Charged particle dynamics in the presence of non-Gaussian Lévy electrostatic
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Full orbit dynamics of charged particles in a 3-dimensional helical magnetic field in the presence of α-stable
Lévy electrostatic fluctuations and linear friction modeling collisional Coulomb drag is studied via Monte Carlo
numerical simulations. The Lévy fluctuations are introduced to model the effect of non-local transport due
to fractional diffusion in velocity space resulting from intermittent electrostatic turbulence. The probability
distribution functions of energy, particle displacements, and Larmor radii are computed and showed to exhibit
a transition from exponential decay, in the case of Gaussian fluctuations, to power law decay in the case of
Lévy fluctuations. The absolute value of the power law decay exponents are linearly proportional to the
Lévy index α. The observed anomalous non-Gaussian statistics of the particles’ Larmor radii (resulting from
outlier transport events) indicate that, when electrostatic turbulent fluctuations exhibit non-Gaussian Lévy
statistics, gyro-averaging and guiding centre approximations might face limitations and full particle orbit
effects should be taken into account.
There is a considerable amount of experimental
evidence1–7 and numerical gyrokinetic8,9 and fluid10 simulations that indicate that plasma turbulent transport in
tokamaks is, under some conditions, non-diffusive. There
are several reasons for the possible breakdown of the
standard diffusion paradigm which is based on restrictive assumptions including locality, Gaussianity, lack of
long range correlations, and linearity. Different physical
mechanisms can generate situations where e.g., locality
and Gaussianity may be incorrect assumptions for understanding transport. For example, interactions with
external fluctuations may introduce long-range correlations and/or anomalously large particle displacements.
The source of the external fluctuations could be that not
all relevant physics is taken into account such as coherent modes or other non-linear mechanisms. The emergence of such strange kinetics has been studied previously, e.g.,11–13,15–18 using different modeling strategies
where it may be generated by accelerated or sticky motions along the trajectory of the random walk.
In addition, turbulence intermittency is characterized
by patchy spatial structures that are bursty in time
and coupling to these modes introduces long range correlations and/or Lévy distributed noise characteristics.
The probability density functions (PDF) of intermittent
events often show unimodal structure with “elevated”
tails that deviate from Gaussian predictions19–21 . Experimental evidence of Lévy statistics in the electrostatic
fluctuation at the plasma edge was presented in Ref.21 ,
with a Lévy index in the range α = 1.1 − 1.3 at short
times and in the range α = 1.8−2 at long times. Furthermore, in Ref. 22 it was observed that moving from the
inner to the outer region of edge plasma, the Lévy index
decreases, suggesting that the PDFs of the turbulence
near the boundary region of Heliotron J are nearly Gaussian, whereas at the outer regions of plasma they become
strongly non-Gaussian. The statistics of the measured

fluctuations at the edge of Stellarators such as Uragan 3M
and HELIOTRON J have been observed to change from
Lévy to Gaussian at the L to H-mode transition23–25 .
These type of observations are not limited to fusion plasmas, Lévy-type turbulent random processes and related
anomalous diffusion phenomena have been observed in
a wide variety of complex systems such as semiconductors, glassy materials, nano-pores, biological cells, and
epidemic spreading26 . The kinetic descriptions which
arise as a consequence of averaging over the well-known
Gaussian statistics seem to fall short in describing the apparent randomness of these dynamical chaotic systems.
Thus, the problem of finding a proper kinetic description
for such complex systems is a challenge.
Lévy statistics27 describing fractal processes (Lévy index α where 0 < α < 2 ) lie at the heart of complex
processes such as anomalous diffusion12 . Lévy statistics
can be generated by random processes that are scaleinvariant with anomalous scaling exponents. This means
that a trajectory lacks a unique characteristic scale that
dominates the process. Geometrically this implies the
fractal property that a trajectory, viewed at different resolutions, will exhibit self-similar properties. Indeed, selfsimilar analysis of fluctuation measurements by Langmuir probes in different fusion devices such as spherical tokamak, reversed field pinch, stellarator, and several
tokamaks, have provided evidence to support the idea
that density and potential fluctuations are distributed
according to Lévy statistics20 . Furthermore, the experimental evidence of the wave-number spectrum characterised by power laws over a wide range of wave-numbers
can be directly linked to the values of Lévy index α of
the PDFs of the underlying turbulent processes.
In a previous study18 the aim was to shed light on
the non-extensive properties of the velocity space statistics and characterization of the fractal processes limited
to the Fractional Fokker-Planck Equation in terms of
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Tsallis statistics. The goal of this paper is to study the
statistics of charged particle motion in the presence of αstable Lévy fluctuations in a external magnetic field and
linear friction using Monte Carlo numerical simulations.
The Lévy noise is introduced to model the effect of nonGaussian, intermittent electrostatic fluctuations. The
statistical properties of the velocity moments and energy
for various values of the Lévy index α are investigated as
well as the role of Lévy fluctuations on the statistics of the
particles’ Larmor radii in order to examine potential limitations of gyro-averaging. Fractional kinetics of charged
particle transport in a constant parallel magnetic field
and a random electric field was studied in Ref.15 . Going
beyond this work, we perform 3-dimensional simulations
in a helical magnetic field and study the statistics of the
spatial displacements and Larmor radius which were not
discussed in Ref.15 whose numerical results were limited
to 2-dimensions using a different type of isotropic Lévy
processes. However, memory effects are neglected since
the Lévy noise is taken as white or delta correlated in
time.
We consider the motion of charged particles in a 3dimensional magnetic field in a cylindrical domain in the
presence of linear friction modeling collisional Coulomb
drag and a stochastic electric field according to the
Langevin equations
dr
= v,
dt
dv
qs
qs
=
v × B − νv +
E,
dt
ms
ms

