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On the Required Number of Antennas in a
Point-to-Point Large-but-Finite MIMO System:
Outage-Limited Scenario

Behrooz Makki, Tommy Svensson, Thomas Eriksson and Moh&®tied Alouini, Fellow, IEEE

Abstract—This paper investigates the performance of the point- communication [3], [4], which is indeed expected to be im-
to-point multiple-input-multiple-output (MIMO) systems in the  plemented in the next generation of wireless networks, make

presence of a large but finite numbers of antennas at the rans 4 hossible to assemble many antennas at the transmit/eecei
mitters and/or receivers. Considering the cases with and whout

hybrid automatic repeat request (HARQ) feedback, we deterrme termmals..Hovv.ever, large M_IMO implies .challenges _SUCh ?S
the minimum numbers of the transmit/receive antennas whictare hardware impairments and signal processing complexitghvhi
required to satisfy different outage probability constraints. Our may limit the number of antennas in practice. Also, one of
results are obtained for different fading conditions and tre effect the main bottlenecks of large MIMO is the channel state
of the power amplifiers efficiency/feedback error probabilty on ; ; it e ;

the performance of the MIMO-HARQ systems is analyzed. Then, Informatlon. (C.:S.l) acqu!SItlon’ spemﬁ_cglly at the trantm
we use some recent results on the achievable rates of finiteolok- Therefore, it _'S mterestl_ng to use efficient feedback satem
length codes, to analyze the effect of the codewords lengthsSUch as hybrid automatic repeat request (HARQ) whose feed-
on the system performance. Moreover, we derive closed-form back overhead does not scale with the number of antennas.
expressions for the asymptotic performance of the MIMO-HARQ The performance of HARQ protocols in single-input-single-

systems when the number of antennas increases. Our analyaic ; ind i _
and numerical results show that different outage requiremats output (SISO) and MIMO systems is studied in, e.g., [5]

can be satisfied with relatively few transmit/receive antenas. [8] and [9]__[20]’ respectiyely. MIMO transmission .With man
antennas is advocated in [21], [22] where the time-division

duplex (TDD)-based training is utilized for CSI feedback
The next generation of wireless networks must provide daigso, [23]-[29] introduce TDD-based schemes for large sys-
streams for everyone everywhere at any time. Particularfgms. Particularly, [29] studies the required number oéanas
the data rates should be orders of magnitude higher thanTDD-based multi-cellular systems with pilot contaminat
those in the current systems; a demand that creates seriggifig the major issue. Here, different precoders are dedign
power concerns because the data rate scales with power majigh that the network sum throughput is optimized. In the
tonically. The problem becomes even more important whefeantime, frequency division duplex (FDD)-based massive
we remember that currently the wireless network contrbut@IMO has recently attracted attentions and low-overheatl CS
~ 2% of global CG, emissions and its energy consumption igcquisition methods were proposed [30]—[32]. Consideirimg
expected to increasts — 20% every year [1]. perfect CSlI, [33] derives lower bounds for the uplink achiev
To address the demands, the main strategy persuadedfe rate of the MIMO setups with large but finite number of
the last few years is the networkensification[2]. One of antennas. Then, [34] (resp. [35]) studies the zero-forbamed
the promising techniques to densify the network is to USEDD (resp. TDD/FDD) systems under the assumption that
many antennas at the transmit and/or receive terminals TtHe number of transmit antennas and the single-antenna user
approach is referred to as massive or large multiple-inpyre asymptotically large while their ratio remains bounded
multiple-output (MIMO) in the literature. Finally, [39] derives approximate expressions for the raltu
In general, the more antennas the transmitter and/or thgormation of MIMO systems with large number of transmit
receiver are equipped with, the better the data rate/link rgnd/or receive antennas, and evaluates the effect of gednti
liability. Particularly, the capacity increases and thquieed feedback/scheduling on the system performance (For detail
uplink/downlink transmit power decreases with the numbesview of the literature on massive MIMO, see [36]-[38]).
of antennas. Thus, the trend is towards asymptotically highTo summarize, a large part of the literature on the point-to-
number of antennas. This is specially because millimet&ewapoint and multi-user large MIMO is based on the assumption

of asymptotically many antennas. Then, a natural question
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I. INTRODUCTION



of [5]-[39] are mainly obtained under the assumption that th
instantaneous achievable rate of a user is giveibhgyl + x)

with x standing for the user’s instantaneous received signal-
to-interference-and-noise ratio (SINR). This is an appeip
assumption in the cases with long codewords. However, it is
also interesting to analyze the system performance in thesca
with codewords of finite length wherleg(1 + x) is not an
appropriate approximation for the achievable rates.

Here, we study the outage-limited performance of point- e
to-point MIMO systems in the cases with large but finite
number of antennas. Using the fundamental results of [39] on
the mutual information of MIMO setups, we derive closed-
form expressions for the required number of transmit and/or
receive antennas satisfying various outage probabilgyire-
ments (Theorem 1). The results are obtained for different
fading conditions and in the cases with or without HARQ. «
Furthermore, we analyze the effect of the power amplifiers
(PAs) efficiency (Section IV.A), erroneous feedback (Smtti
IV.C) and spatial/temporal correlations (Sections V.B;Mon
the system performance and study the outage probability in
the cases with adaptive power allocation between the HARQ
retransmissions (Theorem 3). Then, we use the recent sesult
of [40], [41] on the achievable rates of finite block-length
codes to analyze the outage probability in the cases with
short packets and erroneous feedback (Section IV.C). Iinal
we study the asymptotic performance of MIMO systems.
Particularly, denoting the outage probability and the nemb
of transmit and receive antennas By(Outage, N; and N,
respectively, we derive closed-form expressions for the no
malized outage factor which is definedlas= —W
when the number of transmit and/or receive antennas ineseas «
(Theorem 2).

As opposed to [5]-[20], we consider large MIMO setups
and determine the required number of antennas in outage-
limited conditions. Also, the paper is different from [2]39]
because we study the outage-limited scenarios in point-to-

antennas is fixed. Here)/ is the maximum number

of HARQ retransmission roundq, is the number of
channel realizations experienced in each rogndenotes

the SNR, 6 is the outage probability constraint and
Q~1(.) represents the inverse Gaussigifiunction. These
scaling laws are changed drastically, if the numbers of the
transmit and receive antennas are adapted simultaneously
(see Theorem 1 and its following discussions for details).
For different fading conditions, the normalized outage
factorI" = —W converges to constant values,
unless the number of receive antennas grows large while
the number of transmit antennas is fixed (see Theorem
2). Also, for every given number of transmit/receive
antennas, the normalized outage factor increases with
MT linearly.

There are mappings between the performance of MIMO-
HARQ systems in quasi-static, slow- and fast-fading
conditions, in the sense that with proper scaling of
the channel parameters the same outage probability is
achieved in these conditions. This point provides an
appropriate connection between the papers considering
one of these fading models.

Adaptive power allocation between the HARQ retrans-
missions leads to marginal antenna requirement reduc-
tion, while the system performance is remarkably affected
by the inefficiency of the PAs. Also, the spatial correlation
between the antennas increases the required number of
antennas while, for a large range of correlation condi-
tions, the same scaling rules hold for the uncorrelated
and correlated fading scenarios.

