faa(L/2 — v,1,0) + oz (—L /2 — vy1,0)]. (Al4)
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Here, we have assumed e(#) = 0 for ¢t < 0 and thus neglected the Heaviside step function ®(¢ — T'). By Fourier-transforming

Eq. (Al4), ie.,

and using Eq. (A10), we have

Therefore, we have the solutions

e(w) =

and

l ( ) —la)l
e(t) = -
a) wo+iy +iye?

2. Spontaneous emission

Assuming the initial condition e(0) = 1 for the giant atom

+o0 )
e(w) = / dte(t)e', et <0)=0 (A15)
—00
1 .
e(t) = —/.dwe(a))e*"‘”, t >0, (A16)
21
. 2 . .
— e(0) — iwe(w) = —impe(w) — ye(@) — YT e(@) — iV | " [a1,(0) + az (01> + e 7712, (A17)
Vg
ie(0) + V /27 [vg[01,(0) + a2, (0)](e"T/% + e~ T/2)
- — (A18)
w—wy+iy +iyeeT
VvV » 0 » 0 iwT/2 —iwT/2
/ [al ( )+a2 ( )](6 +eT ) —lwl (A19)
./vag w—wy+iy+iye?
[
The solutions are given by Eq. (7) in the main text, i.e.,
. 1 i
=0, we have from W) = wo — 1Y + 17"VI<(—J/T€VTJr oD, (A24)

and no driving, i.e.,
Eq. (A19)

@1,(0) = 20,(0)

—la)[
e(t) = —
@) / ®—wy+iy +iyeeT
—iwt : ioT -1
i fao (i
2 w—wy+iy w—wy+iy
: —iwt +oo s il n
_ dwe__z(_L_>
2 w—wy+iy “— w—wy+iy
—l]/)n —iw(t—nT)
_2271'/ (a) (,()0+l)/)”+1
—+00
—y(t —nT)]"
ZZG)([_HT)Me
n!

—i(wo—iy)t—nT)

(A20)

This is in fact equivalent to the solution given as Eq. (5) in
the main text. The solution can also be put into the alternative
form

s —1wt
e(t) = l—/da) e. —
2 w—wy+iy +iyeeT
7iw(k)t

=Y
= ﬁ-
p 1 —yTe“w

Here, we have used the residue theorem and the poles w, are
given by equation

(A21)

wx) — wo +iy +iye e’ =0, (A22)
or the following equivalent form:
[—i(@a) — wo + iy)Tle @Ot — T erTHiend,
(A23)

with k € Z.Here, W(z) is the Lambert W function [39] defined
by z = W(z2)e"@, which in general is a multivalued function
with branches W;(z), € Z. The asymptotic behavior of
W(—re'?) in the limit » > 1 can be obtained in the following
way. Starting from the definition —re’® = W(—re'®)e"(-r¢")
and —rel? = pel@k+Dr+i0 with 0 €[0,27),
we have

Wi = Inr + i[(2k + D7 + 6] — In W, (A25)

As the lowest-order approximation we can neglect In Wy and
have W; ~ Inr +i[(2k + 1)m + 0]. Plugging this solution
back into Eq. (A25), we get the higher-order solution

n r
VAnr)? + [(2k + D + 6712
72k + 1) +9}

Inr

W(—r)~

+1 |:71(2k + 1) 4+ 6 — arctan

(A26)

This approximate solution is valid for » >> 1. It can be obtained
from Eq. (4.20) in Ref. [39]. We now apply this approximate
solution to Eq. (7). By replacing r = yTe’T and assuming
woT =2nm + Am with n € Z and A € [0,2), we have the
frequency modes for y Te?” > 1:

1
Wy ~ W — T |:7T(2k + 1+ A) — arctan

1 2
_i_ln<l+[(2k+1+A)n} )
2T yT

For y T > 1, the frequency interval is Aw ~ 27 /T.
We now study the emission spectrum of outgoing
phonons. By defining the variables in the original frame, i.e.,

7k + 1+ A)
yT

(A27)
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@100 = €M a1 0),(1), 8(1') = e e(t'), and & = © + wy,
Eqgs. (A7) and (A8) can be written as

i Y i
12)(t) = e a12),(0) — i/ H(e il/2 4 gieT/2)

t
X / dt'e(t")e' "' ",

0

(A28)