(1)
(2)

where qs and ms are the charge and mass of the particle species s, ν is the friction parameter and E is a
3-dimensional, homogeneous, isotropic turbulent electric
field modeled as an stationary, uncorrelated stochastic
process without memory following an α-stable distribution, f (α, β, σ, η), with characteristic
√ exponent 0 < α ≤
2, skewness β = 0, variance σ = 1/ 2, and mean η = 0.
Here, we use the definition of f (α, β, σ, η) as described in
Refs.28–30 .
A periodic straight cylindrical domain with period
L = 2πR0 is considered, with R0 being the major radius, and we use cylindrical coordinates (r, θ, z). The
magnetic field is a helical field of the form,
B(r) = Bθ (r) êθ + Bz êz .

(3)

A constant magnetic field in z-direction, Bz = B0 , is
assumed. The shear of the helical magnetic field, i.e.
the dependence of the azimuthal rotation of the field as
function of the radius, is determined by the q-profile,
q(r) = rBz /(R0 Bθ ), where
B(r/λ)
,
1 + (r/λ)2

(4)



r2
q(r) = q0 1 + 2 .
λ

(5)

Bθ (r) =
for which the q profile is

In terms of the flux variable,
ψ=

r2
,
2R02

(6)

q is a linear function of ψ.
The numerical integration of Eqs. (1) and (2) is performed using a Runge-Kutta 4th order scheme (RK4)
over the interval [0, T ]. The time step for the RK4 integration is defined by partitioning the interval [0, T ] into
N subintervals of width δ = T /N > 0,
0 = τ0 < τ1 < · · · < τi < τN = T ,

(7)

with the initial conditions r0 , and v0 . We compute ri and
vi for the subintervals with the time step of dt = δ/n,
and at every δ, we include the cumulative integral of the
stochastic process using
dri = vi dt


qs
dvi =
vi × B − νvi dt + W
ms

(8)
(9)

where
W=

qs X
χ
(dt)(1/α) E.
ms

(10)

