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On the Performance of the Relay-ARQ Networks

Behrooz Makki, Thomas Eriksson, Tommy Svenss®enior Member, IEEE

Abstract—This paper investigates the performance of relay ~ The basic principles of different ARQ protocols are derived
networks in the presence_of hybrid automatic repeat request in [2]-[8]. Power allocation in ARQ-based single-user {wit
(ARQ) feedback and adaptive power allocation. The throughpt out relay) networks is addressed by, e.g., [9]-[13]. Algd}E

and the outage probability of different hybrid ARQ protocol s are .
studied for independent and spatially-correlated fading dannels. [28] study the problem in relay networks. There are a number

The results are obtained for the cases where there is a sum pew Of papers dealing with energy efficiency and power allocatio
constraint on the source and the relay or when each of the soue in relay-ARQ setups. These works can be divided into two
and th_e relay are power-limited individually. \_N_ith adaptiv e power categories, as stated in the following.
i'gﬁr‘;"ig%g’stirr‘]e dﬁffﬁlﬁétﬁt ‘gg?;ggg:‘te the efficiency of relapRQ In [29]-[41], the source and the relay use, e.g., space-time
' codes (STCs) to make a distributed cooperative antenna and
retransmit the data simultaneously in rounds when the iislay
active; With an outage probability constraint, [29], [3&<p.
[31]) study the energy efficiency (resp. long-term average
Relay-assisted communication is one of the promising tedansmission rate) of STC-based relay-ARQ systems. The
niques that have been proposed for the wireless networksergy and spectrum efficiency of the basic and hybrid relay-
The main idea of a relay network is to improve the datARQ networks are verified in [32]-[34] as well. Also, [35]
transmission efficiency by implementation of intermediatdesigns a multi-relay-ARQ network using Alamouti codes.
relay nodes which support the data transmission from a soussuming the source and the relay to be close, [36], [37]
to a destination. The relay networks have been adopted in theestigate the throughput of relay networks using diffitre
3GPP long-term evolution advanced (LTE-A) standardiraticARQ protocols. Optimizing the delay-limited throughputan
[1] and are expected to be one of the core technologies figriving a closed-form expression for the average power
the next generation cellular systems. of the source are addressed by [38] and [39], respectively.
From another perspective, hybrid automatic repeat requéstnsidering the incremental redundancy (INR) protocd] [4
(ARQ) is a well-established approach for wireless networlgudies the performance of the relay-ARQ setups in fast-
[2]-[13]. The ARQ systems can be viewed as channdigding conditions. Finally, the results of [40] are exteddle
with sequential feedback where, utilizing both forwardoerr [41], where the system performance is compared with cases
correction and error detection, the system performance higving only one of the source or the relay active in the
improved by retransmitting data that has experienced begiransmissions. Implementation of STCs in these works is
channel conditions. Thus, the combination of relay and ARIgased on the assumption that there is perfect synchroonzati
improves the performance of wireless systems, because lagéveen the source and the relay.
ARQ makes it possible to use the relay only when itézded In [42]-[52], only one terminal (either the source or the
Due to the fast growth of wireless networks and dat#elay) is active in the retransmission rounds, as opposed to
intensive applications in smart phones, green communicati{29]-[39]. For instance, [42] studies the outage-limitee ey
via improving the power efficiency is becoming increasinglgninimization in single-user and relay-ARQ networks. Oppor
important for wireless communication. The network data votunistic relaying, rate adaptation and analyzing the energ
ume is expected to increase by a factor dfevery year, delay tradeoff curve are considered by [43], [44] and [45],
associated withl6 — 20% increase of energy consumption[46], respectively, where the direct source-destinatiok Is
which contributes about% of global CO, emissions [14]. ignored. Also, the throughput, the packet error rate and the
Hence, from an environmental point of view, minimizing th&ffective capacity of different ARQ-assisted relay netkgoare
power consumption is a very important design consideratiggfudied in [47]-[49], respectively. Power scaling in MIM@da
and green data transmission schemes must be taken @f@nitive radio relay-ARQ networks is addressed in [50] and
account for the wireless networks [15]-[20]. Moreover, d$1], respectively. Finally, [52] studies a relay-ARQ neti
most wireless devices operate with limited battery powss, i using superposition coding. References [29]-[38], [481]{
very important to find ways of maximizing the device lifetimd43]-[52] are based on the assumption that there is a fixed
by efficiently utilizing the limited power. These are the maitransmission power for the source and the relay. Meanwhile

motivations for this paper, in which we analyze the powef24], [31], [45], [46] optimize the power allocation betwee
limited performance of the relay-ARQ setups. the source and the relay under a sum power constraint, while
they use the same powers in all retransmissions. Also, [42]
The authors are with Department of Signals and Systemsn@halUniver-  investigates the power allocation between the retrangmniss
sity of Technology, Gothenburg, Sweden, Emdiehrooz.makki, thomase, for pasic ARQ schemes and [39] studies the average power
tommy.svenssof@chalmers.se f th . . . . .
This work was supported in part by the Swedish Governmengangy for Y t e source with repetition time diversity (RTD) ARQ and
Innovation Systems (VINNOVA) within the VINN Excellence @ter Chase. a fixed power for the relay.

|. INTRODUCTION



In theoretical investigations, the communication links be [l. SYSTEM MODEL
tween the source, the relay and the destination are normall
assumed to be independent [29]-[53]. This is an appropri%
model for many practical scenarios [29]-[53] and makes
possible to analyze the system performance analyticatiw-H
ever, the independent fading channel is not always a rigali
model. For instance, the relay is normally located closéé& tg,d 1192 which are referred to as the channel gains in

destination inmoving-relaysystems [54], [55]. As a result, the following. A maximum number of/ ARQ-based retrans-
there might be considerable correlation between the SOUrLe <ion rounds is considered. i.e.. the data is (re)trathesth
relay and the source-destination fading coefficients. Adsg., maximum ofM + 1 times Mdrébver we define a packet

{ﬁZ] dderporl_stra:c[(re]s thehcasels Wht;rehthe slourcte ItSh conr&ecteastqhe transmission of a codeword along with all its possible
€ destination through a refay which 1S close 10 th€ SOUrCe. o5y smission rounds. In each packetinformation nats are

this case, th? source-destination and the re'ay‘d.ei’?""‘.”“?"s sent to the destination and the length of the subcodewordl use
may be spatially-correlated. For these reasons, it iséstirg in the m-th round of the ARQ is denoted bly,. Thus, the

to extend the independent fading model to the case where th@&uivalent data rate, i.e., the code rate of the ARQ, at the en
is spatial correlation between the channels. of the m-th round is,give,n bYR (1) = 5= Q '

In this paper, we study the throughput and the outa?ewe study the system performance for two different block-
&

probability of the relay-ARQ networks in cases where thef@ding conditions:
is either a long-run sum power constraint on the source ande Quasi-static. In this model, the channel coefficients are
the relay or when each of the source and the relay are power- assumed to remain fixed within a packet period, and then
limited individually. Adaptive power allocation betweehet change to other values based on their probability density
retransmissions is used to improve the system performance. functions (pdf).
We derive closed-form expressions for the average power, th « Fast-fading. Here, the channel coefficients are supposed
throughput and the outage probability of different relalR@ to change in each retransmission round.
protocols in the cases with independent or spatially-¢ated  The quasi-static model, studied in Subsections IV.A-B,
fading channels. Moreover, we investigate the effect oinfigd represents the scenarios with slow-moving or stationagys,s
temporal variations on the data transmission efficiencyhef te.g., [11], [12], [56]. On the other hand, the fast-fadirtgdeed
relay-ARQ systems. in Subsection IV.C, is an appropriate model for the high dpee

) users and frequency-hopping setups where the channetyquali

As opposed to [29]-[40], we study the scenario where onghanges in the retransmissions independently, e.g., [48],

one of the source or the relay is active in each ARQ-basgegh|
retransmission round. Also, the problem setup of the paper i |, gach link, the channel coefficient is assumed to be known
different from the ones in [29]-[52] because 1) we considgy; the receiver, which is an acceptable assumption in block-
adaptive power allocation between retransmissions °_f'dybfading channels [9]-[13]. However, there is no instantarseo
ARQ protocols, 2) the results are obtained with differenfyannel state information available at the transmittecepk
sum and |nd|V|du_aI power constraints on the source a_md the ARQ feedback bits. The ARQ feedback signals are injtiall
relay and 3) we investigate the system performance in bojisymed to be received error-free, but we later investitate
independent and spatially-correlated fading conditiom$h  effect of erroneous feedback bits as well (Section V).
noisy/noise-free feedback signals. Finally, our discussion Relay-ARQ modelThe considered relay-ARQ protocol
the users’ message decoding probabilities (Theorems &) h,yorks as follows. In each packet period, the data transoissi
not been presented before. starts from the source. If the data is decoded by the desstinat
. n acknowledgement (ACK) is fed back by the destination to
The r_esults show that there IS a structural procedure ife source and the relay, and the retransmissions stop. Oth-
study different performance metrics of relay-ARQ networks

diffe _ _ | . h C . ve-acknowl
experiencing different fading models. Optimal power aalocngse’ the destination transmits a negative-acknowlesgm

e consider a relay-assisted communication setup con-
gting of a source, a relay and a destination. The channel
&Jefﬁcients in the source-relay, the source-destinatind a
the relay-destination links are denoted h¥, 5 and A’
Sespectively. Also, we defing™ = |RS2, g% = |hS9? and

tion is shown to be very useful in terms of outage probabilit NACK). Only one terminal (either the source or the relay) is
throuahout and coverg e reqion of the rela ,%‘Rg netWor ctive in each retransmission round; the relay becomegeacti
gnp 9 9 y ahd the source turns off, as soon as the data is decoded by the

when there IS & sum power constralnt_on the source ax ay. That is, if the relay successfully decodes the messag
the relay. With individual power constraints on the source o :
. S sends an ACK to the source and starts retransmission until
and the relay, however, optimal power allocation increasgs - .
the throughput (resp. reduces the outage probability) on e destination decodes the data or the maximum number
9np P- ge p y retransmissions is reached. In other words, with enree-f

at low (resp. high) signal-to-noise ratios (SNRs). Comdar?eedback bits, the following cases may occur during a packet

to the fixed-length coding scheme, the throughput of tr{?ansmission period: 1) receiving an ACK from the relay and

re_lqy-ARQ_network Increases when varla_ble—length _codmgé NACK from the destination, the source turns off and the
utilized. With the practical range of spatial correlatipiise

