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Abstract
Thanks to its high-torque density and high efficiency, the Permanent Magnet
Synchronous Machine (PMSM) is today used in a vast range of applications,
spanning from automotive to wind. Since in a PMSM the excitation field is provided
by a permanent magnet instead of a coil, this machine does not have a rotor circuit
and thereby the risk for electrical failures can be isolated on the stator circuit. These
failures are mainly caused by the deterioration of the insulation of the winding due
to, for example, thermal stress, electrical stress, mechanical stress, environmental
issues or flaws from manufacturing. An insulation failure might lead to a short circuit
between different parts of the machine; among these, the most common is the turnto-turn short circuit. Even though the turn-to-turn fault typically only affects a small
portion of the complete phase winding, the induced current in the faulted turns can
exceed the rated one. This high current will produce excessive local heat, resulting in
a rapid deterioration of the neighboring conductors’ insulation and thereby a
reduction in the lifetime of the winding or, in the worst case, in permanent damage
of the machine and the nearby components. It is therefore important to have good
understanding of how a PMSM with turn-to-turn fault behaves in order to develop
effective detection methods to limit the damage caused by the fault. This knowledge
can be gained through proper modeling of the PMSM with turn-to-turn fault. This
thesis focuses on the modeling of the PMSM with a turn-to-turn fault. Analytical
models of the machine are derived and validated using Finite Element Method (FEM)
models. The analytical model of the faulted PMSM is compared with the non-faulted
machine model in order to understand the main characteristics and differences
between the two conditions. Different quantities are considered as possible
candidates for monitoring and detection of turn-to-turn faults. As first, the focus is
on electrical quantities, especially the stator current. It is shown that the presence of
a fault condition leads to an unbalance in the machine current and a variation in its
harmonic spectra. However, it is shown that this variation is typically very small,
posing a detectability issue for actual applications. The machine’s electrical power is
a more effective signal for monitoring, as the signal incorporates variations in both
voltage and current. If parallel windings are used, another possibility is to compare
the different branch currents to detect the circulating current caused by the fault.
Although it can be an effective detection method, it does require the availability of
the branch current measurement in place of (or together with) the measurement of the
phase current. An alternative way to identify a turn-to-turn fault is to monitor
mechanical quantities. The impact of a turn-to-turn fault on the airgap flux density is
limited to only a part of the airgap; as a result, the symmetrical distribution of the
airgap flux density is lost in the event of a turn-to-turn fault. Thus, the fault will have
an impact on both the electromagnetic tangential and radial force. For the non-faulted
machine, the sum of the radial force in the airgap is zero; this does not apply for a
faulted machine. The unbalance in radial force causes vibrations; the machine
vibrations is the most effective quantity to monitor and used as a fault indication, as
it is able to detect fault consisting of only a few short-circuited turns.
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Chapter 1
Introduction
Background
The world’s energy consumption keeps increasing and due to the climate issues and
the cost of fossil fuels, renewable energy sources represent one of the most attractive
solutions for meeting the increasing demand. For the last few decades, the wind has
been utilized for electrical power production and actual trends clearly show that the
number of wind farm installations will keep increasing in the coming years. Countries
like U.S. and China (as well as the European Union) have stated that they aim to
incorporate more renewables in their system, where up to 25 % of the energy
production should be wind based [1]. To be able to reach this goal, both the number
of turbines and their size needs to increase; larger turbines achieve better land
exploitation, benefit from economies of scale, and have a reduced operation and
maintenance costs [2]. However, for wind energy to become a competitive option as
an energy source, the associated cost needs to be on par with other conventional
energy sources. One method to reduce the overall cost of wind turbine is to use a
permanent magnet synchronous machine (PMSM) as a generator in a direct-drive
setup, as it is s more superior in terms of reliability, energy yield, and have less
maintenance problem compared to other setups [3].Thanks to the high torque-density
of this machine type, the overall nacelle weight is reduces which results in cost
savings on the tower and the foundations. However, even though this topology
provides higher energy yield and less maintenance problems, the operational and
maintenance costs for wind turbines is still comparably high because of the hard-toaccess structures and that the turbines are often placed at remote locations [1]. For
onshore wind turbines, the operational and maintenance cost could go up to 30% of
the total levelized life-cycle cost [4].
Since the size of the turbines are increasing, the economic value of each individual
component is significant, and the cost associated with the replacement of one of the
major components can be up to 20% of the price of a new turbine [5]. It is therefore
important to implement effective fault detection methods that are able to early
identify the occurrence of a fault, in order to minimize any downtime and the damage
to the component and its’ nearby components. If the fault is detected at an early stage,
there is a possibility that the component can be repaired instead of being replaced.
For wind turbine topologies based on PMSM as generator, an electrical failure can
only occur in the stator circuit. The most common type of fault in the stator circuit of
a PMSM is the internal turn-to-turn short-circuit [6]. Nevertheless, effective detection
methods for this kind of faults are not available in the market. One reason for this is
that if the fault only consists of a few short-circuited turns, it may initially not cause
any noticeable impact on the machine’s operation. However, if the fault condition
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persists, the additional heat generated by the fault can cause an avalanche like failure
of the entire stator circuit or even cause a fire.
In order to be able to develop effective detection methods for turn-to-turn faults,
knowledge of the behavior of the faulted machine is needed in order to identify the
best signals, either electrical or mechanical, to be monitored.

Purpose of thesis and scientific contributions
The main objective of the work presented in this thesis is to develop a generic
analytical model of the permanent magnet synchronous machine with an internal
turn-to-turn short-circuit fault, able to accurately model the behavior of the electrical
quantities of the machine during this specific fault condition. In this thesis, the models
are used to generate knowledge of the faulted machine’s behavior, with the intention
of using the generated knowledge for developing effective fault detection methods
for the turn-to-turn fault for PMSMs.
To the best knowledge of the author, the main contributions of the work presented in
this thesis can be summarized as follows:
-

Derivation of a generalized analytical model of a permanent magnet
machine with turn-to-turn fault in both the stationary and the rotating
reference frame, which can be used in a wide range of applications.

-

Verification that the less computational intense analytical models present
comparable results for the electrical quantities of that of FEM models, both
during transient and steady-state operation.

-

Analysis of the impact of a turn-to-turn fault on the air-gap flux density and
the resulting electromagnetic forces. The obtained results of the
electromagnetic forces are verified in an experimental setup.

Thesis outline
This thesis is constituted by eight chapters, a list of references and three appendices.
In Chapter 2, a brief review of typical faults occurring in the different wind turbine
sub-systems, including the mechanical, structural and the electrical sub-system is
presented. Chapter 3 presents the analytical modeling of the PMSM, where a generic
non-faulted PMSM is first presented for reference purposes. From this generic model,
the model of the faulted machine is derived both in the stationary and in the rotating
reference frame. A model which is able to switch from a non-faulted state into a
faulted state is also presented, as well as a model adaptation in order to be able to
model machines with parallel windings. Chapter 4 presents finite element method
(FEM) models of two different PMSM designs; one smaller machine with
concentrated windings and a larger machine with distributed parallel winding. Both
models are modified to incorporate the turn-to-turn fault. The FEM models are used
to verify the analytical derivation and to investigate the impact of non-linear
2

materials. Chapter 5 presents the simulation results. First, the analytical model is
verified against the FEM model, both for the non-faulted and the faulted machine.
Thus, the impact of different operational condition is investigated. Chapter 6 presents
how the FEM models are used to study the air-gap flux density of the presented
models, how this is affected by the turn-to-turn fault and thereby how the fault
impacts the electromagnetic forces of the machine. Chapter 7 presents the
experimental setup and the obtained measurement results are used to verify the
simulation analysis. Finally, Chapter 8 contains the main conclusions of the work
together with some suggestions for future work.
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Chapter 2
Overview of faults in wind turbines
This chapter presents a brief overview of the most common component failures that
occur in wind turbine systems. A brief explanation of the cause of the failure is also
presented.

Introduction
The amount of wind power installed in the world has steadily increased since the
1980s, where both numbers of turbines and their power rating has increased. Figure
2.1 presents the globally installed wind power up until the year 2015 [8]. The figure
clearly shows that the installed wind power capacity has grown exponentially over
the past decade.

Figure 2.1

The global cumulative installed wind capacity from 1996 to 2015 [8].

The first commercial wind turbines appeared in the 1980’s and the turbines back then
were small fixed-speed turbines with a power rating of less than 100 kW. Over the
years the power rating of the turbines has increased, and already during the mid
1990’s the typical turbine rating was between 750 kW and 1000 kW [9]. The modern
turbines have a power rating up to 8 MW [10] and utilize variable-speed drive;
furthermore, they can provide grid support features, thanks to the presence of powerelectronics based controllers.
A critical aspect for any energy production units is the cost of energy. In the case of
wind energy, the cost is mainly related to the initial investment and the operational
and maintenance cost. Efficient maintenance procedures should provide more hours
of operation, which in turn lead to a reduction of the total cost of energy. Through
the utilization of effective fault detection systems, maintenance and downtime costs
can be reduced. Some of the benefits of an effective fault detection systems are:
-

Minimize reparation costs and the loss of power production.
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-

Reduced the maintenance cost as it can organized in need-based rather than
time-based maintenance strategy.

-

Improved capacity factor by better scheduling of maintenance during less
windy seasons.

An additional possible benefit of a proper fault detection system is that it may
generate additional operational data that can be used in other applications, such as
during the development of the next generation of turbines.
According to [11], the most common wind turbine sub-assemblies to fail for variablespeed turbine types (in descending order) are:
-

Electrical system
Rotor (i.e. blades and hub)
Converter (i.e. electrical control, power electronics)
Generator
Hydraulics
Gearbox

However, this does not completely agree with the data presented in [12], which has
studied a different population of wind turbines. Figure 2.2 presents the data presented
in [12] which also includes the average downtime caused by each component failure.

Figure 2.2

The average failure rate and downtime per sub-assembly and year in
wind turbines, presented in [12].

As can be seen from Figure 2.2, the difference in the failure rates is rather small
among the sub-assemblies which tends to fail the most. However, the downtime
caused by the failures of the different sub-assemblies varies more than the failure
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rates. The most critical sub-assemblies from a reliability perspective are therefore the
ones that have both a high failure rate and a long downtime, such as the gearbox.
In [11], it is also stated that larger wind turbines have a lower reliability as compared
to smaller turbines and the failure rate of generators for turbines that use a directdrive topology is up to double of the geared topologies. However, the generator
failure rate can be reduced through replacing the electrical excitation in the rotor
winding with permanent magnet. In addition, the failure rate of the power electronics
is higher for wind applications than for other industries [11]. Some of these failures
and other wind turbine related faults are described more in detail in this chapter,
together with a brief explanation of the possible causes of the faults.

Mechanical faults
Most of the components in a wind turbine can either be said to belong the mechanical
system or to the turbine structure. Examples of sub-assemblies belonging to the
mechanical system are the drive-train and the blades, where the foundation and the
tower are examples of sub-assemblies belonging to the turbine structure. The cause
of a failure in a mechanical component cannot typically be addressed to a single
reason, but rather to the combinations of several factors. Possible reasons for failure
are fatigue, corrosion, manufacturing errors, assembly errors, and the ambient
condition in which the component operates. The ambient condition includes
humidity, temperature, and dust. It also includes the weather condition, both for
normal and extreme events such as storms and lightning strikes.
If there is any damage on the turbine blades it needs to be detected, since operating
with damaged/broken blades can cause secondary damages to the entire wind turbine
[1]. The blades also represent a considerable amount of the initial cost of a turbine
and they typically are costly and time consuming to repair. This motivates the need
for an efficient condition monitoring system for the blades. Even though the blades
are constructed in layer structure where the layers consist of different materials, the
failure tendency of all the materials can be considered equal. As a result, the blades
do not have a typical weak spot inherent in their architecture caused by the used
materials. The blade failures that occur in wind turbines are mainly caused by creepand corrosion fatigue, and the fault impact on the blades behavior depends on the
faults location on the blade. In addition, detecting a blade fault is non-trivial as other
phenomena can cause similar characteristic behavior as the fault. Ice on the rotor or
dead insects both alter the rotor blade surface in a similar manner as cracks and
delamination caused by a fault [1]; all of these phenomena have an impact on the
blade’s aerodynamic efficiency. Figure 2.3a presents a summary of some of the faults
that can occur in a rotor blade and Figure 2.3b presents a photo of a blade with cracks
in the gelcoat and some splitting along its fibers [13].
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a

Figure 2.3

b
Examples of rotor damages, presented in [13].

Even though detecting a blade fault is non-trivial, there are several methods suggested
for detecting this kind of events. Different methods uses different quantities for
detecting a blade fault, such as acoustic emissions, thermal imaging, ultra-sonic
methods, and modal-analysis. A more detailed description of the different methods
can be found in [14], which also discusses the applicability of similar methods to
investigate failures in the structure of the tower.
In close connection to the blades is the pitch-system, which in the event of a failure
can put the turbine in a critical situation. A faulty pitch-system can cause severe
unbalanced loading on the rotor, causing secondary damages to the entire wind
turbine. The worst possible scenario is if the pitch-system to fails in presence of wind
speeds that greater than the cut-out level. In this case, it may result in the turbine
being unable to shut down as the pitch-system cannot be used to turn the rotor blades
in order to achieve aerodynamic braking [1].
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Within the drive-train, gearbox failure for the indirect-drive is one of the most
common components to fail [15]. Gear tooth wear is one of the reasons that causes
failure in wind turbine failures, but the most common gearbox failure is related to the
bearing. A multistage gearbox used in wind applications typically includes several
bearings; however, it is typically only a few specific bearings which tends to fail,
such as the main bearing [1]. There are methods developed to detect bearing faults
based on the use of vibration sensors. To increase the reliability of the fault detection,
acoustic measurements can also be included [1]. The issue of gearbox failures can
avoided by choosing a direct-drive topology, but at the expense of a larger and more
complex generator. However, statistics show that this does not completely solve the
issue, since turbines using direct-drive topology approximately have equal failure as
compared with indirect-drive topology. This is because the failure rate of the
generator and the power electronics is higher for direct-drive turbines [15]. However,
the total downtime may still be reduced, since the downtime caused by generator and
power electronic failures are lower compared to gearbox failures, see Figure 2.2.

Power electronic faults
The power electronic components represent a comparably small part of the initial
wind turbine cost, but it accounts for a considerate amount of the failures [1].
However, since the mean time to repair of a power electronic component is low, the
contribution to the total down time is comparatively low despite the higher fault
occurrence. Semiconductor failure can be caused by several factors, such as electrical
overstress, electrostatic discharge, contamination and various sorts of mechanical
stress. The mechanical failures are typically related to thermal cycling caused by
varying electrical loading. Because the different materials used in the packaging of
the components have different thermal expansion coefficients, the thermal cycling
results in mechanical wear and fatigue [1]. Figure 2.4a presents a principle sketch of
bond-wire liftoff caused by cracks originating from thermal cycling [16]. Figure 2.4b
shows a photo of bond-wire crack [17].
To model the breakdown mechanism of a power electronic component requires
detailed multi-disciplinary sub-models such as electro-thermal and thermomechanical models [16]. A review and comparison between different modeling
methods for various power electronics faults is presented in [16], which also
discusses the different possibilities of condition monitoring to assess the remaining
lifetime of the units. The conclusion presented in [16] is that the research area is in
its infant stage and more research is needed before effective condition monitoring
system can be implemented in converter systems (regardless of application).
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a

b
Figure 2.4

Bond-wire cracks due to thermal cycling. Figure a can be found in [16]
and figure b in [17].

A fault in a power semiconductor for a two-level converter results in either an opencircuit fault, a short-circuit fault or an intermittent gate-misfire depending on which
part of the component has failed [18]. A review of different methods used to detect a
failure within a power semiconductor, where each method only focuses on a specific
type of fault is presented in [18]. An open-circuit fault will not cause any direct
damage but it causes the controller instability which in turn can cause secondary
damage. A short-circuit fault will most likely cause too high currents, making it more
time critical to detect compared to the open-circuit fault. As a result, the short-circuit
fault detection is typically hardware implemented and designed as a protection
system rather than a condition monitoring or fault detection system. The intermittent
gate-misfire fault will either affect the system as an open-circuit fault in the case of
gate-fire inaction or it will create a short-circuit fault in case of an unwanted gate-fire
or due to the inability of gate-turnoff.

Generator faults
The generator, like the mechanical system, can be divided into smaller subassemblies: the stator circuit, rotor circuit, the mechanical drive-train, and the
machine frame. The machine frame is the static construction that holds the physical
machine together, and the part of the machine frame that is referred to as the active
structure is the part that carries magnetic flux. The mechanical drive-train consists of
the moving parts of the generator, where the most likely component to fail is the
bearing [1]. For a PMSM, the rotor circuit only consists of parasitic components,
10

which ideally should not carry any current. However, due inhomogeneous air-gap
reluctance there will be eddy currents in the rotor, both in the rotor laminate and in
the magnets (if the machine is rotating). If excessive, the eddy currents can cause
magnet demagnetization. A failure in a magnet mounting results in the loss of a
magnet, which causes the machine to become unbalanced. The unbalance in the
machine will cause the machine currents to become unbalanced and introduce a ripple
in the machine torque.
Failure in the stator circuit is mainly caused by winding insulation failure, where the
insulation of the winding can deteriorate due to several reasons. Examples of
phenomena that can cause insulation deterioration are thermal, electrical, mechanical,
or environmental issues [6]. Thermal stress accelerates the ageing process of the
insulation, i.e. it decreases the operational lifetime of the insulation. A “rule of
thumb” stated in [6] is that a 10° C increase in temperature reduces the insulation
lifetime up to 50 %. However, simple ageing will not lead to insulation failure, it will
only make the insulation more susceptible to other types of stresses that will lead to
the actual failure. An example of an electrical stress that can cause insulation failure
is a too steep voltage transient, which should be considered for machine connected
to converters where high voltage transients are applied from the converter switching
[19].
Mechanical stress on the winding is caused by the physical movement of the
windings, and if two or more windings touch, the friction between them cause the
insulation fail. The movement can originate either from the resulting forces created
on a current-carrying conductor within a magnetic field or from external sources,
such as vibrations due to rotor misalignment or damaged bearing. Figure 2.5 shows
a picture of a stator that has lost some of the slot wedges that are used to restrict the
movement of the winding [20]. Without these wedges, the risk of physical movement
of windings increase and therefore also the risk of friction caused faults between
neighboring conductors.

Figure 2.5

A picture of a stator missing some slot wedges, presented in [20].
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The working environment and the possible ambient issues for an electrical machine
depends both on the location and on its application. Example of possible environment
issues could be contamination, dust, humidity, aggressive chemicals or salt. For
coastal and offshore wind turbines, humidity and salt are typical issues. As for of
thermal stress, the environmental stress will not cause a direct failure, but will rather
cause indirect failures due to insulation deterioration.
An insulation failure might lead to a short-circuit between the various parts of the
machine. The short-circuit may be phase-to-ground, phase-to-phase, coil-to-coil or
turn-to-turn, where the phase-to-ground short-circuit can permanently damage the
mechanical structure of the stator. If so, the stator needs to be replaced while the rotor
can be reused. According to [6], the majority of the insulation faults originate from a
small turn-to-turn fault, typically only consisting of a few short-circuited turns. For
the synchronous machine or the PMSM, this type of fault leads to an induced current
in the loop created by the short-circuited turns (as long as the machine is rotating).
Even though the turn-to-turn fault typically only affects a small portion of the
complete phase winding, the induced fault current can be greater than the rated one.
This high current produces excessive local heat at the fault, causing a rapid reduction
of the lifetime of the insulation in the neighboring conductors. As a result, a turn-toturn fault can initiate an avalanche like failure in the winding, where more and more
turns become short-circuited. Once a turn-to-turn fault has occurred, it is typically
only a short time period before the entire winding insulation has failed. It could be in
the time range of minutes from initial fault to the failure of the entire winding [1].
Even though most winding faults originate from a turn-to-turn fault, there is no
commercial proven method for the detection of a turn-to-turn fault for PMSMs. This
is the driving force behind this thesis.

Summary of available work on the turn-to-turn fault
There are works available in the literature that describes how to analytically model a
PMSM with a turn-to-turn fault, as the ones reported in [21] and [22]. However, most
of the available works present how to model the faulty machine for specific
applications, which in turn compromise the generality of the model. For example,
[23] presents models for different winding configurations, while [24] and [25]
presents how the slots, pole and position of the short-circuited turns affect the
machine; a model of the PMSM with parallel stator winding is presented in [26]. In
[27], saturation of the magnetic material is considered, where a look-up table derived
from the datasheet of the motor is suggested to be used to include saturation effects.
A general conclusion that can be drawn from these papers is that the machine’s design
impacts the behaviour of the machine during faulted conditions. The aim in this thesis
is to derive a model that is as generic as possible, allowing to apply the model to any
PMSM design; the design of the PMSM will only influence the model’s parameter
values.
Other papers focus on the derivation of models for the PMSM with turn-to-turn faults
aiming at establishing fault detection methods, as in this thesis. However, in this
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works only the electrical quantities of the machine are considered and are represented
under steady-state operation. For example, [28] proposes a method based on
monitoring the reactive power, [29] suggests that the harmonic content should be
monitored and [30] suggests to monitor the zero-sequence current as a detection
method. For some of these papers, the portion of the phase winding that is shortcircuited is fairly high (more than 50%), demonstrating that the suggested signals to
monitor for fault detection purposes are ineffective when only a few turns (low
portion of the phase winding) are short-circuited. It is of importance to highlight that
none of the methods proposed in the currently available literature appear as the
ultimate solution to the problem of turn-to-turn fault detection. Furthermore, to the
best knowledge of the author, the presented papers focus on the electrical quantities
only, neglecting the impact of the fault condition on the mechanical system of the
machine. The aim of this thesis is to investigate if it is possible to achieve an effective
detection method, based on monitoring of electrical quantities, that enables the
identification of the presence of a turn-to-turn fault also when only a few number of
turns are short circuited. Furthermore, this thesis investigates the impact of the fault
on the machine’s vibrations, aiming at understanding if the monitoring of the
mechanical vibrations of the machine is a more effective way to detect the occurrence
of a turn-to-turn fault as compared to the electrical quantities.

Chapter summary
This chapter presented a brief overview of some of the most common wind turbine
failures. For some of the faults listed in this chapter, detection methods are available
in the market, while other types of faults require more research in order to better
understand the root cause of the failure. The most common generator failure of
electrical nature is the turn-to-turn fault, which can develop into other types of
winding failures. Since the time frame between the initial fault and the complete
winding failure can be in the range of minutes, an effective fault detection method
for this type of fault is needed to minimize and prevent further damage.
The following chapter presents how to analytically model a generic PMSM with a
turn-to-turn fault, both in the stationary and rotating reference frame. The model in
the stationary reference frame is extended to be able to represent a PMSM that utilizes
parallel winding designs.
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Chapter 3
Analytical Modeling of Permanent Magnet
Synchronous Machine
This chapter presents the derivation of the analytical model of the PMSM, both under
normal conditions and in the presence of a turn-to-turn fault. The model of the faulted
machine is based on the non-faulted model. The model of the faulted machine is
derived in the stationary as well as in the rotating reference frame; furthermore, the
model has been extended to represent machines with parallel windings. A flexible
model is also presented, which is able to simulate the transition from non-faulted to
faulted conditions.

Introduction
The use of PMSM is increasing thanks to the availability of strong magnets that
enable machines with high-torque density in relation to the machine’s volume.
However, for this type of machine, turn-to-turn faults pose a great issue, due to the
fact that the rotor excitation cannot be removed remotely as in the case of the
electrically-excited synchronous machine. For this kind of machines, the only method
to avoid inducing fault currents in the short-circuited turns is to completely stop the
machine from rotating in order to prevent a complete breakdown. It is therefore
important to establish fault detection methods, in order to limit the damage caused by
the fault. For wind turbine applications, the generator is a vital and expensive
component. It is therefore important that there are effective fault detection systems
connected to the generator, which must be robust and accurate in order to avoid
production losses due to wrongfully triggered alarms. The turn-to-turn fault is
difficult to detect, as the current induced in the short-circuited turns cannot typically
be measured. However, as the turn-to-turn fault is one of the most common stator
faults, there is a need for a detection method that is able to detect turn-to-turn faults
using only accessible information. In order to derive effective detection methods,
proper modeling of the machine under fault conditions is necessary, in order to
understand the behavior of the machine and thereby identify the most suitable
quantities to monitor.
This chapter presents an analytical three-phase model of the PMSM with and without
turn-to-turn fault implemented in the stationary reference frame, similar to the models
described in [21] and [22]. The presented analytical model is then transformed into
the synchronously-rotating reference frame using an adapted transformation matrix.
A flexible model, which is able to simulate the transition from the non-faulted to the
faulted state during a simulation, is then presented. Since large machines (such as
wind power generators) are typically equipped with parallel windings, the presented
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model of the faulted machine is extended in order to be able to model machines with
parallel windings.