δ

Here, using spherical coordinates, random samples in
the Eρ radial direction are generated with the α-stable
random generator developed in Ref.28–30 , and two uniformly distributed angles θ and φ between [0, 2π] are
used. In Cartesian coordinates the components of the
electric field are Ex = Eρ sin θ cos φ, Ey = Eρ sin θ sin φ,
and Ez = Eρ cos θ. Np = 104 particles are considered,
and the simulation time is T = 500/τc where τc = 2π/Ωc
and Ωc = |qs |B0 /ms is the gyration frequency. We explore the dependence of the particle motion on the index
α of the Lévy fluctuations and the parameter  = χ/ν
where χ is the amplitude of the fluctuations and ν is
the damping coefficient. The convergence in probability
of Lévy driven stochastic differential equations 1 and 2
have been discussed in31 where a criteria is established.
Figure 1 shows samples of the particles’ energy as function of time for several values of α. It is observed that
as α decreases, the random walk in energy is strongly
influenced by outlier events which result in intermittent
behavior with appearance of Lévy flights between periods of small perturbations. The rate and the amplitude
of the intermittent jumps in energy increase significantly
as α is decreased. This behavior is clearly observed in
Figs. 2(a) and (b) where the PDF of Log10 of the particle energy, E, and the q = 1/2-moment18 of the energy
as functions of time are shown. As seen in Fig. 2(a) the
decay of the PDFs changes from exponential in the case
of a Gaussian process to power law in the case of a Lévy
process. The power law exponent decreases as α is decreased indicating the increase in the probability of the
occurrence of Lévy flights. A breakup in the symmetry
of the PDFs is also observed with a shift towards higher
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FIG. 1. Samples of normalised particle energy, E = 12 (vx2 +
vy2 + vz2 )/v 2 (0), vs time for different values of α = 2 (black),
1.75 (red), 1.5 (blue), and 1.25 (green). Here,  = 100.
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FIG.p3. (a) The steady state PDFs (f st ) of r − hri where
r = x2 + y 2 /ρL (0), and (b) the q-moment with q = 1/2 for
different values of α = 2 (black), 1.75 (red), 1.5 (blue), and
1.25 (green). The circle symbols represent the data points on
the left of the maximum of f st , and cross symbols represent
data points on the right. Here,  = 100.

FIG. 2. (a) The steady state PDFs (f st ) of Log10 (E), and
linear fits for the energy decay are shown by lines with symbols, (b) the q-moment are shown with q = 1/2 for different values of α = 2 (black), 1.75 (red), 1.5 (blue), and 1.25
(green). Here,  = 100.

values of the energy, as the Lévy index α is reduced. Note
that the numerical results indicate that the PDFs relax
towards stationary states. The q = 1/2-moments of the
energy converge in the considered simulation time span,
and there exist about two orders of magnitude increase
in the converged values as α varies from a Gaussian process (α = 2) towards a strongly Lévy distributed process
(α = 1.25), as can be seen in Fig. 2(b).
The PDF
pof the normalised radial positions, r − hri
where r = x2 + y 2 /ρL (0) and ρL (0) = v⊥ (0)/Ωc is the
particles’ Larmor radii at time zero, are shown in Figs.
3(a) and (b) for different values of α in a logarithmic
scale. The PDFs of the radial position are influenced by
the Lévy jumps in the velocities with a build up of heavy
tails as α is decreased. The q = 1/2-moments of the par-

ticle position show and increase as the stochastic process
varies from Gaussian to heavy tailed Lévy processes.
The PDF of the particles’ Larmor radii (ρ(t) =
v⊥ (t)/Ωc ), and its average as functions of time, are shown
in Figs. 4(a) and (b) for different values of the Lévy index α in a logarithmic scale. Like in the previous cases,
the PDFs change from an exponential decay to a power
law decay when the stochastic process is changed from a
Gaussian to a Lévy process. Furthermore, the slope of
the power law decay decreases with decrease of α and, as
can be seen in the time evolution of the averaged Larmor
radius in Fig. 3(b), the converged values are about two
orders of magnitude higher in case of the α = 1.25 as
compared to those of the Gaussian with α = 2. These
results suggest that when turbulent electrostatic fluctuation obey non-Gaussian statistics with power law decays,
gyro-averaging might be questionable, the guiding centre
may not be a valid approximation, and full particle orbits
integration should be performed.
The dependence of the power law decay exponents of
the energy PDF, ∼ E −µE , and the Larmor radius PDF,
−µ
∼ ρL ρ , on the Lévy index α is shown in Fig. 5 for
 = 10 and 100. The values of the exponents µE and
µρ where obtained from linear fits of the corresponding
PDF in logarithmic scale. The results show a close to
linear relationship between the exponents µE and µρ and
the Lévy index α with an absolute value of the slope
proportional to  = χ/ν.
We have performed Monte Carlo numerical simulations
of charged particle motion in the presence of a fluctuat-
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FIG. 4. (a) The steady state PDFs (f st ) of Log10 (ρL ) of
Larmor radii, and linear fits for the decay in the Larmor radii
are shown by lines with symbols, and (b) its average as function of time for different values of α = 2 (black), 1.75 (red),
1.5 (blue), and 1.25 (green). Here,  = 100.