. " I ission. 2) With NACKs f h I
performance of the relay-ARQ network is not sensitive to thrg ay starts r_etrgnsm|53|on ). It C. S from the relay

. . T _ “and the destination, the data is retransmitted by the source
spatial correlation. However, the data transmission efficy

of the network is reduced at highly-correlated conditions. 3) Receiving an ACK from the destination, the source ignores



the ARQ feedback of the relay and the retransmissions st
(Performance analysis in the cases with noisy feedbacksits Definitions
studied in Section IV.D.). g

_ The motivations for consideri_ng the proposed data _trr_:msmi Deriving the é;_fpected values Closed-form expression for
sion model are as follows. Letting the relay retransmiteasit L the functions of interest
of the source when the source-destination link experiebads
condition makes it possible to exploit the potential diigrs
gain through the relay channel. Also, in practice, the rela

is located such that the relay-destination link experience @

~,

’

Calculating tﬁe probabilities
Pr(A,), Pr(B, ), Pr(S,,)

betteraveragecharacteristics than the source-destination link
Therefore, it is more beneficial to use the power resources f

the relay, instead of dividing the power between the sounce a | Optimization algorithms

the relay, if the relay decodes the message. Finally, as se i Parameter optimization and
in the following, for Rayleigh-fading conditions the proyzsal . '\_«" simulations
scheme outperforms the state-of-the-art approachesyrimste Simulation results

of outage probability/throughput.

Figure 1. An overview of the paper. First, we obtain closedr expressions
for the functions involved in (1). Then, iterative optimtizen algorithms are
I1l. PROBLEM FORMULATION applied to optimize the parameters based on the closed-¢apressions.

In this paper, we study the problem of
In three steps we obtain the closed-form expressions of
g, max Q, Q= {n, —Pr(Outage} n, Pr(Outage, @@ &% and ®'. The first step is to de-
(m)>"m s m fine the metrics and the constraints as functions of a few
_ total - stotal S < A4S < ). ) )
subjectto A, A = {@PH < ¢, (2 < ¢7)&(P" < ¢')} expected values. Then, in the second step, we derive the
1) . : , .
expectations as functions of predefined probability terms.
In words, we investigate the long-term throughpuand the _The last step is to represent the considered _probabilities
outage probabilityPr(Outagé as the evaluation yardsticks.in terms of Ry, Pp, Py, m = 1,...,M + 1, ie., the
The optimization parameters are the equivalent data trisasn®ptimization parameters of (1). Interestingly, the two tfirs
sion ratesR,,, as well asPs, and P{,,m = 1,...,M +1, Steps are independent of the considered ARQ protocol and

m m?

which denote the source and the relay power used in tie fading channel model. Thus, they are explained in the two
m-th retransmission round, respectively (because the nofgowing subsections. The third step, however, dependfien
variances are set to B3 and P!, in dB 10log,,(PS) and characteristics of the ARQ schemes and the fading channel

m m? m

10log,o(P',), represent the transmission SNR as well). Fmodel. For this reason, we specify the results for different

nally, the throughput and the outage probability are optédi ARQ protocols and fading channel models in Sections IV and
under two different power-limited scenarios: V.

o Scenario 1.The total power for data transmission in
the relay-ARQ setup is limited, which is represented bf- Step 1: Definitions
ol < glotal Here, @t js the total power in the source  The outage probability is defined as the probability of the
and the relay, averaged over many packet transmissioagent that the data can not be decoded by the destination when
and¢°?@ denotes the total power constraint. This scenartbe data (re)transmission is stopped. Also, the througtiput
is of interest in the green communication concept, wherats per channel use (npcu)) is given by [4], [7], [11], [12]
the goal is to minimize the total average power required K 1 K
for data transmission [15]-[20], and also for electricity- — lim 2= @k — lim K 2k @ (@ E{Q} )
bill minimization. Koo SO0 glotal - Koyoo L§n gtotal - p{7oml}
o Scenario 2.There are individual power constraints on (2)
the source and the relay, which is represented ®Y< pere (), is the number of information nats successfully
¢*)&(®" < ¢) in (1). Here,®* and @' are the average gecoded by the destination in theth packet transmission.
power in the source and the relay, respectively, ghand g, #i°@ denotes the total number of channel uses in the
¢" denote their corresponding thresholds. This scenarig, packet transmission, i.e0 = S~™ 1, if the message
models the case where the source and the relay @& ansmission of the:-th packet continues form rounds
battery-limited [9]-{13]. (see (8)). Note that in each packet part of the data may be
To study (1), the following procedure is considered (plesese (re)transmitted by the source or the relay an&" =1t + 1
Fig. 1 as well). First, we derive closed-form expressiomdtie wheret; andt} are the source and the relay activation periods
functionsy, Pr(Outage, ®°@, &S and®" which are involved in the k-th packet transmission, respectively. In gene€l,
in (1). Then, since (1) is a nonconvex problem, iterativand#'®@ are random values which follow the random variables
optimization algorithms are used to optimize the pararsete® and 7°°?, respectively, as functions of the channel realiza-
based on the closed-form expressions. tions. Also, (a) in (2) is based on the law of large numbers,




with E{.} representing the expectation operator, and the fd€the data is decoded at the end of theth round, the total
that the limits, e.g., lim LS Qs im L s~ 9@l number of channel uses is,,) = >, I;. Also, the total
—00

exist [7], [11], [12]. © number of channel uses igy/, 1) = ZMHZ if an outage
With the same arguments, the average power tebffid, occurs, where all possible retransmission rounds are used.
®° and @' are obtained by Thus, the expected number of total channel uses, i{§.1%'}

_ in (2) and (5), is obtained by
Y & _ P{E%)

— L= < (3 M+1 [/ m M+1
K00 Z?:l 3 E{T=} E{Ttotal} _ Z <Z Zi) Pr(4,,) + (Z 1;) Pr(Outage.

=1 =1
‘ Y& B{Z)} (8)
= 1 - 4
Jroe K i BT “)

m=1

From (7)-(8) andR,,,) = % the throughput (2) is found
as
(I)total lim Zk 1 €t0tal — lim Zk 1 é-k + Zk 1 €k M41
K—00 Z ﬁtotal Kﬂoo Zk ﬁtotal n= Zm 1 Pr(Am) (9)
B(=9) + =) M PrAn) | 1o dgny Pridu)
- (5) m=1 " R R(n+1)

E{7‘total}
If the source stops data (re)transmission at the end of
Here, &, & and @ are the source, the relay and thehe m-th round, the total energy consumed by the source is
total transmission energy in thg-th packet transmission, gs )= S, PSl;. Therefore, the source consumed energy is
respectively, with¢®™? = ¢ + ¢ Also, 25, 2", 7> and T" a fandom variable given by
denote the random variables correspondingjtog;., ¢; and -
t}., respectively. Note that the metrics and constramts are =S=N" P, 0f Spymo=1,...,M+1, (10)

functions of a few expected values. pt

1
B. Step 2: Deriving the Expected Values and, using; = —;); we have

Let us define the following events: M+1 m
o A,, is the event that the data is successfully decoded b#{=°} = << P?l; ) m)>
the destination in then-th (re)transmission roundhile

it was not decodable befarén this case, the codeword M“ 1 1
may have been sent by the source or relay. =Q ) Z . - = Pr(Sm) |-
R : Ruy R
» B, ., represents the event that the relay is active in rounds m=1 i=1 11
n+1,....mwithn =1,...,M,n < m. In this case, (11)

the source message has been decoded by the relay inwigh the same arguments, the expected activation period of
n-th round and, consequently, the source turns off in thee source, i.e.£{7°} in (3), is found as
successive retransmissions. The relay data retransmissio

. . . A . M+1 m M+1
is stopped in then-th round if the destination can decode B

the data or the maximum number of retransmissions is E{T*} = z:l Zli Pr(Sm) | =@ z:l
reached. "= "