General PMSM model
This section presents a basic and general model of a PMSM; similar models of
PMSMs can be found in the literature [31]. The general model is presented for
reference purposes and the model of the faulted machine is derived from it. For the
clarity of the text, in this thesis a “linear machine” refers to a machine where the
materials are assumed to have linear properties.
The phase voltage of a wye-connected electrical machine can electrically be modeled
as
𝑢𝑥 = 𝑅𝑠 𝑖𝑥 +

𝑑𝛹𝑥 (𝑖, 𝜃𝑟 )
𝑑𝑡

(3.1)

where 𝑢𝑥 is the voltage of phase 𝑥, 𝑅𝑠 is the stator winding resistance, 𝑖𝑥 is the current
in phase 𝑥 and 𝛹𝑥 is the flux linkage of phase 𝑥, which for a permanent magnet
machine depends on the rotor position 𝜃𝑟 and the phase currents. Since the rotor
position and the currents are time dependent, the time derivative of the flux linkage
for a three phase machine can be described by a sum of partial derivate as
𝑑𝛹𝑎 (𝑖, 𝜃𝑟 ) 𝑑𝛹𝑎 (𝑖, 𝜃𝑟 ) 𝑑𝑖𝑎 𝑑𝛹𝑎 (𝑖, 𝜃𝑟 ) 𝑑𝑖𝑏 𝑑𝛹𝑎 (𝑖, 𝜃𝑟 ) 𝑑𝑖𝑐 𝑑𝛹𝑎 (𝑖, 𝜃𝑟 ) 𝑑𝜃𝑟
=
+
+
+
𝑑𝑡
𝑑𝑖𝑎
𝑑𝑡
𝑑𝑖𝑏
𝑑𝑡
𝑑𝑖𝑐
𝑑𝑡
𝑑𝜃𝑟
𝑑𝑡

(3.2)

where 𝑎, 𝑏 and 𝑐 indicate the three phases. For linear machines that do not include
saturation, the superposition principle can be adopted, meaning that there are no
cross-coupling saturation effects between the three currents and rotor position. This
dictates that a change in current will result in a linear response in the flux linkage
regardless of operational point, i.e. the different terms in (3.2) can be represented
through constant values. For linear models, the term
as the self-inductance (𝐿), while the terms

𝑑𝛹𝑎 (𝑖,𝜃𝑟 )
𝑑𝑖𝑏

inductance (𝑀𝑎𝑏 and 𝑀𝑎𝑐 , respectively). The term

𝑑𝛹𝑎 (𝑖,𝜃𝑟)

and

is typically referred to

𝑑𝑖𝑎
𝑑𝛹𝑎 (𝑖,𝜃𝑟)

𝑑𝑖𝑐
𝑑𝛹𝑎 (𝑖,𝜃𝑟 )
𝑑𝜃𝑟

are denoted as mutual

represents the change in

the amount of the permanent magnet flux that is linking phase 𝑎 due to the rotor
position (or alignment). As the machine modeled in this thesis is a synchronous
machine, the permanent magnet flux linkage of phase 𝑎 (inherent from the machine
design) has a wave-like shape that can therefore be described using a Fourier series
as
∞

𝛹𝑎 (𝜃𝑟 ) = ∑ 𝛹𝑘 cos(𝑘𝜃𝑟 + 𝜀𝑘 )

(3.3)

𝑘=1

where 𝛹𝑘 is the amplitude of the harmonic and 𝜀𝑘 is the phase shift of that harmonic.
The harmonics originate from phenomena such as slot harmonics and magnet
skewing, and in general appear due to the non-ideal geometry of the machine;
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therefore, these harmonics are always present in the permanent magnet flux linkage,
regardless of the material properties of the machine. In addition, the harmonic content
may vary during non-linear operation, such as during magnetic saturation. Evaluating
the position derivative of the permanent magnet flux for a linear model results in
∞

𝑑𝛹𝑎 (𝑖, 𝜃𝑟 ) 𝑑𝜃𝑟
= 𝜔𝑟 ∑ −𝑘𝛹𝑘 sin(𝑘𝜃𝑟 + 𝜀𝑘 ) = 𝜔𝑟 𝑒𝑎
𝑑𝜃𝑟
𝑑𝑡

(3.4)

𝑘=1

where 𝜔𝑟 is the time derivative of the electrical position of the rotor. As the machine
modeled in this thesis is a synchronous machine, the time derivative of the electrical
position of the rotor equates to the machine’s electrical speed. If the machine is
approximated to have a perfectly shaped back-EMF waveform, characterized by a
single frequency, the modeling of the permanent magnet flux linkage can be
simplified into
𝛹𝑝𝑚 (𝜃𝑟 ) = 𝛹𝑝𝑚 cos(𝜃𝑟 )

(3.5)

However, if a higher accuracy of the back-EMF is needed, the geometry of the
specific machine under investigation needs to be known. There are analytical
methods available for estimating the back-EMF from the geometry, as for example
presented in [32]; alternatively, finite element software can be used for this purpose.
The machine geometry is also needed to calculate the values of the self and mutual
inductances; as for the back-EMF, the inductance values can be derived analytically
(as described in [32] and [33]), or using a finite element software.
A circuit representation of a healthy phase of the linear machine is presented in Figure
3.1, where 𝑢 is the phase voltage, 𝑅 is resistance, 𝐿 is the self-inductance and 𝜔𝑟 𝑒 is
the back-EMF.
𝑢

𝑅

Figure 3.1

𝜔𝑟 𝑒
𝐿
Circuit representation of one of the phases of a linear PMSM.

From the symmetries in the geometry of a radial machine it can be assumed that the
coupling between two phases is bidirectional, i.e.
𝑀𝑎𝑏 = 𝑀𝑏𝑎

(3.6)

and if the stator phases are identically constructed (except for being shifted in space),
all phases have identical inductive coupling and self-inductances:
𝑀𝑎𝑏 = 𝑀𝑎𝑐 = 𝑀𝑏𝑐 = 𝑀, 𝐿𝑎 = 𝐿𝑏 = 𝐿𝑐 = 𝐿

(3.7)
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Utilizing (3.4), (3.6) and (3.7) the flux derivative of phase 𝑎 can be evaluated as
𝑑𝛹𝑎 (𝑖, 𝜃𝑟 )
𝑑𝑖𝑎
𝑑𝑖𝑏 𝑑𝑖𝑐
= 𝐿
+𝑀(
+
) + 𝜔𝑟 𝑒𝑎
𝑑𝑡
𝑑𝑡
𝑑𝑡
𝑑𝑡

(3.8)

The same approach can be used to evaluate the flux derivatives for the other two
2𝜋
2𝜋
phases, with the only difference that phase 𝑏 and phase 𝑐 will be − and electrical
3
3
radians shifted with respect to phase a, respectively. With all phases evaluated, the
complete three-phase machine can be represented in a matrix form as
𝑢𝑎
𝑅𝑠
[𝑢𝑏 ] = [ 0
𝑢𝑐
0

0
𝑅𝑠
0

0 𝑖𝑎
𝐿
0 ] [ 𝑖 𝑏 ] + [𝑀
𝑅𝑠 𝑖𝑐
𝑀

𝑀
𝐿
𝑀

𝑒𝑎
𝑀 𝑑 𝑖𝑎
𝑖
]
[
]
+
𝜔
[
𝑀
𝑏
𝑟 𝑒𝑏 ]
𝑑𝑡 𝑖
𝑒𝑐
𝐿
𝑐

(3.9)

Denoting with bold quantities either a vector or a matrix, (3.9) can be written in a
compact form as
𝒖 = 𝑹𝐢 + 𝑳

𝑑𝒊
+𝒆
𝑑𝑡

(3.10)

where 𝒖 represent the voltage vector, 𝑹 represents the resistances matrix, 𝑳 represents
the inductance matrix and 𝒆 represents the back-EMF vector. Using the matrix
representation the machine model can be rearranged in the state-space form in order
to simplify the implementation of the model in a simulation environment.

3.2.1 State-space representation of linear model
From the matrix representation, the machine model can be described using a statespace model representation as:
𝑑𝐱
= 𝑨𝒙 + 𝑩𝒖
𝑑𝑡
𝒚 = 𝑪𝒙 + 𝑫𝒖

(3.11)

where 𝒙 is the state variables, 𝒖 is the system inputs and 𝒚 is the system output.
Selecting the stator currents as state variables and system outputs, then (3.9)
converted into state-space form becomes

which translates into
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𝑑𝒊
= 𝑳−𝟏 (𝑼 − 𝑹𝒊 + 𝒆)
𝑑𝑡

(3.12)

𝑨 = 𝑳−𝟏 (− 𝑹)
𝑩 = 𝑳−𝟏 𝑼𝒎𝒂𝒕
𝑪=𝑰
𝑫=0

(3.13)

where 𝑼𝒎𝒂𝒕 is the resulting input matrix correlating the input voltages and the backEMF. By selecting the applied voltages and the electrical speed of the machine as
inputs to the state-space model
𝑢𝑎
𝑢𝑏
𝒖 = [𝑢 ]
𝑐
𝜔𝑟

(3.14)

then 𝑼𝒎𝒂𝒕 for a non-faulted PMSM is
1
𝑼𝒎𝒂𝒕 = [0
0

0
1
0

0
0
1

𝑒𝑎
𝑒𝑏 ]
𝑒𝑐

(3.15)

Evaluating the 𝑨 and 𝑩 matrixes gives
(𝐿 + 𝑀)𝑅𝑠
𝐿2 + 𝐿𝑀 − 2𝑀2
𝑀𝑅𝑠
𝑨=
2
𝐿 + 𝐿𝑀 − 2𝑀2
𝑀𝑅𝑠
[ 𝐿2 + 𝐿𝑀 − 2𝑀2
−

𝐿+𝑀
𝐿2 + 𝐿𝑀 − 2𝑀 2
𝑀
𝑩= − 2
𝐿 + 𝐿𝑀 − 2𝑀2
𝑀
[− 𝐿2 + 𝐿𝑀 − 2𝑀2

𝑀𝑅𝑠
𝐿2 + 𝐿𝑀 − 2𝑀2
(𝐿 + 𝑀)𝑅𝑠
− 2
𝐿 + 𝐿𝑀 − 2𝑀2
𝑀𝑅𝑠
𝐿2 + 𝐿𝑀 − 2𝑀2

𝑀
𝐿2 + 𝐿𝑀 − 2𝑀2
𝐿+𝑀
𝐿2 + 𝐿𝑀 − 2𝑀2
𝑀
− 2
𝐿 + 𝐿𝑀 − 2𝑀2
−

𝑀𝑅𝑠
𝐿2 + 𝐿𝑀 − 2𝑀2
𝑀𝑅𝑠
2
𝐿 + 𝐿𝑀 − 2𝑀2
(𝐿 + 𝑀)𝑅𝑠
− 2
𝐿 + 𝐿𝑀 − 2𝑀2 ]

𝑀
𝐿2 + 𝐿𝑀 − 2𝑀2
𝑀
− 2
𝐿 + 𝐿𝑀 − 2𝑀2
𝐿+𝑀
𝐿2 + 𝐿𝑀 − 2𝑀2
−

𝑒𝑎
𝐿−𝑀
𝑒𝑏
𝐿−𝑀
𝑒𝑐
𝐿 − 𝑀]

(3.16)

(3.17)

All elements in matrixes 𝑨 and 𝑩 are constants constituted by the machine
parameters, except for the fourth column in the 𝑩 matrix, which also includes the
back-EMF. This introduces non-linearities in the state-space representation.
However, if all machine parameters are known, the state-space representation can be
used in simulation software if the 𝑩 matrix of the model is updated at every iteration,
i.e. make a linear approximation of the state-space model at every simulation time
step.
To be able to simulate the presented state-space model, the values of all parameters
constituting 𝑨 and 𝑩 need to be known. The resistive part of the machine directly
depends on the amount of copper used, while the values of the inductances depend
on the machine geometry and winding configuration. The following subsection
describes how the geometry of the machine impacts the inductance values and how
these can be calculated for a given geometry.
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3.2.2 Inductance calculations using the machine geometry
For electrical machines, the inductance can be seen as an index of the stator currents’
ability to affect the airgap flux. Simplified, the machine inductance can be said to
depend on the number of winding turns and the reluctance path of the magnetic flux,
where the reluctance of a flux path is defined as
ℛ=

𝑙
𝜇0 𝜇𝑟 𝐴

(3.18)

where 𝑙 is the length of the flux path, 𝜇0 is the permeability of vacuum, 𝜇𝑟 is the
relative permeability of the material and 𝐴 is the cross-section area of the path. With
the use of (3.18), the reluctance of the various parts of the machine can be calculated
for a given geometry and material properties. By dividing the machine geometry into
smaller segments, the machine can be modeled using a reluctance grid as illustrated
in Figure 3.2. In the presented example, the different reluctance segments the
machine are divided into are the stator tooth ℛ𝑡 , the part of the stator back in between
two teeth ℛ𝑠 , the airgap and magnet between tooth and rotor ℛ𝑔 , the leakage airgap
path between two neighboring teeth ℛ𝜎 , and a part of the rotor core between two
teeth ℛ𝑟 . Each of these segments has a different reluctance value. The machine
windings are represented at each tooth as magnetomotive force (𝑀𝑀𝐹) sources. The
upper loops (in this example indexed 1 to 𝑛) represent the stator circuit, while the
lower loops (in this example indexed 𝑛 + 1 to 2𝑛) mainly represent the rotor and
airgap circuits. Note the absence of MMF sources in the lower (rotor) loops, as it is
only the current carrying coils which are of interest when calculating the values of
the inductances.
The reluctance of each segment can be estimated using various methods, depending
on the needed accuracy. A crude but simple method is to assume that each segment
has a rectangular shape, neglecting the realistic shape of the tooth shoe, slot leakage
and the slot opening effects on the airgap. In [33], a more accurate method of
estimating the reluctance of each segment is presented. In this thesis, both the crude
and more accurate method are used and compared with results acquired from a FEM
model.
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𝑀𝑀𝐹1
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ℛ𝑡

ℛ𝜎

2n

ℛ𝑔
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Figure 3.2

2

ℛ𝑡

ℛ𝜎
ℛ𝑔

n+2
ℛ𝑟

3
ℛ𝜎

ℛ𝑔

n+3
ℛ𝑟

b
Reluctance circuit of a PMSM. Figure a presents the reluctance grid as it
is connected in the machine. Figure b presents a more general reluctance
grid with its generated flux loops.

Based on the reluctance grid, a reluctance matrix can be formed, where the elements
in the matrix represent the total reluctance of each loop presented in Figure 3.2b. The
reluctance matrix is expressed as
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2𝑛

∑ ℛ1,𝑘
𝑘=1

−ℛ1,2

…

−ℛ1,2𝑛

−ℛ2,3

⋯

−ℛ2,2𝑛

…

−ℛ3,2𝑛

2𝑛

−ℛ2,1

∑ ℛ2,𝑘
𝑘=1

𝓡=

[

−ℛ1,3

2𝑛

−ℛ3,1

−ℛ3,2

⋮

⋮

−ℛ2𝑛,1

−ℛ2𝑛,2

(3.19)

∑ ℛ3,𝑘
𝑘=1

⋮

⋱

−ℛ2𝑛,3

…

2𝑛

⋮

∑ ℛ2𝑛,𝑘
𝑘=1

]

where ∑2𝑛
𝑘 ℛ 𝑥,𝑘 is the summation of all the reluctance components in contact with
loop 𝑥. For example, the reluctance part ℛ1,2 is the reluctance component present
both in loop 1 and loop 2, i.e. ℛ𝑡 . However, ℛ1,3 is zero as loop 1 and 3 do not share
any reluctance element. The case when 𝑥 = 𝑘 refers to the element exclusively
present in that loop, for instance ℛ1,1 = ℛ𝑠 . The non-diagonal elements of the matrix
are the shared elements of the different loops, where the negative sign is due to the
selected reference of positive flow in each loop being defined from the tooth
reluctance ℛ𝑡 towards the 𝑀𝑀𝐹 source (see Figure 3.2b). As the loops only share
elements with neighboring loops, the reluctance matrix is a sparse matrix.
The machine coils, represented as 𝑀𝑀𝐹 sources, can be described as a column
vector, whose dimension is equal to the number of loops in the reluctance circuit. The
elements of the column vector are constituted by the sum of the 𝑀𝑀𝐹 sources within
the loop, where the positive direction of flux used for the reluctance matrix needs to
be used. For the example circuit presented in Figure 3.2, the 𝑀𝑀𝐹 elements are
𝑀𝑀𝐹1 − 𝑀𝑀𝐹2
𝑀𝑀𝐹2 − 𝑀𝑀𝐹3
⋮
𝑴𝑴𝑭 = 𝑀𝑀𝐹𝑛 − 𝑀𝑀𝐹1
0
⋮
[
]
0

(3.20)

where the half of the vector is constituted by zero elements, since the loops 𝑛 +
1 to 2𝑛 represents the rotor circuit (which does not contain any MMF source).
Using the MMF vector and the reluctance matrix, the flux in each loop can be
calculated as
𝚽 = 𝓡−𝟏 𝑴𝑴𝑭
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(3.21)

where the flux in each tooth is calculated as the difference between the two
neighboring loops sharing the tooth reluctance ℛ𝑡 . Using (3.21), it is possible to
calculate the flux distribution generated from a single coil through the excitation of a
single 𝑀𝑀𝐹 source. Figure 3.3 presents the resulting flux in each tooth when only
𝑀𝑀𝐹1 is excited; in the figure, the fluxes are normalized with respect to the flux in
tooth 1. It is assumed that 𝑀𝑀𝐹1 is a coil consisting of one turn carrying 1 𝐴 and that
all teeth have the same positive orientation of flux. In this example, the reluctance of
the stator back is small compared to the airgap, which results in the produced flux
being distributed across the entire machine.
T ooth flux

Flux [-]

1

0.5

0
1

Figure 3.3

2

3

4

5 6 7 8 9
T ooth number [-]

10 11 12

Flux distribution from a single coil.

If leakage is neglected, the amount of flux produced by coil 𝑥 that reaches coil 𝑦, i.e.
Φ𝑥𝑦 can be calculated as
Φ𝑥𝑦 =

𝑀𝑀𝐹𝑥 𝑛𝑥 𝑖𝑥
=
ℛ𝑥𝑦
ℛ𝑥𝑦

(3.22)

where 𝑛𝑥 is the number of turns carrying the current 𝑖𝑥 in coil 𝑥 and ℛ𝑥𝑦 is the
reluctance of the flux path from coil 𝑥 to coil 𝑦.
The self-inductance of each coil, 𝐿, is defined as the flux produced by the coil
multiplied with the number of turns in the coil, in relation to the current flowing in
the coil, i.e.
𝐿=

𝜓𝑥𝑥 𝑛𝑥 Φ𝑥𝑥
=
𝑖𝑥
𝑖𝑥

(3.23)

𝜓𝑥𝑥 is the flux linkage originating from coil x and Φ𝑥𝑥 is the amount of flux in coil 𝑥
generated by that coil. The mutual inductance between coils, 𝑀, is defined as the
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amount of flux linkage produced by coil 𝑥 that reaches coil 𝑦 multiplied with the
number of turns in coil 𝑦, in relation to the current of coil 𝑥, i.e.
𝑀=

𝜓𝑥𝑦 𝑛𝑦 Φ𝑥𝑦
=
𝑖𝑥
𝑖𝑥

(3.24)

If the machine is assumed to have linear material, i.e. the flux is linearly proportional
to the current, the self- and mutual inductances can be simplified by the insertion of
(3.22) in to (3.23) and (3.24) respectively. Thus
𝑛𝑥
𝑛𝑥 𝑛𝑥 𝐼𝑥
𝑛𝑥2
Φ𝑥𝑥 =
=
𝐼𝑥
𝐼𝑥 ℛ𝑥𝑥 ℛ𝑥𝑥
𝑛𝑦
𝑛𝑦 𝑛𝑥 𝐼𝑥 𝑛𝑥 𝑛𝑦
𝑀=
Φ =
=
𝐼𝑥 𝑥𝑦
𝐼𝑥 ℛ𝑥𝑦
ℛ𝑥𝑦
𝐿=

(3.25)
(3.26)

which states that for a non-saturated system, the inductance is inversely proportional
to the reluctance of the flux paths and cubically proportional to the number of turns.
With the knowledge of the flux distribution, the self- and mutual inductance per tooth
and turn can be calculated using (3.25) and (3.26), respectively. With the knowledge
of how the phases are distributed among the teeth and how many turns each coil has,
the total phase inductance can be evaluated using the inductance values calculated
for each tooth winding. The total self-inductance of one phase can be calculated as
𝑚

𝑚

𝐿 = ∑ (∑ 𝐿𝑖𝑗 𝑛𝑖 𝑛𝑗 )
𝑖=1

(3.27)

𝑗=1

where 𝐿𝑖𝑖 is the self-inductance of one tooth and 𝐿𝑖𝑗 is the coupling term from one
tooth to another (i.e. the mutual inductance between coils, 𝑀). 𝐿𝑖𝑗 for teeth not
belonging to the selected phase are assumed zero when calculating the selfinductance. The terms 𝑛𝑖 and 𝑛𝑗 are the number of turns surrounding tooth 𝑖 and 𝑗
respectively, and 𝑚 is the total number of teeth.
A similar approach can be applied when calculating the mutual inductance for one
phase
𝑚

𝑚

𝑀 = (∑ (∑ 𝐿𝑖𝑗 𝑛𝑖 𝑛𝑗 ))
𝑖=1

𝑗=1

with the difference that 𝐿𝑖𝑖 is assumed zero.
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(3.28)

This subsection presented how the machine geometry can be used to estimate the
values of machine inductances. The following subsection describes instead how the
machine design impacts the back-EMF.

3.2.3 Buildup of back-EMF
For PMSMs, the back-EMF is induced by the movement of the rotor magnets in
relation to the stator coils; the amplitude of the induced voltage, here denoted by 𝑒,
is defined by Faraday’s law of induction as
𝑒 = −𝑛

𝑑Φ
𝑑𝑡

(3.29)

where 𝑛 represents the number of turns through which the flux Φ passes. If the
amplitude of the flux from the permanent magnet is considered constant, then the
amplitude of the induced voltage is proportional to rotational speed. The waveform
of the induced voltage depends on amount of flux within in the coils, which in turn
depends on the machine design. Depending on the machine’s design (especially the
shape of the magnets and the stator teeth), the waveform can vary from sinusoidal to
square wave. However, a pure sinusoidal shape with no harmonic components is
practically impossible to achieve, but if needed measures can be taken during the
machine design to reduce the back-EMF THD. If the machine is to be used in an
application where the impact of the harmonics of the back-EMF cannot be neglected,
simulation software such as FEM can be used to acquire the needed back-EMF data.
The total induced voltage in one phase is attained through the summation of the
induced voltage in all of the series-connected coils of that phase. However, as the
coils are spatially distributed within the machine, the voltages induced in the different
coils might not be in phase. The spatial distance between coils can be translated into
an electrical distance of
𝜑=

𝑝 𝑛 360°
∑𝑐

(3.30)

where 𝜑 is the electrical distance between two coils, 𝑝 is the number of pole-pairs, n
is the harmonic number and ∑ 𝑐 is total number of coils in the stator. To have a more
accurate representation of the total induced voltage in one phase, the contribution
from each individual coil (including the harmonic content) should be treated as
vectors, characterized by an amplitude and a phase. Because of the electrical distance
between coils, the phase of the induced voltage for each coil is likely to be shifted.
Machines typically have a symmetric distribution, giving a constant coil
displacement that results in a fixed phase difference between two neighboring coils.
As an illustrative example, the buildup of fundamental component of the back-EMF
of a machine with six coils is illustrated in Figure 3.4, where each short black arrow
represents the contribution from a single coil to the total back-EMF (red arrow); the
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latter can be measured while the machine is operating in open circuit mode (no
current).

Figure 3.4

Example of the buildup of phase back-EMF for one phase, where the long
red arrow presents the resulting back-EMF.

The shape of the back-EMF can also be influenced by selecting the winding direction
of the coil as a means to reduce the electrical distance between coils, which is utilized
in Section 4.1.1. The principle can clearly be seen through the simple example in
Figure 3.5, where although the two coils are both separated by 150°, the different
winding direction results in different amplitude and phase for the resulting total backEMF vector.

Figure 3.5

Build-up of phase back-EMF for one phase, left 150°shift and right −30°
shift. The red arrow represents the sum of the two black arrows.

The winding direction of the coils is typically arranged to maximize the amplitude of
fundamental component of the back-EMF; however, as can be seen from (3.30) and
from Figure 3.5, the coil distribution also has an impact on its harmonic content.

PMSM model with a turn-to-turn fault
When a turn-to-turn fault occurs in any phase of a PMSM, the affected phase (for
example, phase a) changes from a non-faulted state into a faulted state, as indicated
in Figure 3.6. As shown in the figure, under this condition the phase winding can be
modelled as two series-connected circuits, representing the fault loop and the
remaining winding turns with the corresponding induced voltage. Denoting with 𝑢𝑎
the voltage across the non-faulted phase, the voltages 𝑢1 and 𝑢2 in Figure 3.6b are
the resulting voltages over the two parts.
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𝒖𝒂
+

𝑖𝑎
𝑅𝑎

𝐿𝑎
a

−

𝝎 𝒓 𝒆𝒂

𝒖𝒂
𝑖𝑓

𝑅𝑓

+

𝑖𝑎

+

𝑅1

𝐿1

−

𝝎𝒓 𝒆1

𝑢𝑓

+

−

𝑖2 𝑅2

𝐿2

−

𝝎𝒓 𝒆2

𝑢1

Figure 3.6

𝑢2
b
The single phase representation of non-faulted phase illustrated in figure a,
and figure b presents the single phase representation of the affected phase in
the case of a turn-to-turn fault.