ing electric field obeying non-Gaussian Lévy statistics in
a constant magnetic field and linear friction modeling
the effect of collisional Coulomb drag. The Lévy noise
was introduced in order to model the effect of non-local
transport due to fractional diffusion in velocity space resulting from intermittent electrostatic turbulence. The
statistical properties of the velocity moments and energy
for various values of the Lévy index α were investigated,
and the role of Lévy fluctuations on the particles Larmor radii, and the statistical moments of displacements
were explored. We observed that as α is decreased, the
random walk in energy is strongly influenced by outlier events which result in intermittent behaviour with
appearance of Lévy flights in between periods of small
perturbations. The rate and the amplitude of the intermittent jumps in energy increases significantly as α
is decreased. The PDFs of the particles’ Larmor radii
change from an exponential decay to a power law decay
when the stochastic electrostatic process is changed from
a Gaussian to a Lévy process. The power law decay decreases with decreasing α. This corroborates the findings
in Ref. 18 that the q-moment is an appropriate metric
characterizing Lévy distributed processes. Our findings
suggest that when turbulent electrostatic fluctuations exhibit non-Gaussian Lévy statistics, gyro-averaging and
guiding centre approximations may not be fully justified
and full particle orbit effects should be taken into account. The results presented here point out potential
limitations of gyro-averaging. Turbulent plasmas exhibit
a very large range of spatio-temporal scales. To overcome the computational challenge that this implies, it is

FIG. 5. The linear fits of the power law decay (a) for energy,
µE , and (b) for the Larmor radius, µρ , as functions of the
Lévy index α, for different values of  = 100 (black line with
circle symbols),  = 10 (red line with square symbols).

customary to use reduced descriptions based on spatial
and/or temporal averaging of degrees of freedom that
evolve on small spatial scales and/or fast time scales
compared to the macroscopic scales of interest. For example, the extensively used gyro-kinetic models assume
ρL /L  1 where ρL is the Larmor radius and L is the
tokamak minor radius or a characteristic density gradient
scale. However, it is important to keep in mind that in a
turbulent plasma the Larmor radius is a statistical quantity, hρL i, (where h·i denotes ensemble average) and not
an absolute number. For plasmas in Maxwellian equilibrium this issue might not be critical since the probability
density function (PDF) of Larmor radii is sharply peaked
around the thermal Larmor radius. However, when the
PDF exhibits slowly decaying tails due to a significant
number of outliers (i.e., particles with anomalously large
Larmor radii) the situation is much less trivial. In particular, in the case of algebraic decaying PDFs, statistical
moments might not exists and as a result in might not be
possible to associate a characteristic scale to the process.
The study of scale free stochastic processes has been a
topic of significant interest in basic and applied sciences
in general and in plasma physics in particular, see for example Refs.32,33 and references therein. Our numerical
results indicate that when the electrostatic fluctuations
follow Lévy statistics with index α, the PDFs of Larmor radii exhibit algebraic decay and this might compromise the meaning of hρL i. Formally, if the PDF of
x ∈ (0, ∞) Rdecays as f ∼ x−µ , then the n-th moment,
∞
i.e. hxn i = 0 xn f dx, will diverge, and thus will not be
well-defined, for µ < n + 1. Based on this, according to
Fig. 7, for α < 1.75, hρL i is strictly speaking not well-
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defined. In practice, the mean values might not diverge
because as shown in Fig.6-(a) the numerically computed
PDFs have a cut-off due to limited statistical sampling.
However, as the case α = 1.25 in Fig.6-(b) illustrates,
the fact that µ < 2 implies that the convergence of hρL i
might be questionable. Also we would like to note that,
in this work as a first step we have limited attention to
the study of electrostatic turbulent fluctuations driven
by uncorrelated stochastic processes in the absence of
memory. However, memory and correlations might play
an important role. For example, in Ref.10 it was shown
that non-Markovian effects are present in fluid models
of plasma turbulent transport and as a consequence, in
this case, effective models of particle transport should include both spatial jumps driven by Lévy processes and
memory effects driven by non-Markovian waiting times.
On the other hand, the work in Ref.9 showed that correlations play a role on gyro-kinetic turbulent transport
in the presence of shear flows and thus, in this case,
the proper treatment requires the use of correlated nonGaussian random processes. The work presented here
could be extended to include memory effects by incorporating non-Markovian statistics in the Monte-Carlo simulation, and also by including correlations using fractional
Levy motion models. Note that doing this would naturally introduce a characteristic time scale into the turbulence fluctuation model, e.g. the correlation time or the
memory time scale. A problem of interest would then be
to study the dependence of the results on these fluctuation time scales and the gyro-period of the orbits. These
are interesting problems that we plan to address in the
future.
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