« Sp is the event that the source stops data retransmission .
in the m-th round. In this case, either the maximunwhich, along with (11), leads to

number of retransmissions is reached or the data has been M4l .
o mops(L — 1 Pr(Sm)
decoded by the relay or the destination. s Lem=1 >im1 B Ru  Ra-n m (13)
The defined events are used to express (2)-(5) as functions Zfrvl”ll P;Q(SM '
of Riy, PS and P, m = 1,...,M + 1. The details are )
explained as follows. Given that the data is retransmitted by the relay in the
According to the definitions, the outage probability is fdunn + 1,...,m rounds, its consumed energy i%nﬂ,m) =
as D Pl which is consumed during~", |, I; channel
Ml uses. Thus we can use the deflnltlon Bf ,,, the same
Pr(Outage =1 — Pr(A.,). 6 .
r(Outage mzzjl r(Am) 6) froce:jure as in (10)-(13) angd ", I; = Q(R(lm) - R(ln))
0 write
If the data is decoded by the destination at any (re)trarsoms
round, all @ information nats of the. pacl_<et are _receivedZ_E{Er} = Z §En+1,m) Pr(B,m)
Hence, the expected number of received information nats in Yn<m,m<M+1

each packet is i 1 1
M+1 = Q Pir ( — ) Pr(Bn.m) ,
S (5 () e

E{Q} = Q (1 - PT(OUtage) = Q Z PI‘(Am). (7) Vn<m,m<M+1 i=n+1
= (14)



BT — 1,)Pr(B, . the initial data rate and the length of the codeword,
{7} Z ( Z ) Pr respectively. Moreover, with MRC, the received SNR of,

Vn<m,m<M+1 i=n+1 ..
. ' > e.g., the relay at the end of the-th retransmission round

0 ¥ (rBG )

Vn<m,m<M+1 (m)

increases tog*> ", P?. Thus, the data is decoded by

the relay at the end of the:-th round (and not before) if
(15) log(1+¢¥ 32" ! PS) < R <log(1+ g% >, P?), which is

based on the fact that with SNRR the maximum decodable

o — E{Z'} rate is - log(1 + z), if a codeword is repeateth times [7],
- E{T"} [12]. In this way,Pr(S,,), i.e., the probability that the source
m stops retransmission at roumd, is found as
ZVn<m,m§I\/l+1 ((Zi:nJrl Pz'r (% - R(}fl))) Pr(Bn,m)) .
, , Pr(B, ) (= — =L ) _ O+ By Em=1,..., M,
ZVn<m,rn§1\/l+1 ( ( 5 )(R(m) R(n)) PI'(Sm) yar if m = M + 1,
(16) .
Note that the summations in (14)-(16) are on all possible, = Pr(log(1+¢% > Pf) <R
activation conditions of the relay. Finally, fro{nj }(5) (gL1), i=1
(14), the total transmission powdro® — Z{ETEIE] g m m
obtained by P <log(l+¢%> PP nlog(l+g™> PP <R),
1=1 1=1
(I)total _ w m—1
M+1 Pr(4,,) , 1-2MfpPr(An)’ . sd s
T B+ = P4 43 )<
M+1 m 1 1 = 1
= pPS| — — P m—
v mzzjl <; ' (Ru) R(i—n)) o) < log(1 +gs"ZPS ) Nlog(1+¢™ ) P?) <R),
=1 =1
= 1 1 M
+ P! ( — ) Pr(B,.m) |-
WQ%:SMH <<=Z+1 Ruy  Ruy (Br.m) yar = Pr(log(1 + ngZ PPy < Rnlog(l+¢"> PP <R).

(17) =1

From (6)-(17), it follows that the only difference be-
tween different ARQ protocols is in the probability termgiere,a,, is the probability that the relay decodes the data at
Pr(A,,), Pr(S,,) andPr(B, ). Also, to derive closed-form round m, before the destination. Moreove#,, denotes the
expressions for the outage probability, the throughput apgobability that the destination decodes the data at round
the average power terms, the final step is to represent Meile the relay had not decoded the message up to the end
probabilities Pr(A,,), Pr(S,) and Pr(B, ) as functions of the (m —1)-th round (the message may be decodable by
of Ry, PS,, P, m =1,...,M +1, i.e., the optimization the relay at then-th round). Also, the source retransmits the
parameters of (1) Sect|ons IV and V are devoted to obtag@deword)M + 1 times, if none of the relay and the destination
the probability terms for different ARQ protocols and faglin have decoded the data until thé-th round, leading tey,s in

(18)

channel models. (18). Note thatzf\fﬂl Pr(S,,) = 1, as a maximum of\/ +
1 (re)transmissions is con5|dered. For independent Rayleig
IV. PERFORMANCE ANALYSIS IN fading channels, (18) is rephrased as

SPATIALLY-INDEPENDENTRAYLEIGH-FADING CONDITIONS - .

For the spatially-independent Rayleigh-fading chanriws ta,, = <F S,(%) ngr(%)> ngd(%)
fading coefficients followh®" ~ CA/(0, 1), 1% ~ CA(0, &) Yo P? Yim B i B
and ' ~ CN(0, ). Thus, the pdf of the channel gains i i yeiefn
are given by f(z) = \e 2T fu(z) = A% and < R e R4 Pi) (1-e " %),

g g
fga() = XX Here, A, A and 3 are the fad-
ing parameters determined by the path loss and shadow/@g ( )= Fou et —1 >> Fo et —1 )
between the corresponding terminals. Performance asalysi’ S 1pZ_ TN PP S
of the relay-ARQ setup in the presence of RTD and INR w Ry s efa e
<‘A SELT e mi) i>(1e ST,

protocols is as follows.

. g =(1-¢€ Vs
Using the RTD protocol, the same codeword is

(re)transmitted in each round and the receiver performs

maximum ratio combining (MRC) of the received signalswith the same procedure, the probability that the destinati
Thus, the equivalent data rate at the end of thweth decodes the codeword at theth round (and not before), i.e.,
round is R, = 9 — B with R and ! representing Pr(A,,), is obtained by

ml m

A. RTD Protocol in Quasi-Static Conditions Rl) < /\S’ER1> (19)



m 6rn+ E Ej,m>

j—1

J J
€jm = Pr <log(1 + gsrz P?) < R <log(1 + gsrz PN

m—1
log( 1+gstPS+g“’ > P)<R
1=1 1=7+1

m
< log(1+ ngZ PS4 g Z ) (20)

i=1 =741

Here, ¢;,,, is the probability that the relay decodes the

active in rounds: + 1,...,m, is determined as

o enm  ifmA M1,
PI‘(Bn,m) - { 79n if m=M+ 1,

n—1 n
¥, = Pr (log(l +9"Y P < R<log(l+g¢%> P

=1 i=1
n M
Mog(14 3P0 S0 F) < R) =
i=1 k=n+1
Ze"}'%;lf’s el —1-3"  PSx
i=1"4 = i
Pn = / Jgsa(x) Fya < 7 1r )d:r
0 Zk=n+1 Py
M
= gn( Z Pir)a (22)
i=n-+1

codeword at the-th round and helps the destination until 'R/vheree andG,.(«) are defined in (20) and (21), respec-

decodes the message at round;j < m. Thus, (20) gives the
message decoding probability of destination for all pdssib
activation conditions of the relay. For independent Raylei

fading condition,; ,, is found as

€j,m _Wjej'rm .
UJJ—Fsr( —1 )—ngr( €~71 )

ZJ 1 ps i ps
& 1 i i=1"1
_Asr e " — _Asr ey
I ps sI—Ips
=e i=1 P —e i=1 "
R
-1

Jﬂn f()717fg()

tively, andpn is obtained with the same procedure as in (21).

Using (18)-(22), we can express the outage probability, the
throughput and the average power functions of the relay-RTD
scheme in terms ofk,,), Py, P},, m = 1,...,M + 1, and

investigate the system performance, as stated in the fioltpw

B. INR Protocol in Quasi-Static Conditions

Considering a maximum of/ + 1 INR-based retransmis-
sion rounds,@ information nats is encoded into jgarent
codeword of length ;1) = S0 !1,.. Then, the code-

m=1

word is punctured intoM + 1 subcodewords of lengths

Pr (grd Z;lj}d Pl<ef_1-Y7 pPsr< g s i )d&m, m=1,. .M + 1, Whic_h are sent by the source/relay
R, in the successive retransmission rounds. In each round, all
_ fz{:1 PP \sdo Az o received subcodewords are combined by the receivers (relay
0 P WERE N and destination), to decode the message. In this case, the
e—xd( ST ;11 - e A SEIT )>da: results of [57], [58, chapter 15], [59, chapter 7] can be used
to show that the maximum data rates which are decodable by
= J(Z;”]}rl 1) =G (i1 P, the relay and the destination at the-th round are obtained
Gj(z) = by
ASd(e R 1)
1l—e XioiP? Sr DS
7Ard R, 7AsdJE€R7? Ur sr l log 1 + g P )
e z —e Zi=1 P} if Zk 1Zk
_ - S , ifx# —/\sd—
Asd(eR7)1\§ v R(,’n) Z ) log(l —+ gsrPis% (23)
l—e TP =1 R-y)
D A D P G G §] PP LD N
S XL P R it = Wl and
(21)
U (9% 9)
YL Lilog(1 + g*9P%) + Z;lj+1 lilog(1 + ¢"'P))
ZZL 1k
wherew; is the decoding probability of the relay at roufid J
(and not before). Alsdj; ,,, represents the decoding probabil- = R(m)<z TR ) log(1 + ngPf)
ity of the destination at then-th round, given that the relay =1 @) (i-1)
is active in roundg + 1,...,m. m 1
7 3 log(L+ g *P)). j <m. (24)
R R(z 1)