Finally, with low number of antennas the system per-
formance is considerably affected by the feedback error
probability. However, the effect of erroneous feedback
decreases with the number of antennas. Moreover, for
a given number of nats per codeword, increasing the
number of antennas can effectively reduce the required

point systems, implement HARQ and the number of antennas codeword length leading to low data transmission delay.
is considered to be finite. The differences in the problem Notations In the following, we denote the determinant,
formulation and the channel model makes the problem solvgfé Hermitian and the(i, j)-th element of the matrixX
in this paper completely different from the ones in [5]-by 1X], X" and X[i, j], respectively. Also,E[| is the ex-

[39], leading to different analytical/numerical resulés; well  pectation operator® denotes the Kronecker product and
as to different conclusions. Finally, our discussions oa tQ«Q [ % du is the Gaussiam)-function. Then

| @) = A
asymptotic outage _performance of the MIMO setups, f'n't\e:c] denotes the smallest integer number larger than or equal
block-length analysis and the effect of PAs on the perfortm‘anto .

and thearg function is used to indicate the solution of
of MIMO-HARQ schemes have not been presented before.. "’ - ; ) ;
. . o n ion. Finall ) an -) represent the inver
Our analytical and numerical results indicate that: an equatio ally™"(-) and () represent the inverse

. . . . ... @Q-function and the Lambert W function, respectively.
« Different quality-of-service requirements can be satikfie Il. SYSTEM MODEL

with relat|vel_y few transmlj[/rt_acelve antennas. For In- Table 1 summarizes the set of parameters used throughout
stance, con.S|d_era.SIMO (S: smgle) _setup without HAR%e paper. We consider a point-to-point MIMO setup with
\?vri]t?\ t{sgs(g:Irc;lrt]esEfngl_;g;g?lz?_git;éi:\i?f'(r-]rhs:)’ tév transmit antennas andY; receive antennas. We study the
outage probabilities0—> 10*4pand10*5 are uaraFr)nee’d ?ock—fading conditions where the channel coefficientsaiem
gep X 9 constant during the channel coherence time and then change t

with 16, 18 and 20 receive antennas, respectively (Fig. . . . .
5a). Also, the implementation of HARQ reduces th%thervalues based on ‘he'T prob_abll!ty density functioBR:
. L ; n this way, the received signal is given by
required number of antennas significantly (Fig. 3). Y — HX + 7.7 € cNex1 1)
« At moderate/high SNRs, the required number of transmit - ’ ’
(resp. receive) antennas scales Wifh ' (6))?, 1+, and whereH € C¥*M is the fading matrixX € CN*! is the

m linearly, if the number of receive (resp. transmitjransmitted signal and € ¢! denotes the independent and



Table |
THE DEFINITION OF PARAMETERS

Parameter] Definition Parameter] Definition

r Normalized outage factor ) Transmission power

M Number of transmit antennas m Mean of a random variable

N Number of receive antennas a? Variance of a random variable

M Maximum number of HARQ retransmissions ¢ma* Maximum output power

T Number of channel realizations in each roupdy®ns Consumed power

0 Outage probability constraint L Sub-codewords length

q Nats per codeword B Spatial correlation parameter
R Initial transmission rate 9 Power amplifier parameter

€ Maximum efficiency of power amplifier v Temporal correlation parameter

identically distributed (1ID) complex Gaussian noise matr Ill. PROBLEM FORMULATION

Such a setup is of interest in, e.g., side-to-side CommunicaConsidering the INR HARQ with a maximum d¥/ re-

tion between vehicles/buildings/lamp posts [42], as well gansmissionsg information nats are encoded intoparent

in wireless backhaul point-to-point links where the tresd i;gdeword of lengthM I channel uses and the codeword is
to introduce MIMO and thereby achieving multiple paralle}iided into M/ sub-codewords of lengtli. In each retrans-
streams, e.g., [43]. The results are mainly given for liissjon round, the transmitter sends a new sub-codeword and
Rayleigh-fading channels where each element of the chanfid yeceiver combines all signals received up to the end of
matrix H follows a complex Gaussian distributia®V'(0,1) that round. Thus, the equivalent rate at the end of rounis

(To analyze the effect of the antennas spatial gqrrelat|0ﬂ»f = & npcu whereR denotes the initial transmission rate.
see Fig. 9 and Section V.B). The channel coefficients afdie retransmissions continue until the message is coyrectl
initially assumed to be known by the receiver. Taking thgecoded by the receiver or the maximum permitted retrans-
block-fading condition into account, this is an appro@iatyission round is reached.

assumption in outage-constrained point-to-point MIMQupst  Assuming fast-fading conditions with independent fading
with long codewords where sufficiently large number of p”%alizationsl—|((m —1)T +1),..., H(mT) in the mth round
signals can be used to provide the receiver with accurgigq an isotropic Gaussian input distribution over all traits
channel estimation [5]-{20]. Then, in Section IV.C, we studgntennas, the results of, e.g., [46, Chapter 15], [47, Ghat

the other extreme case with codewords of finite length and pgn pe used to find the outage probability of the INR-based
CSl at the receiver. On the other hand, there is no CSl availal\O-HARQ scheme as

at the transmitter except the HARQ feedback bits (see [4ﬁr(0utageFast-fadmg:
for mappings between the performance of the systems using

HARQ and joint HARQ and quantized CSI feedback). Th 1 X o7 b Wl R
feedback channel is initially supposed to be error-fredjavh Pr MT Z Z log |l + NtH(t>H(t) S
we study the cases with erroneous feedback in Section IV.C. n=lt=(n-1T+1 2)

As the most promising HARQ approach leading to highest
throughput/lowest outage probability [5], [6], [9], [14lve Here,¢ (in dB, 10log,, ¢) is the total transmission power and
consider the incremental redundancy (INR) HARQ with @Z% is the transmission power per transmit antenna (because the
maximum of M retransmissions, i.e., the message is retrari¥ise variance is set to d,represents the SNR as well). Also,
mitted a maximum of\/ times. Note that setting/ = 1 repre- |, represents théV; x IV, identity matrix.

sents the cases without HARQ, i.e., open-loop communigatio Considering7 = 1 in (2), the outage probability is
Also, a packet is defined as the transmission of a codewdgaphrased as
along with all its possible retransmissions. We inveségae Pr(OutaggSiov-fading —
system performance for three different fading conditions: M
1 ¢ . R
. Fast-fading. Here, it is assumed that a finite number of Pr <M leog Iy + EH(”)H(M < M) SNC)

channel realizations are experienced within each HARQ
retransmission round. in a slow-fading channel. Also, settinbl(¢) = H,Vt =
« Slow-fading. In this model, the channel is supposed té. ..., MT, the outage probability in a quasi-static fading
change between two successive retransmission rounef3nnel is given by
while_it is fixed for the dura_tion of each retransn_]iss_ion. Pr(outageQuasi-Static: Pr <1Og k2 <X
« Quasi-static. The channel is assumed to remain fixed M M
within a packet period. (4)

Fast-fading is an appropriate model for fast-moving users gsing (2)-(4) for given initial transmission rate and SNRe t
users with long codewords compared to the channel coherefgeblem formulation of the paper can be expressed as
time [14], [45]. On the other hand, slow-fading can properly NN — L Pr(Outage < 0 5
model the cases with users of moderate speeds or frequency- {Ve e arﬁfﬁrm{ r(Outagg < 0} ®)

hopping schemes [10]-[12]. Finally, the quasi-static espnts - , SN
the scenarios with slow-moving or stationary users, eg,, [ 1€re, ¢ denotes an outage probability constraint akd Ny
[9], [17]-[20]. are the minimum numbers of transmit/receive antennas that

Iy, + —HH"




are required to satisfy the outage probability constramthe random variableY” ~ N (u,0?) which, depending on the
following, we solve (5) in the cases where one of the transnmmitimbers of antennas, has the following characteristics

or receive antennas is given, or there is a relationship detw Ned\ N ;

the number of transmit and receive antennas. Particulady, Nilog (1 TN ) ’Vrz) ’ if Case 1

study (5) in four distinct cases: (ot — ) (Nelos(1+9), %) . if Case 2
« Case 1N, is large buthV; is given. ’ No, %(bQ) , if Case 3
o Case 2:N; is given butlV; is large. oy .
o Case 3: BothNV; and N, are large and the transmission (“’0 ) ’ if Case 4