Under the assumption of linear properties of the machine, the equations describing
the faulted phase are
𝑑(𝑖𝑎 − 𝑖𝑓 )
𝑑𝑖𝑎
𝑑𝑖𝑏
𝑑𝑖𝑐
+ 𝑀21
+ 𝑀1𝑏
+ 𝑀1𝑐
+ 𝜔𝑟 𝑒1
𝑑𝑡
𝑑𝑡
𝑑𝑡
𝑑𝑡
𝑑(𝑖𝑎 − 𝑖𝑓 )
𝑑𝑖𝑎
𝑑𝑖𝑏
𝑑𝑖𝑐
𝑢2 = 𝑅2 (𝑖𝑎 − 𝑖𝑓 ) + 𝐿2
+ 𝑀12
+ 𝑀2𝑏
+ 𝑀2𝑐
+ 𝜔𝑟 𝑒2
𝑑𝑡
𝑑𝑡
𝑑𝑡
𝑑𝑡
𝑢1 = 𝑅1 𝑖𝑎 + 𝐿1

(3.31)
(3.32)

where 𝑅𝑖 is the resistance (with 𝑖 = 1,2 in reference to Figure 3.6b), 𝐿𝑖 is the selfinductance, 𝑒𝑖 is the back-EMF and 𝑀𝑖𝑗 is the mutual inductance (where 𝑗 can be
either 1,2, 𝑏 or 𝑐). The term 𝑅𝑓 represents the contact resistance between the shortcircuited turns. As the number of turns and amount of copper used in the machine has
not been altered due to the turn-to-turn fault, it can be assumed that
𝑢1 + 𝑢2 = 𝑢𝑎 ,

𝑅1 + 𝑅2 = 𝑅𝑎 ,

𝑢2 = 𝑅𝑓 𝑖𝑓

(3.33)

It is of importance to observe that due to the uneven temperature distribution during
the fault, 𝑅𝑎 in (3.33) cannot be considered constant over time. However, as the
resistive part of the stator impedance is typically much smaller than the reactive
component, the error introduced by the variation of this resistance can be considered
negligible and does not affect the validity of the overall model. Thus, the phase
voltage 𝑢𝑎 for the faulted machine is modelled as
𝑢𝑎 = 𝑅𝑎 𝑖𝑎 + 𝐿𝑎

𝑑𝑖𝑓
𝑑𝑖𝑎
𝑑𝑖𝑏
𝑑𝑖𝑐
+ 𝑀𝑎𝑏
+ 𝑀𝑎𝑐
+ 𝜔𝑟 𝑒𝑎 − 𝑅2 𝑖𝑓 − (𝑀21 + 𝐿2 )
𝑑𝑡
𝑑𝑡
𝑑𝑡
𝑑𝑡

(3.34)
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with the self-inductance 𝐿𝑎 defined as the sum of the self-inductances from both parts
in Figure 3.6b together with their mutual couplings, i.e.
𝐿𝑎 = 𝐿1 + 𝐿2 + 𝑀12 + 𝑀21

(3.35)

Under the assumption of linear material for the machine, the mutual coupling
between the faulted phase and the other non-faulted phases is then equal to the sum
of the coupling of the two circuits in Figure 3.6b to the other phases, i.e.
𝑀𝑎𝑏 = 𝑀1𝑏 + 𝑀2𝑏 ,

𝑀𝑎𝑐 = 𝑀1𝑐 + 𝑀2𝑐

(3.36)

The new short-circuit loop created by the turn-to-turn fault can be described as
𝑢𝑓 = 0 = (𝑅𝑓 + 𝑅2 )𝑖𝑓 − 𝑅2 𝑖𝑎 + 𝐿2

𝑑𝑖𝑓 − 𝑖𝑎
𝑑𝑖𝑎
𝑑𝑖𝑏
𝑑𝑖𝑐
− 𝑀12
− 𝑀2𝑏
− 𝑀2𝑐
+ 𝜔𝑟 𝑒2 (3.37)
𝑑𝑡
𝑑𝑡
𝑑𝑡
𝑑𝑡

where the negative sign on the mutual couplings is due to the selected direction for
the current 𝑖𝑓 being opposite to 𝑖𝑎 (see Figure 3.6b). If the machine is assumed to be
symmetrical, the following simplifications can be made:
𝑅𝑎 = 𝑅𝑏 = 𝑅𝑐 = 𝑅𝑠
𝐿𝑎 = 𝐿𝑏 = 𝐿𝑐 = 𝐿
𝑀𝑎𝑏 = 𝑀𝑎𝑐 = 𝑀𝑏𝑐 = 𝑀

(3.38)
(3.39)
(3.40)

In order to simplify the analytical expression of the faulted PMSM, a new parameter
σ is defined, equal to the ratio between the number of short-circuited turns and the
total number of turns in the faulted phase [28]:
𝜎=

𝑁2
𝑁𝑎

(3.41)

Using σ, the resistances 𝑅1 and 𝑅2 can then be defined as
𝑅1 = (1 − 𝜎)𝑅𝑆
𝑅2 = 𝜎𝑅𝑆

(3.42)

It is important to stress that for some machine designs, all parameters related to the
fault (such as 𝑅1 , 𝐿1 and 𝑀12 ) can be derived using 𝜎, as in the case of the resistances
shown in (3.42). However, this relation does not hold in case of machines with more
pole-pairs or for machines with more complex geometry (such as distributed
windings) [22]. Because the derivation of a generic model of a faulted PMSM is the
aim of this investigation, the parameter 𝜎 should only be used to describe the resistive
elements of the machine. Since the inductances have a non-linear relation with the
number of turns, the parameter 𝜎 cannot be used to model the inductive elements for
generic machines, as 𝜎 is linearly dependent on the number of short-circuited turns.
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To acquire the inductance values, a reluctance grid or finite element software is
needed in order to account for all the internal magnetic couplings.
Using 𝜎 for the resistive terms only, the generic three phase faulted PMSM can be
described in matrix form as
𝑢𝑎
𝑅𝑠
0 0
−𝜎𝑅𝑠
𝑖𝑎
𝑢𝑏
0
𝑅𝑠 0
0
𝑖𝑏
[ 𝑢
]=[ 0
] [𝑖 ]
0 𝑅𝑠
0
𝑐
𝑐
𝑢𝑓 (= 0)
−𝜎𝑅𝑠 0 0 𝜎𝑅𝑠 + 𝑅𝑓 𝑖𝑓
𝐿
𝑀
𝑀
−(𝑀1𝑓 + L𝑓 )
𝑒𝑎
𝑖𝑎
𝑒𝑏
𝑀
𝐿
𝑀
−M𝑏𝑓
𝑑 𝑖𝑏
+
[ ] + 𝜔𝑟 [ 𝑒 ]
𝑀
𝑀
𝐿
−𝑀𝑐𝑓
𝑐
𝑑𝑡 𝑖𝑐
−𝑒𝑓
𝑖𝑓
𝐿𝑓
[−(𝑀1𝑓 + 𝐿𝑓 ) −𝑀𝑏𝑓 −𝑀𝑐𝑓
]

(3.43)

where 𝑒𝑖 is the back-EMF of the three phase windings, and the fault winding and the
subscript “2” is substituted with “𝑓” to refer to the faulted part of the winding. As a
simple estimation, the amplitude of 𝑒𝑓 can be approximated to 𝜎𝑒𝑎 ; however, if the
coils are heavily electrically scattered, resulting in a large phase difference between
the faulted turns and the affected phase, the approximation becomes less accurate. To
have a more accurate representation of 𝑒𝑓 , knowledge of the actual induced voltage
in the faulted turns is needed; this information can typically be acquired using a FEM
model. The negative sign of 𝑒𝑓 is due to the selected direction of the fault current 𝑖𝑓
being opposite to 𝑖𝑎 , see Figure 3.6b.
To be able to implement the model of the faulted machine in to a simulation, it can
be rearranged into the state-space form.

3.3.1 State-space representation of faulted model
The faulty machine described by (3.43) can be more densely described as
𝒗𝑎𝑏𝑐𝑓 = 𝑹 𝒊𝑎𝑏𝑐𝑓 + 𝑳

𝑑𝒊𝑎𝑏𝑐𝑓
− 𝒆𝑎𝑏𝑐𝑓
𝑑𝑡

(3.44)

and if (3.44) is re-arranged into the state-space form it becomes
𝑑𝑰𝑎𝑏𝑐𝑓
𝑑𝑡

= 𝑳−𝟏 (𝑽𝑎𝑏𝑐𝑓 − 𝑹 𝑰𝑎𝑏𝑐𝑓 + 𝑬𝑎𝑏𝑐𝑓 ).

(3.45)

where
𝑨 = 𝑳−𝟏 (− 𝑹)
𝑩 = 𝑳−𝟏 𝒖𝒎𝒂𝒕
𝑪=𝑰
𝑫=0

(3.46)
(3.47)
(3.48)
(3.49)
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By selecting the terminal voltages and the electrical speed of the machine as inputs,
𝒖𝒎𝒂𝒕 for the faulted machine becomes

𝑼𝒎𝒂𝒕

1
0
= [0
0

0
1
0
0

0
0
1
0

𝑒𝑎
𝑒𝑏
ec ]
−𝑒𝑓

(3.50)

Evaluating the 𝑨 and 𝑩 matrixes results in a large analytical expressions for each
element. Equation (3.51) presents the structure of the matrixes after some algebraic
and trigonometric reduction:
𝐴11
𝐴21
𝑨=[
𝐴31
𝐴41
𝐵11
𝐵21
𝑩= 𝐵
31
[𝐵41

𝐴12
𝐴22
𝐴32
𝐴42
𝐵12
𝐵22
𝐵32
𝐵42

𝐴13
𝐴23
𝐴33
𝐴43
𝐵13
𝐵23
𝐵33
𝐵43

𝐴14
𝐴24
]
𝐴34
𝐴44
𝛽14 𝑒𝑎
𝛽24 𝑒𝑏
𝛽34 𝑒𝑐
𝛽44 𝑒𝑓 ]

(3.51)

where the terms 𝐴𝑖𝑗 and 𝐵𝑖𝑗 are constants consisting solely of different mathematical
combinations of the parameters of the faulted machine. Since the matrixes for the
state-space representation of the faulted model only consist of constants (except the
last column of the 𝑩 matrix), a sinusoidal input signal results in a sinusoidal output
at the same frequency. In essence, the turn-to-turn fault does not introduce any new
frequency components in the machine currents, but rather affects their amplitude and
phase. If only a few of the total number of turns are short-circuited, the alteration on
the currents introduced by the fault will most likely be small and thus difficult to
detect.

PMSM model with a turn-to-turn fault in the synchronously
rotating reference frame
A three phase machine with a turn-to-turn fault can be modeled as a machine with
four windings, where the fourth winding represents the short-circuited loop in the
faulty phase. Therefore, in order to transform the model of the faulty machine into
the synchronously-rotating reference frame, the amplitude-invariant transformation
matrix used in this thesis is
cos 𝜃𝑟
𝑇 ′ (𝜃𝑟 ) =

2
− sin 𝜃𝑟
3
[
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0

2𝜋
2𝜋
)
cos (𝜃𝑟 + ) 0
3
3
2𝜋
2𝜋
− sin (𝜃𝑟 − ) − sin (𝜃𝑟 + ) 0
3
3
3
0
0
2]
cos (𝜃𝑟 −

(3.52)

cos 𝜃𝑟

− sin 𝜃𝑟
2𝜋
2𝜋
cos (𝜃𝑟 − ) − sin (𝜃𝑟 − )
3
3
′−1 (𝜃 )
𝑇
𝑟 =
2𝜋
2𝜋
cos (𝜃𝑟 + ) − sin (𝜃𝑟 + )
3
3
[
0
0

0
0

(3.53)
0
1]

where θr is the electrical position of the rotor’s north pole. The angle θr is chosen to
be zero when the rotor’s north pole is aligned with the positive magnetic axis of phase
𝑎. Observe that the zero-sequence component is neglected in the transformation, to
avoid singularities when the model is implemented in a state-space model form,
where the singularities are originated from the inverse of the machine inductance
matrix. However, as long as the machine utilizes a floating neutral point, the zero
sequence component can be neglected as it does not affect the machine operation.
It should be stressed that in (3.52) the fault current is not transferred into the rotating
reference frame and will remain an AC-quantity in the rotating reference frame. The
three-phase quantities are instead transformed, making their fundamental component
appear as DC-quantity in the rotating reference frame. The currents will however not
be pure DC-quantities, as the fault creates an imbalance between the phases. This
unbalance will introduce an oscillating component, as is shown by the equations
describing the faulty machine in the rotating reference frame.
By applying the transformation matrix to the model of the faulty machine described
by (3.44) yields
𝑇 ′(𝜃𝑟) 𝒗𝑎𝑏𝑐𝑓 = 𝑇 ′(𝜃𝑟 ) 𝑹 𝒊𝑎𝑏𝑐𝑓 + 𝑇 ′(𝜃𝑟) 𝑳

𝑑𝒊𝑎𝑏𝑐𝑓
− 𝑇′(𝜃𝑟 )𝒆𝑎𝑏𝑐𝑓
𝑑𝑡

(3.54)

By utilizing
𝒊𝑎𝑏𝑐𝑓 = 𝑇′−1 (𝜃𝑟 )𝒊𝑑𝑞𝑓

(3.55)

then
𝑇 ′(𝜃𝑟) 𝒗𝑎𝑏𝑐𝑓 = 𝑇 ′(𝜃𝑟) 𝑹 𝑇 ′

−1

𝑑𝑇′−1 (𝜃𝑟 )𝒊𝑑𝑞𝑓
− 𝑇′(𝜃𝑟 )𝒆𝑎𝑏𝑐𝑓
𝑑𝑡

(3.56)

(𝜃𝑟 )
𝑑𝒊𝑑𝑞𝑓
+ 𝑇′(𝜃𝑟 )𝑳 𝑇′−1 (𝜃𝑟 )
𝑑𝑡
𝑑𝑡

(3.57)

(𝜃𝑟 )𝒊𝑑𝑞𝑓 + 𝑇′(𝜃𝑟 ) 𝑳

Evaluation of the derivative term gives
𝑇 ′(𝜃𝑟) 𝑳

𝑑𝑇 ′

−1

(𝜃𝑟 )𝒊𝑑𝑞𝑓
𝑑𝑡

= 𝑇′(𝜃𝑟 ) 𝑳

𝑑𝑇 ′

−1

Inserting (3.57) into (3.54) gives
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𝒗𝑑𝑞𝑓 = 𝑹′ 𝒊𝑑𝑞𝑓 + 𝒅𝑳′ 𝒊𝑑𝑞𝑓 + 𝑳′

𝜕𝒊𝑑𝑞𝑓
− 𝒆𝑑𝑞𝑓
𝜕𝑡

(3.58)

where
𝒗𝑑𝑞𝑓 = 𝑇′(𝜃𝑟 )𝒗𝑎𝑏𝑐𝑓
𝑹′ = 𝑇′(𝜃𝑟 ) 𝑹 𝑇′−1 (𝜃𝑟 )
𝜕𝑇′−1 (𝜃𝑟 )
𝒅𝑳′ = 𝑇′(𝜃𝑟 ) 𝑳
𝜕𝑡
𝑳′ = 𝑇′(𝜃𝑟 )𝑳 𝑇′−1 (𝜃𝑟 )
𝒆𝑑𝑞0𝑓 = 𝑇′(𝜃𝑟 ) 𝒆𝑎𝑏𝑐𝑓

(3.59)
(3.60)
(3.61)
(3.62)
(3.63)

Therefore, the equations describing the faulty machine in the rotating reference frame
are given by
𝑢𝑑
[ 𝑢𝑞 ] =
𝑢𝑓 (= 0)

𝑅𝑠

−(𝐿 − 𝑀)𝜔𝑟

(𝐿 − 𝑀)𝜔𝑟

𝑅𝑠

[𝐾1 cos(𝜃𝑟 − 𝐾2 ) 𝐾1 cos(𝜃𝑟 − 𝐾3 )

2𝑅𝑠 𝑐𝑜𝑠(𝜃𝑟 )
𝑖𝑑
3
2𝑅𝑠 𝑠𝑖𝑛(𝜃𝑟 ) [𝑖𝑞 ]
𝜎
𝑖𝑓
3
𝑅𝑓 + 𝜎𝑅𝑠 ]

−𝜎

3
𝐾 cos(𝜃𝑟 − 𝐾5 )
𝑖
2 4
𝑑 𝑑
3
+
[𝑖𝑞 ]
0
𝐿−𝑀
𝐾 cos(𝜃𝑟 − 𝐾6 ) 𝑑𝑡
𝑖𝑓
2 4
)
)
𝐾
cos(𝜃
−
𝐾
𝐾
cos(𝜃
−
𝐾
𝐿𝑓
[ 4
]
𝑟
5
4
𝑟
6
0
1
+ 𝜔𝑟 𝛹𝑝𝑚 [
]
𝐸𝑓 sin(𝜃𝑟 + φ)
𝐿−𝑀

0
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where
1
2
2
𝐾1 = − √(−2𝑀𝑎𝑓 + 𝑀𝑏𝑓 + 𝑀𝑐𝑓 − 2𝐿𝑓 ) 𝜔𝑟2 + (−2𝜎𝑅𝑆 + √3(−𝑀𝑏𝑓 + 𝑀𝑐𝑓 )𝜔𝑟 )
2

(3.65)

(−2𝑀𝑎𝑓 + 𝑀𝑏𝑓 + 𝑀𝑐𝑓 − 2𝐿𝑓 )𝜔𝑟
𝐾2 = 𝑡𝑎𝑛−1 (
)
2𝜎𝑅𝑆 + √3(𝑀𝑏𝑓 − 𝑀𝑐𝑓 )𝜔𝑟

(3.66)

−2𝜎𝑅𝑆 − √3(𝑀𝑏𝑓 − 𝑀𝑐𝑓 )𝜔𝑟
𝐾3 = 𝑡𝑎𝑛−1 (
)
(−2𝑀𝑎𝑓 + 𝑀𝑏𝑓 + 𝑀𝑐𝑓 − 2𝐿𝑓 )𝜔𝑟

(3.67)

1
2
2
𝐾4 = − √(−2𝑀𝑎𝑓 + 𝑀𝑏𝑓 + 𝑀𝑐𝑓 − 2𝐿𝑓 ) + 3(𝑀𝑏𝑓 − 𝑀𝑐𝑓 )
2

(3.68)

√3(−𝑀𝑏𝑓 + 𝑀𝑐𝑓 )
𝐾5 = 𝑡𝑎𝑛−1 (
)
−2𝑀𝑎𝑓 + 𝑀𝑏𝑓 + 𝑀𝑐𝑓 − 2𝐿𝑓

(3.69)

−2𝑀𝑎𝑓 + 𝑀𝑏𝑓 + 𝑀𝑐𝑓 − 2𝐿𝑓
𝐾6 = 𝑡𝑎𝑛−1 (
)
√3(𝑀𝑏𝑓 − 𝑀𝑐𝑓 )

(3.70)

As can be seen in (3.64), the fault current’s contribution to both the 𝑑- and 𝑞-current
contains either a sine or cosine function. Therefore (as mentioned earlier) the 𝑑- and
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𝑞-currents will not be pure DC-quantities in the event of a turn-to-turn fault, as an
oscillating component is introduced. The sine and cosine functions in (3.64) originate
from the described coordinate transformation; however, as the sine and cosine
functions only appear in the third column of the matrixes, they only interact with the
fault current, which is inherently an AC quantity. Therefore, the frequency content
of the 𝑑- and 𝑞-currents depends on the fault current (which has a sinusoidal shape)
multiplied with the sine and cosine functions introduced by the transformation. This
results in two new frequency components: a DC and a double frequency component.
For the investigated system, the latter corresponds to twice the electrical speed.
The frequency of the fault current depends on the electrical speed of the machine; on
the other hand, the angle used for the coordinate transformation is also a function of
the electrical speed of the machine. Therefore, two frequency components will
appear: a zero-frequency component and a double-frequency component. As such, a
turn-to-turn fault will introduce a negative-sequence component in both the 𝑑- and
𝑞-currents. As can be observed in (3.64), the fault current affects the 𝑑- and 𝑞currents equally with regards to amplitude. However, the fault current contribution is
90° electrically shifted between the 𝑑- and 𝑞-currents as K 2 is 90° shifted from K 3 ,
as can be seen in (3.66) and (3.67). It can also be seen that this applies for K 5 and K 6 .
The faulty machine model in the rotating reference frame can also be transformed
into a state-space form, in order to more clearly visualize how the different model
inputs contribute to the outputs. Using the same approach as in the previous section
gives
𝑑𝒊𝑑𝑞𝑓
−𝟏
(3.71)
= 𝑳′ (𝒗𝑑𝑞𝑓 − 𝑹′ 𝒊𝑑𝑞𝑓 − 𝒅𝑳′ 𝒊𝑑𝑞𝑓 + 𝒆𝑑𝑞𝑓 )
𝑑𝑡
−𝟏
(3.72)
𝑨 = 𝑳′ (−𝑹′ − 𝒅𝑳′)
(3.73)
𝑩 = 𝑳−𝟏 𝑼𝑚𝑎𝑡
(3.74)
𝑪=𝑰
(3.75)
𝑫=0
where
𝑼𝑚𝑎𝑡

1
= [0
0

0
1
0

0
𝑢𝒅
−𝛹𝑝𝑚
], 𝒖 = [ 𝑢𝒒 ]
𝜔𝑟
𝛹𝑝𝑚 𝐸𝑓 sin(𝜃𝑟 + φ)

(3.76)

Evaluating the 𝑨 and 𝑩 matrixes results in large and complex analytical equations,
as for the model implemented in the stationary reference frame. However, after some
algebraic and trigonometric reduction, the structure of the matrixes becomes
𝐴11 + 𝛼11 cos(2𝜔𝑟 𝑡 + 𝜑11 ) 𝐴12 + 𝛼12 cos(2𝜔𝑟 𝑡 + 𝜑12 ) 𝛼13 cos(𝜔𝑟 𝑡 + 𝜑13 )
𝑨 = [𝐴21 + 𝛼21 cos(2𝜔𝑟 𝑡 + 𝜑21 ) 𝐴22 + 𝛼22 cos(2𝜔𝑟 𝑡 + 𝜑22 ) 𝛼23 cos(𝜔𝑟 𝑡 + 𝜑23 )]
𝛼31 cos(𝜔𝑟 𝑡 + 𝜑31 )
𝛼32 cos(𝜔𝑟 𝑡 + 𝜑32 )
𝐴33
𝑩=[

𝐵11 + 𝛽11 cos(2𝜔𝑟 𝑡 + 𝜓11)
𝛽21 cos(2𝜔𝑟 𝑡 + 𝜓21)
𝛽31 cos(𝜔𝑟 𝑡 + 𝜓31 )

𝛽12 cos(2𝜔𝑟 𝑡 + 𝜓12 )
𝐵13 + 𝛽13 cos(2𝜔𝑟 𝑡 + 𝜓13)
𝐵22 + 𝛽22 cos(2𝜔𝑟 𝑡 + 𝜓22 ) 𝐵23 + 𝛽23 cos(2𝜔𝑟 𝑡 + 𝜓23 )]
𝛽32 cos(𝜔𝑟 𝑡 + 𝜓32 )
𝛽33 cos(𝜔𝑟 𝑡 + 𝜓33 )

(3.77)
(3.78)
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where 𝐴𝑖𝑗 , 𝛼𝑖𝑗 , 𝐵𝑖𝑗 , 𝛽𝑖𝑗 , 𝜑𝑖𝑗 , and 𝜓𝑖𝑗 are all constants consisting solely of different
mathematical combinations of the machine parameters of the faulty machine. It is
important to stress that the constants (such as 𝐴𝑖𝑗 and 𝐵𝑖𝑗 ) do not have the same value
as for the machine model in the stationary reference frame described in (3.16) and
(3.17). The complete expression of the constants in 𝑨 and 𝑩 for the machine in the
rotating reference frame is given in Appendix C. These matrix structures show that a
PMSM with a turn-to-turn fault behaves like an unbalanced machine, i.e. any single
frequency input in the stationary reference frame will be seen as two frequency
components in the rotating reference frame.

Flexible analytical model
Assuming that the original state of a machine is non-faulted and, after some time, the
insulation of the stator winding fails (see Section 2.4), causing a turn-to-turn fault
that turns the non-faulted machine in to a faulted machine. In order to simulate this
behavior, there is a need to develop a model that is able to switch from a non-faulted
state to a faulted state. This model feature would allow the study of the behavior of
the machine before and after the fault occurs given the identical operational
conditions, which is utilized in Section 5.4. As the faulted model is derived from the
non-faulted one, it still contains all its information. As a result, the faulted model can,
after some manipulation, be used to emulate both machines’ conditions. However, as
the models assume linear material properties it may not be able to accurately model
any transient behavior during the transition between the states. From the method by
which the faulted machine is modeled, the faulty behavior is caused by the presence
of the fault current 𝑖𝑓 and its interaction with the other currents. Hence, by keeping
𝑖𝑓 equal to zero, the faulty machine model is effectively the same as the non-faulted
machine model. In essence, it is possible to create a model which is able to transition
from a non-faulted to a faulted state by first preventing the fault current and then
being able to re-enable it when faulted operation is desired.
One method to prevent the circulation of the fault current is to have a variable value
of the emulated contact resistance 𝑅𝑓 , since selecting an infinite value represents an
open circuit, i.e. no fault. By reducing the value of 𝑅𝑓 the fault is introduced, where
a zero value represents a perfect short circuit between two conductors. However,
simply selecting the value of 𝑅𝑓 to be infinitely large is not a practical solution for
analytical implementation. When solving the state-space equations, a large value of
𝑅𝑓 leads to large derivative terms, which requires an impractically small simulation
time step in order guarantee the convergence of the simulation. An alternative way
to simulate the transition between the non-faulted and the faulted machine model is
to modify the fault loop by adding a controllable voltage source, 𝑢𝑓 , in series with
the resistance 𝑅𝑓 , see Figure 3.7. The model with the added voltage source is referred
to as the flexible model in this thesis.
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Figure 3.7
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𝑅𝑎2

𝐿2

−

𝝎𝒓 𝒆2

𝒖𝟐

The circuit representation of the faulted phase of the flexible model, which
includes the controllable voltage 𝑢𝑓 , in series with 𝑅𝑓 .