Finally, Pr(B, ), i.e., the probability that the relay is i=j+1



respectively, where (24) is based on the assumption that thep, (Ufiv :‘:xed-'engt g% g < E)
relay is active in roundg + 1,...,m. Also, ’ m

m lzl 1 SdP.S Tli — m
U8, (g% 2=t il — D <1V [ (e )75 | (29)
'r]fL:1 * "\L/ g:l Pis H;ij+1 Pir
! ! ) log(1 + ¢%9P¢)
= Rimy ) (=~ og(l +g7F; sy (N T
(m) ; Riy  Ra- whereV;. ., (v) = )\sdfOOO o= N (AT o g,
(25) Proof. Please see the Appendix. O
denotes the maximum decodable rate of the destination at the . ) o )
m-th round, given that the relay is inactive. Due to properties of the Minkowski's inequality, the bounds

Although having high throughput and low outage probéi'e tight at high SNRs. Finally, we close the discussionk wit
bility, variable-length coding INR results in higpacketing the following theorem which provides an upper-estimate of
complexity [12], [13]. In order to reduce the complexityth€ System performance.
fixed-length coding INR scheme is normally considered where Theorem 2: For sufficiently low SNRs, the performance of

settingl,, = I,¥m, in (23)-(25) leads taR,,,, = £ and _the relcla_l%{-lNR protocol is upper-estimated via the follogvin
inequalities
. 1 &
U" fixed-lengtty sry _ — 1 1 ST ps 26 2R
B = 2 e, <Uf;zﬁxe""e“9‘ g < E) > Fe( — -1)

d, fixed-lengtl d rd " KL/HZ.ZI (1 Bl (PZS)Q)
Ui 1% 9") 28
J,m sr em

e m _1 764 J R, e

= 2108;(1 +g°P) + Z log(1+¢"Pf) | ,j < m. (30)7

=1 1=j5+1
(27) d, fixed-lengthy sd rd R
From (23)-(27), we can find the probabilitiest® (Ujfm 9™ ><E> > Wim(r),
Pr(A.,), Pr(By,m), Pr(Sy) for the INR protocol; Replacing 71 —
the terms, ?.g.,log(ll + ¢y ", P?) of the RTD by ij(r)i/ )\sde—/\s"x(liefxd WW(IHQV’"””)dx,
Rimy D iy (W - R(H))log(l + ¢*P?) for the INR, one 0
can use the same procedure as in (18)-(22) to recalculate 7'5h§ e
parametersw,,, Sm, vm, Wi, 0m, pn and, consequen_tly, 3;1 (1+<Pf)2)H21j+1 (1+(Pir)2).
Pr(Ay,), Pr(Bn.m), Pr(S,) for the INR. The details _
are presented in the Appendix where the probabilitiédof- Please see the Appendix. .

are determined by obtainin@r(U},(¢*) < R,)) and The tightness of the bounds is verified in Subsection IV.D.
PI‘(Ud (ng, grd) < R(m))a Vj, m.

Jm

As explained in the Appendix, two-dimensional numeric
integrations should be used to determine the probabilitpge S ]
pn andf;,, for the INR, which are difficult to find. This Considering the fast-fading modéle.g., [13], [41], [56],
is particularly because the boundaries of the two-dimeraio the outage probability, the throughput and the average powe
integrals can not be expressed in closed-form. For thisoreasfunctions, i.e., (2)-(6), are obtained with the same praced
upper bounds o, and6;,, are presented in the Appendix@S before while the achievable rate terms, e.g., (27) for the
which are tight at low SNRs. Moreover, Theorems 1-2 provid&/R, are replaced by
other approximation methods which simplify the performangd. fast-fading
analysis in the presence of the INR protocol. The good”™ ,
point in Theorems 1-2 is that the two-dimensional integrals 1 [ o
with unknown integration boundaries are replaced by either Zlog(l T i
closed-form expressions or one-dimensional integralsnigav (32)
known boundaries. As a result, the terflys,, and p,, can be
determined easily. Here, ¢3¢ and g/ are the source-destination and the relay-

Theorem 1: For the fixed-length INR protocol, the perfor-destination channel realizations at th¢h round. Changing
mance of the relay-ARQ setup is underestimated, i.e., tfife achievable rate terms, and recalculating the proliabili
throughput is lower bounded and the outage probability is the only modification required for the fast-fading coiudit

2R

(31)

a(J;. Performance Analysis in Fast-Fading Conditions

P+ > log(l+gi°P) | .j <m.
i—1 i—j+1

upper bounded, via the following inequalities and the rest of the procedure does not need to be changed.
_ Z Specifically, Theorem 3 provides a method for calculatirey th
pr (U, Petenan gy < 1) g en — 1 robabilities in the fast-fading conditions
" Sm) I P P : |
S By lUnder fast-fading channel conditions, the INR protocol tisdied with

- m /TIPS fixed-length coding because the length of the codewordseisséime as the
=l-e v, (28) fading block length.
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Theorem 3: The power-limited throughput/outage probabil- ' Throughput with individual power
i - ilizi constraints of the source and
ity of a relay-ARQ setup utilizing RTD and INR protocols can the rolay e =0 5 ALt RTD
be analyzed via the equalities 0.7 o '
ARQ protocolgp=10dB
J m ’E’?
Pr(log(1+ Y Pg®+ Y Plg") <R) gos
i=1 i=j+1 £
Q.
= Ojm(ef = 1) = 01, (0), <05
. ASd, 3
J e*—pf E
Ojom(2) = Z " AN | P 04
i=1 Hk:Lk;ﬁi ( - ﬁ) Hk:j+1 ( - W) . )
" ¢ M=2 ---Optimal power allocation
m e*LPf 0.3V= —Uniform power allocation
+4 - HJ (1_Pi/\”’)1—[m (1_P_{,.)’ -3 -2 - 0 1 2 3 4 5 6
i=j+1 1k=1 P ) L k=41, ki P! Source input SNR 10lqg(@) (dB)
PP
PLS#PE,P[#PIQ,Z#]C,A—SLC{#A—Q,V’L,]ﬁ (33)
Figure 2. Throughput vs the average transmission SNR of thecs
and 10log;o(¢#°). The results are obtained with individual power constsaiom

) the source and the relay (scenario 2) with= 10dB. RTD ARQ protocol,
J m AST= 21 = 0.5, A0 = 1.
Pr() "log(1+ Pgs®) + > log(1+ Plgi’) < R) =

i=1 i=j+1
mito| €F (1,1,0) to use exhaustive search, which is what we have used for our
1= KjmHimi [C- - s simulations. Also, for faster convergence, we have repeate
P 010011 pgo1), (11, s 1), the simulations by using the iterative algorithm of [12]dan
by using “fminsearch” and “fmincon” functions of MATLAB.
(1717%,1),---7(1,17%&,1) Using the closed-form expressions, the results have been
LY ey 1y obtained for different initial settings and we have testee t
Kjm =e TR IR, fmincon function for ‘interior-point” “ active-set and “trust-
1 J m region-reflectivé options of the optimization algorithm. In all
Cjm = W(H ([ P (34) cases, the results are the same with high accuracy, which is a
i=1 i=j+1 indication of a reliable result. Finally, note that, excéptFig.

6 where we verify the tightness of the bounds in Theorems 1-
g 2, the results of the figures are obtained both analyticalty a

via Monte Carlo simulations which lead to the same results.
Proof. Please see the Appendix. U  Thus, Figs. 2-5, 7-15 represent both the analytical and the

Finally, to enjoy the practical benefits of the relay-ARQ th&lonté Carlo-based simulation results. _

1) A parent code that can be punctured into rate-optimizgélR protocol, unless otherwise stated. Also, in all figures,
subcodewords and except Figs. 12-13, the results are obtained for the quasés

2) decoders at the relay/destination with performanceeclo%ond't'ons' The fast-fa@ng F:asg 'S, cpn&dered n FIgSlE.?—
to (18)-(25), (32) for all retransmissions. Performance analysis with individual power constraints
on the source and the relayin Figs. 2-3, we study the

There exist several practical code designs, e.g., [2], tf&t : . S
; . : system performance in scenario 2, where there are individua
satisfy these requirements. Moreover, to implement adapti .
ower constraints on the source and the relay. The results

power allocation, the source and the relay should be eqdip&%ow that 1) with individual power constraints, optimal ow

) ) o S
with adaptive power amplifiers. However, as the power ada.‘gl'location increases the throughput at low SNRs. However,
the gain of optimal power allocation is negligible, when the

respectively, if the channel is fast-fading. Her#" ||
denotes the generalized upper incomplete Fox’H functio [

tation is based on the long-term channel statistics withefini

ff‘f’iizznct’l‘;t;igisgﬂ'esj'on powers, the power amplifiers can B8 %" maximize the throughput at high SNRs (Fig. 2).