SNR is low. ~ ¢ Nimax” N

. Case 4: BothV; and N, are large and the transmission/* = ~Vmin1og <ﬁt) + Ninin Z 7
SNR is high. _ =1

!t is wor.th noting that the three first cases are commonly ofF Z i Ly =0.5772. ..

interest in large MIMO systems. However, for the complete- <= Nmax—

ness of the discussions, we consider Case 4 as well. Moreover  n,.—1

‘ 5 Npa—l
in harmony with the literature [34], [35] we analyze Cases 52 — Z w JZV — + Nuin (% _ Z Z%) ,
max — min i=1

3-4 under the assumption i=1
% _ K 6)  Nmax= max(Ny, Ny), Nynin = min(N;, Ny). 8)
r

with K being a constant. However, as seen in the followin th|s_yva)_/, from (2.) and fqr_ d|ffer(a_nt cases, the outage
robability in fast-fading condition is given by

it is straightforward to extend the results of the paper ® t MT

: . fadi R 1

cases with other relations between the numbers of antennag(QutaggFstdni—pr (7 < —~ ),z = Z Z(t)
The basis of our analyses comes from the well-established M MT ~

results of [39] which approximate the instantaneous mutual 9)

information of MIMO setups by equivalent Gaussian variable

Then, we use the results to derive the minimum numbgiran random variable§” ~ A(u,02), we have Z ~

of transmit/receive antennas in outage-constrained tondi NIE”’ ﬁgg). Consequently, using the cumulative distribution

(meorem 12)’ dr:flge ;nd af?al¥zi t.he nofrm?hzed outagel_]l‘gcg& ction (CDF) of Gaussian random variables, the outage
(Theorem 2), study the effect of imperfect power amplifier robability in fast-fading condition is given by (7.i). Tisame

(Section IV.A), derive outag_e-qpt|m|zed power allocatioer arguments can be applied to derive (7.ii-iii) in slow-fegiand
tween the HARQ retransmissions (Theorem 3), and perfor asi-static conditiondm
finite block-length analysis of MIMO-HARQ systems with The advantage of Lemma 1 is that, as seen in the follow-

erroneous feedback (Section IV.C). Lo . N
: . . ing, it replaces the complicated optimization problem (%) b
Finally, we should mention that, as (5) is a non-convegtding the solution of very simple equations with no need for

problem, there is no _guarantee that the globally optim rivatives or other optimization techniques. Then, ashasvs
parameters are determined by any method, except eXhausW%ection V, in all cases the derived analytical resultscmat

search.algqnthms. However, as we show in Section V, OWfith the ones found via simulations with very high accuracy.
approximation schemes lead to very close results to the O\%Sreover, Lemma 1 leads to the following corollaries:

obtained by elx\k/].atli’SEtll;llfoSRel\jLCr\Tcl:EANALYS|$ 1) For_Cases 1-4, using INR MIMO-HARQ in the quas.i-
static, slow- and fast-fading channels leads to scaling
To solve (5), let us first introduce Lemma 1. The lemma  the variance of the equivalent random variable1py\/
is of interest because it represents the outage probab#ity and MT, respectively. That is, using HARQ, there exists
a function of the number of antennas, and simplifies the mappings between the quasi-static, the slow- and the fast-

where, because is the average ofM/T' independent Gaus-

performance analysis remarkably. fading conditions in the sense that with proper scaling of
Lemma 1: Considering Cases 1-4, the outage probability of i, (7) they lead to the same outage probability.
the INR-based MIMO-HARQ system is given by 2) With asymptotically large numbers of transmit and/or
Pr(Outaggastfading— % () receive antennas, the optimal data rate which leads to
fadi VM(p— L . zero outage probability and maximum throughput is given
Pr(Outaggeedio= @ ( ](; )) () by R = pu—w,w — 0, with u derived in (8); Interest-
Pr(OutaggQuasistatic— ¢ (“TTV) , (iii) ingly, the result is independent of the fading condition.
_ . _ Also, with asymptotically high number of antennas and
where for different caseg ando are given in (8). R = u—w,w — 0, no HARQ is needed because the
Proof. The proof is based on (2)-(4) and [39, Theorems 1-

) k message is decoded in the first round (with probability
3], where considering Cases 1-4 the random variakle = 1).

1og|INr+%H(t)H(t)h| converges in distribution to a Gaussian 3) Finally, using (7), we can map the MIMO-HARQ sys-
210 [34], [35], which study muliiuser MIMO setupse and Ny are tem into an equivalent SISO-HARQ setup whose fading

LY X . .
supposed to follow (6) while, as opposed to our work, theycamsidered to follows N (u, 0%) with 1 ande given in (8) for different
be asymptotically large. cases.



Using Lemma 1, the minimum numbers of antennas satisfyin@)
different outage probability constraints are determined a
stated in Theorem 1.

Theorem 1: The minimum numbers of the transmit and/or
receive antennas in an INR MIMO-HARQ system that satisfy
the outage probability constraift:(Outage < 6 are given by

The same scaling laws are valid in Cases 3 and 4, i.e.,
when the numbers of transmit and receive antennas in-
crease simultaneously. For instance, the required number
of antennas increases with—!(#) and the code raté
affinely® (see (10.Cases 3-4)). At hard outage probability
constraints, i.e., small values 6f the required number

of antennas decreases with the number of retransmissions

- Q~1(0))? i 1
N, = (@ 1(0)) _ , if Case 1 according to—=. On the other hand, the number of
4MTNtw2(ﬁ% *wm) antennas decreases with linearly when the outage
2 constraint is relaxed, i.ef, increases. The only difference
N, = ( $VNQ ' (0) ) W 7 if Case 2 between Cases 3 and 4 is that in Case 3 (resp. Case 4)
VMT(1+9)(Nrlog(1+6)~ 17 ) 1 the number of antennas decreases wittresp.log(¢))
Ne= [N| M= [KN| N = 5+ S0 ifcase 3 linearly.
8= [N] M= kN ¢ MR it C 4 3) It has been previously proved that at low SNRs the same
re [ t= [ iMLase performance is achieved by the MIMO systems using INR
. M+Q¢m> log(55) and repetition time diversity (RTD) HARQ [14, Section
N log(#)—7—1+(K—1)log (757 )’ K>1 V.B]. Thus, although the paper concentrates on the INR
K e M+Q¢ﬁ<Te>\/m K1 HARQ, the same number of antennas are required in the
= K (log(¢)—7—1—log(K)+ (52 ) log(1-K)) g MIMO-RTD setups, as long as the SNR is low.
(10)  As the number of antennas increases, the CDF
if the channel is fast-fading. For the slow-fading and quas?f the accumulated ~mutual information, e.g.,

static conditions, the minimum numbers of the antennas aFer Lme1 >ota(n_1yr+1 108 1N, |
fading condltlons tends towards the step function. Thoeeef

depending on the SNR and the initial rate,
probability rapidly converges to either zero or one as the
umber of transmit and/or receiver antennas increases. To
urther elaborate on this point and investigate the efféthe

number of antennas, we define the normalized outage factor

obtained by (10) where the ter%ﬁ is replaced by%
andQ~1(9), respectively.