During non-faulted operation, the voltage level of 𝑢𝑓 is for each time step selected to
maintain the fault current derivative at zero, without affecting the other currents. To
model the faulted machine, the value of 𝑢𝑓 is forced to zero as in the case presented
in Section 3.3. Thus, having zero fault current as the initial condition of the flexible
model will cause it to remain at zero. The level of 𝑢𝑓 for the non-faulted operation is
calculated using (3.45).
To verify the effectiveness of this approach, the flexible model is compared with a
non-faulted machine model with the same parameter values. The simulation results
are presented in Figure 3.8. As it can be noticed from the obtained results, the two
models can be considered to be identical; this can also be appreciated by evaluating
the error between the two models, depicted in Figure 3.8b. To verify that the flexible
model is able to switch from a non-faulted to a faulted state, the voltage of the voltage
source is forced to zero after 10 ms. Figure 3.8c shows the fault current of the flexible
model; as expected, there is no fault current until it is enabled after 10 ms. Hence,
the flexible model can be used to model both non-faulted machines and machines
with turn-to-turn faults.
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Comparison of simulation results from the non-faulted and flexible models.
Figure a presents both simulation results and figure b presents the difference
between the two models. Figure c presents the simulated fault current 𝑖𝑓 . All
are normalized with respect the peak current of the non-faulted machine.

PMSM with parallel windings and turn-to-turn fault
In larger machines with higher power levels (such as wind power generators), the use
of parallel windings is a common method to reduce the voltage rating at the expense
of increasing the current rating of the machine. The use of parallel windings does
however lead to circulating currents in the phase branches, unless the machine is
identical in all branches. Since this is practically impossible to achieve, typically a
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small circulating current exist, but its impact can generally be neglected during
normal operation due to its comparably small amplitude. However, as previously
stated, a turn-to-turn causes the machine to be become asymmetric, causing an
increase in the circulating current.
To analytically model a machine with parallel windings and a turn-to-turn fault, the
model presented in Section 3.3 can be extended to incorporate the parallel branches.
The extended circuit model for a machine with two parallel branches is presented in
Figure 3.9,
𝑖𝑓

𝑖𝑎1

𝑅1

𝐿𝑎11

𝝎𝒓 𝒆𝑎11

𝑅𝑓

𝐿2

𝑅𝑎2

𝝎𝒓 𝒆𝑎12

𝑖𝑎
𝑖𝑎2

Figure 3.9

𝑅𝑠

𝐿𝑎2

𝝎𝒓 𝒆𝑎2

Circuit model of the phase with the turn-to-turn fault of a PMSM with two
parallel windings.

where 𝑖𝑎 is the phase current and 𝑖𝑎1 and 𝑖𝑎2 are branch currents. The amplitude of
the circulating current during a turn-to-turn fault depends on several factors, such as
the number of parallel branches, the number of turns short-circuited, the fault
resistance and the external loading/operation condition. More affected turns lead to a
higher current, and a low fault resistance results in both a large fault current as well
as in a larger circulating current. The machine’s external loadings also influence the
circulating current, where the circulating current is inversely proportional to the
external loading, i.e. the highest circulating current with respect to external loading
occurs during no-load/open circuit operation. It is therefore difficult to draw any
general conclusion regarding the amplitude of the circulating current. In order to be
able to estimate the circulating current using models, the operational conditions must
to be known.
By using the same approach described in Section 3.3, an analytical model of a PMSM
with parallel windings can be derived. The size of the square matrixes describing the
model will be 𝑛𝑝𝑙 + 1 where 𝑛 is the number of phases, 𝑝𝑙 is the number of parallel
branches and the plus one term is due to the fault. As an example, for a three phase
machine with two parallel windings, the resistance and inductance matrixes will be
[7x7], where the resistance matrix will be diagonal except the additional fault
resistance entries in the last row and column (as in the case presented in (3.43)). The
inductance matrix may be a full matrix, depending on the machine design (as all
windings can be magnetically coupled). Accordingly, a generic model of a PSMS
with 𝑛 number of parallel windings with a turn-to-turn fault in the first branch of
phase 𝑎 can be modelled as
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𝑢𝑎1
⋮
𝑢𝑎𝑛
𝑅𝑠
𝑢𝑏1
0
⋮
⋮
=
𝑢𝑏𝑛
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⋮
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𝑖𝑐𝑛
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(3.79)

For ideal machines, the parallel phase voltages and currents are identical, i.e.
𝑢𝑥1 = 𝑢𝑥2 , 𝑖𝑥1 = 𝑖𝑥2 , 𝑒𝑥1 = 𝑒𝑥2

(3.80)

As for the machine without parallel windings, the values of the self-inductance can
be assumed to be equal for all phases; however, in the case of the mutual couplings
this may not be true for all machines as it depends on the winding distribution. For
such machines either a reluctance grid or a FEM model is needed in order to acquire
the mutual coupling between individual branches.
The presented model can be used to estimate the circulating current which occurs
during no-load operation in order to investigate if the amplitude of circulating current
is sufficient to cause additional stress or damage the machine. In order to simplify the
analysis, only the steady-state circulating current is considered as it allows phasor
representation of the machine branches. To further simplify the model the mutual
couplings are neglected, hence the phasor describing branch 𝑥 can be represented as
𝑢𝑥 ∠𝜑 = 𝑅𝑠 𝑖𝑥 + 𝑗𝜔𝑟 𝐿𝑖𝑥 + 𝜔𝑟 𝛹𝑝𝑚 ∠0

(3.81)

and for the branch with the fault, the phasor representation can be estimated to
𝑢𝑥𝑓 ∠𝜑 = 𝑅𝑠 𝑘𝑖𝑥𝑓 + 𝑗𝜔𝑟 𝐿𝑘 2 𝑖𝑥𝑓 + 𝑘𝜔𝑟 𝛹𝑝𝑚 ∠𝜑𝑓

(3.82)

where 𝑘 is defined as 1 − 𝜎. The 𝜑𝑓 term is introduced to account for any phase shift
in the back-EMF caused by the fault. The amplitude of the back-EMF is estimated to
be proportional to the number of lost turns, though this may not be completely
accurate depending on the coil distances of the machine as discussed in Section 3.2.3.
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The parallel winding connection enforces that the voltages 𝑢𝑥 = 𝑢𝑥𝑓 and that the
branch currents 𝑖𝑥 = −𝑖𝑥𝑓 ⁄(𝑝𝑙 − 1). Adding these conditions to (3.81) and (3.82)
gives
𝑅𝑠 (𝑘 +

1
1
) 𝑖𝑥𝑓 + 𝑗𝜔𝑟 𝐿 (𝑘 2 +
) 𝑖 = 𝜔𝑟 𝛹𝑝𝑚 (1 − 𝑘∠𝜑𝑓 )
(𝑝𝑙 − 1)
(𝑝𝑙 − 1) 𝑥𝑓

(3.83)

The simplified estimation of current in the faulted branch during no-load operation
can be thus be described as
𝑖𝑥𝑓 = 𝜔𝑟 𝛹𝑝𝑚

(1 − 𝑘∠𝜑𝑓 )
1
1
𝑅𝑠 (𝑘 +
) + 𝑗𝜔𝑟 𝐿 (𝑘 2 +
)
(𝑝𝑙 − 1)
(𝑝𝑙 − 1)

(3.84)

If the stator resistance is neglected, then the current in the faulted branch becomes
𝑖𝑥𝑓 = −

𝑗𝛹𝑝𝑚 (1 − 𝑘∠𝜑𝑓 )
1
𝐿 (𝑘 2 +
)
(𝑝𝑙 − 1)

(3.85)

For non-faulted operation (𝑘 = 1) there is no circulating current as the numerator in
(3.84) is zero (the phase difference 𝜑𝑓 introduced by the fault is zero, i.e. if 𝑘 = 1
then 𝜑𝑓 = 0). Figure 3.10 presents the steady-state amplitude of the current in the
non-faulted part of the affected branch as a function of 𝑘 and 𝑝𝑙 . The amplitude is
given relative the resulting current during a complete short-circuit of one branch (i.e.
𝑘 = 0).
Depending on the machine design, the branch short-circuit current may be several
times larger than rated current. For those machine designs, severe turn-to-turn faults
can cause circulating currents which are greater than the machine’s rated current,
which may cause additional winding damage or demagnetize the permanent magnets.
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a

Figure 3.10

b
Circulating current in the case of turn-to-turn fault for various degrees of
short-circuited turns and number of parallel branches.

Chapter summary
This chapter has dealt with the analytical model of both a non-faulted and a PMSM
with a turn-to-turn fault. The model of the faulty machine has been mathematically
transformed into the rotating reference frame; it has been shown that additional
frequency components in the rotating reference frame are introduced due to the
imbalance caused by the fault. A flexible model that is able to transition from a nonfaulted state to the faulted state during a simulation has also been presented. The
analytical model has been extended to be able to include machines with parallel
windings.
The following chapter presents FEM models of the PMSMs with turn-to-turn faults.
The FEM models are used to validate the analytical models presented in this chapter.
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Chapter 4
FEM Modeling of Permanent Magnet
Synchronous Machine
This chapter presents the FEM models that are used to verify the analytical models
presented in the previous chapter. A model of a non-faulted machine is presented for
reference purposes. To model the faulted turns in the faulted machine, an additional
winding is added to the non-faulted FEM model. In order to correct resemble the
internal connections of the fault winding and the affected phase, the FEM software
is coupled to a circuit software in a co-simulation environment.

FEM model of non-faulted machine
In order to validate the analytical model presented in the previous chapter and to
acquire the needed inductance and back-EMF values, a FEM model has been
developed using ANSYS Maxwell [34]. Two PMSM models with different design
are presented in this chapter: one smaller machine and one larger with parallel
windings. The small machine model presented in this section is based on a prototype
machine available at the electrical machine laboratory at Chalmers University of
Technology; this machine has been selected due to the availability of the parameter
values. The machine has a continuous power rating of 30 kW and a rated line-to-line
voltage rating of 270 V. Although this prototype machine has been designed for the
automotive industry, the previously presented analytical models are independent
from the machine’s application, as the analytical model describes a generic PMSM.
In addition, as the FEM model is only used for validation purposes, its intended
application is of no importance for this work.
The modelled machine has three phases, five pole-pairs, surface mounted magnets,
twelve teeth and concentrated windings. Each tooth has a single coil wounded around
it, which consists of five turns. One phase consists of four series-connected coils,
leading to a total of twenty turns per phase. The implemented model is presented in
Figure 4.1 together with the coil arrangement, where “-“ index indicates that positive
current is entering into the paper. The coils are arranged so that the flux travels in a
closed loop through only one of the neighboring coils, where the neighboring coil is
also part of the same phase. This coil arrangement gives a maximal self-inductance
with minimal mutual coupling between the phases. The advantage of this
arrangement lies in its ability to minimize the fault current during a complete singlephase short circuit, being the phase impedance maximized due to the maximized selfinductance. It should be stressed that the physical arrangement does not impact the
derived analytical model, as the analytical model is more general and does not have
a direct dependency on the structure or winding arrangement of the machine. These
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aspects only affect the model indirectly, through the values of the machine’s
parameters.
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Figure 4.1

FEM model of the machine. Figure a presents the complete machine and
the individual winding arrangement of each coil. Figure b presents the
flux direction at one time instance.

The stator and rotor material is chosen to be linear iron, the magnet material is
neodymium and the coil material is copper. Simulating the FEM model in a magnetostatic simulation, the self- and mutual-inductance of each coil can be determined.
Through some post-processing of the simulation results the FEM software calculates
the total self-inductance and mutual-inductance for each phase using a method similar
to the one described in Section 3.2.2.
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Figure 4.2 presents the calculated values of the phase inductances using a reluctance
grid, where both the simplified rectangular shape for each reluctance segment
described in Section 3.2.2 and the more accurate method described in [33] are used.
The calculated values are compared with the results from the FEM simulation; the
results are normalized with respect to the self-inductance from the FEM model. The
numerical values of the machine parameters are presented in Appendix B. The
analytical method agrees well for the self-inductance, especially when using the more
accurate model. For the mutual coupling the different methods have a larger spread
in the results. However, it should be stressed once more that this machine has a very
low mutual coupling due to its coil arrangement. Therefore, the difference in absolute
values between the different methods is small since the actual value is small. It can
also be seen that the more accurate reluctance method’s results are closer the FEM
results compared to the simple model. However, the simple method provides a good
first estimation of the inductance value, also when considering the accuracy of the
input data required.
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Using the FEM model it is possible to determine the inductance dependency on rotor
position. Figure 4.3 presents the normalized inductance value with respect to the
electrical position of the rotor. As can be noticed from the figure, the inductances can
be considered constant with respect to the rotor position, as it can be expected for
machines with surface mounted magnets (the permeability of the magnets is
comparable to the permeability of the air).
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The normalized self-inductance from the FEM model as a function of the
electrical rotor position for the different phases.
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4.1.1 Back-EMF of the non-faulted FEM model
In the analytical model, the back-EMF represented the voltage induced in the stator
coils by the alternation of the permanent magnet flux, where the alteration is caused
by the mechanical movement of the magnets. In the FEM software, the voltage
induced in the stator coils is calculated through the integration of the flux through the
coil. A short-coming of the FEM software is its inability to distinguish the origin flux.
As a result, in order to acquire the voltage solely induced by the permanent magnet
flux, the stator currents need to be forced to zero during the FEM simulation. Figure
4.4 shows the FEM-calculated back-EMF for the three phases normalized with the
peak value of phase 𝑎; the FEM model is simulated to rotate at 1500 rpm while
forcing the stator current to zero.
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Figure 4.4

FEM calculated back-EMF for the three phases. The machine operates at
1500 rpm while all stator currents are forced to zero.

Because of the realistic design of the modeled machines, the back-EMF is not a pure
sinusoidal waveform. By a Fourier analysis of the back-EMF waveform, the exact
harmonic content is retrieved. Figure 4.5 presents the harmonic content of the backEMF, normalized with respect to the fundamental, where the fundamental frequency
is equal to the machine’s electrical speed. The harmonics are selected to be presented
as multiples of the fundamental component rather than in their respective frequency,
in order to make the harmonic components independent of the machine’s operational
speed.
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Fourier analysis of back-EMF where the amplitude normalized
with respect to the fundamental frequency. The left figure presents
the first 17 harmonics. The right figure presents a zoomed in
version which only presents the largest harmonics.
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The result of the Fourier analysis can be implemented in the analytical model of the
non-faulted machine, thus the back-EMF vector of the analytical model is given by
∞

∑ sin(AH,i 𝜃𝑟 + φa,i )
∞

i=1

𝒆𝑎𝑏𝑐 = −𝜔𝑟 𝛹𝑝𝑚 ∑ sin (AH,i 𝜃𝑟 + φb,i − i
i=1
∞

∑ sin (AH,i 𝜃𝑟 + φc,i + i

[ i=1

2π
)
3

(4.1)

2π
)
3 ]

where AH,i is the relative amplitude of the ith harmonic and φi is the phase shift of ith
harmonic.
To be able to visualize how the turn-to-turn fault impacts the back-EMF, the buildup of the phase back-EMF for the non-faulted machine is presented. Here, the phase
back-EMF is the resulting sum of the induced voltage of the four series connected
coils. Since the modeled machine has one coil wound around each stator teeth, the
phase shift of the fundamental component between each coil can be calculated using
(3.30). For the modeled machine, the electrical distance between two teeth for the
fundamental component is
𝜑=

𝑝 𝑛 360° 5 ⋅ 1 ⋅ 360°
=
= 150°
∑𝑐
12

(4.2)

Figure 4.6 presents the fundamental electrical distance of all teeth with respect to
tooth 𝐴1 , both in total and effective degrees.
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Figure 4.6 The electrical distance off all teeth with respect to tooth 𝐴1 , both in total
and effective amount of degrees.

However, as discussed in Section 3.2.3, the electrical distance as well as the winding
direction must be taken into consideration when calculating the electrical distance.
As can be seen in Figure 4.1a, coils 𝐴2 and 𝐴3 are wound in opposite direction
compared to 𝐴1 , resulting in a flux that has a direction from the stator towards the
rotor for 𝐴1 for a positive current, and in opposite direction for 𝐴2 . Because this
winding arrangement introduces an additional electrical distance of 180°, the total
fundamental component of the back-EMF for phase 𝑎 is
𝐸𝑎𝑓 = |𝐴1 |∠0° + |𝐴2 |∠(150 + 180)° + |𝐴3 |∠(180 + 180)° + |𝐴4 |∠330°

(4.3)

The amplitude of the fundamental component of the induced voltage in each coil is
identical, since the shape of all the teeth and the number of turns are identical for all
coils. If the peak amplitude of the fundamental component of the induced voltage in
a single turn is referred to as 𝐸1 , then
|𝐴1 | = |𝐴2 | = |𝐴3 | = |𝐴4 | = 5𝐸1𝑓

(4.4)

The fundamental component of the back-EMF of a single phase for the modeled
machine is then
𝐸𝑎𝑓 = 2 ⋅ 5 𝐸1 ∠0° + 2 ⋅ 5 𝐸1 ∠ − 30° ≈ 19.32𝐸1 ∠ − 15°

(4.5)

With regards to the harmonics, the electrical distance increases with the harmonic
number, i.e. for the fifth harmonic the electrical distance between coils should be
multiplied with five. By considering this aspect during the machine design, the
amplitude of selected harmonics can thus be reduced by the choice of the electrical
distance between the coils. As an example, the fifth harmonic for the modeled
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machine is reduced since the electrical distance between coils is −30°, which for the
fifth harmonic becomes −150° and (as presented in Figure 3.5) this has a great
impact on the resulting amplitude.

FEM model with turn-to-turn fault
As mentioned earlier, the FEM model of the faulted machine is a modified version
of the non-faulted model presented in the previous section; in particular, the faulted
modeled has an additional coil in order to emulate the short-circuited loop caused by
the turn-to-turn fault. The new coil shares space with one of the existing coils as
illustrated in Figure 4.7. Although not visible in the figure, there is a thin layer of air
surrounding the extra coil, to provide a galvanic separation between the faulted coins
and the affected coil. This insulating layer is added in order have a more realistic
representation, as the insulation of the wire in the short-circuited loop is assumed to
still be intact (except for the single point were the short-circuit has occurred).
█ Stator
█ Rotor
█ Magnet
█ Magnet
█ Coil
█ Extra Coil

Figure 4.7

FEM model of a PMSM with an additional coil to represent the turn-toturn fault.

The added coil used to model the turn-to-turn fault will further be referred to as
“faulted coil”.
The maximum number of turns that the faulty coil can consist of is limited to the
number of turns in the non-faulted coil, as the faulty coil is simply a representation
of short-circuited turns. For the machine modeled in this section, the number of turns
in a non-faulted coil is five; as a result, the number of short-circuited turns can be
selected arbitrary between one and five. For example, if an entire coil is short
circuited then, the affected phase consists of three non-faulted coils plus the faulted
coil. If only one turn is short-circuited, instead, the affected phase will consists of
three non-faulted coils plus a coil constituted by four turns and the faulty coil
constituted of a single turn. Since a turn-to-turn fault does not alter the geometry or
remove any turns, it can be said that a turn-to-turn fault does not change the number
of turns in the affected phase, it only alters how the turns are internally connected.
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The orientation of the faulty coil is selected to be in the same direction as the nonfaulted coil, in order to preserve the current orientation. It should be stressed that the
current in the faulty coil in the FEM model is not the current referred to as 𝑖𝑓 in
analytical model, but rather the current 𝑖2 in Figure 3.6b. The current in the faulted
coil of the FEM model can be acquired from the analytical model through the relation
𝑖𝑎 − 𝑖𝑓 .
The simulated back-EMF of the faulty machine obtained from the FEM model is
presented in Figure 4.8, where the phase currents are forced to zero (including the
fault current), as for the non-faulted model. In the simulations, the faulty coil is
selected to be constituted by a single turn only. For the analytical model, this results
in that the term 𝜎 becomes
𝜎=

𝑁2
1
=
= 0.05 = 5%
𝑁𝑎 20

(4.6)

i.e. 5% of the winding is short-circuited.
Because of the fault, the induced voltage in phase 𝑎 is reduced as compared with the
non-faulted case (as phase 𝑎 is now only constituted by 19 turns), while the voltages
in phase 𝑏 and 𝑐 are remain unchanged. Depending on the machine design, the
induced voltage in the affected phase can be phase shifted as compared to the nonfaulted case, where the phase shift is introduced by the electrical distance between
coils. For the modeled machine, the fundamental component of back-EMF for phase
𝑎 is (where the coil with the turn-to-turn faults is used as reference),
𝐸 = 4𝐸1 ∠0° + 5𝐸1 ∠(150 + 180)° + 5𝐸1 ∠(180 + 180)° + 5𝐸1 ∠330°
≈ 18.35𝐸1 ∠ − 15.8°

(4.7)

which is −0.8° phase shifted compared to the non-faulted machine, see (4.5). The
amplitude of the fundamental component of the phase voltage, relative to the nonfaulted case, is
18.35𝐸1
= 0.9498 ≈ 0.95 = 1 − 𝜎
19.32𝐸1

(4.8)

This small amplitude difference, together with the small phase shift makes the backEMF of the faulty machine unbalanced, which coincides with the analysis of the
analytical model.
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Figure 4.8

c
FEM calculated back-EMF. Figure a presents the induced voltage in the
three phases and the faulty coil normalized with respect the peak value of a
non-faulted phase. Figure b presents the induced voltage in the faulted coil
only and figure c presents the induced voltage of the faulted coil and phase
𝑎 where the values of the faulted coil is scaled to match that of phase 𝑎.

Because the faulty coil is selected to be constituted by a single turn (located at the
reference tooth) the back-EMF in the faulty coil is
𝐸𝑓 = 𝐸1 ∠0°

(4.9)

i.e. the part of the back-EMF removed from the non-faulted machine model described
by (4.3) compared with the faulted machine model described by (4.7).
The inductance values of the faulty machine are calculated using the same method as
for the non-faulted model. The reluctance grid can be used also for this condition.
Figure 4.9 presents the two reluctance grid methods and the results from the FEM
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software, normalized with respect to the FEM result of the mutual coupling between
the faulty coil and the affected phase.

Figure 4.9

Comparison of the different methods for calculating the self-inductance of
the faulty coil and the mutual coupling between the faulty coil and the
other phases. Note the different scales in the figures, but all models are
normalized with respect to self-inductance value of the non-faulted
machine.

The analytical methods show less agreement with the FEM results compared with the
non-faulted machine (see Figure 4.2). The comparative values for 𝑀𝑏𝑓 is greatly
different and for 𝑀𝑐𝑓 the results also shows low agreement. However, due to the
concentrated winding design used in this machine, the mutual coupling between
phases is comparably small during non-faulted conditions, it is therefore only natural
that the coupling between the faulted coil and the other phases very small. By
comparing the absolute difference between the methods rather than the relative
difference, it is possible to observe that the mismatch when using the different
methods is small. In the FEM modeled used to a acquire the inductance values, the
fault is located at coil 𝐴1 (see Figure 4.6) where the neighboring coils are 𝐴2 and 𝐶4 .
Hence the amount of flux produced by the faulted coil that reaches a coil belonging
to phase 𝑏 is much less than that of a coil belonging to phase 𝑐. As a result, the mutual
coupling between the fault and phase 𝑏 is the smallest (close to being non- existing).
In the FEM model, the faulted coil is implemented as a fourth phase. This creates
issues when trying to simulate the model for other operating conditions than the nonload. A limitation of the FEM software is its inability to have allow internal
connections between phases, it only allows for pre-selected current or voltage
excitation. The galvanic connection between the faulted coil and the affected phase
(which included the fault resistance 𝑅𝑓 ) can therefore not be implemented by the
FEM software alone. In order to overcome this limitation and to represent the model
depicted in Figure 3.6b, the FEM software is coupled to the circuit simulator Ansoft
Simplorer [35]. Through the use of the co-simulation setup, it is possible to correctly
interconnect the FEM model’s phases to achieve a more realistic simulation. Figure
4.10 presents the co-simulation setup, where the faulted FEM model is set to operate
as a generator loaded with a pure resistive load of 1Ω; the model is externally excited
to rotate at a constant speed of 1500 rpm. Due to the adopted implementation of the
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coils of the FEM model, the FEM software is unable to account for the winding
resistance 𝑅𝑠 ; for this reason, these resistances have been added externally, as it can
be noticed in the figure.
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Figure 4.10

Coupling between Ansoft Simplorer and Ansoft Maxwell in order to
create the correct connections between the coils.

The simulated currents for the faulty machine when 𝑅𝑓 is set to 20 𝑚Ω are shown in
Figure 4.11, normalized with respect to the peak value of the non-faulted phase
current.
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Co-simulation between Ansoft Simplorer and Ansoft Maxwell in order to
create more accurate connections of the coils.

For this operation point, the peak current in the faulty coil is almost four times the
peak current in the other phases, resulting in almost 16 times higher resistive losses,
where all the additional losses produce heat locally. The extra heat will likely lead to
further winding failure and/or other types of faults, as described in Section 2.4.
However, even though this comparatively large current has a non-negligible local
impact on the machine, the impact on the phase current is very small, as seen in Figure
4.11.