2) Considerable outage probability reduction is achieved b
optimal power allocation, particularly at high SNRs (Fig. 3
D. Simulations and Discussions Finally, 3) increasing the maximum number of retransmissio
Using the same arguments as in [11], [12], [61], it can Weads to marginal throughput increment, especially at high
showed that both the power-limited throughput maximizatiocSNRs, when the source and the relay are individually power-
and the outage probability minimization of ARQ protocoldmited (Fig. 2).
are nonconvex optimization problems, even for the single- Figures 4-15 present the simulation results for the case
user (without relay) setup. Therefore, the problems shbeld with a sum power constraint on the source and the relay, i.e.,
solved via iterative optimization algorithms. In our simul ®©°® < gl iy (1), where10log,(¢"°®) denotes the input
tions, the number of optimization parameters is low enou@NR.
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o _ allocation g
o . .
o Ogtlllrg(?;t;i)gr\]/v er 33 Relative coverage region,
g ° .. R=1, input SNR=5dB
3107 . 2
810
- e g RN . (O]
Outage probability with individual \ ON 14
power constraints on the source and relay;
R=0.5,A%%C1, AN9=A%=0.5, ¢=10dB, M=1  "* s [\
S I S S L
Source input SNR 10lgg(@”) (dB) - = 3
W 10° 10° 10°

Coverage region threshold,
Figure 3. Outage probability vs the average transmissioR $Nthe source
101log((¢®). The results are obtained with individual power constsaiomn
the source and the relay (scenario 2) with = 10dB. Initial transmission

Figure 4. Relative coverage region, compared to the sinﬁm— (without
rate R =0.5 M =1, A = X4 = 0.5 10 = 1.

relay) setup without ARQ. Scenario 1 (sum power constr@fit! < gtotal jn
(1), with 10 log; o (¢°@) being the input SNR)M = 1, initial transmission
rate R = 1. For relay-assisted channel$" = A™ = 0.5.

On the coverage region of the relay-ARQ netwadtlkt us

define thecoverage regioras Effect of variable—length coding on
1 the throughput of relay—-INR !
R(e| AN M) = {ASYND AT A, Pr(Outage < €}. (35) scheme, uniform power allocation, -’

A"¥=2%=0.5,\5%1

o

That is, (35) defines the set of fading coefficient§ (for a
given SNR,M, X', and \*) which leads toPr(Outage < e.
Fig. 4 demonstrates thelative coverage region of different
communication setups, compared to the single-user sethp wi
out ARQ, i.e.,p = RENNM) 1y gther words, each curve

o

Throughput (npcu)
o

) ; R(E[O0,00,0?] ' ) 0.

in Fig. 4 shows the gain of the considered scheme compar

to the single-user system without ARQ. The higher the curv 0.

is, the wider the coverage regiorf.isThe results show that, M=

compared to the single-user setup, the implementationeof tl 0. ---Variable-length coding
relays leads to considerable coverage region incremesa, Al 0. — Fixed-length coding
compared to uniform power allocation (which correspond _2 0 > 4 6 8
to, e.g., [47]-[52]), our proposed power-optimized schem Input SNR 10log (¢*"*) (dB)

increases the coverage region of the relay-assisted rietwor

substantially. For instance, consider the INR ARW, = 1 Figure 5. Effect of variable-length coding on the throughgpilthe relay-INR
and the coverage threshold = 10~%. In this case, the Protocol, uniform power allocation)S™ = A™d = 0.5, A0 = 1.
implementation of power-optimized ARQ in single-user and
relay-assisted setups increases the coverage region bydl7 a . -
27 times, respectively. With uniform power allocation,rénés On the tightness of the proposed hounds:Fig. 6, we

a (almost) fixed gap between the performance of the INR afygmpare the throughput boundg achieved via Theorems 1-2
RTD protocols. With optimal power allocation, the diffeoen with the exact throughput obtained through (26)-(27). The

between the coverage regions of the RTD- and INR-bas} l:jlt‘_c’ _"f:_rel ?btame_d \_N'th Og'{mfl 1poxver ﬁllocatltc;]n al;nd f(()jr a
schemes decreases. ixed initial transmission rat&? = 1. As shown, the boun

On the effect of variable-length codingihe effect of presented in Theorem 1 (resp. Theorem 2) is tight at high

variable-length coding on the performance of the reIay-IN%eSp' low) SNR and their tightness decreases as the input

approach is investigated in Fig. 5. Compared to fixed-leng '\_II_T] decrheastes (rdesp. tlncreasei).b_l_ _ timized
coding, considerable (resp. marginal) throughput incrense | er;zg puh an@ ou %ge_ pr(t)h aRITItIg ":n p;)v(;/er—op |rtn|zte
achieved by variable-length coding at moderate (resp. lofp Y- Q schemdConsidering the » T1g. fdemonstrates

SNRs. Also, the effect of variable-length coding increasgitis t8 ettré(ouqtpputﬁvertsu]cs tht? m:tage proﬁablllgy. Morﬁ?veg, tFI
the maximum number of retransmissions, i¥., studies the elfect of optimal power aflocation on the oetag

probability. Considering the figures, it is deduced that fthw
2Note that the variances of the fading coefficients, that caantify the & SUM POWer constraint on the source and the relay, optimal
distances between the transmission endpoints, are givee.gy - power allocation improves both the throughput and the autag
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5 1f — - 10 ¢ . 2
8 ---Exact value via simulations | ____..... Y |[-e-Uniform power allocation, M=[L
£ 0.9 —Lower bound obtained via Theorelf I ———— — Uniform power allocation, M=
] og-T -e-Optimal power allocation, M={L
< ---Optimal power allocation, M=2
3 0.85 INR ARQ protocol, optimal power § ) :
= o (@) allocation, M=1, R=1)%%=1, A“=\*'=0.5 4
12 13 14 15 16 17 18 3 -
otal S L
Input SNR 10|090((p 5 (dB) o
=0.
8 — Upper bound obtained via Theorem 2/ .g
i 0.4)---Exact value via simulations 7 __.--""7T o
s =
% °0F RTD protocol, .
202 INR ARQ protocol, optimal power input SNR=5dB
‘E "(b) allocation, M=1, Rzlzxs%l,‘)\rd:)\srzo.s ‘ = L
-3 - 1 a0 1 0 0.2 0.4 0.6 0.8 1
Input SNR 10Iogo(q) ') (dB) Throughputn (npcu)
Figure 6. On the effect of the bounds introduced in Theorer@s dptimal Figure 7. Throughput vs the outage probability, RTD ARQ pcot, input
power allocation, scenario 2/ = 1, initial transmission rateR = 1, A = SNR 10 log,,(¢"°?) = 5dB, scenario 1254 = 1, A" = A = 0.5. For a
1, AT =4 =0.5. given outage probability, the initial transmission ratadahe retransmission

powers, if required) are optimized to maximize the throughp

probability considerably. 2) For a given outage probagilit

increasing the number of retransmissions leads to sultan -—-RTD, uniform power allocation
throughput increment, if the (re)transmission powers 4 a -*-INR, uniform power allocation
cated optimally (Fig. 7). Intuitively, this is because witiore . -____IFf\lTRD'O‘I’Oﬁit::g?'p%m?raﬂfc‘;it;”
number of retransmissions the relay gets more involved ar _ 10} RN
the good characteristics of the relay-destination link - = i
erly exploited. 3) The difference between the outage-éuhit §
throughput of optimal and uniform power allocation scheme &
increases with the number of retransmissions and decrea: & .
with the outage probability (Fig. 7). 4) The difference beén g 107
the outage probability of the single-user and relay network
i.e., the gain of implementing the relay node, increasel wi Singgutuasgeer grnczjb?eblgi;y ;f;rsisted
the input SNR (Fig. 8). si_q rd_3sr_
Comparison with the state-of-the-art schemés:Fig. 9, . nemorkz\:l,_;lq’io__s)\ B
we compare the data transmission efficiency of the propos: 10— 0 > 4 6 8 10
relay-ARQ approach with ones in different data transmissio Input SNR 10log (¢°*) (dB)