Proof. See Appendix AR

According to Theorem 1, the following conclusions can b
drawn:

1) Using the second order Taylor approxmatlorg1
W) ~ ¢y + ci(a — bx) + ca(a — br)?,
co = 0.5671,¢1 = 0.3619,¢2 = 0.0737,Va,b, in

(10), the required number of receive antennas in Casq
is rephrased as

. [@w)’
e[

(Q1(0))

Q-1 (V3 r \\?
(los (S ) — 2itw))

LMTNt (co to

- Q' (9)Ve R
Ay = 4MTNt<Co +c1 (log ( 2 MT N, ) B 2MNt)
2
Ql(fwa) __R )
+ co (log ( 2V MTN, 2M Ny ’ ()

where the last approximation holds for moderate/highl)
SNRs. Thus, ignoring the small terms in the denominator
of (11), at moderate/high SNRs the required number
of receive antennas increases wit —*(6))?> (almost)
linearly. On the other hand, the required number of
receive antennas is inversely proportional to the number
of experienced fading realization® 7", the number of
transmit antennasV;, and (log(¢))?. Interestingly, we
can use (10.Case 2) to show that at high SNRs the same
scaling laws hold for Cases 1 and 2. That is, in Case 2,

the required number of transmit antennas decreases (resp.

increases) with/ T, N, and(log(¢))? (resp.(Q~1(6))?)
linearly. b.

+ wHHH@®)" in fast-

the outage

_ log(Pr(Outage)

NN, (12)

thuitiver, (12) gives the negative of the slope of the @#a
probability curve plotted versus the product of the numbers
of transmit/receive antennas. That is, the normalized gauta
factor shows how fast the outage probability scales with
the number of transmit/receive antennas when they increase
Also, (12) follows the same concept as in the diversity gain

’ D=-— lim¢_>

metric for the asymptotic analysis of the MIMO setups. The-

orem 2 studies the normalized outage factor in more details.
Theorem 2: For Cases 1-4, different fading conditions and

appropriate initial rates/SNR, the normalized outageciaist

approximated by (35).

Proof. See Appendix BE

Interestingly, the theorem indicates that:

- w [9, Eq. 14] which is an efficient

As the number of antennas increases, the normalized
outage factor becomes constant in all cases, except Case
1 with a given and large number of transmit and receive

antennas, respectively. Intuitively, this is because In al

cases (except Case 1) the power per transmit antenna
decreases by increasing the number of transmit antennas.
Therefore, there is a tradeoff between increasing the

diversity and reducing the power per antenna and, as
a result, the normalized outage factor converges to the
values given in (35). In Case 1, however, the message

3The variabley is affine withz if 5y = a + ba: for given constants, and



decoding probability is always increased by increasing2 B Nan 71 i N Now Tt
the number of receive antennas and, as seen in Theorem Z (Nmax — Nmin +1)2 + Nmin 6 z_; 2]’
2, the normalized outage factor increases whmono- . “
tonically, as long ag: >g£ Nmax = max (N, N;), Nmin = min(Ny, Ny), v = 0.5772.. ..
1 —_— M'
2) In Case 3, the normalized outage factor becomes inde- (14)

pendent of the transmission SNR as longias> 7. in the cases with non-ideal PAs. This is the only modification
In Cases 1, 2 and 4, on the other hand, the normalizeghuired for the non-ideal PA scenario and the rest of the

outage factor scales with the SNR accordingltg(4))*,  analysis remains the same as before.
if the SNR is high.

3) In all cases, the no_rmahzed Qutage _fact_or scalgs W|§1_ On the Effect of Power Allocation
the number of experienced fading realizations during the
packet transmission, i.e)T, linearly. Note that the  Throughout the paper, we studied the system performance
same conclusion has been previously derived for tl@suming a peak power constraint at the transmitter. Haweve
diversity gainD = — limy_,., ‘25((0199) 10] [12].  the system performance is improved if the transmission pewe
4) In cases 3-4, the normalized outage factor does rge updated in the HARQ retransmission rounds.
depend on the initial transmission rate. Moreover, in Caselet the transmission power in theth round beg,,. Then,
3 the normalized outage factor is independent of the ratibe outage probability in the fast-fading conditioie., (2),
between the number of transmit and receive antennasis rephrased as

i=

A. On the Effect of Power Amplifiers Pr(Outagg™ast-fading_

As the number of the transmit antennas increases, it is 1 XM mT bm , R
important to take the efficiency of radio-frequency PAs intd™ | 777 Z Z log |In, + EH@)H@) =i
account [36]-[38]. For this reason, we use Lemma 1 to m=1t=(m-1)T+1
investigate the system performance in the cases with neal-id 1 XM R\ ® fiary — %

PAs as follows. =Pri Z Zm< 77| =€ “oon )

It has been previously shown that the PA efficiency can be m’”=1 "

written as [48], [49], [50, Eq. (3)] 1 o 1 2
/j/(m) - m ngluna U(m) - Tm2 nglo-na (15)

¢ ¢ 9 ) e¢°°”5

= — =0= 1"V ——. 13
@eons ‘ (¢max) ¢ (pmax)? (13) where y,, and o,, are obtained by replacing,, into (8).
Here, (a) is obtained byZ, = Y}, i 7 log|ly, +

Here, ¢, $™® and ¢®°" are the output, the maximum output,,. By 2 ;

and the consumed power of the PA, respectively [0,1] HOH@)"| ~ N(Tpm, Toy,). Also, (b) is based on the

d h . fici ' hi max  1act that the sum of independent Gaussian random variables i
enotes the maximum power efficiency achieved at 9™, 5 G4 ssjan random variable with the mean and variance equal

andd is a parameter that, depending on the PA classes, vatigSne sym of the variables means and variances, respsctivel
between(0, 1]. N_ot_e th‘."lt in (13) t_he parametgf'* has differ- . If the message is correctly decoded in th¢h round, the

. ﬂ)ttal transmission energy and the total number of chanred us
max
¢ < oM™ and also affects the PAs maximum consumed pow: fe Eom) = LY én and,,, = mL, respectively. Also,

cons,max __ ¢™ i -
It\)/l):l\(;lbo HAR_ Et -1 thlz way, an% petcause thg I:\IRtbS"’Fée e total transmission energy and the number of channel uses
B Q setup can be mapped into an equivalen Ty — inil o andlp = ML if an outage occurs,

T}ARQ ;ysltem (see Lergma 1 and 'tsé followmghdlsm:jssmn here all possible retransmission rounds are used. Thus, we
the equivalent mean and variances (8) are rephrased as can follow the same procedure as in [5], [6], [14] to find the

(p,0%) = average power, defined as the expected transmission energy
cons ver the ex number of channel
(Ntlog (1+% Y (;ﬁax)o),%), Case 1 OVerthee pected number of channel uses, as
M—1 ﬂ(m)*%
do - ¢1 + Zm:l Pm1Q T omy

N log (1 + 10/ eﬁ:inz) 7 N, . |, case 2&) —— — RN ’
o N1(1+ 1’?/7%> t 14+3,2Q (7#(;8,”)’” )
2 M—1
. €pOns N, 19 echeons - l
(Nr v /—(¢max)797 N ((¢max)z9) ) ) Case 3 dO (//)1 + mZI <¢m+1 X

(/317 o )a Case 4 1 m nT ¢ R
(e ) ey S e Smoner| < £)),
ft = Nminlog | — "V —mmeg | + Nmin Z -7 mia t=(n—1)T+1 t m
Nt ((bmax)ﬂ — i
ZVmiﬂ—1

7 “4For simplicity, the results of this part are given mainly fbe fast-fading
+ Z —_, condition. It is straightforward to extend the results te tases with other
=1 Nmax—1 fading models.