As done in Eq. (Al14), we have omitted the tildes for
simplicity. Without driving [i.e., «,(0) =0 and o, (0) =
0], we have o2'(r) = o1,(t) = 0a,(t) from symmetry
and

t
agut(t) = —i /ﬁ(efin/Z 4 ein/Z)/ dt/e(t/)eiw(ﬂ,t)
0
1

— ( —iwT/2 +6‘in/2)

2nV 4n
, e—lwl‘ t ) i) —
x [ dw 4 dt' '@ =D
@ —wo+iy +iye®T )
— % 47_[( 7le/2 + eia)T/Z)

, l e—t(ut e—zwt
X | do'—— - P Y s—
o —wy+iy+iye i(lw—w)

__ /L(e—in/Z_,’_ein/Z)
4

e—iw(k)t _ e—iwl‘
2

(A29)

)/Telw(k’T w — W(k)

Here, we have assumed e/®7 = —1. Then all the poles
given by Eq. (A24) are in the lower half plane, and we can
write
1
@ —wy+iy+iyeeT

=Y
N - 1 —yTeoT o — wgy

(A30)

In the long-time limit, e~'®®’ — 0 due to the negative
imaginary part of w), and therefore

' 1

out _ _—lowt

ad(+o0) = e Vo COS(‘“T/Z)Z yTe“"(“Tw (k)
cos(wT/2)

zefiwt Z .
Vrw—wy+iy+iyeeT

We define the emission spectrum of outgoing phonons

(A31)

_ y(1 + coswT)
o —wy+iy +iyeiT|2’
(A32)

5% () = 27 | (4-00)|*

which can be proven to be equivalent to Eq. (13) in the main
text using the identity in Eq. (A30).
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3. Boundary conditions

Using Egs. (A10) and (A28), we compute the SAW fields
in the transmission line

ai(x,t) = a(x — vgt,0)

—i | X0 — L/2elt +T/2 — x/vy)
2v,

+O(x 4 L/2e(t — T/2—x/vy)].  (A33)

ax(x,t) = as(x — vgt,0)

—i [ O(=x — L/2)e(t + T/2 + x/v,)
2v,

+O(—x+L/e(t —T/2+x/v,)l.  (A34)

In particular, we have the boundary conditions at the two legs
for the right-propagating SAW field

a1 (+L/2+0",1) = aj(+L/2 — v,t,0)

—i [ X let) + e — T,
2v,

ai(=L/2—=07,t) = a;(—=L/2 — v,t,0), (A35)
and for the left-propagating SAW field
oar(—L/2 —07,t) = aa(—L/2 — vyt ,0)
—i | let) + et — T,
2v,
ar(+L/2+0%,1) = aa(+L/2 — v,yt,0). (A36)

Introducing the following notation,
A (1) = aj(—L/2 — 07 ,t) = a;(—L/2 — vyt,0),
ai(t) = aa(+L/2 — 07,1) = ap(+L/2 — v,1,0),
adt = ar(—L/2 - 0"0),
a% = aj(+L/2+0%,1),

we can rewrite the boundary conditions as
aS(1) = ot — T) — i /ZL[e(r) te(t—T), (A37)
Vg

a1) = ot — T) —i | L [e(t) + et — T)]. (A38)
2v,

With this notation, Eq. (A14) recovers Eq. (4) in the main text.

4. Polynomial decay

Without driving, the spontaneous emission of the giant atom
excites SAW wave packets in both directions at the two legs.
We are interested in the phonon field excited between the two
legs,i.e., —L/2 < x < L/2.The total field is the superposition
of the two fields which can be obtained from Egs. (A33)
and (A34),

B L L L L
a(x,t) = a1<—5 <x < Et> +a2<_5 <x < 5t>
y L
el =5 )
L
+ e<t —|lx== /vg):|.

2

—1i

x (A39)
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The total energy stored as SAW phonons between the two legs
is

L/2
Ep = ha)()/ la(x,0)|>dx
—L/2

L
= hwof la(x — L/2,1)|%dx
0

ﬁ L

_7 "’0/ le(t — x/v) + et — |x — L|/vg)|*dx
2Ug 0
yhwo[ [F

= o, UO le(t — x/vy)|*dx

L
+/ le(t — |x — L|/vg)|2dx:|
0

L
+ thORe[[ e(t —x/vge*(t — |x — L|/vg)dx:|.