approaches. As demonstrated in the figure, the proposed rela
ARQ approach outperforms the other schemes including Hijure 8. Outage probability for single-user and relayisasd networks, sum
the single-user channel without ARQ [12]’ 2) single-usdamge power con_straint (scenario 1)\ =1, initial transmission rateR = 0.5.
. . For both single-user and relay-assisted channels, waet 1. For relay-
using ARQ [11], 3) the relay channel without ARQ, €.9., [21]assisted channe)s” = A = 0.5.
[22] with one relay, 4) the relay-ARQ in the cases where
the source-destination link is ignored, e.g., [43], [44]thwi
one relay, or 5) the relay-ARQ when, using STC, the data fikequency bands are used by the source and the relay or the
simultaneously retransmitted by both the source and tlagy reSTC-based techniques are used while the source and the relay
in the retransmissions [35], [40], [41]. Moreover, the gain are perfectly synchronized. With our data transmission ehod
the proposed scheme, compared to the considered stdte-of-none of these assumptions are required.
art protocols, increases with the SNR. On the optimal power termskig. 10 shows an example
Here, it is interesting to note that, compared to the singlef optimal power terms minimizing the outage probability.
user setups, the implementation complexity increasedary+e Different behaviors are observed at low and high SNRs, which
assisted systems; this is because the data transmissiasdd bcan be interpreted as follows.
on more handshakings between the terminals when the relayAt low SNRs, the power resources are limited and the ARQ
is utilized. Also, compared to the single-user systems,emascheme iconservativeln this case Py is set to be high, such
feedback resources are required in the relay-based sy§tem that either the relay or the destination can decode the data a
the other hand, the proposed scheme is less complex compdhedend of round 1 and, as a resul§ is low. Then, if the
to the simultaneous transmission-based relay-ARQ scherreday decodes the message, high power is given to the relay
This is because the simultaneous transmission schemes, ¢ogexploit the good properties of the relay-destinatiok kmd
[29]-[41], are based on the assumptions that either difteréncrease the probability of successful decoding.
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communication link experiencing different levels of no&ed
INR protocol, R=0.5, M=1, fading. Hence, it is probable to receive erroneous feedback
A=A=0 5051 signals at the transmitter(s). Settidg = 1, Fig. 11 studies
the effect of imperfect feedback channels on the performanc
of the single-user and relay communication setups using.RTD
Here, we have used the fact that, following the same argwnent
as before and with\/ = 1, the total average power and the
outage probability of the relay-RTD network are respedtyive

Outage probability

== Single-user without ARQ [ié] ) \ found as
103 - Relay-ARQ without the direct link [43, 44] F{=total
-e-Single-user with ARQ [11] (I)total { }
- --Relay without ARQ [21, 22] E{'Ttotal}
~= Relay-ARQ with simultaneous transmission [35, 40} 41] —total
-e-Relay-ARQ with the proposed model ’ "’\. E{Jma} - 1 (wl(l - psr)P2r + wlpsr(PQr + PQS)
. D + (1= w)(1 = p)PS) (1 = B)(1 = p*)(1 = p) + Bupp™)
10, 0 2 - 8 10 +p1—p)(Pwi(1 - B1) + P§ﬂ1)
Input SNR 1OI090((p ')(dB) (1 = P (P — By) + Plun),
E{Ttotal} _
Figure 9. Outage probability for different data transmjasischemes, INR
ARQ protocol, R — 0.5, M — 1, A4 = 1, xS = A1 — (.5 1+ (1= (1= w)p™) (1 = 1) (1 = p) (1 — p*) + Bup™p™)
+p™(1 = p ) (B + (1 = Br)wr) +p (1 = p*) (1 = 1 + wif),
(36)
15 P Pr(Outage = (1 — S1)p"p> + p*(1 — p)wipe
—P +p%(1 - ”’)(1 - wl)(l —B1) + (1= p*)pe
g 1" - + (1= (1 = (wi (1 — p™)pu + wrp™
2 (Hul)(lf Sf>o+<1—ﬂ1><1fw1>p5f>,
g p = Pr(log(1+ g*P} + g"P;) < R),
Q g _ d
ng_ 5 o = Pr(log(1 + ¢°%(P} + P3)) < R)
. r = Pr(log(1 + ¢™P + Z) < R), Z = |H*%/P§ + H"\/P}?,
Optimal power terms minimizing the (37)
O outage probability, RTD, M=1, R=1,
AS=A"0=0.5, \5L1 if the feedback links are noisy. Hergs?, p™ and p*" denote
the feedback bit error probability in the destination-seyr

0 Ir?put SNR‘;OIO%((&O&) (dB) 8 10 the de;tination—relay and the relay—spurce fetggibacsk Jinks
respectively. Moreover, the random variatde= | H3¢, /P35 +
Figure 10. Optimal power terms minimizing the outage praigbof the Hrd\/172r|2 in (37) comes from the fact that, with an e_rroneous
relay-RTD network,R = 1, M =1, A4 =1, \S' = A" = 0.5. feedback, the relay and the source may retransmit the data
simultaneously, for instance, if the ACK bits sent by the
destination and the relay are not correctly received by the
At high SNRs, i.e., when the sum power constraint isource and relay at the end of the first round. Note that gettin
relaxed, there is enough power gamble Here, P} is set psd = p'd = p" = 0 in (36)-(37), the results are changed to
to be low (but high enough such that the relay can decotle ones in (6), (17) with\/ = 1.
the message with high probability). If the source-desiimat  As shown in Fig. 11, the effect of imperfect feedback
channel isbad the data can not be decoded by the destinatigignals on the outage probability of the single-user analyrel
and is retransmitted with higher powers. On the other hareksisted ARQ schemes is negligible, if the feedback bitrerro
if the source-destination channel experiences good dondit probabilities are in the practical range of interest (Thesa
this gambling brings high return. Moreover, we ha¥e< P5  point is valid for the throughput, although not demonstiate
because 1) the relay-destination link experiences bettgage in the figure.). However, the erroneous feedback signatffe
characteristics than the source-destination link and éh&yr the system performance at high feedback error probakilitie
requires less power than the source to guarantee a givegeouta On temporal variations of the fading coefficients: Figs.
probability. Also, 2) with high SNR, it is more likely thatéh 12-13, we demonstrate the outage probability and the tiroug
data is retransmitted through the relay than the sources,Thput of the relay-ARQ setup in fast-fading conditions and the
to keep the average sum power limited, less power is givenrtssults are compared with the ones achieved in a quasi-stati
the relay than the source in the second round. channel. Compared to the case with a quasi-static channel,
On the effect of imperfect feedback signals: wireless better data transmission efficiency is observed in the fast-
networks, the feedback signals reach the transmitter ¢fireu fading model. This is because with fast-fading more time
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0.4 ---Optimal power allocation
0.44 — Uniform power allocation
2 Outage probability with noisy feedback 0.4
% 102  channel, optimal power allocation, RTD S 0
o protocol, M=1, R=0.5 8
o <03
s . g
o —Single-user 203
g ---Relay-assisted, $=p>=0.03 - ]
3 . _ ,’?; e 303 INR protocol, R=0.5, M=1,
Relay—-assisted, =p~ =0 e Z0s AT=AT=0 5, A%
_____ =" ".__-
g ___."'. 0
10 - .....---.-""" 0.2
10° 10° 10" 0.28/ ‘ ‘ ‘ ‘ ‘
Destination—source link feedback error probabilify, p -2 0 2 4 6 8 10

Input SNR 10log(¢°'*) (dB)

Figure 11. On the effect of noisy feedback channel. Optinoalgy allocation,
RTD HARQ protocol, R = 0.5, M = 1, Asd = 1,SNR = 10dB. For the Figure 13. The throughput of the relay-ARQ setup in différéading
relay-assisted setup, we ha¥& = A\ = 0.5. conditions, INR protocolR = 0.5, M = 1, A3 = 1, AS = \'d = 0.5.

Quasi-static channel [11], [12], in all cases better system performance is addev
~—RTD, uniform power allocation by the INR ARQ protocol, compared to the RTD.
10 -¢-INR, uniform power allocation
—RTD, optimal power allocation V. PERFORMANCE ANALYSIS IN SPATIALLY-CORRELATED
---INR, optimal power allocation
2 FADING CONDITIONS
3 . . _ . .
S This section studies the system performance in spatially-
g correlated conditions. As demonstrated, the discussidns o
%10727 the previous sections are helpful for performance analysis
g spatially-correlated relay-ARQ setups.
For simplicity, we concentrate on the scenario where the
Outage probabmt);‘fqr relay is close to the destination, while the source is far
quasi—sdtf\tic %nd fast-fading from them. As an example of such a case, we can consider
S rd_ysr_ s .
models) —1,R>\_0—é\ =0.5M=1, the moving-relay systems, e.g., [54], [55]. Also, the same
167 ‘ ‘; ‘ » discussions are valid for the scenario with the source aed th
-2 0 2 4 totaf 8 10 relay close to each other.
Input SNR 10l0g,(¢™) (dB) Assuming the relay to be close to the destination, the
relation between two fading random variable® and 1" is
Figure 12. The outage probability of the relay-ARQ setupiffecent fading deled b 9
conditions,R = 0.5, M =1, \S¢ = 1, \S' = X' = 0.5. modadelea by

B39 = GRS+ /1 — 62¢, ¢ ~ CN(0, %). (38)
diversity is exploited by the ARQ protocols. Also, compated , ) ) N
the quasi-static model, the effect of optimal power allarat nge,gsrls a complex Gaussian varialeV/(0, 5) uncorrelated
on improving the outage probability and the throughput ef tH’V'th hs'. Also, § is a known correlgtlon fac.:torlwh|ch demon-
relay-INR (resp. relay-RTD) setup increases (resp. deesa _strates the_ dependency of the fading realizations. Moreave
when the channel is fast-fading. Moreover, the simulatiofs € fading parameter of the source-relay and the source-
show that, with fast-fading, the difference between thdquer destination Ilnks._ This is a well-established model for th_e
mance of the single-user and relay-assisted networksatse COTelated Rayleigh-fading channels [62]-{64]. Understhi

slightly. However, there is still remarkable differencevaeen Model, the joint and marginal pdfs are found as

the performances of these two communication setups and A2 =ty 200 /7Y
implementation of the relay leads to significant perforneanc forgn(@,y) = T3¢ " Bo(g—53), (39
improvement. Finally, it is worth noting that we have tested

the results of the fast-fading condition in many differeases, For(@) = Ae ™", foua(x) = Ae >, (40)

but since the results follow the same trend as the ones in the
quasi-static model, we have chosen not to include them in trespectively, where3, is the zeroth-order modified Bessel
paper. function of the first kind [65]. Also, we havef,u(r) =