dy =1+ codewords of finite lengthl, and ¢ information nats per

M1 m T 5 codeword as [41, eq. (59)]
> Pri= Z > log I+ JH OHE"| < — - VI (C(H) — 4)
m=1 n=1t=(n—1)T+1 6(Laq) =K Q s )
- ¢
In this way, with a power constrainb < ¢, the problem C(H) =log|ln, + EHHh :
formulation (5) is rephrased as min(No V)
A~ ~ ) ty4Vr 1
{M, Ni} =argmin{Pr(Outage < 6} 0] V(H) = min(Ny, Ny) — Z T o (19)
NoNo = O+ FN)
std < ¢, Gy (17

Here, {),}’s denote the eigenvalues bfH". From (19), the
which, using (8) and (15), can be solved numerically. Foprobability Pr(0O,,,) is found as

lowing the same discussions as in, e.g., [7], [8], [13], it q

can be shown that the problem of optimal power allocation Pr(O,,) = E[Q(me (C(H) - m))], (20)
between the HARQ transmissions is a complex non-convex V(H)

problem and does not have a closed-form expression evenyich is based on the fact that 1) with a quasi-static conwjti
the simplest case of SISO setups. However, Theorem 3 shqws same fading realization is experienced in all rounds of

the optimality of uniform power allocation at low/moderatey packet, 2) the receiver combines all received signals of a
SNRs. The result of the theorem is interesting becausedShObacket to decode the message and' 3) for a given vallie of

for different cases and the range of SNR which is of mtere;%d nats, VL(C(H)—%)
as the number of antennas increases.

Theorem 3: At low SNRs and for Cases 1-3, the optlmthUS O C O,,n < m for quasi-static channels. Then, using
power allocation, in terms of (17), tends towards uniforr (H) ~ min(Vi, Ny) and the linear approximation
power allocation, |.e.¢i = ¢;,Vi,]. Q(am(z — b)) ~

Proof. See Appendix CH

is an increasing function of and,

1
The accuracy of the results in Theorem 3 is verified in 1 1 TS bm T Fam e
Section V (Fig. 6b). Finally, note that, as an efficient nuicedr 3 tam(@—bn) we [bm + 2a b — 2am ] (21)
optimization algorithm, one can use the machine learning- 0 T2 bm = 55 Vamabmvm

based algorithm of [5, Algorithm 1] with straightforward ith — q 4 h
modifications to find the (sub)optimal retransmission pcmvety\”t @m = ~\/ 2w min(N, V) andb,, = 77, we have

in terms of (17).

Vi (log ‘INr + %HH’L‘ - )
.. y Pr(On) = £|Q( . )]
C. Finite Block-length Analysis with Erroneous Feedbacl an min(Ny, Ny)

no CSI at the Receiver (c)

< / " £2@)Q (am (& — b)) do

Throughout the paper, we presented the results for the
cases with long sub-codewords, perfect CSI at the receiver (b, +z 1 b — 5
and error-free feedback in harmony with the literature hiis t ’T/ (z)dz + <2 ambm> / fz(z)dz
section, we relax these assumptions, and analyze the syste
performance in the cases with short packets, no CSI at the b= 30,
receiver and erroneous feedback. Particularly, followihg dm /
same discussions as in [51], the outage probability of HARQ

protocols with imperfect feedback channel is given by @ 0 (“ bm — 50— )

o
Pr (outageerroneous feedback

M1 1 /J/_b'm'f'% /J/—blm—%
m— — + a 77lb'f”/ _— - _—
= Pe Z (1—pe)" ' Pr(On) + (1 —pe)™ 1 Pr(O). <2 “ ) (Q ( o @ o

m=1
1 bm +
(18) + <ambm - _) Q (u 2a,,L )
. 2 o

Here, pe represents the feedback error probability &hg is
the event that the message is not correctly decoded up to the/ | f— by — 50— — b
end of roundn. Thus, to analyze the system performance, we <2 +am m) Q 7 +Q ( ) :
need to findPr (O,,) , Vm. (22)

In [40], Polyanskiy,et al. presented tight bounds for the
maximum achievable rates of finite-length codewords. Then,Here, fz(-) and F(-) represent the PDF and the CDF
with no CSI at the receiver, [41] extended the results aff the auxiliary random variabléZ defined in Lemma 1.
[40] to quasi-static conditions and presented a very tigldso, (¢) comes from the linear approximation technique of
approximation for the the error probability of a code witl{21) and partial integration. Finally,d) follows from the

1
bm+55—~

xfz(x)dx

1
bm+55—




first order Riemann integral approximatiofﬁ: f(z)dx ~
((11 — a())f (ao;al) and the CDFFz(LL') = Q (Hf:"L) with
(1, 0) given by Theorem 1 for different Cases 1-4.

In this way, replacing (22) into (18) and using the means and
variances given by Theorem 1 for Cases 1-4, we can represent
the outage probability of the MIMO-HARQ setup with no CSI
at the receiver, erroneous feedback and finite length codisvo
as a function of the number of transmit and receive antennas.
Thus, in all Cases 1-4 the minimum number of transmit
and/or receiver antennas can be easily derived by, e.gly&s
function of MATLAB because the outage probability (18) is : A
represented as a function of a single unknown variable, &g. 10 it transmission race R (npo) 0
in Case 1. In Figs. 7-8 we study the system performance flggr;ure 1. The required number of receive antennas vs thalirians-
different codeword lengths/feedback error probabilitiasd mission rateR (Case 1: largelVy, given Nt). Outage probability constraint
validate the accuracy of the approximations proposed ifr (2Pr(Outage < 6 (9 = 10~4 or 10~ 2), slow-fading conditions)M = 2, and
(22) by comparing them with the corresponding exact valués= 1.
that can be evaluated numerically.

To close the discussions it is worth noting that, as opposed
to throughput-based applications, the HARQ feedback delay
does not affect the performance of outage-constrainedmsgst
e.g., [7], [8], [13]. For this reason, we have not consideted
effect of delayed feedback in our analysis. Finally, taking
feedback delay into account, we have previously shown that
even with the throughput as the objective function the per-
formance of HARQ protocols is not sensitive to the feedback
delay for a large range of parameter settings/SNRs [52].
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V. SIMULATION RESULTS ANDDISCUSSIONS

. . . . 2 n e 1 1 » : n
In this section, we verify the accuracy of the derived 6 .8 .10 12 14
. . . Initial transmission rate R (npcu)
results, and present the simulation results in indepenaiet

spatially/temporally correlated fading conditions addats. ~ Figure 2. The required number of transmit antennas vs thialiiansmission
rate R for the quasi-static, slow- and fast-fading conditions d€2: large

i, given Ny). Outage probability constrairfer(Outagg < 0, (0 = 10™4),
A. Performance Analysis in Spatially/Temporally indepartd ¢ = 15dB, T'=2,M = 2, and Ny = 1 or 2.
Fading Conditions