Ug 0
(A40)

In parameter region D, two SAW wave packets are generated
from the two legs of the giant atom. When the two wave
packets are well separated, we can neglect the overlap integral
and have

ho
Er(t)~ 5 0[
Vg

L
/ le(t — x/v,)*dx

0

L
+/ le(t — |x —L|/vg)|2dxi|
0

T
~ thO/ le(t — 7)|%dx. (A41)
0

For m < t/T < m + 1, the time evolution of the giant atom
ise(r) =), _ en(t) with e,,(¢) given by Eq. (6). We neglect
the overlap between different e,,(¢). The stored SAW energy
attime t = (m 4 1)T can then be calculated as

T
Ep ~ yha)o[ le(t — 7)|dt
0

(m+1)T

~ yhiwole(0)[? lew ()] dt
mT
m 2m
" 5 (yTerTy2m ontDT —2yTL !
~ yhawyle(0)] W . e m—? dt
T\2m m+1
~ Vﬁwo|e(0)|2T(yTey ) @m)! / e Txqdx
(m!?  (=2yT)* J,
~ th0|e(0)|2T(yTeyT)2m (Zm)‘ 1 omyT
(m!?  (=2yT)™2yT

o Vhonle@F (yTer™y" Jaxm@m/ey™
2y 2nm(m/e)y*  (=2yT)*"

Eout(m) _ (m+1)T
8
m

= outl 2dl
oo la™ ()]

T

Y (m+1)T mT
= —[ / e (t)*dt + / lem—1(1)|*dt + /
2 mT (m—1)T mT
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o ranleOFF 1 fiwgle@)F (17
27 Jm 27 T
 haole@P (1\7?
27 T '
Here, we have used Stirling’s formula m! = +/2am(m/e)™
and the fact that yT >> 1 in parameter region D. Therefore,
the stored energy follows a universal polynomial decay law
o t71/2,

In parameter region D, as shown in Fig. 3(c1), the giant
atom exhibits revival behavior. We find that the revival peaks
also decay polynomially. From Eq. (6), the probability of the
giant atom to be in the excited state in the time interval m7T <
t<m+ DT, withm € ZT, is

t TeVT 2m t 2m
Po(t) = len()]* ~ e‘””u(’" N _> '

(A42)

(m!)? T
(A43)

Here, we have assumed the giant atom is in the excited state
initially, i.e., e(0) = 1. From Eq. (A43), we see that the atom
follows the following general behavior in each time interval: it
starts in the ground state [ P,(mT) = 0], revives to a peak value
P, and then decays exponentially at a rate 2. The peak’s
position in the time interval mT <t < (m + 1)T is readily
found to be

1,
ﬁ:m+£.
T yT

The peak value P,"*(t,,) is given by

P ~ (2 PO Y U I (A45)
e M emmt ) T 2em yT ) 2nt,

Here, we have used m! =~ «/2am(m/e)" for m > 1. We see
that P™(z,,) follows a polynomial decay law o £, 1. We also
see from Eq.(A44) that the time of the peak shifts with m.
When m =~ yT, the peak is at (m + 1)T, the boundary of
the interval, which indicates that the decay behavior changes
around this value of m.

In the experiment, one can measure the outgoing phonons
from the two legs of the giant atom. The outgoing phonon field
form <t/T <m+1(m > 1) is given by

(Ad4)

Y len(®) + emi(t — T)I.

a®(t) = —i
2v,

(A46)
Using Eq. (6), we have

out ~ _3 L —m
o™ () ~ —i lzvgem(t)[l + ST (m —t/T)]' (A47)