Finally, it is interesting to note that, in harmony with [7],)\“’@*”%, which is independent of the two other variables.
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B_q

To study the effect of the spatial correlation, the key point ﬁ Ay —x Z"iﬁl
are that 1) the two first steps of finding the closed-forntsm = o T, Ne Y ps ,
expressions (2)-(5) are independent of the fading model. 2) _ZZ"m P} =1
The only terms which are affected by the fading model are -1- :cz _J+1 eR —1 -1
the probabilitiePr( A, ), Pr(B, m), Pr(S,,). Moreover, these 7 p? PS Z] lPS z

probabilities can be representedas- Pr(g% € [b5"!, b5"2] N (46)
sd ¢ [p541, 5542 N g™ € [T b42]) with proper selection of . _ . _ .
the boundariegs:!, ps"2, psdl psd2 prdl prd2 Thys, to take Here, (46) is obtained numerically with (u, v, w, z) given

the spatial correlation into account, it is only required t! (42). Note that (46) is one-dimensional integration with

calculater as known integration boundaries. Thus,,, is calculated easily.
2 Also, the other probability terms, e.g?,,, are obtained with

T = / fy(2)y(z)da, the same procedure as in (46). Then, having the probabijlitie
z=b the system performance is studied with the same procedure as

before.
Considering (38), Figs. 14-15 show the relative coverage
(41) region and the outage probability of the relay-ARQ setup
wherey(z) is determined based on the following procedurefor different correlation conditions. The results indedhat
od o v 2 in the practical range of correlation conditions the fading
Pr{gte [u,v) Ng* € [w,2) } = [, [, fo.gu(2,y)ddy dependencies do not affect the system performance consid-

y(x) Pr (g c [bsr,l7 bsr,2] N gsd c [bsd,l7 bsd,Q] grd

=T 5

(Cl)fu Ao~ E <f\/79@ & B()(X\/_g)dg) dz erably, in the sense that the coverage region and the outage
\/2—“’ probability changes are negligible at la¥s (The same point
—Az 2wy _ 2z is valid for the throughput although not demonstrated in the
f MM, ) MOV, 1 )y figures). On the other hand, the data transmission efficiehcy
=(1 — 6% e M M( 27“’5, \/%) — M(\/ &, \/%)} the relay-assisted network is considerably reduced atiyrigh
—(1— 82 M, /25 \/Z) — M( 225 \/27)} correlated conditions, i.e., with ~ 1. Specifically, the relay
a7V g network is mapped to the source-destination single-usapse
+A [ e*”{M(\/qu,X\/E) —M(\/%,X\/f tdz if 5 = 1 (please see (38)). The coverage region increases
@ w o o™ o o with the number of retransmissions substantially (Fig..14)
M/, \/;) =M/ 0, \/;”’ Moreover, although not demonstrated in the figure, the tesul
‘”W ) MO0 ) parameter (resp. cortelation facios) decreases Wil
—)\U 2w 2v —Au 2w 2u . ’
M( \/;, 20) — M( \/;7 =0) (resp. input SNR).
e M( \/Z 21;5 )+ e MM \/Z 2u5 Finally, note that the performance gain of the relay-ARQ is
at the cost of coordination overhead between the source and

=Y(u,v,w,2) the relay. Particularly, the source data retransmissidedsded

(42) based on the feedback signals from the destination and the
Here, (a) is obtained by defining; = % X = \/%5 relay, as opposed to non-relay setups with feedback onig fro
and using variable transforre = /2y/q. Then, (b) is the destination. Moreover, in harmony with every coopeeati
dlrectly obtained from the definition of the Marcum Q-furti Sg’StfemaéhekmdisrlnatCheS bf?tweﬁn t:e source and the ;g'?y and
: the feedback delay may affect the data transmission eftigien
f fe” BO(H)dt Finally, (¢) is based on the of the relay-ARQ protocols. However, as shown in Fig. 11,
fact thatM(x y) =1+ @B (ay) — M(y,x) and e system performance is (almost) insensitive to the ifeper

_( ) is d_enved by using varla_ble transform= /z, partial feedpack signals for the practical range of the feedbaak err
integration and some calculations. probabilities.

As an example of (41), consider the relay-RTD scheme In VI. CONCLUSION
spatially-correlated quasi-static channel condition rghasing

(18), (20), (42), the €rmMByn. S, Va1, ;. are rephrased as In this paper, we studied the performance of the relay-ARQ

networks using adaptive power allocation. The throughpdt a

_ o -1 -1 sd -1 the outage probability were analyzed with different sum and
Ay = PI‘(g € [ m S m—1 ] ﬂg € [ rrL ]) H F )
Yoy P S ps Z individual power constraints on the source and the relageun
eB_1 eR_1 eR_1q independent and spatially-correlated fading conditiofise
=Y(0, ST P S s m—lPs)’ (43) results show that considerable outage probability rednocti
' Yo B and throughput/coverage region increment are achieved by
R_1  oR_1 R _1 optimal power allocation between the source and the relay.
Bm = Y(Zm 5 T pe O T ) (44) The performance of the relay-ARQ network is not sensitive
= 2o B X B to spatial correlation, within the practical range. Alsbet
oR_ 1 oR_ 1 effect of imperfect feedback signals on the data transomissi
v =Y (0, ,0, ), (45) efficiency of the relay-ARQ scheme is negligible, if the feed

M
PIPEY LD D back bit error probability is in the practical range of irest:
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m—1
l; log(1 + ¢5'PS
= Pr(y LD

Ry
30- m—1 (m—1)
---INR = X b
------------- —RTD dps
------ llogl—i—gS’Ps llogl—i—gsP)

257 ....... > R n < R m )

§ Z Sl " Z Sl "
d
g 20- : = Pr(v«gsr7 gs |U('rn—1)( ) < R(’mfl)
2 d d
5 N Uy (9%) 2 Rmy N UGy (6% < R(m))
sr.r sr.r sd,.d
§ 15: _______________ = (6_A Tm) — e_A J’(m—l))(l — 6_)\ J'(m,m)) (47)
o [ T
2
L 10 . ) for the INR. Here, we have defined
& Relative coverage region,
correlated fading model,
5/ A'9=0.2, R=0.5, input SNR=5dB, :czm) = arg{U(rm)(a:) =R}, (48)
e=1072 M=1 @
O L L L L
0.2 04 06 0.8
Correlation factord
(m m) arg {U(m rn)( ) R(m)}' (49)

Figure 14. Relative coverage region, compared to the singge setup
without ARQ, vs the correlation factar in (38). Input SNR=5dB,R = 0.5, ] )
e=10"2, A =0.2. Also, with the same arguments, the terfms, vas andw; in

(18) and (21) are obtained by

) - sd,_.d _y\sd d ST
10 Outage probability in correlated relay B = (€7 Tmm) — A Tlm—tm—1))(1 — ¢" N Tm-1)),
networkA=1, A"¥=0.2, M=1, R=0.5 .- (50)
é —de' d _Asr, T
g T = (L= e M) (1 — "N en), - (51)
Qo
s — Uniform power allocation
o ---Optimal power allocation
© K
3 wj = e NG — e NG (52)
15 Input SNR=10dB when the INR ARQ is implemented. Note thef, ,(0) = 0
_____________ and U, /(0) = 0. Moreover, asR(;) < R(;_ 1),VZ it is
e ‘ ‘ ‘ straightforward to show thaf(,  (z )andU(m my (@), 1€, (23)
0.2 0.4 0.6 0.8 0.97 and (25), are mcreasmgfunctlonsmeherefore the solutions
Correlation factord of (48)-(49), i.e.,z, and :c(m m will be unique for any
given values ofR,,), P7,i = 1,...,m. Unfortunately, to the
Firgure 15. Outage probability vs the correlation factom (38). A = 1,  pest of authors know|edge, there is no closed-form sotutio
A" =0.2. RTD scheme withz = 0.5, M = 1. for a{,, andz{, . However, because of the uniqueness

property, the solutions of (48)-(49) are easily obtaineairvi-

Finally, substantial performance improvement is achieved merical methods, such as the “fsolve” function of MATLAB.
variable-length coding and increasing the number of ARQ- Finally, using the INR, the probabilities; ,,, andp,, should
based retransmissions. be calculated based on, e.g.,

VII. APPENDIX

_ ysdyrd — (A4 N\"y)
A. Deriving the probability terms for the INR protocol in Pn=A"A //Ud M(x_y)<R(M)e dedy,  (53)
quasi-static channels " B