Impact of non-linear materials
The FEM model described in the previous sections used iron with a linear B-H curve
for the stator and rotor material. To evaluate the impact that non-linear materials have
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on the fault and the model, the FEM model presented in Section 4.2 is modified to
utilize a non-linear rotor and stator material. The selected non-linear material is M1929G steel, and its B-H curve is presented in Figure 4.12. The B-H curve can be
estimated to consist of two regions, defined by their slope. The impact of the nonlinear property depends on the operation point of the machine. From the FEM model
with the non-linear material operating as a generator loaded with a pure resistance of
1 Ω, it has been found that the peak flux level inside one of the stator teeth is 1.38 T,
which is on the top of the knee point of the stator material.

Figure 4.12

B-H curve of the non-linear material used in the non-linear FEM model.

As a result, the machine operates in the most non-linear region of the BH-curve, i.e.
in the border region between the linear and saturated operation. By comparing the
obtained simulation results of the non-linear FEM model and the linear analytical
model, it is found that the models still show good agreement for the fundamental
component, with minor differences in the harmonic range, mainly due to the local
saturation in the edges of the stator teeth. The simulated currents for the linear and
non-linear model are presented in Figure 4.13.
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a

Figure 4.13

b
Comparison between linear analytical model and non-linear FEM.
The dashed lines are from the FEM model. Figure a presents the
three phase currents and figure b the faulty current.

Table 4.1 presents the five largest harmonics in the current flowing in the affected
phase, where the values are normalized with respect to the fundamental current
component obtained from the analytical model.
Table 4.1 Amplitude of current harmonics with respect to the to the fundamental
Harmonic number

Analytical

Lin. FEM

Non. Fem

1 (fundamental)

1

0.9904

0.9739

5

0.00394

0.00413

0.00625

7

0.00849

0.00706

0.00315

11

0.02430

0.0210

0.02001

13

0.01411

0.01214

0.01144

23

0.00212

0.00172

0.00166

Although a larger deviation between the analytical model and the FEM model using
non-linear material is expected (mainly due to the fact that the system inductances or
the back-EMF are not constant for the latter) it is important to stress that the two
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models still show a very good agreement. Regardless the fact that the fault current in
this simulation is about five times larger than the phase current, the machine does not
magnetically saturate due to the fault. This is due to the inherent property of the
current induced in the turn-to-turn fault loop, which opposes to any change in flux.
Therefore, if a linear analytical model shows satisfactory agreement with a non-linear
model during non-faulted operation of the machine, then the same analytical model
of a machine with a turn-to-turn fault will present similar agreement, as additional
saturation is not introduced by the fault. If the machine is designed to operate well
into the saturated region during normal operation and a linear analytical model is
unable to represent the machine during normal operation, then the presented model
will most likely not be able to accurately model the fault current. As a result, the
actual fault current is likely to be larger than the current acquired from the analytical
model, due to the effect of the saturation. In such case, or in general when there is a
need for an analytical model that can accurately represent the behaviour of the
machine for all operating conditions (including the saturation region), FEM should
be used to create look-up tables describing the total machine’s flux with respect to
current levels and rotor position. This can be done through a range of simulations
where the rotor’s position and current levels are altered. Thus, the accuracy of the
analytical model depends on the resolution of the sweep and the number of crosscoupling terms taken into consideration. It is however important to stress that
sweeping the model for all position and current combinations is heavily time
consuming and that in practice it might be more convenient to directly use the FEM
model
As demonstration of creating look up tables in order to model saturated machines, a
crude sweep of the FEM model is performed on an unaffected phase. The sweep
resolution was increased through post-processing using a cubic interpolation between
the acquired FEM values using Matlab. Inherent from the modeled machine’s design,
the mutual inductance is negligible compared to the self-inductance. Thus, in order
reduce the complexity of the model, the cross-coupling of other phase currents are
neglected in the sweep. The result of the simulation sweep is presented in Figure 4.14
which shows that the flux linkage 𝛹 is dependent on both current and position, which
is not considered in the linear analytical model.
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a

b

Figure 4.14

c
Flux linkage for a non-faulty phase of the non-linear model. Figure a
presents the total flux linkage of the phase and figure b and c presents the
partial derivatives of the flux linkage with respect to the position and
current, respectively.
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For a machine with a different design, where both the mutual coupling between
phases as well as the impact of fault current needs to be considered, the number of
simulations needed in order to acquire the look-up tables may be considerable.
Though possible, this may not be a practical solution and the option of using a FEM
model directly may be more efficient.

FEM model with parallel windings
The machine model with parallel windings used in this thesis is based on the model
presented in [36]. The selected model is larger compared with the previously
presented model as it is intended application is as an indirect-drive wind power
generator. The rating of the larger model is 5 MW with a line-to-line voltage of 4.5
kV. The machine has three phases, where each phase is constituted by four parallel
branches organized in a distributed double-layer winding configuration. The coils are
distributed in a stator consisting of 72 slots, giving each branch the equivalent of six
full slots. As a result, each branch is constituted of six series-connected coils.
However, due to the double-layer configuration where two coils share one slot, one
branch winding is present in ten slots. Figure 4.15 presents the FEM model and the
winding arrangement of one branch (of the four) of phase A. For this model, each
coil consists of seven turns, resulting in a total of 42 turns per branch. The rotor has
eight surface mounted magnets, i.e. the modeled machine has four pole-pairs and the
designed maximum speed is 750 rpm. Further details model details are given in [36].
As can be seen in Figure 4.15, the winding arrangement for the larger machine is
selected so that the parallel branches are spatially distributed where each branch
utilizes one fourth of the stator. Inherent from this design, the inductance matrix for
the analytical model will be sparse as the mutual couplings of the windings is mainly
between neighboring branches.
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A4

FEM model of a machine with parallel windings. The color of the coils is
determined by its associated phase.

Because the machine is design with distributed windings the total harmonic disorder
(THD) of the back-EMF is lower compared to the smaller machine. Due to the larger
number of winding turns, the machine inductance is relatively also larger than for the
smaller machine. As a result, the resulting THD of the branch and phase currents is
close to zero. Figure 4.16 presents simulated the phase and branch currents of the
larger non-faulted machine, where the current has been normalized with respect to
the peak value of a branch current. The model is simulated using a co-simulation
setup in order to achieve more accurate internal connections as described in a
previous section. Similar conditions as for the simulation of the smaller machine was
used; generator operation loaded with pure resistive load of 1Ω. Since the model of
the larger machine is perfectly symmetrical, the branch current provides and equal
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contribution to the phase current, which is the reason to why there appears to be only
three currents in Figure 4.16b. Hence, there is no circulating current during nonfaulted operation for the model of the large machine.

a

Figure 4.16

b
Currents of the larger machine model. Figure a presents the phase current
and figure b presents the branch currents. The branch currents have close to
identical values making it appear as though there is only one branch current
for each phase, although all twelve branch currents are presented.

To introduce a turn-to-turn fault in the large machine, an additional coil is added to
the model as was done to the small model in Section 4.2. The faulted coil is added to
branch A1, see Figure 4.17. As for the smaller machine, the number of turns in the
faulted coil can be arbitrarily selected between zero and the available number turns
in the non-faulted coil (seven for the larger machine).
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The FEM model with the added fault coil, presented in green.

The simulation results using the faulted model of the larger machine are presented in
Section 5.5.

Chapter summery
This chapter presented FEM models of both a non-faulted PMSM and a PMSM with
a turn-to-turn fault. The fault was introduced to the FEM model by the addition of a
fourth phase consisting of a single coil, where the number of turns in that coil can be
arbitrarily selected between zero and the number of turns in a non-faulted phase. In
order to overcome the limitations of the FEM software, the model of the faulted
machine is simulated in a co-simulation with a circuit software in order to create the
more realistic connections between the faulted coil and the affected phase. It was
shown that the fault does not introduce additional saturation, hence if a linear
analytical model presents acceptable results with a non-linear FEM model during
non-faulted operation, then models of the faulty machines will present comparable
agreement. A second, larger FEM model with parallel windings was introduced. Due
to the perfect symmetry of the larger machine model no circulating currents are
introduced during normal operation.
The following chapter presents and compares the simulation results of the analytical
models and the FEM models for various operational conditions.
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Chapter 5
Model validation and simulation results
This chapter presents the comparison between the analytical and FEM models for
both the non-faulted and faulted machine, with focus on the faulted case. The faulted
machine models are compared during various operational conditions. In the case of
PMSM machine with parallel windings, the fault’s impact on the circulating currents
is considered.

Comparison between analytical and FEM Models
A non-faulted three phase machine is analytically modeled according to (3.9); the
values of the different machine’s parameter values together with the waveform of the
back-EMF are extracted from the corresponding FEM model. For the analytical
model, the back-EMF is modeled to linearly increase with the electrical speed of the
machine. To verify the validity of this assumption, both for the fundamental
component and in the harmonic range, the FEM model is simulated when the machine
is operated in no-load conditions (open-circuit mode) at different speeds: two times,
half, quarter and at one eight of the nominal speed. The obtained results are presented
in Figure 5.1, normalized with respect to the fundamental component at nominal
speed. As expected, since the FEM model considers linear material for the iron, the
amplitude of both the fundamental and the harmonic components of the back-EMF
is linearly dependent on the electrical speed of the machine.
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Amplitude of FEM back-EMF at various speeds, normalized with respect
to the fundamental component at nominal speed.

To verify that both the analytical and the FEM model presents comparable currents
during normal operation, they have been simulated under identical operating
conditions: generator operation with a pure resistive load of 1Ω. The input power is
supplied from an ideal mechanical power source that governs the machine speed. The
resulting simulated currents from the two models are presented in Figure 5.2 while
the difference between the two models is presented in Figure 5.2b. As it can be
observed, there is a very small difference between the models, due to the fact that not
all harmonic components of the back-EMF have been included in the analytical
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model. The harmonic selection criteria is that the amplitude of the specific harmonic
needs to have an amplitude larger than 2% of the fundamental component. As a
result, the highest-order harmonic that has been included in the analytical model is
the 25th harmonic; higher-order harmonics, which present a small amplitude, have
been neglected in the analytical model.
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Comparison of simulation results from the FEM and the analytical model
with added back-EMF components. Figure a presents both simulation results
and figure b presents the difference between the two models. Both are
normalized with respect the fundamental component.

As can be seen, the analytical model achieves a satisfactory agreement with the FEM
model. To verify that the analytical model and the FEM model presents comparable
results not only under steady-state operation, the models are simulated under dynamic
conditions, where the machine speed is varied. Figure 5.3a presents the obtained
simulated current response during acceleration of the machine. Only the current
flowing in one phase of the machine is shown for clarity of the figure. The machine
starts accelerating at 5 ms, and at 15 ms the machine speed has reached twice the
original speed. Note that the speed increase considered for this set of simulations does
not represent a realistic scenario, but merely present an illustrative example aiming
at model validation. Figure 5.3b instead presents the simulated current response when
a speed step is applied (machine’s speed doubled after the step). Both figures are
normalized with respect to the maximum current amplitude at maximum speed. As it
can be seen from the presented results, very good agreement between the FEM and
the analytical model is obtained also during dynamic conditions of the machine.
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Simulation results for one phase from both the analytical model and the
FEM model during simulations where the speed is varied. Figure a
shows the results during a ramp increase of the speed, where figure b
presents a step increase of the speed.

In order to verify that the analytical model and the FEM model also agree for various
external loadings, the external resistance connected at the machine terminals is
varied. Figure 5.4 presents the obtained simulation results when the load resistance
is increased while the machine speed is kept at the nominal value. The results are
normalized with respect to when the load is 1 Ω, as used in the previous simulations.
As can be seen, the two models present a good agreement also under these conditions.
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Simulation results from both the analytical model and the FEM model for
various external loadings.

The same verification procedure is utilized for the faulted machine model. The
machine parameter values and the back-EMF waveform are extracted from the FEM
model and implemented in the analytical model. Figure 5.5a presents the simulation
results for the analytical model of faulted machine together with the results from the
corresponding FEM model. The faulted machine is arbitrarily selected to have one
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out of the twenty turns short circuited and it is simulated when operating at nominal
speed, loaded with a the pure restive load of 1 Ω as in previous simulations. Figure
5.5b presents the difference between the two models. All results are normalized to
with respect to non-faulted machine case.
The analytical model and the FEM model of the faulted machine show a satisfactory
agreement with a comparable mismatch between models as for the non-faulted case.
The error is (as for the non-faulted models) caused by the approximation in the
harmonic content in the back-EMF in the analytical model. Since the analytical model
and the FEM model of the faulty machine provides comparable results, it motivates
the use of the analytical model in place of the FEM model for analysis, as the
computational time required for the analytical model is greatly reduced as compared
to FEM models.
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Comparison of simulation results from the FEM and the analytical model
with added back-EMF components. Figure a presents simulation results from
both analytical FEM models and figure b presents the difference between the
two models. Both are normalized with respect the fundamental component
of a non-faulted phase.

In order to further increase the level of the details of the implemented analytical
model, so that it can be applicable in system level simulations where the fault’s
impact on other components can be studied, the machine torque of the faulted model
needs to be accurately modeled, as it will be shown in the following section.
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Comparison of machine torque between FEM and analytical
model
Since FEM models suffers from the classical dilemma of computational time versus
accuracy, where a few seconds of simulation time can result in weeks of computation
time, it is not practical to use this kind of analysis tools for larger system simulations.
For this kind of simulations, the less computationally demanding analytical model is
more suitable. It is therefore of importance to verify that the analytical model of the
faulted machine presents comparable results with the FEM model with respect of
both currents and torque for under all possible operational conditions. So far, the
implemented model only considered the electrical properties of the machine, where
the speed is treated as an input to the state-space model. To further develop the model,
a mechanical model of the PMSM can be implemented. Here, a one-mass
representation of the mechanical drive train is added to the model. In order to show
the validity of the implemented model both during steady-state conditions and in case
of variations in the applied mechanical torque, an ideal voltage-source converter has
been connected to the machine’s terminals. The converter is used as a mean to control
the torque of the machine, in order to extend the operational applications of the model
from those of a generator with pure resistive loading. In the case of the analytical
model, to add a converter controller is a simple procedure. However, this is less trivial
when dealing with FEM, as the software used in this thesis does not have a function
that allows a direct implementation of the control algorithm. Therefore, a third
software, which is capable of implementing the control system, needs to be
incorporated into the previously used co-simulation between the FEM and the
circuital software.
In this thesis, the adopted third software is Matlab Simulink, which has already been
adapted for simulating the analytical model. In the co-simulation, Simplorer acts as
the main software, which provides the coupling between the different the simulation
tools. The implemented controller utilizes a cascade design, where the inner loop
consists of a vector current controller while the outer loop is a torque controller, as
the one described in [31]. The inputs to the vector current controller, other than the
current references, are the machine speed and the machine currents, where the
currents are extracted from the FEM model. The speed is retrieved from the model
of the mechanical drive train, which is incorporated in the Simulink model. The
inputs to the mechanical model are the torque acquired from the FEM model and an
additional mechanical torque source modeled internally in the Simulink environment.
The mechanical torque source is ideal and unlimited and it is used to control the speed
of the machine. Due to the ideal nature of the mechanical torque source, it is able to
produce any desired machine speed regardless of the machine torque. The machine
speed from the mechanical model in Simulink is thus used as an input to the FEM
model. The output from the controller are the reference values for the converters
voltage modulator, and since this thesis assumes an ideal converter, the reference
values equals the voltage applied to the machine terminals. Figure 5.6 presents a
schematic view of the information trade of the co-simulation. As in the case of the
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previously presented FEM simulation, Simplorer is used to achieve realistic
connections between the phases of FEM model and the faulted coil.
Torque
Currents

Simulink

Simplorer
Voltage*
Machine speed

Figure 5.6

Torque
Currents

Maxwell
Voltage
Machine speed

A schematic view of the information trade of the co-simulation, where the *
indicates a reference value.

Using the described co-simulation setup, the FEM model’s behavior during
converter-controlled operation can be verified. In the simulation, the reference values
for the control system are selected so the machines should generate a breaking torque
of 100 Nm for 200 ms during which the mechanical power source ensures a linear
acceleration of the machine speed. After 200 ms the machine torque reference is
stepwise reduced to 30 Nm in order to appreciate the validity of the model during
dynamic conditions. In addition, at 200 ms the output of the mechanical torque
source is reduced to match the machine’s breaking torque of 30 Nm, in order to gain
constant-speed operation. The simulated machine speed and torque obtained from the
co-simulation is presented in Figure 5.7. The torque of the FEM model shows some
torque ripple (as to be expected), which is caused by fluctuation in the air-gap flux
due to the geometry of the machine. Further analysis of the machine torque and its
ripple is discussed Chapter 6.
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a

Figure 5.7

b
Machine speed and torque from the co-simulation.

From a controller perspective, the machine torque can be modeled as [31]
𝑇=

𝑚
𝑝𝛹𝑝𝑚 𝑖𝑞
2

(5.1)

However, as this representation assumes a constant magnetic flux it is only able to
model the average torque. As a result, the instantaneous machine torque, which also
includes the torque ripple, cannot be represented (5.1) and therefore may not be
sufficient for the investigated applications. A more accurate model of the machine
torque can be derived using the analytical model and its electrical representation of
the machine’s mechanical power, which is acquired through the product of the
currents and the corresponding back-EMF, i.e.
𝑃𝑚𝑒𝑐ℎ = 𝑒𝑎 𝑖𝑎 + 𝑒𝑏 𝑖𝑏 + 𝑒𝑐 𝑖𝑐

(5.2)

Using (5.2) together with the information of the mechanical speed of the machine,
the instantaneous machine torque can be found, which accuracy is mainly determined
by the accuracy of the back-EMF representation. However, the analytical model only
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incorporates the active interaction between the stator and rotor fluxes; any
reluctance/cogging torque inherited from the machine design is therefore not
considered. Even though the average value of the cogging torque is zero, it does
contribute to the instantaneous value of the machine torque and is therefore
contributing to the torque ripple. The cogging torque data for the modeled machine
can be extracted from the FEM model, where the data can be implemented in the
analytical model. For linear machines, the cogging torque only depends on the rotor
position (i.e. independent on the operational condition of the machine), the cogging
torque component can be added as an additional component of the model of the
mechanical drive train for the analytical model.
The cogging torque data is retrievable from the FEM model when it is simulated with
all stator currents forced to zero, i.e. open-circuit operation. The simulated cogging
torque for two different machine speeds is presented in Figure 5.8.

Figure 5.8

Cogging torque retrieved from the FEM model for two different speeds.

The cogging torque for the small machine presents a peak amplitude of 1.1 𝑁𝑚,
while the peak amplitude of the total torque ripple of the non-faulted machine is about
2.5 𝑁𝑚 for a reference torque of 100 𝑁𝑚 and 1.35 𝑁𝑚 for a reference torque of
30 𝑁𝑚, see Figure 5.7b. Hence, for the small machine model the cogging torque
cannot be neglected if an accurate representation of the machine is desired. Through
a Fourier analysis of the retrieved cogging torque data it is shown that the cogging
torque is constituted by 12th-order frequency component and multiples of it, which is
to be expected as the stator of the modeled machine has twelve teeth.
Using the more accurate model of the machine’s active torque given in (5.2), and
with the cogging torque implemented as a positon dependent part of the mechanical
system, the analytical model is simulated using identical conditions as for the cosimulation. The resulting currents and torque is presented in Figure 5.9, where the
speed is identical as in Figure 5.7a.
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a

Figure 5.9

b
Currents and torque from analytical model and the co-simulation for non-faulted
machine models.

As shown, due to the inclusion of the cogging torque, good agreement during nonfaulted operation has been obtained between the analytical model and the cosimulation. In the case of a turn-to-turn fault, the model of the electrical
representation of the machine’s mechanical power needs to be updated to include
impact of the fault. The updated power equation is
𝑃𝑚𝑒𝑐ℎ = 𝑒𝑎 𝑖𝑎 + 𝑒𝑏 𝑖𝑏 + 𝑒𝑐 𝑖𝑐 − 𝑒𝑓 𝑖𝑓

(5.3)

The impact of the fault on the machine’s mechanical power is clearly visible through
the term 𝑒𝑓 𝑖𝑓 in (5.3). Since the modelled machine is a PMSM, both the induced
voltage 𝑒𝑓 and the fault current 𝑖𝑓 has the same frequency; therefore, the presence of
the turn-to-turn fault causes a torque component that oscillates at twice the
fundamental frequency. Note that the amplitude of this oscillation with respect to the
average torque depends on the output power level and on the severity of the fault. As
a result, this oscillation might not be noticeable in the output torque for all operation
conditions.
Through the use of (5.3), the torque obtained for the analytical model can be
compared with the torque for the faulted FEM model. The models of the faulted
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machines are simulated given identical excitation as was used for the non-faulted
models. The resulting currents and torque for the faulted machine models are
presented in Figure 5.10

a

Figure 5.10

b
Currents and torque from analytical model and the co-simulation for faulted
machine.

As can be seen in the figure, the torque oscillation at two times the frequency as
predicted by (5.3) is clearly visible. Hence, by using the modelled back-EMF (and its
harmonic content) and the current to calculate the machine’s mechanical power, the
analytical model is able to accurately represent both the inherited torque ripple caused
by the machine design as well as the torque ripple introduced by the fault. For the
modeled machine, the ripple component introduced by the fault has a larger
amplitude compared the components which are also present for the non-faulted
machine, i.e. the ripple component introduced by the fault may cause additional stress
on the mechanical system to which the machine is connected.
To summarize, the analytical and FEM models of the faulted machine shows very
good agreement, both during dynamical and steady-state operation, confirming that
the presented analytical model can be used for a wide range of applications. Examples
of such applications are the investigate of the faults impact on an system level or to
investigate the machine controller reacts for converter controlled machines.
However, the goal of this thesis being to develop knowledge to be used for the
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development of fault develop detection methods, this will be the main use of the
presented models in the following chapters of this thesis.

Comparison between faulted and non-faulted analytical
models loaded with a pure resistive load
In order to develop effective fault detection methods, it is important to identify
characteristic (and preferably unique) behaviors of the faulted device that are not
present, or clearly visible, during non-faulted operation. For this purpose, the
modeled faulted machine is compared with the non-faulted model. The currents of
the models are compared while both models are operated in steady-state; using the
previously presented setup where the machine is operated as a generator loaded with
pure resistive load. The speed of the machine is governed by an external mechanical
torque source. The simulated currents from the two model and the difference between
them are presented in Figure 5.11, where the currents are normalized with respect to
the peak value of one of the non-faulted phases. One turn (5% of the winding) is
selected to be short-circuited for the faulted machine model.
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b
Normalized phase currents from the non-faulted and faulted machine
models. Figure a presents the three phase currents of both models and figure
b present the difference between the two models.

The current from the two models are very similar, but not identical; as it was easy to
expect, the largest difference between the models is for the affected phase (in this
simulation phase 𝑎). However, unless a track record of the phase currents is kept for
all operation points, this small difference is likely not detectable. The method of
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comparison presented here can therefore not be utilized as an online indication
method that a fault has occurred. An additional general drawback of the comparison
method is that it can only present an indication that a difference exists, as the method
typically is unable to provide information regarding the cause of the difference.
For a PMSM with a turn-to-turn fault, both the stator circuit and the back-EMF
become unbalanced, as discussed in Section 3.3, and the severity of the introduced
unbalance depends on the number of short-circuited turns. The fundamental
component of the back-EMF for the affected phase becomes reduced and a small
phase shift may also be introduced depending on the machine design. Similarly, the
fault affects the harmonic components, as discussed in Section 4.1.1. In the event of
a fault, the cancelling effect of the harmonics caused by the electrical distance
between coils may be reduced, resulting in an increased amplitude of the harmonic.
This motivates the possibility that both the fundamental and the harmonic content of
the machine currents should be considered when identifying characteristics of the
faulted machine.
Figure 5.12 presents the frequency spectra of the current in phase 𝑎 depicted in Figure
5.11 for both the non-faulted and the faulted model. The results are normalized with
respect to the fundamental component of the non-faulted model. Observe that the two
models present minor amplitude differences, where all components are reduced
except for the 7th, i.e. the canceling effect of the 7th harmonic is reduced in the event
of a turn-to-turn fault for this machine design.
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Normalized harmonics in the current of phase 𝑎 from both the non-faulted
and faulted machine models

Since the fault only impacts the already existing harmonics in the stationary reference
frame, and considering that the harmonic variation is very small, it may prove
difficult to use the amplitude of the harmonics directly as a fault indication method.
As an alternative, it is possible to monitor the frequency content of the stator current
in the rotating reference frame, since the transformation of the currents can introduces
additional frequency component as shown by the model derived in Section 3.4. The
currents of both the non-faulted and the faulted model is therefore transformed into
the rotating reference frame. The results from the Fourier analysis of the transformed
currents are presented in Figure 5.13 where Figure 5.13 a is normalized with respect
to the non-faulted model’s respective fundamental component. Figure 5.13b presents
the absolute values to show that the 𝑑- and 𝑞-components are affected equally by the
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fault, which is to be expected from the model of the faulted machine in the rotating
reference frame presented in (3.64).
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The harmonics content of the currents in the rotating reference frame
from both the non-faulted and faulted machine models. Figure a presents
the normalized currents, figure b presents the non-normalized
information which shows that 𝑑- and 𝑞-components are affected equally.