In Figs. 1-4, we derive the required number of trangntennas is derived in the scenarios witlh & 2) and without
mit/receive antennas in outage-limited conditions, andfwe (M = 1) HARQ. The results of the figure are given for quasi-
the accuracy of the results in Theorem 1 and (11). Partigylarstatic channelsp = 5 dB andf = 10~*
the figures compare the required number of antennas derivedfigure 4 studies the required number of antennas in Cases 3
via Theorem 1 and exhaustive search (in all figures, we haaed 4 with low and high SNRs, respectively, large number of
considere@ x 107 different channel realizations for each pointransmit and receive antennas, a%d K. Also, the figure
in the simulation curves). Also, for faster convergence, wdemonstrates the analytical results of Theorem 1 when the
have repeated the simulations by using the iterative dlyari approximation step&:)—(d) of (28)-(29) are not implemented,
of [5, Algorithm 1]. In all cases, the results of the exhaus-e., (24) is solved numerically via (8). Here, we consider
tive search-based scheme and the iterative algorithm of [Bjasi-static conditions)/ = 1, andf = 10~>. Note that, to
Algorithm 1] are the same with high accuracy, which is ahave the simulation results of Case 4 in reasonable running
indication of reliable results. Settingy/ = 2, N; = 1 (Case time, we have stopped the simulations at moderate initial
1), and the outage probability constrairfts(Outage < ¢ transmission rates. For this reason, the simulation esflt
(with & = 107%,1072), Fig. 1 shows the required number ofCase 4, i.e., the solid-line curves of Case 4 in Fig. 4, are
receive antennas versus the initial transmission faterhe plotted for the moderate initial rates.
results of the figure are obtained for slow-fading condsion In Fig. 5, we analyze the normalized outage factor and eval-
and different transmission SNRs. Then, considerifijg= 1 uate the theoretical results of Theorem 2. Consideringiguas
or 2, Fig. 2 demonstrates the required number of transnstatic conditions)M = 1, N = 1 and¢ = 5 dB, Fig. 5a shows
antennas in Case 2 with larg®¥; and givenN,. Here, we the outage probability versus the product of the number of
consider quasi-static, slow- and fast-fading conditiorithw transmit and receive antennas. Also, Fig. 5b demonstrages t
0=10"*T=2,M =2,¢ =15 dB. In Fig. 3, we verify the normalized outage factor in Case 1 and compares the results
effect of HARQ on the system performance. Here, assumimgth the theoretical derivations of Theorem 2. Finally, Fig
Case 1 (largeN; and N; = 1,5), the required number of 5c studies the outage probability in Case 2 and compares the
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Figure 3. The required number of transmit antennas in theasies with
HARQ (M = 2) and without HARQ (/ = 1), Case 1: (largeVy, given
Nt). Outage probability constrairPr(Outage < 6 with & = 1074, ¢ =
5 dB,, Nt = 1 or 5, and quasi-static conditions.
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Figure 4. The required number of transmit antennas vs thialitiansmission
rate, Cases 3 and 4: (larg¥€, N, %: = K). Outage probability constraint
Pr(Outage < 6 with § = 1073, ¢ = —5 or 15 dB, , M = 1, and quasi-
static conditions.

retransmissions.

Considering Case 1 withV; = 2 and feedback error
probability pe = 10~ !, Fig. 7 derives the required number of
receive antennas for different codeword lengths, and wesrifi
the accuracy of the approximations (21)-(22). Here, theltes
are obtained foPr(Outage < 0,0 = 1073, M = 2, and
¢ = —5 dB. Then, settingV, = 2, K = 500, L = 1000
and ¢ = —5 dB, Fig. 8 demonstrates the required number of
transmit antennas in Case 2 versus the feedback error prob-
ability probability pe. According to the results, the following
conclusions can be drawn:

o For Cases 1-3 and different fading conditions, the an-
alytical results of Theorem 1 and (11) are very tight
for a broad range of initial transmission rates, outage
probability constraints and SNRs (Figs. 1-3). Also, in
Case 1 (resp. Case 2) the tightness of the approximations
increases with the number of receive (resp. transmit) an-
tennas (Figs. 1-2). Moreover, the approximation scheme
of Theorem 1 can accurately determine the required
number of antennas in Case 3 with different values of
K. For Case 4, we can find the required number of
antennas accurately through Theorem 1 when (24) is
solved numerically via (8). As such, the approximations
(¢) — (d) of (28)-(29) decrease the accuracy, although
the curves still follow the same trend as in the simula-
tion results. For instance, with different approximation
approaches of Case 4, the required number of antennas
increases with the initial rate linearly, in harmony with
the simulation results (Fig. 4). The tightness of the
approximations in Cases 3 (resp. Case 4) increases when
the SNR decreases (resp. increases). Finally, the scaling
laws of Theorem 1 are valid because, as demonstrated in
Figs. 1-4, in all cases the analytical and the simulation
results follow the same trends (see Theorem 1 and its

slope of the curves with the normalized outage factor ddrive  following discussions).
in Theorem 2. Here, the results are obtained for the slow- ands In all cases, better approximation is achieved via Theorem

fast-fading conditions™ = 2) with R = 1, M = 1,N; = 1
and¢ =5 dB.

1 in fast-fading (resp. slow-fading) conditions compared
to slow-fading (resp. quasi-static) conditions. This is

Figure 6 evaluates the effect of non-ideal PAs and adaptive intuitively because the central limit Theorem provides

power allocation on the performance of large MIMO setup
Considering fast-fading conditions with = 2, Case 2 with
large (resp. given) number of transmit (resp. receive)rarde
and the outage probability constraiRt:(Outagg < 6,0 =
10~4, Fig. 6a demonstrates the supported initial transmissi
rates, i.e., the maximum rates for which the outage proitabil

s. better approximation in Lemma 1 when the number of
experienced fading realizations increases.
« The required number of antennas decreases as the outage
probability constraint is relaxed, i.e4, increases, while
on for different transmission SNRs, there is (almost) a fixed
gap between the curves of different outage probability

is guaranteed, versus the total consumed power. For the non- constraints (Fig. 1). Also, fewer antennas are required

ideal PA, we sepp™™ = 30 dB, ¥ = 0.5,¢ = 0.65, while the
ideal PA corresponds t¢"™® — oo, = 0,e = 1 in (13).
The figure demonstrates the simulation results while, with t

when the number of fading realizations experienced dur-
ing the HARQ packet transmission increases. Intuitively,
this is because more diversity is exploited by the HARQ

parameter settings of the figure, the same (with high acglirac  in the fast-fading (resp. slow-fading) condition compared

results are obtained if the supported initial rates arevddri
analytically according to (14) (Also, see Fig. 2 for the tiggss
of approximations in Case 2). Moreover, assuming slowrigdi
conditions and Case 2 with, = 1, § = 1073, M = 2, Fig. 6b

to the slow-fading (resp. quasi-static) conditions and;co
sequently, different outage probability constraints ate s
isfied with fewer antennas in the fast-fading (resp. slow-
fading) conditions (Fig. 2). However, the gap between

verifies the accuracy of the results in Theorem 3 and compares the system performance in different fading conditions
the required number of transmit antennas in the scenarihs wi  decreases with the number of antennas (Fig. 2).
optimal and uniform power allocation between the HARQ « The HARQ reduces the required number of anten-
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Figure 5. Subplot (a): The outage probability vs the prodafcthe number of transmit and receive antennas, Cas®il= 1, quasi-static conditions,
M =1,¢ = 5 dB. Subplot (b): The normalized outage factor vs the productefriumber of transmit and receive antennas, Cas¥; i 1, quasi-static
conditions, M = 1, and ¢ = 5 dB. Subplot (c): The outage probability vs the product of the hamof transmit and receive antennas, Cas&V—= 1,
M=1,¢=5dB,andR = 1.

nas significantly (Fig. 3). For instance, consider the considering Theorem3/Fig. 6b and the implementation
quasi-static conditions, the outage probability constrai complexity of adaptive power allocation, uniform power
Pr(Outage < 10~%, Ny = 5, ¢ = 5 dB and the code allocation is a good choice for large MIMO systems at
rate20 npcu. Then, the implementation of HARQ with a low SNRs.

maximum of M = 2 retransmissions reduces the required « As demonstrated in Fig. 7, the finite block-length ap-

number of receive antennas frops without HARQ to proximation results of (21)-(22) are very tight for mod-
15 (Fig. 3). Moreover, the effect of HARQ increases with  erate/large number of antennas. Moreover, for a given
the number of transmit/receive antennas (Fig. 3). number of nats per codeword, increasing the number of

« Different outage probability requirements are satisfied antennas can effectively reduce the required codeword
with relatively few antennas. For instance, consider a length leading to low data transmission delay. Finally,