We calculate energy accumulation of outgoing phonons during
thetimem < t/T <m+ 1:

m+1)T
(em()ey,_ (1) + EZ(t)em—l(t))dt}
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[ 11 1 1 (m+DT ) 2m
==t = len (D)2
212y m o 2ymm =1 Jur yT(m —1/T)
B m m 2m—1
_y[ b0 1 dmpTeTy /< 2t (o LY
22y /7 m 2y Sm—1 yTmHh  Jur r
v 1 1 N 1 1 N 2m(yTe’TY?™ _ Q2m — 1) e 2mrT
2 2y m o 2ym m—1 yT(m)? = (=2yT)™=! 2yT
1 3
_Y 1t 13 1 (A48)
22y Jadm=1 2yJaml 87
(
The above result shows that the energy of the outgoing phonons Egs. (A52) and (A53), giving
also follows a polynomial decay law o m2.
_ — i T)?
T_ (wq .wo )z/sma;d ) . (AS4)
5. Reflectance and transmittance (wg —wo —y sinwgT)” + y=(1 + coswqT)
2 2
To study the scattering properties of the giant atom, we send R y~(1 +coswyT) (A55)

a right-propagating SAW towards the left leg, i.e., «;,(0) # 0
and a,(0) = 0. Assuming the giant atom to be in the ground
state initially, we have from Eq. (A19) that its dynamics are
given by

®1,(0) cos(wT /2)

4
n=2/-—1|d .
“®) 47{/ wa)—a)o—i—iy—i—iye”"Te

From Eq. (A28) we obtain the dynamics of forward-scattered
SAWs

—iowt

(A49)

it Y oT
A1) = e " a1,(0) —i—cos | —
b4 2

o1,(0) cos (%)
X /da)/ y ——
' —wy+iy+iyeT

—iwt

t
x / di' e @, (A50)
0
and the backward-scattered SAWs
T
U (t) = —iZ cos (w_)
T 2
o'T
o O
@ —wy+iy+iyeeT
t
x / dr'e' @' (A51)
0
In the long-time limit, we have
ot . 1+ coswT
a1p(00) = e (0| 1 =iy - — ,
w—wy+iy +iyeeT
(A52)
) 1+ coswT
© — —iwt © 0 _ 3 i .
[2%) (OO) e o1 ( )( lya)—a)0+i]/+i)/ele)
(A53)
_ loge(+00)?

We define the transmittance and reflectance as 7 =

_ lasu(00)?
and R = S 07

leta ()
respectively. They can be calculated from

- (wg — wy — y sinwgT)? + y2(1 +cos wyT)?

It is easily seen that 7 + R = 1.

APPENDIX B: INPUT-OUTPUT THEORY
FOR A GIANT ATOM

In this appendix we give some further details on the input-
output theory for the giant atom with arbitrary driving strength.
We write the model atom-phonon Hamiltonian from Eq. (2) in
the main text as

o0
H = Hg + Z / da)ha)alwao,w
0

a=1,2
o0 [y . .
+Fl Z / do _[O__a;[[w(e—le/Z +ele/2)
a=1,2Y "> 4
+H.c], B1)

where Hg = hayle)(e| is the bare atom Hamiltonian. In
Eq. (B1), we have made the standard Markov approximations
of taking the atom’s decay rate to be frequency independent
and extended the lower integration limit to minus infinity for
the interaction term [59].

How the phonon transmission line serves as a feedback
loop for the atom is apparent when the equations of motion
are formulated using the usual quantum optics input-output
formalism. Following the standard approach [59], we find
from the Hamiltonian in Eq. (B1) that the quantum Langevin
equation for an arbitrary atomic operator x is

i) = %[HS,X] + > {[cu,x][g[a_(t) +o(t—T)]

i=A,B

+ i\/g (a"(t) +a"(t — T))]

- [%[@(t) +ou(t—T)]

— i\/g(a;nf(t) + a;nf(t — T)):|[O’_,X]},

(B2)
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where we have defined input free phonon fields incident on the
atom at leg A and leg B,

. 1 o0 )
4= = | dvettana. @)
—00
in _ ood —iw(t+T—to) B4
apg (1) = E we asq(to), (B4)
—0Q

where f is some early time where the Heisenberg picture and
Schrodinger picture operators coincide (we assume fy < t — T
for all #). We can similarly define output fields at leg A and leg
B of the giant atom,

1 g .
ay'(r) = E/ dwe " ay, (1)), (BS)
—00
1 e .
a0 == / dwe T, (1), (B6)
—0Q

where t; > t + T is some late time. The output fields are given
by the inputs and the atomic dynamics through input-output
equations

a(1) = alpt — T) — i\/g[a_m o (t -1l (B7)

a1y =at — T) — i\/g[a_(t) +o_(t—1)]. (BS)

These boundary conditions are similar to the boundary
conditions (A37) and (A38) but replacing the single phonon
excitation amplitude e(?) by the lowering operator o_ ().