As in the stationary reference frame, the amplitude of the harmonics in the rotating
reference frame becomes altered in the event of a turn-to-turn fault. However, a more
apparent difference between the two reference frames is the introduction of new
harmonic components, where the appearance of the second harmonic is the most
noticeable due to its large amplitude. The introduction of the second harmonic is to
be expected in the event of a turn-to-turn fault, since the fault will effectively change
the machine from a balanced to an unbalanced system, as in (3.64). As can be seen
in Figure 5.13, the fault introduces more than the second harmonic. For example, the
fourth and eight harmonic are also introduced, although their amplitudes are smaller
than the amplitude of the second harmonic. These harmonics originate from the
harmonics of the back-EMF, but only becomes visible after the fault. The unbalance
introduced by the fault causes the harmonics in the rotating reference frame to splitup and appear as additional frequency components. For example, the fourth harmonic
in the rotating reference frame originates from the fifth harmonic in the stationary
reference frame. As an example, the transformation of the 𝑑-component for the fifth
harmonic is
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2
[cos 𝜃
3

𝐴∗ 𝐻,5 cos(5𝜃 + 𝛼)
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3
3
3
3
=

(5.4)

1
2𝜋
2𝜋
= [ 𝐴∗ 𝐻,5 cos(4𝜃 + 𝛼) + 𝐴𝐻,5 cos (4𝜃 − ) + 𝐴𝐻,5 cos (4𝜃 + )
3
3
3
+ 𝐴∗ 𝐻,5 cos(6𝜃 + 𝛼) + 𝐴𝐻,5 cos(6𝜃) + 𝐴𝐻,5 cos(6𝜃)]

The same procedure can be performed for the 𝑞-component and for other harmonics.
In the normal (balanced) case, the 5th harmonic typically is symmetrical, meaning
that 𝐴∗ 𝐻,5 = 𝐴𝐻,5 and 𝛼 is zero. Therefore, under these conditions the harmonic term
that oscillates with a frequency of four times the machine speed is equal to zero.
However, during a turn-to-turn fault 𝛼 becomes non-zero and 𝐴∗ 𝐻,5 is altered as
compared with the pre-fault condition (see Figure 5.12), leading to
𝐴∗ 𝐻,5 cos(4𝜃 + 𝛼) + 𝐴𝐻,5 cos (4𝜃 −

2𝜋
2𝜋
) + 𝐴𝐻,5 cos (4𝜃 + ) ≠ 0
3
3

(5.5)

for the faulted machine and thereby the appearance of the fourth harmonic.
In general, this new set of harmonics in the rotating reference frame can be explained
using a vector representation (see Appendix A) of a three phase system. A generic
unbalanced and distorted three phase voltage vector 𝒆𝒌 (𝑡) in the stationary reference
frame can be described as [37]
𝒆𝒌 (𝑡) = 𝒆𝒌 𝑝 (𝑡) + 𝒆𝒌 𝑛 (𝑡) = 𝐸𝑘 𝑝 ejk(ωt+φp ) + 𝐸𝑘 𝑛 e−jk(ωt+φp )

(5.6)

where ω is the angular frequency of the system. 𝐸𝑘 𝑝 and 𝐸𝑘 𝑛 are the amplitudes of
positive and negative phase sequence voltage vectors, respectively, φp and φn are
their phase displacements, and 𝑘 indicates the harmonic number. Observe that in (5.6)
the zero sequence component has not been considered. During balanced operation,
the negative sequence component for the harmonics 1, 4, 7, …, is zero. Analogously,
for harmonics 2, 5, 8, …, the positive sequence is zero. By moving (5.6) into the
rotating reference frame it can be seen that the harmonic shift in frequency as
e−𝑗𝜔 𝒆𝒌 (𝑡) = 𝐸𝑘 𝑝 ej(k−1)(ωt+φp) + 𝐸𝑘 𝑛 e−j(k+1)(ωt+φp)
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(5.7)

The positive components are be represented at one harmonic order below while the
negative sequence are be represented at one harmonic order above. Thus, both the
fifth and seventh harmonic in the stationary reference will appear as a sixth harmonic
in the rotating reference frame during balanced operation. However, as previously
described, during an unbalanced condition the fifth harmonic in the stationary
reference frame contains both a negative and positive sequence component, which
will appear as the fourth and sixth harmonic in the rotating frame.
In essence, through monitoring the harmonic content of the machine currents in the
rotating reference frame a turn-to-turn fault can be detected. The harmonics to
monitor are the second in combination with a set of specific harmonics which are
determined by the harmonic content of the machine’s back-EMF in the stationary
frame for the non-faulted machine. Note that the amplitude of the fault introduced
harmonics have an equal amplitude in both the 𝑑- and the 𝑞-currents, which is to be
expected by an inspection of (3.77) and (3.78). The advantage of this method is that
is does not require the knowledge of the amplitude of the monitored quantitates for a
set of operational conditions, as they should have a zero amplitude for all non-faulted
operational conditions. However, because of the small amplitude of the introduced
harmonics, a measurable difference may in practice not be visible until a larger
portion of the winding is short-circuited.

Impact of ideal converter on the electrical quantities of the
faulted PMSM
In the previous sections, it has been shown that a turn-to-turn fault only has a limited
impact on the measurable electrical quantities of the investigated machine. PMSMs
are typically driven by power converters; therefore, it is of interest to investigate how
the converter control reacts to a faulted machine; in particular, the aim is to study if
the presence of the convert allows a more effective fault detection method through
the different measurements available. In converter-driven machines, any control-loop
structure requires local measurements for proper operation. This information is
already available in the system and, together with signals estimates or internal control
quantities, can be utilized for detection purposes. In addition, the controller is likely
to react on the altered machine response caused by the fault and this will impact the
ability to detect a fault condition. The way how the system reacts on the specific fault
condition is highly dependent on the machine’s time constants, its application and on
the implemented control structure.
In this thesis, the implemented control algorithm for the converter is based on a
cascade structure, as the one described in [31]. An overview of the control structure
is presented in Figure 5.14. The outer-loop controller is a PI-regulated speed
controller, which uses the torque-current relation presented in (5.1) in order to
calculate the current reference for the inner-current controller. The converter is
considered ideal, meaning that the reference voltage output from the current
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controller are assumed to be directly applied to the converter terminals, without a
modulation stage or system delays, as in the simulations presented in Section 5.2
Speed*

Speed Current* Current Voltage
controller
controller
Current

Figure 5.14

Mech.

Machine Torque Mechanical Torque
model
model
Speed

System overview, where the * indicates a reference value.

Figure 5.15 presents the steady state voltages output from the control system when
the flexible model is simulated to operate as a generator. The values are normalized
with respect to the non-faulted value of the Q voltage. The speed reference is set to
1500 rpm and an ideal external mechanical torque is applied to provide a constant
power input. During non-faulted operation, the output voltages are close to constant
for the selected operating condition. However, once the flexible model transitions
into faulted operation, the output voltages visibly change. The voltage ripple
increases and an additional frequency component appears, as already observed in the
currents when the machine has been loaded with a pure resistive load.
As the machine is current controlled, the voltage ripple introduced is the controllers
attempt to counteract the current ripple introduced by the fault; note that the main
frequency component in the voltage ripple is at two times the fundamental frequency,
which is within the close-loop controller bandwidth. With an increasing number of
short-circuited turns the level of unbalance increases, leading to an increasing current
ripple and thereby a larger voltage ripple, see Figure 5.15b.
The simulation shows that the controller’s output voltage can be monitored to identify
the occurrence of a turn-to-turn fault; however, as for the machine current while
loaded with a pure resistive load, only monitoring the amplitude of the additional
components introduced by the fault can be ineffective, especially in case of low
number of short-circuited turns.
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Figure 5.15

c
DQ-voltages for non-faulted and faulted operation, figure a presents a higher
resolution of the non-faulted operation and a single turn fault. Figure b presents
how the voltages changes with an increasing number of turns, and figure c presents
the results of a FFT analysis of the voltages during different number of short
circuited turns.

77

Figure 5.16 presents both the reference and the actual currents in the rotating
reference frame, together with the Fourier analysis of the actual current. The currents
are normalized with respect to the non-faulted value of the Q current. Through the
comparison of the current and the voltage, it can be seen that the amplitude of the
voltage harmonics is larger than the current ones. However, a change in the DC value
is clearly visible for the currents; note that this change is also visible in the reference
current. Therefore, monitoring only the harmonics may not be the most efficient
method to detect the turn-to-turn fault, as the fault has a noticeable impact on the
fundamental component as well. However, the advantage of monitoring the
harmonics still remains although it can be beneficial to also monitor the DC value.
Since both the current and the voltage are affected by a turn-to-turn fault during
converter operation, also the electric power will be affected. This can also be seen
from the representation of the mechanical power of the faulted machine described by
(5.3). Under specific circumstances, the impact of the fault on the power might be
more visible than thorough monitoring of the current and voltage individually.
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Figure 5.16

c
DQ currents for non-faulted and faulted operation, figure a presents a higher
resolution of the non-faulted operation and a single turn fault. Figure b presents
how the current changes with an increasing number of turns, and figure c presents
the FFT values of the currents for the different number of turns short circuited.

Figure 5.17 presents the simulated electrical power of the machine. The figure is
normalized with respect to the non-faulted value. For the modeled machine, the
impact of a single turn fault can clearly be seen in the change of both the DC
component as well as in the ripple amplitude. The reduction in the DC value is a
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reaction from the speed controller, due to the fact that the machine (which is operated
as a generator) is supplied with a constant mechanical power and now has to account
for the increased losses due to the fault condition. Obviously, similar considerations
hold when the machine is operated as a motor.

0 turns

1 turn
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3 turns

4 turns

5 turns

a

Figure 5.17

b
The output power of the flexible model during converter driven generator mode.
Figure a presents the time values of the normalized power and figure b presents
the results of the Fourier analysis of the power for the varying number of shortcircuited turns.

The simulations shows that the amplitude of double-frequency ripple increases with
the number of short-circuited turns; analogous consideration does not hold for the
DC component. This is caused by a decrease of the fault current for the higher number
of short-circuited turns. The resistance and the induced voltage in the short-circuited
loop can be estimated to increase linearly with number of short-circuited turns while
the inductance (and by extension its impedance for a given frequency) can be
estimated to increase with the number of short-circuited turns squared. Therefore, for
a low value of the fault resistance 𝑅𝑓 (i.e. a good contact between short-circuited
turns), the inductance of the short-circuited loop can quickly become the dominating
impedance, which limits the fault current. However, since the inductive impedance
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does not contribute to the active losses of the machine, an increase in the number of
short-circuited turns can reduce the losses caused by the fault. As a result, the power
output of the machine can increase even if the number of short-circuited turns
increases.
In response to the non-symmetrical machine currents, the voltages output of the
control system will no longer be symmetrical, i.e. their relative phase shift will not
be 120° electrical degrees. Thus, an alternative detection approach can be based on
the monitoring of the phase angles of the controller output voltage and machine
currents. To track these angles, a single phase Phase-locked loop (PLL) can be used,
as the one presented in [38]. The estimated angles output from the single-phase PLLs
are compared with the actual electrical position of the rotor, which is here used for
the rotating reference frame transformation. Figure 5.18 presents the resulting PLL
angles, both reference and simulated values, for the current and the voltage.
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Figure 5.18

1 turn

2 turns

3 turns

b
PLL estimated angles of the machine current and machine voltage.

The largest shift occurs in the current; however, observe that when only one turn is
short-circuited the phase shift introduced by the fault is less than 1°, thus difficult to
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detect in practical applications. However, as the fault progresses, leading to an
increasing number of short-circuited turns, the shift increases and at two shortcircuited turns the largest shift is more than 7° for the currents and about 4° for the
voltages. This shift should be sufficiently large to be detectable.
By comparing the different electrical quantities, it is clear that the power is the one
that is the most affected by a turn-to-turn fault during converter operation. An
additional benefit of using the power as an indication tool is the possibility to acquire
a crude estimate of the severity of the fault, as the power difference between expected
and actual value is caused by the fault. However, as shown more quantities can be
monitored at the same time, increasing the chances to be able to detect a fault
condition.

Parallel windings and circulating currents
The machine model with turn-to-turn fault presented in Section 4.4 is used in this
section and it is coupled to the circuit simulator Ansoft Simplorer in order to achieve
more realistic connections between branches, as discusses in in Section 4.2.
For machines with parallel windings a turn-to-turn fault does, in addition to the fault
current, cause circulating currents between the phase branches. As previously stated,
the largest circulating current, with respect to the external loading, occurs during
open circuit/no load operation. For this operational condition, the voltage difference
between the affected branch and the non-faulted ones is the cause of the circulating
current and it is limited by the branch impedances. Figure 5.19a presents the
simulated branch currents for the affected phase during no-load operation, when one
of the 42 turns is short-circuited. Because of the reduction in the induced voltage in
the affected branch, the current in that branch is in the opposite direction as compared
to the other branches. However, the current is not shared evenly between the nonfaulted branches. The current imbalance is caused by the mutual couplings between
branches. In addition, because of the mutual coupling between branches, the fault
will also induce circulating currents in the non-faulted phases. Depending on the
coupling factors, the induced current in a branch of a non-faulted phase can become
larger than the current that flows in a non-faulted branch of the affected phase; this
is clearly visible in Figure 5.19b, where 𝑖𝑏1 is larger than 𝑖𝑎2 . Since the origin of the
branch currents in the other phases is the mutual coupling, the induced current is in
phase (or 180° out of phase depending on coupling factor) with the affected phase.
Hence, if all branch currents are monitored, the turn-to-turn fault can easily be
detected during no-load operation: all branch currents are in phase with the affected
phase and the branch with the largest current (and opposite sign as compared with
the others branches in the same phase) is the faulted branch. As can be seen from
Figure 5.19, the simulation shows that for the modeled machine, a single shortcircuited turn results in a circulating current that presents an amplitude of about 20%
of the rated branch current in the affected branch an between 5 % and 10 % of the
rated branch current in the other non-faulted braches.
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a

b

Figure 5.19

c
Figure a presents the branch currents of the affected phase fault and figure
b presents all the branch currents for all phases when one turns is shortcircuited. Figure c presents the fault current in the short-circuited loop. All
figures are normalized with respect to the peak value of the rated branch
current.

If only one turn is short-circuited, the circulating current caused by the fault is small
compared to the rated branch current and should therefore not cause any excess stress
which the system is not able to cope with. However, as the fault current is many times
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greater than the rated current, it is highly probable that additional turns will become
short-circuited. Since an increase in the number of short-circuited turns leads to a
greater difference in the induced voltages between the branches, it will result in a
larger circulating current. However, it is important to keep in mind that the circulating
current is not proportional to the number short circuited turns, as the branch
impedances is not linearly dependent on the number of short-circuited turns. Figure
5.20 presents the no-load branch currents when three turns are short-circuited. As can
be seen, the circulating current increases with the number of short-circuited turns.
However, the fault current decreases with the number of short-circuited turns,
indicating that the inductance quickly becomes the dominating impedance of the
faulted loop.

a

Figure 5.20

b
Figure a presents all branch current during no-load operation with three
short-circuited turns. Figure b presents the fault current in the shortcircuited loop

So far, the investigation has been carried out under the assumption that the machine
is operated in no-load. For a loaded machine with a turn-to-turn fault (where it is
assumed that only a few turns are short-circuited), the resulting voltage difference
between the branches is not sufficiently large to cause the affected branch current to
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become of opposite sign compared to the other branches of the affected phase. This
is because the internal voltage drop of the branches generated by the load current
compensates the voltage drop caused by the fault, i.e. the internal voltage drop over
the stator impedance is larger than the induced voltage reduction caused by the turnto-turn fault. Figure 5.21 presents the branch currents when the machine is producing
rated power; for this simulation, one turn has been short-circuited. The affected
branch still contributes to the load power, even though it provides less than the other
branches. As a result, the power outputs from the non-faulted branches of the affected
phase are increased in order to compensate for the missing power of the faulted
branch, leading to a small over loading of the non-faulted branches.

a

b
Figure 5.21

All branch currents during rated operation and one turn short-circuit in
branch a1.

Hence, the power of the affected branch varies with the load (as previously
discussed), and it ranges from consuming power during no-load operation to
contributing to the load power at rated loading. However, the circulating current can
always be seen as the unbalance in the branch currents, and as shown by the no-load
case, the circulating currents may also be visible in the non-faulted phases, depending
specific design of the machine. Even though the fault current becomes reduced during
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generator operation compared to no-load operation (the stator reaction creates a flux
which opposes the magnet flux, resulting in a reduction of the induced voltage in the
fault loop), it will still be several times larger than the rated current and a continued
operation without any form of protective action is therefore not recommended.
If only the three phase load currents are measured and not all branch currents, then it
is not possible to measure the circulating currents, and the circulating current can
therefore not be used for fault detection purposes. However, as these simulations
show, not all branch currents need to be measured: one single measurement is
sufficient for detecting a circulating current. Hence, if the current in one of the
branches (for each phase) is measured in addition to the total phase current, changes
in circulating current can be detected and may be used as an indication that a turn-toturn fault has occurred.
If it is not possible add additional current sensors, it is still theoretically possible to
monitor the current harmonics, as presented in Section 5.3. However, in a PMSM
with parallel windings the harmonic content in the back-EMF is likely to be even
smaller than the one presented in Section 5.3, see Figure 5.22 which presents the
results of the Fourier analysis performed on the load currents in the rotating reference
frame for the large generator during rated operation. As can be seen, the amplitude
of harmonics are very small, making a detection method based on harmonic variation
not feasible in practice.

Figure 5.22 Fourier analysis of phase currents for the large generator with parallel windings during
rated operation for non-faulted operation and when 1, 3 and 7 turns are short-circuited.
The values are normalized with respect to the non-faulted Q-current amplitude.

Chapter summary
In this chapter, the different analytical models for the PMSM have been verified
against FEM. It has been shown that very good agreement has been achieved between
the two models, both in terms of the electrical quantities and torque. For the latter, it
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has been shown that the cogging torque should be included in the mechanical model
as a position dependent component for a correct representation. Using the presented
models, it was shown that it can be very difficult to detect a turn-to-turn fault in a
selective way by simply using electrical quantities, unless the machine of interest has
a parallel winding configuration and there is a possibility to monitor the branch
currents. For this reason, the coming chapter presents how the electromagnetic forces
in a PMSM become affected in the event of a turn-to-turn fault.
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Chapter 6
Electromagnetic forces in a PMSM with
turn-to-turn fault
This chapter presents how a turn-to-turn fault affects the electromagnetic forces in
the modeled PMSMs. To better understand impact of a fault condition, the forces for
both the non-faulted and faulted model are presented and compared.

Summary of Maxwell stress tensor
The previously presented analytical models can be successfully used to model
electrical quantities of the machine. However, as the analytical model is derived to
be generic in order to be applicable to any PMSM design, it lacks the means to model
the air-gap flux density, as this is heavily dependent on the machine’s mechanical
design. The air-gap flux density can be used to investigate not only the machine
torque, but also the normal force density through the Maxwell stress tensors. The
normal force density of the machine can be used to estimate attraction forces between
rotor and stator, and the potential vibrations that may occur in the case of a not
perfectly symmetrical normal force. Here, since any analytical modeling the
mechanical structure of the machine is out of scope for this thesis, the FEM models
(which includes the mechanical design of the machine) are used to investigate the
fault’s impact on the air-gap flux density, and by thereby the electromagnetic forces.
Since the Maxwell stress tensors describe the interaction between electromagnetic
forces and mechanical momentum, the aim of this section is to provide an overview
of the Maxwell stress tensors and its application. More thorough analysis is available
in the literature, for example in [39]. For electrical machines, a simplified versions of
the Maxwell stress tensors equations can be used, since the electromagnetic field can
be assumed to be purely magnetic the regions where the machine torque is produced;
in the air-gap and in the rotor and stator steel. The Maxwell stress tensors can be used
to both calculate the machine torque as well as to calculate the attraction forces
between the different machine parts. The attraction forces can be used as an input to
a mechanical model of the machine frame, in order to estimate the steel deformation
of both stator and rotor. Observe that deformation estimations of the machine frame
is out of scope for this thesis and for this reason will not be treated in the following.
To further simplify the calculation of the stress tensors, the modeled air-gap flux
density is represented using a set of sub-vectors. For a given cross section, a set of
two perpendicular vectors can be used: a normal component and a tangential
component. For radial flux machines, a natural orientation of the normal component
is in the radial direction; this orientation is used in this thesis. Using this reference,
the normal force density in the air-gap represents the attraction force between the
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rotor and stator steel. The tangential force density is the origin of the machine torque,
i.e. it is the force density that provides motion to the machine. The analytical
expressions of the normal- and tangential force densities are
1
(𝐵2 − 𝐵𝑡2 )
2µ0 𝑛
1
𝑓𝑡 = 𝐵𝑛 𝐵𝑡
µ0

𝑓𝑛 =

(6.1)
(6.2)

where 𝑓 is force density, 𝐵 is flux density and indices 𝑛 and 𝑡 indicate normal and
tangential quantities, respectively. For machines, the total air-gap flux is the sum of
the rotor and stator flux, i.e.
𝐵𝑎𝑖𝑟𝑔𝑎𝑝 = 𝐵𝑟𝑜𝑡𝑜𝑟 + 𝐵𝑠𝑡𝑎𝑡𝑜𝑟

(6.3)

In order to achieve a rotating motion of the machine rotor, the machine stator winding
(which is fixed in space) must be able to generate a flux vector that rotates in space
only using a time varying electrical excitations as input. However, the normal
component of the air-gap flux for a single spatial point does not rotate: being
characterized by a fixed direction and an amplitude that varies with time, it pulsates.
Similarly, for a given time instance, the amplitude of the normal component varies
with the spatial position within the air-gap. Hence, the normal component of the airgap flux density is both time dependent and dependent on the spatial positon in the
air-gap. If it is assumed that the air-gap flux density has a pure sinusoidal shape in
both time and space, then the normal component of the flux density can be described
as
𝐵𝑛 ∝ cos(𝜔𝑡 − 𝜃)

(6.4)

where 𝜃 represents the spatial position within the air-gap and 𝜔𝑡 represent the time
dependence created by the electrically excited rotational field. As an example, a
graphical representation of the normal flux density component for a two pole pair
machine with a pure sinusoidal air-gap flux density is shown in Figure 6.1. The
transformation into the synchronously rotating reference frame is the equivalent of
moving diagonally in the figure, in order to keep the amplitude in the z-direction
constant, i.e. moving in space with the appropriate speed to synchronize with the time
variating field.
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Figure 6.1

Graphical representation of the amplitude of the normal component of the airgap flux density in both time and space.

To visualize the impact that the shape of the air-gap flux density has on the resulting
electromagnetic forces, a simple example is presented: here, the normal force is
calculated while neglecting the tangential flux density, which is relatively small as
compared with the normal flux density. To keep the example general, the flux
contribution from the rotor and the stator are kept as separate quantities; indices 𝑟
and 𝑠 represent rotor and stator quantities, respectively. Under these assumptions, the
normal force density is then described as
1
1
2
(𝐵 + 𝐵𝑛𝑠 )2 =
(𝐵 2 + 𝐵𝑛𝑠
+ 2𝐵𝑛𝑟 𝐵𝑛𝑠 ) =
2µ0 𝑛𝑟
2µ0 𝑛𝑟
= {𝐵𝑛𝑟 = 𝑅 cos(𝜔𝑟 𝑡 − 𝜃) , 𝐵𝑛𝑠 = 𝑆 cos(𝜔𝑠 𝑡 − 𝜃)} =

𝑓𝑛 =

1
(𝑅 2 cos 2(𝜔𝑟 𝑡 − 𝜃) + 𝑆 2 cos2 (𝜔𝑠 𝑡 − 𝜃) + 2𝑅𝑆 cos(𝜔𝑟 𝑡 − 𝜃) cos(𝜔𝑠 𝑡 − 𝜃))
2µ0

(6.5)

Since the modeled machine is of synchronous type, then 𝜔𝑟 = 𝜔𝑠 = 𝜔, yielding
1
(𝑅2 + 𝑆 2 + 2𝑅𝑆) cos2 (𝜔𝑡 − 𝜃)
2µ0
1
1 + cos(2𝜔𝑡 − 2𝜃)
=
(𝑅2 + 𝑆 2 + 2𝑅𝑆) (
)
2µ0
2
𝑓𝑛 =

(6.6)

Hence, for a pure sinusoidal air-gap flux density, the resulting normal force is always
positive and oscillates at two times the synchronous frequency. This is to be expected,
as the attraction force between rotor and stator does not depend on the magnetic
polarity. It can also be deducted from (6.6) that the normal force is identical on both
sides of the machine because of the 2𝜃 term. As a result, the resulting attraction force
between the rotor and stator is zero for the entire machine, since at each position there
is an opposing force with identical amplitude on the other side of the machine (i.e.
180° mechanically out of phase). However, if either the stator or rotor (or both)
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contributes with a component that makes the air-gap flux density non-symmetrical,
then the resulting attraction forces will no longer be zero, leading to machine noise
and vibrations.
In practical implementations, it is not feasible to design the machine to have a pure,
perfectly symmetric sinusoidal air-gap flux density. As a simplified example of a
more realistic shape of the air-gap flux density, the stator contribution to the air-gap
flux density of the small machine presented in Section 4.1 is depicted in Figure 6.2
during a single time instance. For this machine, the spatial wave contains several
space harmonics components; this is due to the fact that the machine utilizes a
concentrated winding design, which causes stepwise changes in the flux density. The
twelve teeth and the concentrated windings of the modeled machine are clearly
visible as the level of flux density changes twelve times over air-gaps circumferential.
However, it should be stressed that the flux contribution presented in Figure 6.2 is a
simplified version as it assumes no leakage flux and no space between stator teeth. A
more realistic representation of the stator flux contribution of the small machine is
presented later in Figure 6.4

Figure 6.2

The idealized stator contribution to the air-gap flux density for the small
modeled machine for one time instance.