Considering the INR, the probabilitieswhich is a two-dimensional numerical integration and, con-
Pr(An), Pr(Bnm), Pr(S,) are determined with the sequently, difficult to find. This is because the boundaries o
same procedure as for the RTD protocoal, i.e., (18)-(22)]avhithe two-dimensional integrals can not be expressed in dlose
the terms oy, Bm, vm, wj, 05, and p, are recalculated form. To tackle the problem, two different methods can be
based on the maximum decodable rate functions of the INRed. The first one is the bounds introduced in Theorems 1-2.
protocol. For instance, using (23)-(24), the probabitity in The second method is to udeg(1 + z) ~ z for low SNRs
(18) is rephrased as which leads to the following approximation
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n
1 1 with 1,,, representing the: x m identity matrix andC = [¢; ]
=P —~ log(1 + Pgg™ " : o bk
=21 ( p— ((R(i) R(i_l)) og(1+ Piy )) denoting the diagonal matrix given by
M SIS e - .
1 1 P ifi=ki=1,...,m,
- log(1+g"P%) | <1 Cik = { o (57)
+MZH <(R<Z—> R(H)) og(1+g Z)) < ) 0 if i £ k.
n Using the Minkowski's inequality [66, Theorem 7.8.8] in {56
~ Pr ngZ ( L1 )P? leads to
S\ Roy  Riay ' 1
L& ) ) U = det(l,, + C) > (1 + det(C)m)™. (58)
+gf Z ( o ’is) S 1 Sr S
S\ Bay o R Thus, fromdet(C) = (¢%)™ [[i~, P, we have¥ > (1 +
1 gsr m H:ril Pz_s)m and
_ [ gy my) P f -
= o fa gsa() X .
A , Pr Z log(14+¢*P’) <R | <
1= (g — g ) P : N
rd =1 \\Re  RBey/" i i=1
Pr|g"< 7 1 - . dz m
Zz n+1( N R(l,l)) i P o R F ( e% —1 )
1 T 1+ g e ; S (& = st —F————
_ )\sd/zi‘:l(ﬁ*ﬁ)”f oA i VI, PF
0 (59)
y 1—21-":1<<R() R(1 RGP .
=\ LB P e e ) 4 8 stated in the theorem.
I—e R . For the second inequality of the theorem, i.e., (29), theesam
arguments as in (55)-(59) are used to write
rd
o Tint <<%— RGP j m
=1 sdps rd pr
=1 /\’le‘l((R() — 1)) ) Pr Zlog(lJrg P?) + Z log(14+¢"“F) <R
LS Ay (= )PP ! A
i=n41 R o R i
(i) (i—1) — PI’(T R)7
1 d d . d
— — S S I r —
1 NI (o~ m) P X T = H(1+9 P)ZIJ_L(HQ Pl) = det(l,, + D),
O (g~ )P (60)
Asd
o = Gy TR PD (54) WwhereD = [d;, ,] is them x m diagonal matrix defined by
The same approach can be used to fing, for low SNRs. ¢Ps ifk=nk=1,...,7]
Finally, havingPr(A4,,), Pr(Bnym), Pr(S,,) as functions of dpm =< g9Pf ifk=nk=j+1,...,m,
Ry, Py, Ph,m = 1,...,M + 1, the system performance 0 if k+#n.

can be studled with the same procedure as before (please se

subsection 1V.D). ?ns way, we reuse the Minkowski’'s inequality to write

T>(1+ det(D) m )™
B. Proof of Theorem 1

Considering (18)-(27), it can be easily shown that the perfo _ sch L rdy =i, s "
mance of the fixed-length INR scheme is a decreasing function L+ (@)™ (e ) HP _1_[ Fi (61)
of the probability termsPr(3-" log(1 + ¢°P%) < R) and —H
Pr(3>7_ log(1 + ¢%P%) + Do i log(1 + ¢"P) < R). In  which, from the definition of/;,(v) in (29), leads to
other words, the system performance is underestimatee if th

m

r, fixed-length d, flxed length ) i R
maximum decodable ratds,;, and U are Py(Y < ) < Pr (ng)# (g% em —1
replaced by their corresponding Iower bounds From (26), we \/rL VPSTIT 0 P
can write = fo fya(x) Pr(g = )dz
m
<U;,Lf'xed enaf 1) < %) —Pr <Z log(1+ ¢°Pf) < R) — 1 fo N A”’%#“dac
=1 mW*LJ
R
=Pr(¥ < e®). (55) =1—Vjm(s),s = erm —1 :
o Y PETTE  P
Here, U is defined as (62)
U =]+ ¢%PP) = det(lm + C) (56)

i=1 3The matrices are presented by capital bold letters.
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C. Proof of Theorem 2 Thus, the probabilityPr(U****"" < 1) is jower bounded

J,m
To prove the theorem, the following modifications arQy
applied mto the arguments of Theorem 1. Considering (5 R a2y J a2\ m—j
e rewro as B0 <) 2 P (14 6 (14 )"
m

VA= ,
U= H (14 ¢%P7) = det(l,, + G™P®). (63) = / 1 fysa(z) Pr (g“’ < \/ mJr(l +22) T — 1) dz

i=1 0

Here,G* = ¢%1,, andP® = L.C whereC is given in (57). Wim(r), : :
By settingB = 1,,,A = G*', X PS, denoting the conjugate |, (r) = /V Y=l JES (1 _ e_)\rd\/mW(l-‘er)T%_l)dl‘
transpose of the matrix by X* and because the matrices” 7" o ’
and P® are Hermitian, we use 2R
"= s\2) TT™ 2y’ (68)
det(AA* + BB*) det(I,, + X*X) > (det(B + AX))? (64) =1 (L (D)) T2 (4 (F)?)

if the transmission powers are so low (or the initial trarsmi

[67, Theorem 3.4] to write sion rateR is so high) that- > 1.

U < \/det((G™)2 +1,,) det(l,, + (P%)2)

— D. Proof of Theorem 3
— $ (14 (g5")2)m H (1+ (P9)2). (65) To obtain (33), and the decoding probabilities of the RTD,
iy let us defineZ; ., = > 2j,m (i) with
Therefore, a lower bound of the probability 25m(i) = { gfjpirs if Zf Lo, (69)
Pr (37, log(1 4 ¢5P%) < R) is obtained by gib ifi=j+1,....m
m We have
Pr <Z log(1 + ¢%P) < R)

i=1

Pr(log( 1+ZPS sdy i Plg%) <R

i=j+1

ef—1
=Pr(Zjm <eff—1)= / [z, (x)dz, (70)

0

> Pr \l ’”H (14 (P5)2) < eff
=1

_F 1 where fz,  is the pdf of the random variablg; ,,,. As the
I VI T S2) pdf of the sum of independent random variables is obtaine
N ar e D df of th f independent rand b btained
= — : by the convolution of their pdfs, we use (69) and the inverse
A J ﬁA Laplace transfornC~'{.} to write
=1-—e =t ‘ . (66) @ . 1
i ij,m (Z> =L { j PSs m }
For (31), i.e., the second inequality of the theorem, wefiede el (1 + 55 ) [ 1= 41 1+ Nd )
B =1, A= G4 X = PS" such thatGs*" = g,id,ﬂ and mo
P>"= [pil,] with I{Z + ) )
. 5 Sl
¢ ifk=nk=1,...,74, i psysd Asd m oo,
gzd’r];d: grd Ifk:n)k:j+17ama :Z ’L Z B 2 P di 67?f
; : : ;
0 if k#n. P S A
ad= ! -
Ps ifk=nk=1,...,7] COTP (1- )Hm (1— DXy’
pzr’n - Pir If k:n,k:jJrl,...,m, "= lk;éz g ]+1 )\qu'
7 0 if k#n. al¥ = .
(3 - Ps/\rd pr
. gc:l (1 - W) Hk:j+1,k;£i (1 - ﬁ)
Then, we reuse (64) to write i : (71)
J m . . . .
Here, is based on (69) for independent Rayleigh-fadin
T = H 1 + ngPS H (1 + grdpir) _ det(B + Gsd,rdps,r) Varlabl(e;g g i ( Zn and p ylelg g
=1 i=j+1 10 I A )
J m—j 1+1Pi§s If iil,...,j,
: \/<1 i (ng)2> <1 * (9"’>2> ¢ Llonod =y 22 itizjtt,.m (2
. 1+ )\rd
J m
¢ = H (1 + (pf)2) H (1 + (p{)?). (67) Also, (b) is obtalned by partial fraction expansionDf{s) =
i=1 i=j+1 Pﬁvps#Plgvpr#PlgaZ#k with

0+ Asdm:”m (+345)
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af.d anda;“, i =1,...,m, representing the fraction expansion21] J. Luo, R. S. Blum, L. J. Cimini, L. J. Greenstein, and A. IM&imovich,
coefficients. Replacing (71) into (70) leads to (33), asestat
the theorem. Note that (71) is based on the assumption that th
function D(s) consists ofn first-order poles, which is the casef22]
with optimal power allocation. Straightforward modificats
should be applied in (33) and (71),1(s) has poles of order 23]
n > 1.

Equation (34), on the other hand, is a direct consequeriéd

of [60, Corollary 2] which, due to space limit, is not repehte

here. Finally, using the same procedure as in (33) and (3&), {&5]
can finda,, Bm, Ym, wj, 05,m, pn and the probability terms
of the RTD and INR protocols, respectively.
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