Equation (B2) is a nonlinear quantum Langevin delay
differential equation, making the feedback mechanism of
the transmission line quite clear. It is, however, not easily
solved in general. Note that in the presence of coherent input
drives, these can conveniently be moved into the system
Hamiltonian

Hs = fiaxle) (el + iV ) [(eg)”

+e ¥al(t — T)")o_ + Huc.] (B9)
by displacing the phonon fields  doy —> Gaw +
VAT [y Va (1)@ — wg,)  with o' (1) = Aje '®a'  and
(Xlzn(l) — Aze_lde(H_T).

In Sec. V we also used the fact that the problem can be
mapped onto a setup with only a single feedback loop. This is
easily seen from Eq. (B1) by defining a new phonon operator
b, = (ai, +a2we’i“’T)/\/§. In terms of this new field, the
quantum Langevin equation can be written

(1) = %[Hs,x] +{[oy.x]ly[o_(t) + o_(t — T)]

+ iy (t) + b (t — T))]
—[yloy(@®) + o (t —T)]

— iy (1) + 6™ (e — THIlo-,x]},  (B10)

PHYSICAL REVIEW A 95, 053821 (2017)

where

. Lo i
dwe™ b, (1) = —=[alf(t) + aj@)].

. 1 o
bm =
(t) A/ 2 /—oo \/E

(B11)

We can also define an output field given by the usual input-
output equation:

(1) = bt — T) — i/ylo_(t) + o_(t — 1)]

1
= E [Clzm(t) + a%m(t)] .
Note that in a situation where the left and right input fields are
identical, we have, based on symmetry, that Q" (1) = a$"(r) =

b (1)/N/2.

(B12)

APPENDIX C: COMPUTING OUTPUT-FIELD
CORRELATION FUNCTIONS FROM THE CASCADED
MASTER EQUATION

In this appendix, we outline how output field correlation
functions can be computed from Eq. (69) building on the
method presented in Ref. [26]. We want to calculate an output
field correlation function of the type

(c1(tDea(t2) - . . cu(ty)), (CD

where c;(#;) is one of b°U!(#;) or b°"'(1;) (see Appendix B) and
we assume that all the times are different, #; # ¢;, such that
the time ordering is arbitrary (equal times can be taken as a
limit). First, it is illustrative to recall how this can be done
for a conventional Markovian open quantum system where the
evolution is given by a Lindblad master equation

d i
Eg(t) = {—EH[Hs(l)] +D[L]}5(t), (C2)

for the time propagator £(¢) [i.e., the state at time ¢ is given
by p(t) = £(t)p(0)] and where the output field is given by the
input field and the system dynamics through an input-output
equation

b (t) = b™(r) + L(1). (C3)

As is well known, Eq. (C1) can be computed through the
so-called quantum regression formula [18,59]

(c1t)ea(n2) - . . cn(tn))

(C4
= (Fu€(sp — Su=1) ... F2E(s2 — s1)F1E(s1)p(0)),

where we have time-ordered the times and relabeled them by

S| < 8 < --- < S,,and defined
Fip=Lp forc;(s;) =b""(s)), (C5)
Fip=pLT forci(s;) = b™(s))". (C6)

The computation for a system with time delay, with
the time-propagator master equation Eq. (69), is entirely
analogous. First, we define new time-variables ¢’ through

tf=1t—1IT, (CT
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where [; = [%] is the largest integer less than or equal to %, and
time-order these auxiliary time variables from earliest to latest
and call them s} < 57 < --- < ;. The correlation function in
Eq. (C1) is then given by

(c1(t1)ea(t2) - . . cu(ty))
= (Fulr(s; —sp_) ... F2r(sy — s)Fi1€r(s)p(0)),

(C8)

PHYSICAL REVIEW A 95, 053821 (2017)

where now
Fip= Li_,p forc;(t;) = b)), (C9)
Fip= pL| , forcjt)=b"@pl,  (C10)

and the index j refers to the time ordering of s7. A formal
proof of Eq. (C8) can be given using the tensor-network
representation of the time propagator used in Ref. [26] and
will be presented in a future work [55].
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