For machines with concentrated windings, the shape of the flux density in the spatial
domain is far from being a single frequency component. Hence, in order to have a
more accurate representation of the normal component that is able to describe any
time varying air-gap flux density, (6.4) can be extended using a Fourier series as
∞

∞

𝑛

𝑣

𝐵𝑛 ∝ ∑ ∑ cos(𝑛𝜔𝑡 − 𝑣𝜃)

(6.7)

where harmonics in both the time and space harmonics are considered. In (6.7), the
term 𝑣𝜃 represents the decomposition modes of the spatial wave, where 𝑣 represents
the circumferential order of the mode. As an illustrative example of the
decomposition modes of the spatial wave, Figure 6.3 presents three decomposed
modes, where the selected modes have circumferential order one, two and five. The
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decomposed modes of the spatial wave can be used to evaluate the normal force
ability to mechanically deform the machine’s frame into the shape of that specific
mode. For electrical machines, it is the modes of low circumferential order that are
of most interest [40], because the mechanical deflection becomes greatly reduced
with increasing circumferential order. The mechanical deflection, β, depends on the
circumferential order as [39].
𝛽∝

1
𝑣4

(6.8)

i.e. doubling of the circumferential order results in 1/16 of the mechanical deflection
force for an input with a given amplitude.

Figure 6.3

Graphical representation of three decomposed modes of the spatial wave. In this
figure modes with circumferential order one, two and five are presented.

Therefore, machines with high order components of the normal force density do not
necessarily produce stronger noise or vibrations during normal operation as
compared to other machine designs. However, to be able to accurately estimate the
vibrations that a specific machine design may generate, accurate models of both the
mechanical structure and the air-gap flux density are needed.

Rotor and stator air-gap flux contribution for smaller
modeled machine
As shown in the previous section, machines with a pure, symmetrical sinusoidal airgap flux density has a no resulting attraction force between rotor and stator and it will
therefore not produce vibrations. However, it is practically impossible to design and
manufacture a machine that achieves a perfect sinusoidal air-gap flux density. As
examples of design restrains that impact the shape of the air-gap flux density are the
windings, which need to be constituted by a discrete number of turns. In addition, the
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turns cannot be freely distributed within the machine, due to the slots and the teeth,
which also impacts the reluctance of the flux path and thereby the flux distribution.
Limitations posed on the rotor’s contribution to the air-gap flux are caused by the
available shape of the magnets and how these can be positioned. In order to achieve
a sinusoidal air-gap shape, it might be necessary to apply an ineffective design and
use of the magnet, which might lead to large leakage flux between the magnets.
Therefore, during the design of commercially available machines, typically the
designer has made a compromise in order a have better material utilization and
machine efficiency at the expense of air-gap flux density harmonics and thereby the
resulting additional mechanical stress. If the machine is not properly designed with
respect to both electrical and mechanical properties, the electromagnetic forces may
coincide with poorly damped modes of the mechanical structure. The worst case
scenario is if one of the electromagnetic force component coincides with a resonance
mode of the machine’s frame. In this case, the generated machine vibrations can
cause other issues and lead to a reduced lifetime of the mechanical components.
However, these resonant conditions are unlikely to occur for synchronous machines;
the problem is slightly more pronounced in case of variable speed drives, where a
larger speed range of operation increases the probability to encounter a resonance
condition.
To be able to avoid triggering the mechanical resonances of the machines, FEM
softwares can be used to acquire both the mechanical modes and the air-gap flux
density. Since only the electromagnetic properties are considered in this thesis, only
the air-gap flux densities of the modeled machines are presented in this chapter. The
individual contribution to the air-gap flux density from both the rotor and stator can
be evaluated using the FEM software through appropriate selection of the simulation
conditions. The stator’s contribution can be found by selecting a single frequency
current excitation in the stator windings while removing the rotor magnets. For the
small machine presented in Section 4.1, the base speed used is 1500 rpm and with
its five pole-pairs this gives a fundamental frequency of 125 𝐻𝑧. As a result, in order
to acquire the stator’s contribution to the air-gap flux, the frequency of the excitation
current is set equal to 125 𝐻𝑧, while its amplitude is equal to 1 𝐴. The simulated
amplitude of the normal component of the air-gap flux density, when only the stator
excitation is present, is shown in Figure 6.4, which considers both the time and
position dependence. In agreement with what has been presented in Figure 6.2, due
to the machine’s concentrated windings the spatial wave does not present a pure
sinusoidal shape. In contrast to the model presented in Figure 6.2, the FEM model
includes the slot openings, which can be seen by the increase in flux level at the teeth
edges (slot opening at every 30°). The increase is caused by the flux concentration
due to the flux leakage between the neighboring teeth.
From a 2D-Fourierer analysis (see Figure 6.4b), it can be seen that stator’s
contribution to the air-gap flux density only contains harmonics in the spatial domain.
This is to be expected, since the system has been excited with a pure single frequency
current at the fundamental frequency, i.e. there is only one excitation source in the
time domain. It can also be seen that the component of negative fifth circumferential
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order has the highest amplitude, which confirms that selecting a five pole pair rotor
was a good choice as it utilizes this specific stator design in an optimal way.

a

b
Figure 6.4

Figure a presents a graphical representation of the amplitude of the normal
component of the stator’s contribution to the air-gaps flux density in both time
and space. Figure b presents the 2D-Fourier analysis of the data presented in
figure a.

Similarly, the rotor’s contribution to the air-gap flux density can be acquired from
the FEM model by letting the machine to rotate at 1500 rpm while the stator currents
are forced to zero, i.e. open circuit operation. The simulated rotor’s contribution to
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the normal component of the air-gaps flux density together with the 2D-Fourier
analysis are presented in Figure 6.5. Unlike the stator’s contribution, the rotor’s
contribution contains both time and space harmonics. This is not surprising, due to
the step-like shape of the back-EMF presented in Figure 4.4.

a

Figure 6.5

b
Figure a presents a graphical representation of the amplitude of the normal
component of the rotor’s contribution to the air-gaps flux density in both time
and space. Figure b presents the 2D-Fourier analysis of the data presented in
figure a.

From Figure 6.5b it can also be seen that dominating harmonic component is at the
fundamental frequency in the time domain and at the negative fifth circumferential
order.
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However, any force or vibration is caused by the total air-gap flux, i.e. the
combination of both the rotor and stator fluxes. The FEM model is therefore
simulated during normal operational conditions to acquire the resulting air-gap flux
density; in particular, the machine is simulated under generator operation with a pure
resistive load connected to its terminals. The resulting normal component of the airgap flux density is shown in Figure 6.6a. From the figure, it can be observed that
stator reaction only has a limited impact on the air-gap flux density for this machine,
as the shape of the flux density is very similar to the one presented for no-load
operation. However, from the 2D-Fourier analysis of the air-gap flux density
presented in Figure 6.6b the stators contribution is clearly visible as there are more
components than for the no-load case. Since the FEM model assumes linear
materials, it is to be expected that the resulting air-gap flux density consists of the
summation of the rotor’s and stator’s individual contributions.

a
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Figure 6.6

b
Figure a presents a graphical representation of the amplitude of the normal
component of the air-gaps flux density in both time and space during
generator operation with a pure resistive load. Figure b presents the 2DFourier analysis of the data presented in figure a.

With the use of the acquired air-gap flux densities, the normal force density can be
calculated by using (6.1). The resulting normal force for the modeled machine under
the given operating conditions is presented in Figure 6.7. Since both the resulting
normal and tangential air-gap flux density components contain harmonics, it is not
surprising that normal force density contains even more harmonics, as can be seen in
Figure 6.7b. These additional harmonics are caused by the cross coupling indicated
in the square term in (6.1). Even though the normal force density contains several
components, it is the mechanical structure of the machine frame which determines
which of these components results in measureable vibrations. The normal force
density components of lower circumferential order are more likely to cause
measurable vibrations because of the mechanical deflection, as described by (6.8).
However, it is of importance to stress that which of the component that actually will
result in measurable vibrations cannot be determined without information on
mechanical structure of the machine frame; in general, it can be considered that high
circumferential order components are unlikely to cause measurable vibrations.
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a

b
Figure 6.7

Figure a presents a graphical representation of the amplitude of the normal
force density in both time and space during generator operation with a pure
resistive load. Figure b presents the 2D-Fourier analysis of the data presented
in figure a.

Analogously, the tangential force density can be calculated using the acquired fields
and (6.2). However, unlike the normal force, the tangential force does not create an
opposing force on the other side of the machine (i.e. a 180° mechanical shift): the
tangential force contributes to the machine torque in every position of the air-gap.
The total machine’s torque can therefore be acquired by integrating the tangential
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force density along the circumferential of the air-gap for every time instance. The
resulting torque is presented in Figure 6.8. As already discussed in Section 5.2, the
machine presents some torque ripple, due to the harmonic components in the air-gap
flux density. However, since the peak-to-peak ripple is only about 10% of average
torque and considering that the ripple has relatively high frequency, it is very likely
that the torque ripple will be effectively damped by the mechanical drive-train and
therefore will not cause any issues during normal operation.

Figure 6.8

The machine’s calculated torque using the air-gap flux density.

The results presented so far consider a non-faulted model of the PMSM. In the event
of a turn-to-turn fault, the symmetry of the machine is lost; this is due to the fact that
the air-gap flux density will be altered in the vicinity of the fault compared to the prefault value. Therefore, a turn-to-turn fault will have an impact both on the normal
force density and on the tangential force density. The fault may therefore introduce
new vibrations in the machine frame and, as seen in Section 5.2, increase the torque
ripple.

Impact of a turn-to-turn fault on the electromagnetic forces
To investigate the impact that a turn-to-turn fault has on the electromagnetic forces
of a PMSM, the model of the small faulted machine presented in Section 4.2 is used
in this section. As in Section 4.2 and in the previous section of this chapter, the model
is simulated during generator operation loaded with a pure resistive load for
comparison purposes. Because of the inherent property of the induced fault current
to oppose any change in flux, the flux level in the vicinity of the fault will be reduced.
Figure 6.9a presents the resulting normalized normal component of the air-gap flux
density during one time instance for both faulted and non-faulted models; for the
faulted model, only one turn has been short circuited. As can be seen for the first 30°
(the location of tooth with the faulted coil) in Figure 6.9a, the flux of the faulted
model is slightly reduced as compared with the non-faulted machine. Since the
normal component of the flux density is much greater than the tangential component,
the normal force be approximated to be proportional to square of the normal flux
density component, see (6.1). Figure 6.9b therefore presents the squared value of the
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normal flux component, where the fault’s impact is even more visible. From Figure
6.9b, it can clearly be seen that symmetry is lost in the vicinity of the fault. As an
example, the normal forces at 10° and 190° are not equal for the faulted model. This
difference leads to a non-zero resulting normal force.

a

b
Figure 6.9

Normalized normal component of the air-gap flux density for one time instance
during generator operation for faulted and non-faulted machine model. Figure b
presents the square of the value presented in figure a.

Figure 6.10 presents a more complete view of the normal force density for the faulted
machine model when one turn is short-circuited. Through a close comparison
between Figure 6.7a and Figure 6.10a, the normal force density for the faulted
machine is reduced for a portion of the air-gap (at the mechanical angles 0°-20°), as
in the case presented in Figure 6.9b. Since the fault alters the shape of the air-gap flux
density, additional harmonic components are introduced by the fault, see Figure
6.10b. The components introduced by the fault for the simulated scenario are of low
circumferential order at two times the fundamental frequency in the time domain. As
expected from the comparison presented in Section 5.3, the fault has not introduced
new time domain components, i.e. the simulated fault condition is not severe enough
to cause a sufficiently large stator reaction which fundamentally alters the shape of
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the air-gap flux density. However, the fault has a more substantial impact on the
spatial wave and the additional components are likely to cause additional stress on
the machine’s mechanical structure. In addition, the presence of additional modes
increases the risk for excitation of mechanical resonances.

a

Figure 6.10
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b
Figure a presents a graphical representation of the amplitude of the normal
force density in both time and space for the faulted machine during generator
operation with a pure resistive load. Figure b presents the 2D-Fourier analysis
of the data presented in figure a.

Since the fault does only introduces additional spatial harmonics, it indicates that it
may be more efficient monitor the machine vibrations rather than any of the electrical
quantities from a fault detection perspective. As the fault does introduce additional
components, i.e. not only alters the already existing components, it will impact the
amplitude of the machine vibrations.
For the non-faulted machine, the largest electromagnetic normal force components
(with low circumferential order) are at two times the fundamental component with
the circumferential orders −10, −4, 2 and 14. The normal force of these components
can be described as
𝑓𝑛𝑛𝑜𝑛𝑓𝑎𝑢𝑙𝑡 = (𝑓𝑛−10 cos(2𝜔𝑡 − 10𝜃) + 𝑓𝑛−4 cos(2𝜔𝑡 − 4𝜃)
+ 𝑓𝑛2 cos(2𝜔𝑡 + 2𝜃) + 𝑓𝑛14 cos(2𝜔𝑡 + 14𝜃))

(6.9)

In the case of the faulted machine, there are additional components at this frequency
with low circumferential order, more specifically the circumferential order of the
components of faulted machine range from −13 to 3 (except for −5, and it also
includes 14 as the non-faulted machine do). The resulting normal force for the faulted
machine can then be describes as
𝑓𝑛𝑓𝑎𝑢𝑙𝑡 = ( 𝑓𝑛−10 cos(2𝜔𝑡 − 10𝜃) + ⋯ + 𝑓𝑛−6 cos(2𝜔𝑡 − 6𝜃) +
𝑓𝑛−4 cos(2𝜔𝑡 − 4𝜃) + ⋯ + 𝑓𝑛3 cos(2𝜔𝑡 + 3𝜃) + 𝑓𝑛14 cos(2𝜔𝑡 + 14𝜃) )

(6.10)

which has a larger amplitude as compared to the normal force of the non-faulted case.
It is therefore likely that the fault will either increase the amplitude of already existing
vibrations at two times the fundamental frequency or introduce vibrations at this
frequency if there were not present prior to the fault. Hence, these results indicates
that machine vibrations may be used to detect a turn-to-turn fault. If vibrations are to
be used as a detection method, the most effective solution would be to use several
synchronized vibration sensors that are spatially distributed over the machine frame,
in order to be able to acquire both the frequency of the vibration as well as the
circumferential order. The knowledge of these two quantities allows not only to
detect amplitude changes, but also the introduction of additional components, thus
increasing the accuracy of the detection method.
Since a turn-to-turn fault does not only impact the normal force density, it is of
interest to also investigate how the machine’s torque production is affected. As in the
previous section, the machine torque is acquired through the integration of the
tangential force density along circumferential of the air-gap. The resulting machine
torque for the faulted machine is presented in Figure 6.11. As previously shown in
Section 5.2, the most visible change is the increase of the amplitude of the torque
ripple; also, a new dominating component at two times the fundamental frequency
can be observed. Therefore, a turn-to-turn fault will not only cause additional
vibrations in the machine frame, but will also affect the output torque. The introduced
torque ripple may excite mechanical modes in other part of the mechanical drivetrain.
However, any potential impact a torque ripple introduced by a fault may have on the
103

mechanical drivetrain is out of scope for this thesis and will therefore not be discussed
further.

Figure 6.11

The faulted machine’s calculated torque using the air-gap flux
density.

In order to investigate if the different components introduced by the fault are
dependent on the operational speed of the machine, the model of the faulted machine
is simulated at two times the nominal speed as well as at half the nominal speed, i.e.
at 3000 rpm and at 750 rpm, respectively. Figure 6.12 presents the resulting 2DFourier analysis for the two case studies; note that the fundamental frequency
changes with the speed, i.e. for 3000 rpm it is 250 𝐻𝑧 and for 750 rpm it is 62.5 𝐻𝑧.
As can be seen, the fault introduces additional spatial components for all speeds, but
the simulations shows that both the number of introduced components increases with
speed and that the amplitude of the previously introduced components increase with
an increase in speed. This is to be expected as an increase in speed leads to larger
induced fault current, causing a greater impact on the air-gap flux density. The torque
ripple does also increase with the speed, following the same trend as in the previous
simulation: a new dominating ripple component at two times the fundamental
frequency is introduced and its amplitude increases with the machine speed.
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a

Figure 6.12

b
2D-Fourier analysis of the air-gap flux density, figure a presents the results
when the machine is rotating at two times the nominal speed and figure b
presents the results from half nominal speed.

Since a turn-to-turn fault of only a few short-circuited typically evolves with an
increasing number of short-circuited turns due to the produced heat, it is of interest
to investigate how the electromagnetic forces change when increasing the number of
short-circuited turns. Figure 6.13 presents the resulting 2D-Fourier analysis of the
normal force when three turns are short-circuited, i.e. 15% of the winding is short
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circuited and the machine is rotating at 1500 rpm. With more faulted turns the fault
current increases, but more crucially the inductance of the fault-loop greatly
increases, causing the fault to have a greater impact on the air-gap flux density. The
increased severity of the fault can be seen through the addition of even more harmonic
components compared to when only one turn is short-circuited for this speed. In
addition, the amplitude of the components introduced by the single turn fault has
greatly increased with the increased number of short-circuited turns.
As a consequence of the fault’s greater impact on the air-gap flux density, the
additional components are no longer limited to appear at two times the fundamental
frequency, even though these components are the most affected ones. New
components are introduced at higher frequencies, but as for the single turn fault case,
the fault only introduces additional components at new circumferential orders at
previously present frequencies. Note that, even though new components at higher
frequency have appeared for the more severe fault, the circumferential order of the
introduced components are still high and will therefore likely be too heavily damped
by the mechanical structure, meaning that they will most likely not lead to measurable
vibrations.

Figure 6.13

2D-Fourier analysis of the air-gap flux density then three turns are shortcircuited when the machine is operating as a generator at nominal speed.

The increased fault severity also impacts the machine’ torque, leading to an increase
of the torque ripple up to 80% peak-to-peak of the average torque when three turns
are short-circuited.
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Figure 6.14

The faulted machine’s calculated torque using the air-gap flux density when
three turns are short-circuited.

If the severity of the fault is increased even further, the faults impact on the air-gap
flux density is large enough that it is able to alter the air-gap flux shape, as new
frequency component are introduced. Figure 6.15 presents the simulation results
during generator operation at nominal speed when five turns are short circuited, i.e.
25% of the total winding (i.e., for the modeled machine one complete coil, of out
four, is short-circuited). That the severe fault has a strong impact on the air-gap flux
density is clearly visible in the normal force density, as it is almost zero in the vicinity
of the fault. The flux generated by the fault-loop is close to that of the magnets,
resulting in a very low flux density in the air-gap close to the fault, and by extension
a low normal force density. However, analogously with the previous simulations, the
new component that are most likely to cause a measureable vibrations are those at
two times the fundamental frequency, as the amplitude of these components increases
the most with an increasing number of short-circuited turns.
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a

Figure 6.15

b
Figure a presents the 2D-Fourier analysis of the air-gap flux density then five
turns are short-circuited when the machine is operating as a generator at
nominal speed. Figure b presents the machine torque during this operation.

In the case of the machine torque, the torque ripple increases even further when the
fault severity is increased, see Figure 6.16. However, similarly to the normal force
component, an additional component at the fundamental frequency (but with low
amplitude) is introduced for severe fault conditions.
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Figure 6.16

The faulted machine’s calculated torque using the air-gap flux density when
five turns are short-circuited.

From the simulations with increasing fault severity a trend can be identified: a turnto-turn fault where only a few turns are short-circuited introduces additional normal
force components with low circumferential order at two times the fundamental
frequency with low amplitude. As the fault severity increases with more shortcircuited turns, the amplitude of the introduced components increases and additional
components are introduced. At a certain point, the fault will introduce new frequency
components which are of low circumferential order. As more and more components
of low circumferential order are introduced, it is very likely that fault causes
measurable changes in the machine vibrations.
For the machine torque, an increasing number of short-circuited turns leads to a
drastic increase of the torque ripple. The ripple component introduced by the fault is
at two times the fundamental frequency; similarly to normal force density, for really
severe fault cases an additional frequency component at the fundamental frequency
will also appear but with a lower amplitude compared to the two times frequency
component.

Parallel windings
In order to verify that the impact the turn-to-turn fault has on the electromagnetic
forces does not vary with machine design, the normal forces of the larger machine
with parallel windings presented in Section 4.4 is here investigated. The model is
selected to operate as a generator loaded with a pure resistive load operating at
nominal speed (750 rpm), in order to be able to make a fair comparison with the
results obtained for the small machine. The large machine has different number of
pole-pairs and nominal speed compared to small one; thus, the fundamental
frequency of these two machines is different: 50 𝐻𝑧 for the large machine and
125 𝐻𝑧 for the small. However, since the 2D-Fourier analyses are presented related
to each respective fundamental components and circumferential size, a comparison
can be easily performed. The selected cases to be investigated for the large machine
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are: non-faulted conditions, one short-circuited turn and seven short-circuited turns
(out of the 42 turns in one of the parallel braches). The resulting 2D-Fourier analyses
for these cases are presented in Figure 6.17.
Because of the different designs of the two machines, their normal force density
components during non-faulted operation are different. However, the presence of the
fault results in a similar behavior for the two machines. When a single turn is shortcircuited, additional components at two times the fundamental frequency are
introduced. It should be stated that the large machine is designed with a strong
coupling between the rotor magnet and the stator winding, in order to achieve the a
desired induced voltage during normal operation. However, this design feature leads
to a large fault current when a turn-to-turn fault occurs, even when only one turn is
short-circuited (note that one turn represents about 2.4% of a branch for this
machine). Because of the strong magnetic coupling, even a single turn fault has a
considerable impact on the air-gap flux density, resulting in the introduction of
several additional components at almost every circumferential order at two times the
fundamental frequency. As for the small machine case, an increased number of shortcircuited turns leads to more additional harmonic components, not limited to being
at two times the fundamental frequency. The simulation of the large machine also
shows that for severe fault cases, the components introduced by the fault can be of
high frequency order while being of low circumferential order, i.e. high order
frequency vibrations may be introduce by the fault.

a
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b

Figure 6.17

c
2D-Fourirer analysis of the normal force for the large machine during
generator operation. The simulated cases are non-faulted, one and seven turns
are short-circuited.

The machine torque for the large machine is affected by the fault, although to a
smaller extent as compared with the small machine case. This can be seen in Figure
6.18, where the machine torque for the three simulated cases is presented. This is due
to the fact that the fault has a relatively smaller impact on the complete winding. The
most severe fault presented for the large machine is when seven turns are short111

circuited, which means that 16.7% of that branch is short-circuited. Since the
presented machine has four parallel branches in one phase, seven short-circuited turns
equates to a little more than 4% of the total phase winding being short-circuited. This
is less than compared to a single turn for the small machine (where one turns equates
to 5% of the winding). As a result, the ripple for the (presented) most severe fault
case for the large machine is smaller than the ripple caused by the single turn fault of
the small machine.

Figure 6.18

The machine torque of the large machine during generator operation for nonfaulted operation and faulted operation with one and seven short-circuited
turns.

To summarize, the fault introduces similar normal force density components on the
larger machine as for the small machine case; also, the two machines present a similar
trend as the fault severity increases. The two machines present less similarities when
it comes to the impact of the fault on the machine’ torque, as the impact is more
closely related to the portion of the complete phase winding that is short-circuited
rather than the absolute number of short-circuited turns.

Chapter summary
This chapter has been dedicated to the investigation of the impact of turn-to-turn
faults on the electromagnetic forces of the machine. It has been shown that a fault
consisting of only a few number of turns introduces additional normal force density
components at two times the fundamental frequency but at low circumferential order.
These components will likely result in an increase in the amplitude of the machine
vibrations at this frequency, or introduce vibration at this frequency. The fault will
also introduce a torque ripple component at twice the fundamental frequency. With
an increasing number of short-circuited turns, the amplitude of the introduced normal
force density component increases and additional components are identified. For
severe cases, the fault introduces normal force density components at new
frequencies. The torque ripple also increases with the fault severity. Similar trend can
be identified also for the larger machine with parallel windings.
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Chapter 7
Experimental setup of a PMSM with turnto-turn fault
This chapter presents the experimental results attained from the laboratory setup in
order to verify the results presented in the previous chapter. The experimental setup
is constituted by a PMSM that has been modified in order to allow internal access to
the phase windings.

The experimental setup
The machine used in the experimental setup is a prototype “in-wheel” machine, were
the wheel is the machine rotor with neodymium magnets mounted on the inside of
the rim. The stator is located at the wheel hub, as shown in Figure 7.1 that presents
the in-wheel machine connected to the driving motor trough the rubber damped shaft
coupling. The in-wheel machine has been selected because for this validation due to
its availability at the Chalmers laboratories and its data availability. Furthermore, its
special design that does not present a traditional machine housing leaves the stator
end-windings exposed and therefore more accessible.

Figure 7.1

Picture of the “in-wheel” motor used in the experimental setup.

The continuous power rating of the in-wheel machine is 20 𝑘𝑊 with a rated voltage
of 400 𝑉. It has 16 poles and the stator has 48 slots in which the three phases are
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arranged in a double layer layout, similarly to the one for the large machine model
presented in Section 4.4. Each phase is constituted by 16 series-connected coils,
where each coils is constituted by 11 turns, resulting in a total of 176 seriesconnected turns per phase. Due to the high machine currents, the machine is wound
with stranded wire consisting of five strands. In order to gain access to individual
turns in a controlled order, the machine has been rewound in order to allow additional
connection points soldered onto one of the winding strands of the winding while
keeping the presented specifications. Figure 7.2 presents a schematic view of the
added connections together with a picture of the actual connection. Due to space
constrains, the rewinding could only provide access to five consecutive turns of the
winding. As a result, up to four turns can remotely be short-circuited in a controlled
way.
1

2

3

4

5

a

Figure 7.2

b
Figure a presents a schematic representation of the additional conductors and
figure b presents a photo of the additional conductors added to the winding.