SIMO setup in quasi-static conditions afd = 1,¢ = with few antennas, the system performance is remarkably
5 dB. Then, with an initial rateR = 3 npcu, the outage affected by the feedback error probability (Fig. 8). How-
probabilities Pr(Outage < 1072,10~* and 10~° are ever, the effect of erroneous feedback decreases when the
satisfied with16, 18 and20 receive antennas, respectively  number of antennas increases. This is intuitively because
(Fig. 5a). These numbers increase3tq 35, and 38 for with large number of antennas the message is correctly
R = 4 npcu (Fig. 5a). decoded in the first retransmissions with high probability,

o The normalized outage factor, i.e., the negative of the and the sensitivity to feedback error decreases.
slope of the outage probability curve versus the produgt
of the number of antennas as the number of antennas . . -
increases, follows the theoretical results of Theorem 2 ' roughout the paper, we considered IID fading conditions

with high accuracy (Figs. 5b and 5c). Also, the nummotivated by the fact that the millimeter-wave communica-

tion, which will definitely be a part in the next generation

ber of fading realizations experienced during the pack irel K Kes i ibl bl
transmission increases the normalized outage factor I Wireless networks, makes it possible to assemble many

early (Fig. 5¢c. Also, see Theorem 2 and its followin ntennas close together with small spatial correlatiods [3
discussioﬁs) ' ’ 4]. However, it is still interesting to analyze the effect o

« The inefficiency of the PAs affects the performance dpe antennas spatial cor relation on _the system pe_rformance
large MIMO setups remarkably. For instance, with thgorthls reason, we consider the spatially-correlated itiomd

parameter settings of Fig. 6a aftl= 10 npcu N; — 2 with Kronecker spatial correlation model [53], [54] where,
. - r— )

the inefficiency of the PAs increases the consumed pomﬂe«?noting the transmit- and the receive-side correlatiotrima
by ~ 11 dB (Fig. 6a). However, the effect of the PASCES by Q; and €, respectively, the channel matrix follows

inefficiency decreases with the SNR which is intuitivel)'/_| ~ CN(0,Q®1). Particularly, Fig. 9 demonstrates the

because theeffective efficiency of the PAscefiectve — required number of antennas in Case 2 with= 1, Q, = M

e(-2.)” is improved at high SNRs. On the other handnd$k[i-J] = "7, i,5 =1,..., Ni. Here, [ is a correlation

d)max ey — —
in harmony with Theorem 3, optimal power aIIocatioﬁ:c’e‘mﬂc'ent wheref = 0 (resp.3 = 1) corresponds to the

between the HARQ retransmissions reduces the requilltl.‘r&'zorrehlatEd _(refhp. ?.J"y cortLeIat?fd) fo?dtlrt:ons. ¢ tial
number of antennas marginally (Fig. 6b). Therefore, S shown in the Tigure, the efiect of the antennas spatia
correlation on the required number of antennas is negégibl

On the Effect of Spatial Correlation
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for correlation coefficients of, sayy < 0.4. This is in

25f ‘ ‘ ‘
—N=45, N=2 @ harmony with, e.g., [53], [54] which, with different proloe
20r|--- N=15, N=2 formulations/metrics, derive the same conclusion aboat th

—=-N=45, N=1 effect of the antennas correlation on the system performanc

Supported initial
transmission rate R (npcu)

-=- N=15,N=1 ) Then, the sensitivity to the spatial correlation increafes
10 / 2 large values of the correlation coefficients, and the reguir
ldeal PA 7 g X number of antennas increases withHowever, the important
5 """ \ ] point is that the curves follow the same trend, for a larggean
5 o 5 10 15 20 25 of correlation coefficients (Fig. 9). Thus, with high acaya
> Consumed power 10lod¢™") dB the same scaling laws as in the IID scenario also hold for
8 g ;Un;form ‘Ower ‘allocat‘ion T the correlated conditions, as long as the correlation aoefi
é 7o +.Optimal gowerauocaﬂon is not impractically high. Moreover, we observe the same
| conclusions in the other cases, although not demonstrated i
5 the figure. Finally, it is worth noting that, as shown in [5&);
g S0 moderate/large number of transmit and/or receive antesmas
£ 4 ] with appropriate mean and variance selection, the accuetdila
£ 30 =5 dB ) ] mutual information of the correlated MIMO setups follows
g 20 =0dB Gaussian distributions with high accuracy. Therefore, cene
04 05 06 07 08 09 1 11 use [55] and the same procedure as in our paper to derive

Initial transmission rate R (npcu . .
(npeu) closed-form expressions for the required number of antenna

Figure 6. Subplot (a): On the effect of non-ideal PAs. Sufggbrinitial in the spatially-correlated MIMO-HARQ systems.

transmission rate vs the consumed powérlog,,(¢°"). Case 2: (large .
Nt, given Ny), outage probability constrainPr(Outage < 6, § = 10~4, C. On the Effect of Temporal Correlation

T = 2,M = 2, fast-fading conditions. In the cases with non-ideal PAs, ;
Wwe sete — 0.65.9 — 0.5 6™ — 30 dB. Subplot (b): On the effect In Section IV, we analyzed the system performance for

of adaptive power allocation. The required number of trahsmtennas vs quasi—st.atic, slow- and fast-fading (.:OFIditiO!"IS with no ml
the initial transmission raté? (npcu). Case 2: (largéV, given NV;), outage correlation between the successive fading realizatioms. T

i . 95€ £ VAT, gVl ), ] ] :
probability constraintr(Outagg < ¢ with § = 107", Nr =1,¢ = =5 0r  gyg|yate the effect of temporal correlations, Fig. 10 derithe
0 dB, M = 2, and slow-fading conditions. S .

supported initial code rate for a correlated slow-fadingdeio
in which the successive fading realizations follow

r

~
Q

H(t) = vH(t — 1) + V1 — 12w, @ ~ CNN N (23)

==sAnalytical results of (21)—(22
=e-Numerical results n

S

o
Q

Here, v is the temporal correlation factor where = 0
(resp.v = 1) corresponds to the uncorrelated slow-fading
(resp. quasi-static) conditions. This is a well-estalgésmodel
considered in the literature for different applications. g56].
q=3000 1 As demonstrated in the figure, more time diversity is ex-
ploited by HARQ at low correlation coefficients and, conse-
quently, the supported initial rate increases.aslecreases.
2000 "';1000 > 50010000 quever, for a broad range of te_mporal corr_elation_ _coef—
Codeword length L (channel use) ficients, the system performance is (almost) insensitive to
Figure 7. The required number of receive antennas vs thenodeength the temporal correlation. Moreover, the effect of temporal

L (Case 1: largeNy, given Ny). Outage probability constraiitr(Outagg <  correlation decreases as the number of antennas incré&ages (
0,0 = 1073, pe = 107!, Ny = 2, M = 2 quasi-static conditions and 10)
¢ = —5dB. .

o
Q

q=7000

N
Q

w
Q

N
Q

Q
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Required number of receive antennas !