In order to be able switch from faulted and non-faulted operation in an easy and safe
way, a small short-circuit device has been constructed. The device consists of two
anti-parallel transistors together with their drive circuit. The device has been designed
so that the fault could be activated either using a remote triggering signal or manually
through a mechanical switch. A picture of the short-circuit device is presented in
Figure 7.3.
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Figure 7.3

Photo of the short-circuit devise.

The in-wheel motor is set to operate as a generator with a pure resistive load for a fair
comparison with the simulations results presented in Chapter 6. The mechanical input
power is provided by speed controlled DC-machine, whose reference speed is
manually selected by an analog control panel. The power rating of the DC-machine
is several times larger than the power rating of the in-wheel motor, allowing to
consider it as an infinite mechanical power source.
To measure the machine vibrations, the breakout board of the accelerometer BOSCH
BMA180 [41] has been used. Even though the selected accelerometer is capable of
measuring the acceleration in three axis, due of the limited data transfer rate of the
measurement system data from only one axis is retrieved in order to speed up the
sampling rate. The sampling rate limit is imposed by the data transfer rate between
the measurement system and the computer where the data is stored. An additional
limit imposed by the limited data rate is that the number of accelerometers that can
be used simultaneously is only one, as the sampling rate for sensor would become
too low otherwise. As a result, the circumferential order of the measured vibrations
cannot be determined in this experimental setup.
As a result, the sampling frequency used during the vibration measurements is just
below 900 𝐻𝑧. As shown in Section 6.3, the fault has the largest impact on the
electromagnetic forces at two times the electrical frequency of the machine. For the
in-wheel machine used in the experimental setup (which has 8 pole-pairs), this means
that the rotational speed of the machine should not exceed 1680 rpm in order to keep
the two times fundamental electrical frequency below the 450 𝐻𝑧 limit imposed by
the sampling frequency. However, in order to limit the induced fault current, the
speed needs to be limited to a maximum of 500 rpm. As a result, vibrations up to six
times the fundamental electrical frequency are included in the vibrational
measurements.
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In order to obtain a stiff connection between the accelerometer and the stator frame,
the accelerometer is glued directly onto the machine frame using epoxy. The
accelerometer is placed so that the direction of the axis used for vibration
measurements is aligned with the radial direction of the machine. In order to
minimize the impact of the gravity force on the measurement, the selected radial
direction is in parallel with the laboratory floor. Figure 7.4 presents a picture of the
accelerometer installed on the machine frame and the radial direction in which the
acceleration is measured.

Figure 7.4

Picture of the accelerometer’s glued position on the machine frame and the arrow
presents the radial direction in which the acceleration is measured.

Experimental results
As mentioned earlier, the implemented laboratory setup allows to short circuit up to
four turn of one strand. Since one phase of the machine is constituted by 176 turns in
each parallel strand, the maximum fault that can be achieved is 2.3% of one branch,
i.e. less than 0.5% of the total phase winding. Due to this low fraction, the fault has
a non-measureable impact on the machine currents for the operational conditions that
can be tested without damaging the experimental setup. The impact of the faults on
the machine’s currents is therefore not presented. However, this motivates that there
is a need for a detection method which does not rely on the impact on the electrical
quantities.
The experimental setup is therefore utilized to measure if the fault causes a
measurable change in the amplitude of the vibrations of the in-wheel machine’s
frame. In order to verify the effectiveness of using vibrations as a detection method,
the measurements are performed under different system’s operational conditions:
different number of short-circuited turns, open-circuit operation and generator
operation, and different machine speeds. Figure 7.5 presents the components with
greatest amplitude from the Fourier analysis of the measured vibrations while the
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machine is rotating at 500 rpm. For this set of results, the machine is operated in
open-circuit (no electrical load connected to the stator of the machine). From the
obtained experimental result, when no faults are applied the dominating vibration for
the in-wheel machine is at about six times the fundamental electrical frequency This
is no longer true once the turn-to-turn fault is introduced. As it can be observed, the
fault introduces vibrations at the two times the fundamental frequency and does not
significantly impact the higher order components, in agreement with the analysis
conducted in Section 6.3.

Figure 7.5

Measured stator vibrations during no-load operation while the machine is rotating
with 500 rpm.

Note however that non-integer harmonics (such as 2.25 times the fundamental
component) are now present; these harmonics were not presented in the obtained
simulation results presented in Section 6.3. This discrepancy is due to the fact that
the models presented in the previous chapters assume that the machines have a
perfectly circular shaped stator and rotor, leading to a homogeneous air gap. This is
not true for the in-wheel motor used in this experimental setup, as the rotor presents
a slightly oval shape that causes the air-gap to be non-symmetrical. This nonhomogenous air-gap distance has been verified using a feeler gauge. To verify that
the non-integer harmonics are caused by the non-constant air-gap length, the small
FEM model of the faulted machine presented in Section 4.2 has been altered to in
order to present an oval shaped rotor, where the small model was selected because it
is less computational demanding and re-shaping of the rotor simpler because of its
smaller size. Figure 7.6 presents the results from the 2D-Fourier analysis of normal
force for the FEM model with an oval rotor when one turn has been short circuited.
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Figure 7.6

Results from a 2D-Fourier analysis of normal force for the small FEM model
with an oval shaped rotor.

The obtained simulation results clearly show that a machines with an oval shaped
rotors presents normal force density components at non-integer harmonics at various
circumferential orders. In addition, a turn-to-turn fault (as for the case of the perfectly
circular rotor) introduces additional components with new circumferential orders at
frequencies that are present also in the non-faulted machine. From the figure, is can
be seen that the non-integer harmonics for the non-faulted case can be of high
circumferential order, and are therefore not likely to cause any measurable vibrations;
vibrations will be experienced when the fault is applied, due to the introduction of
new components with lower circumferential order. This agrees well with the obtained
laboratory results under open-circuit conditions. Note anyway that the additional
vibrations introduced by the fault in the experimental setup do not perfectly match
with the frequency content obtained through the FEM simulation; this is most
probably due to the fact that the rotor of the in-wheel machine is not perfectly oval
as in the case of the simulation.
In order to verify that the fault leads to a noticeable impact on the machine vibrations
during loaded conditions, the machine is loaded with a pure resistive load while
rotating at the same speed. The resulting Fourier analysis of the measured vibrations
is presented in Figure 7.7. For the loaded case, vibrations at two times the electrical
frequency are present even for the non-faulted condition; however, the amplitude of
these vibrations clearly increases when the fault is applied. This agrees well with the
simulations results and the example presented in (6.10), where more normal force
components (presumably of low circumferential order) are introduced at this specific
frequency. The non-integer harmonics are still present under loaded operation; this is
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not surprising, since the geometry of the machine is not affected by its electrical
loading.

Figure 7.7

Fourier analysis of the measured stator vibrations while the machine is rotating
with 500 rpm during generator operation with a pure resistive load.

In order to verify that the vibrations introduced by fault at two times the fundamental
frequency are not dependent on the machine’s speed, another set of experiments has
been performed while the machine is rotating at 300 rpm. The reduction of the
machine speed results in a lower induced fault current, which should lead to a
reduction of the normal force density. On the other hand, a reduced speed also means
that the actual frequencies of the vibrations in the time domain are altered, which may
lead to a different reaction from the machine’s mechanical frame. It is therefore
possible that the amplitude of a vibration at a certain frequency increases even though
the speed and the normal force density are reduced. Figure 7.8 presents the results
from the Fourier analysis of the vibrations while the machine is rotating at 300 rpm.
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Figure 7.8

Measured stator vibrations at 300 rpm, during both no-load operation and during
generator operation with a pure resistive load.

The amplitude of the vibrations are overall reduced when the speed is decreased, and
the loading of the machine has a noticeable impact on the vibrations at two times the
fundamental component and at six times the fundamental. Note that also for this
speed the fault has a noticeable impact on the amplitude of the vibrations at two times
the fundamental frequency, as the amplitude of the vibrations increases with the
number of short-circuited turns for both loaded and non-loaded operation. The
vibrations at six times the fundamental seem to mainly depend on load current and
are not affected by the fault. This trend is also observable during higher speed
operation. In addition, this trend agrees with the simulation results as only a very
small portion of the in-wheel machine is short-circuited and it is operating at a low
speed (compared to rated), making the likelihood of the fault introducing new
measurable component at higher frequencies very low.
To summarize, the obtained laboratory results present are comparable, with the given
limitations, to the simulation results presented in Section 6.3; the amplitude of the
vibrations at two times the fundamental component increases in the event of a turnto-turn fault and the amplitude of the vibrations increases with the number of shortcircuited turns. However, the measurements shows that the amplitude of the
vibrations also depends on the machine’s electrical loading. It is therefore necessary
to acquire knowledge of the amplitude of the vibrations for the non-faulted machine
to be able use vibrational measurements as a detection method for turn-to-turn faults,
especially if early detection (i.e., only a low number of turns are short-circuited) is
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desired. The laboratory results presented in this section also indicate that it can be
worth to monitor a wider range of harmonics, in order to take advantage of any
vibration introduced by manufacturing imperfections of the machine.

Chapter summery
This chapter presented the experimental setup which included a purposely rewound
PMSM, where the machine was rewound in order to provide access to some of the
turns in order to short-circuit up to four turns in controlled manner. The measurement
results acquired using the experimental setup agreed with the results presented in
Section 6.3. However, because the rotor of the machine used in the experimental
setup does not have a perfect circular shape as the machines modeled in previous
chapters, vibrations at non-integer multiples of the fundamental electrical component
are present in the experimental step but not in the simulations results presented in
Section 6.3. But in essence, the simulation results and the measured results agrees
and machine vibration can therefore be effectively be used as a detection method for
turn-to-turn faults, even when only a small fraction of a phase is short-circuited.
The following chapter will conclude this thesis and presents some possible
suggestions for future work.
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Chapter 8
Conclusion and future work
This chapter summarizes and concludes this thesis and suggests some possible future
research topics within the presented subject.

Conclusion
In this thesis, an analytical model of a PMSM with a turn-to-turn fault has been
derived from a generic analytical PMSM model. The presented analytical models
have been successfully verified using FEM models, showing very good agreement
between the two models. The purpose of the presented analytical model has been to
obtain a proper procedure for the derivation of a PMSM that could accurately
represent the electrical behavior of the machine with turn-to-turn fault, in order for
the model to be applicable for various applications. The benefit of having an
analytical model is that it requires considerable less computational time as compared
with FEM models. In particular, here the model of the faulted machine has been used
to investigate if the turn-to-turn fault causes any characteristic change in the machine
behavior that could be exploited for fault detection purposes. It has been observed
that the harmonic content of the current is affected by the fault, and by monitoring
the current in the rotating reference frame the fault could be detected by analyzing
variations in the current’s harmonic spectra. However, the variations observed in the
current harmonics are fairly small, especially if only a few turns are short-circuited.
Therefore, it can be concluded that the monitoring of the harmonic currents might not
be a practical way to detect this kind of fault conditions, especially if early fault
detection is desired.
As PMSMs require converters to be able to operate (other than uncontrolled generator
mode), the analytical model has been simulated to operate with an ideal converter, in
order to investigate the converters controller’s reaction to the fault. Through the
implemented cascade controller, it has been shown that the presence of a converter
connected to the machine’s terminals has an impact on the monitored signals, leading
to more noticeable differences between the non-faulted and the faulted machine
characteristics. This difference is particularly evident in the machine’s power.
Therefore, the presence of the converter allows to more effectively detect a fault
condition. Furthermore, it allows for a wider range of signals and estimates to be
adopted for monitoring purpose, such as the shift in the voltage phase angles.
However, it has been shown that monitoring of electrical quantities might not be
effective when aiming at an early detection of a turn-to-turn fault. This difficulty,
mainly due to the small amplitude difference in the measured signals, would be even
more evident if the machine is operated in a noisy environment.
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In order to understand if the mechanical vibrations of the machine could be a more
effective fault indicator, the FEM models has been used to investigate the impact of
the fault on the air-gap flux density and the resulting forces. Simulation results show
that even a single turn fault introduces additional space harmonics at two times the
fundamental frequency with low circumferential order, which are likely to cause a
measurable impact on the machine vibrations, and the machine’s vibrations will
increase with the number of faulted turns.
The increase in machine vibrations in the event of a turn-to-turn fault has been
verified in an experimental setup. Due to practical limitations in the experimental
setup, severe fault conditions could not be tested. However, for the tested operational
conditions a measureable increase in the machine vibration at two times the
fundamental frequency has been observed, in agreement with the result obtained
through the simulation model.
Because of the limited resources in the experimental setup, the presence of new
circumferential order components in the event of a turn-to-turn fault could not be
verified. If the circumferential order of the vibrations where to be measured, it will
require several synchronized sensors, and because of the amount of sensors the
system can more easily be affected by disturbances, such as sensor misalignment,
delays or measurement noise. Any of these disturbances is likely to reduce the
accuracy and reliability of the detection method.

Future work
Below are some suggestions of possible future works that have not been included in
the work presented in this thesis:
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-

Derive a model that is able to dynamically describe the transition between
non-faulted and faulted state.

-

Couple the model of the faulted machine to a thermal model, in order to be
able to estimate the heat produced by the fault. This information can be used
as a feedback to the faulted model, in order to update the resistive quantities
and thereby acquire information for better estimation of the remaining time
before the insulation of neighboring turns fails.

-

Use the proposed analytical model to further investigate how different
control strategies impact the behavior of the machine under fault condition.

-

Improve the laboratory setup utilized in this work to further verify the
obtained simulation results. In particular, it can be of high interest to include
more sensors to verify the circumferential order of the vibrations. In
addition, the simulated converter operation results and the effects of the
circulating currents for machines with parallel windings can be verified.

Other possible future work, less closely related to the work presented in this thesis,
can be to analyze how a turn-to-turn fault impacts other machine types, such as a
reluctance machine, which does not have a rotor excitation.
The focus of this thesis has been on the development of a method that is able to detect
the occurrence of a turn-to-turn fault, but what actions should be taken once a fault
has been detected has not been addressed. Different strategies to be taken after the
faults detection should be investigated and compared, also based on the specific
application. For example, if continued operation is possible (though at reduced
capacity), a proper strategy might provide an effective scheduling of the intervention
for repair, thus reducing the possible economical loss. This might be of particular
importance for wind turbines located in remote areas or for offshore applications.
A proper fault detection method should, ideally, be selective and allow the operators
to identify without doubt the specific kind of fault. It would therefore be interesting
to understand if other type of faults might lead to similar machine vibrations and if
still there are characteristics in the monitored signals that allow the differentiating of
the different fault conditions.
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Appendix A
Moving from stationary to rotating reference frame
A widely used mathematical transformation in the electrical engineering discipline is
the transformation from the stationary to the rotating reference frame. This makes an
oscillating quantity at the transformation frequency appear as a DC quantity. The
mathematical transformation matrix for a three phase system is
cos 𝜃
𝑇1 (𝜃) = 𝐾

2
− sin 𝜃
3
1
[ 3

2𝜋
2𝜋
)
cos (𝜃 + )
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− sin (𝜃 − ) − sin (𝜃 + )
3
3
1
1
]
3
3
cos (𝜃 −

(A.1)

where 𝜃 is the transformation angle related to the rotational speed of the rotating
reference frame and 𝐾 is a scaling constant. By selecting 𝐾 to 1 the transformation
becomes amplitude invariant.
The inverse of the transformation matrix is
cos 𝜃

− sin 𝜃
1
2𝜋
2𝜋
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−
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1
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(A.2)

If the zero sequence component is neglected the transformation matrix becomes
2 cos 𝜃
𝑇(𝜃) = 𝐾 [
3
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(A.3)

with the inverse
cos 𝜃

sin 𝜃
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𝑇 −1 (𝜃) = 𝐾
3
3
2𝜋
2𝜋
[cos (𝜃 + 3 ) sin (𝜃 + 3 )]

(A.4)

For a balanced frequency component with equal speed as the rotating reference frame
the transformed components becomes
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If 𝐴𝑎 = 𝐴𝑏 = 𝐴𝑐 = 𝐴 then (A.5) become [𝐴𝐾
] since the double frequency component is
0
perfectly symmetric. Similar calculations can be done for the harmonics. If they are
balanced they will only appear at one frequency where the other will be canceled due
to symmetry.
Vector representation of three phase quantities
A three-phase positive system constituted by the three quantities x1 (t ) , x2 (t ) and

x3 (t )

can be transformed into a vector in a complex reference frame, usually called

-frame, by applying the transformation defined by:
2
4
j 
j  

x  x (t )  jx  (t )  K   x1 (t )  x2 (t )  e 3  x3 (t )  e 3 



where the factor

K

is usually taken equal to

3
2

(A.6)

for ensuring power invariance

between the two systems. Equation (A.1) can be expressed as a matrix equation:
 x1 (t ) 
 x (t ) 
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(A.7)

where:
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The inverse transformation is given by:
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(A.8)
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This holds under the assumption that the sum of the three quantities is zero.
Otherwise, there will also be a constant (zero-sequence) component. In the latter case,
Eqs.(A.7) and (A.9) become:
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(A.11)

and for the inverse transformation:
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with the two matrixes given by:
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Voltage vectors for unsymmetrical three-phase systems
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The phase voltages for a three-phase system can be written as:
ea (t )  eˆa (t )  cos(t   a )
2
eb (t )  eˆb (t )  cos(t     b )
3
4
ec (t )  eˆc (t )  cos(t     c )
3

where eˆa (t ) , eˆb (t ) and
,

b

and

c

(A.15)

eˆc (t ) are the amplitudes of the three-phase voltages,  a

are the phase angles of the three-phase voltages, and  is the angular

frequency of the system.
If the amplitudes

eˆa (t ) , eˆb (t )

and

eˆc (t )

are unequal, the voltage vector can be

written as the sum of two vectors rotating in opposite directions and interpreted as
positive- and negative-sequence vectors:
( )

(t )  E p e

Ep

and

e
where

En

j(t  p )

 En e -j(t n )

(A.16)

are the amplitudes of positive- and negative-sequence vectors,

respectively, and the corresponding phase angles are denoted by

p

and

 n . To

determine amplitudes and phase angles of positive- and negative-sequence vectors in
Eq. (A.19), a two-step solving technique can be used. First, the phase shifts are set to
zero, so that the amplitudes
phase shifts
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p

and

n

Ep

and

En

are determined.

can easily be detected. In the next step, the

Appendix B
Small FEM Machine Parameters
Machine parameters
𝑅𝑠
𝑅𝑓
𝐿
𝑀
𝑀𝑎𝑓
𝑀𝑏𝑓
𝑀𝑐𝑓
𝐿𝑓
𝛹𝑝𝑚
Pole-pairs
𝑓0

1.6 mΩ
20 mΩ
292 μH
-12 μ
12.6 μH
0.12 μH
-1.35μH
2.75 μH
0.068
5
125 Hz

Machine geometry
Stator diameter
Rotor diameter
Airgap
Magnet height
Magnet length
Stator back
Shoe height
Tooth width
Slot width
Stack length

270 mm
190 mm
3.1 mm
2.3 mm
80 mm
10.5 mm
2 mm
21 mm
38 mm
109 mm
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K1Cos[K4 − thetaR](3(𝐿 − 𝑀)(Rf + Rssigma) + 2K5RssigmaCos[K2 − thetaR]Cos[thetaR]) + 2Rssigma(Lf(−𝐿 + 𝑀) + K1K5Cos[K2 − thetaR]2 )Sin[thetaR]
3(𝐿 − 𝑀)(Lf(𝐿 − 𝑀) − K1K5(Cos[K2 − thetaR]2 + Cos[K4 − thetaR]2 ))

K9(−𝐿 + 𝑀)Cos[K10 − thetaR] + K5RsCos[K2 − thetaR] + K5(𝐿 − 𝑀)wrCos[K4 − thetaR]
Lf(𝐿 − 𝑀) − K1K5(Cos[K2 − thetaR]2 + Cos[K4 − thetaR]2 )

(𝐿 − 𝑀)(K9Cos[K12 − thetaR] − K5wrCos[K2 − thetaR]) + K5RsCos[K4 − thetaR]
Lf(𝐿 − 𝑀) − K1K5(Cos[K2 − thetaR]2 + Cos[K4 − thetaR]2 )

𝑨[2,3] =

𝑨[3,1] =

𝑨[3,2] =
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Lf(−𝐿 + 𝑀)Rs + K1K5RsCos[K2 − thetaR]2 − K1(𝐿 − 𝑀)(K9Cos[K12 − thetaR] − K5wrCos[K2 − thetaR])Cos[K4 − thetaR]
(𝐿 − 𝑀)(Lf(𝐿 − 𝑀) − K1K5(Cos[K2 − thetaR]2 + Cos[K4 − thetaR]2 ))

𝑨[2,2] =

3(𝐿 − 𝑀)(Rf + Rssigma) + K5Rssigma(Cos[K2] + Cos[K2 − 2thetaR] − 2Cos[K4 − thetaR]Sin[thetaR])
3(K1K5 + Lf(−𝐿 + 𝑀) + K1K5Cos[K2 − K4]Cos[K2 + K4 − 2thetaR])

−Lf(𝐿 − 𝑀)2 wr + K1K5(𝐿 − 𝑀)wrCos[K2 − thetaR]2 + K1(K9(𝐿 − 𝑀)Cos[K10 − thetaR] − K5RsCos[K2 − thetaR])Cos[K4 − thetaR]
(𝐿 − 𝑀)(Lf(𝐿 − 𝑀) − K1K5(Cos[K2 − thetaR]2 + Cos[K4 − thetaR]2 ))

𝑨[2,1] =

𝑨[3,3] =

2Rssigma(Lf(𝐿 − 𝑀) − K1K5Cos[K4 − thetaR]2 )Cos[thetaR] + K1Cos[K2 − thetaR](3(𝐿 − 𝑀)(Rf + Rssigma) − 2K5RssigmaCos[K4 − thetaR]Sin[thetaR])
3(𝐿 − 𝑀)(Lf(𝐿 − 𝑀) − K1K5(Cos[K2 − thetaR]2 + Cos[K4 − thetaR]2 ))

𝑨[1,3] =

2K1K9(𝐿 − 𝑀)Cos[K12 − thetaR]Cos[K2 − thetaR] + 2K1K5RsCos[K2 − thetaR]Cos[K4 − thetaR] + (𝐿 − 𝑀)wr(K1K5 − 2𝐿Lf + 2Lf𝑀 + K1K5Cos[2(K4 − thetaR)])
2(𝐿 − 𝑀)(Lf(𝐿 − 𝑀) − K1K5(Cos[K2 − thetaR]2 + Cos[K4 − thetaR]2 ))

Lf(−𝐿 + 𝑀)Rs + K1K9(𝐿 − 𝑀)Cos[K10 − thetaR]Cos[K2 − thetaR] + K1K5Cos[K4 − thetaR]((−𝐿 + 𝑀)wrCos[K2 − thetaR] + RsCos[K4 − thetaR])
(𝐿 − 𝑀)(Lf(𝐿 − 𝑀) − K1K5(Cos[K2 − thetaR]2 + Cos[K4 − thetaR]2 ))

𝑨[1,2] = −

𝑨[1,1] =

Parameter values of the A matrix in (3.77)and the B matrix in (3.78)

Appendix C

Lf(−𝐿 + 𝑀) + K1K5Cos[K2 − thetaR]2
(𝐿 − 𝑀)(Lf(−𝐿 + 𝑀) + K1K5Cos[K2 − thetaR]2 ) + K1K5(𝐿 − 𝑀)Cos[K4 − thetaR]2

PsiPM(K1K5Cos[K2 − thetaR]2 − (𝐿 − 𝑀)(Lf − K1sigmaCos[K4 − thetaR]Sin[shift + thetaR]))
(𝐿 − 𝑀)(Lf(𝐿 − 𝑀) − K1K5(Cos[K2 − thetaR]2 + Cos[K4 − thetaR]2 ))

K5Cos[K2 − thetaR]
Lf(−𝐿 + 𝑀) + K1K5(Cos[K2 − thetaR]2 + Cos[K4 − thetaR]2 )

K5Cos[K4 − thetaR]
Lf(−𝐿 + 𝑀) + K1K5(Cos[K2 − thetaR]2 + Cos[K4 − thetaR]2 )

K5PsiPMCos[K4 − thetaR] + (−𝐿 + 𝑀)PsiPMsigmaSin[shift + thetaR]
Lf(𝐿 − 𝑀) − K1K5(Cos[K2 − thetaR]2 + Cos[K4 − thetaR]2 )

𝑩[2,2] =

𝑩[2,3] =

𝑩[3,1] =

𝑩[3,2] =

𝑩[3,3] =
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K1K5Cos[K2 − thetaR]Cos[K4 − thetaR]
(𝐿 − 𝑀)(Lf(𝐿 − 𝑀) − K1K5(Cos[K2 − thetaR]2 + Cos[K4 − thetaR]2 ))

𝑩[2,1] =

K1PsiPMCos[K2 − thetaR](K5Cos[K4 − thetaR] + (−𝐿 + 𝑀)sigmaSin[shift + thetaR])
(𝐿 − 𝑀)(Lf(𝐿 − 𝑀) − K1K5(Cos[K2 − thetaR]2 + Cos[K4 − thetaR]2 ))

K1K5Cos[K2 − thetaR]Cos[K4 − thetaR]
(𝐿 − 𝑀)(Lf(𝐿 − 𝑀) − K1K5(Cos[K2 − thetaR]2 + Cos[K4 − thetaR]2 ))

𝑩[1,2] =

𝑩[1,3] = −

Lf(−𝐿 + 𝑀) + K1K5Cos[K4 − thetaR]2
Lf(−𝐿 + 𝑀) + K1K5Cos[K4 − thetaR]2 (𝐿 − 𝑀) + K1K5(𝐿 − 𝑀)Cos[K2 − thetaR]2

𝑩[1,1] =