Q
Quny
"
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=

o R VI. CONCLUSION

g ;ng This paper studied the required number of antennas sat-

= o | isfying different outage probability constraints in larget

§ 0=10~ finite MIMO setups. We showed that different quality-of-

g 50t ] service requirements can be satisfied with relatively famgr

g 407 mit/receiver antennas. Also, we derived closed-form esqpre

£ sions for the normalized outage factor which is defined as the

g 30 negative of the slope of the outage probability curve ptbtte

£ versus the product of number of antennas. As demonstrated,

g 29 ‘ e ] the required number of antennas decreases by the implemen-

10 167 tation of HARQ remarkably. The effect of temporal/spatial

Feedback error probability,p correlation on the required number of antennas is negégibl

Figure 8. The required number of receive antennas vs thebéekderror for small/moderate correlation coefficients, while its eeff

probability pe (Case 2: largelVi, given IVy). Outage probability constraint jhcreases in highly correlated conditions. Finally, withet
Pr(Outagg < 6 (f = 10~° or 10~4), quasi-static conditionsM = 2,3, gnly ' Y

and Ny = 2, K = 500, L = 1000, ¢ = —5 dB.
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Figure 9. The required number of antennas in different afpgitorrelated
conditions. Case 2: (largéVi, given Ny), outage probability constraint
Pr(Outagd < 6 with & = 10~*, M = 1, quasi-static conditions, and
Ny =1.
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Figure 10. Supported initial rate vs the temporal correfatcoefficientw.
(Case 1: largeNy, given Nt). Outage probability constrainPr(Outagg <
0, (0 =10"20r10"%), Ny =1,M =3 and¢ = 2 dB.

%

problem formulation of the paper, the performance of thgdar + N
MIMO systems is sensitive (resp. almost insensitive) to the

power amplifiers inefficiency (resp. adaptive power allarat

between the HARQ retransmissions). Performance analysis i _
the cases with short packets and partial CSI at the recedver i
an interesting extension of the work presented in this paper

APPENDIXA
PROOF OFTHEOREM 1

Considering Lemma 1 and a fast-fading condition, (5)
rephrased as

{]Vh Nr}Fast—fading: arg min {Pr(Outage)FaSt‘fadmgg 9}

Nt,Nr
e _ R -1
© g i 9 O oy
Nter o \/MT

Here, (e) is obtained by Lemma 1 which, using the approxi-

mation results of (8), simplifies the optimization probles) (
to finding the solution for the equation given {n). In this
way, for different cases we have

Case %:
G Nrg R Q'8 /M
i azgfg{Ntlog (H N, ) M JMT Fr}
DM e {1Og( - R Q 'OV }
9w MN:  MTNw/u
—1 2
= = Q(Q (fng (25)
AMTNW (2 05, zMNt)

S5For further approximation of the number of antennas in Caseel(11).
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Case 2
o R Q' (0)oV N,
Ny = 1 {Nr log(1+ ¢) — i AT L d))\/ﬁt}
e SVNQ(6) 2
: VMT(1+ ¢) (Nelog(1+ ¢) — &)
(26)
Case 3:N, = NW N = [KNW where
- R Q' (0)¢ . R Q79
§ =g N6 - 7 JT}:BN_M_dﬁ@.

In (25), (f) is obtained by using the approximatideg(1 +
u) ~ log(u) for large u’s and variable transformu = %.
Also, W (x) denotes the Lambert W function definedya8 =
x =y = W(z) [67]. Note that the Lambert W function has an
efficient implementation in MATLAB and MATHEMATICA.

For Case 4, we consider two scenarios and use the following
approximations.

Case 4 withK > 1: Then, N, = [NW N = [KNW and

N = a]I\']g{Nlog <K¢N>
(K-1)N N-1
1 1 R
; i +;KN72_M
Q-1(6) N-1 ; 2 KNZ1y
VAT \ & (K- ON+07 <? _>}
9) ¢ DN -
_aifg{Nlog (KN)+N(1og((K 1)N) —7)
|s KN -1 R Q')
_N+KNlog((K1>N+1) M_\/W\/Z}
K R
) a;[g{N (1og(¢) —y—1+ (K —1)log (ﬁ)) ~
Q' (9) K
= "7 log<K_1>}
B ()
= N = ,
log(¢) 771+(K71)10g(%)
A - (E-DN@2=N) KN -1
“EN _NIOEN-D) ((KI)N+1)
2 KN-1y
+N(€— ; F) (28)

Here, (¢) is obtained by implementing the Riemann integral

approximation}_"_, f(i) ~ [{" f(z)dz in the first three

summation terms. Thefi) foIIows from some manlpulanons
KN

the fact thatV is assumed large, arN(— —Yil ) > =

for large N'’s.



Case 4 withK < 1: Then, N; = [N] N = [KNW and

o ¢
N = KN1
a{,g{ & (KN

(1-K)N KN—1

+ KN ; 177 - Z N_Z——:
Qo) "% 2
i % oot (55 )

{KN log <K¢’N> + KN (log((1 — K)N) — )
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APPENDIX B
PROOF OFTHEOREM 2

With given initial transmission rat® and SNR¢, we use
the approximation

Q(x)

(flor)largexs and (7) to rewrite the normalized outage factor

22

2

x>0, (33)

MT, Fast-fading
M,  Slow-fading
1, Quasi-static.

¢ (i)

=2t
2Nt N,o?

(34)

,C =

Then, from (8), the normalized outage factor in differerdesa
is found as

N -1 R Q')
2— KN+ N1 —_— | - — = T Neo\_ R )2
’ +¥ox () ~ 31 = R T e
Nr 9
h _c Nio R ;
@ arg {NK<log(¢) —v—1-—log(K) =3 (IOg (1 + ) MNt) if Case 1
N . . (Nr 1og<1+¢>——) Nt<1+¢>2
— - 2N1Nr Nr¢2
K -1 R Q9 2
+ <T) log(1 — K)> ST —log(1l — K) — 5(125)2 (1Og(1 +¢) — %) if Case 2
_R)?
R QO /Tl K SRNT N¢¢2M) =3 if Case 3
o M T AT og( ) i o ;
K (log(¢) —v — 1 —log(K) 4 (5z%)log(1 — K))’ prdet 2 if Case 4
po (-KNC-NK) | ( N-1 ) (l°g<"’>*(K;”(loi( ffl*””) if K > 1
= Og vy — g\ k-1
(N=NK+1)(N~1) (1-K)N +1 “ K2 (1og(¢)+ Kz log(1—K) —log(K)—y—1)° it Ko< 1
2 “Tog(1-K) ! <1,
+NK 6 Z 2 | (29) MT, Fast-fading
=1 c=<{ M, Slow-fading
where(g) and(h) are obtained with the same procedure as in 1, Quasi-static,
(28)°. Finally, note that with the same arguments as in (24), (35)

the optimization problem (5) is rephrased as

{M, Nr}slow-fading = argmin {Pr(Outage)S'O""'Fadingg 9}
Nt7 r
_ R -1
N, Ny o NG
and
{M, Nr}Quasi—static: arg min {Pr(OutageQuasi—staticS 9}

Nt,Nr

v
g

in slow-fading and quasi-static conditions, respectivéhere-
fore, as stated in the theorem, with slow-fading and quiasies

= arg
Nter

= Q1(9)} (32

channel the required numbers of the transmit and/or receg min {Pr(Outage < 6} = argmin

antennas are determined by (10) while the te%a)# is

replaced by (9) andQ~1(9), respectively.
6We can follow the same procedure as in (28)-(29) to write
g N _ R _Q —
N = all;g {N(log(d)) 1) M VT log(N —1)+ 1,

(30)

in the cases with" = 1 which can be solved numerically via, e.g.,
function of MATLAB or by different approximation schemesowever, for
simplicity and because it is a special condition, we do notsaer K = 1
as a separate case.

fsolve” way, for all Cases 1

where« is found by following the same approach as in (28)-
(29). Finally, note that to use (33) the initial rate and tiNRS
should be such that > % for the considered number of
antennas. Otherwise, the outage probability convergestall
I'— 0.

APPENDIXC
PROOF OFTHEOREM 3

As the first order approximation, all retransmission rounds
are used at low SNRs. Thus, the power constraint (17.ii) is

simplified to L%—d’ = ¢. On the other hand, from (15), we
have
‘LL(A/I) ]@ < Q—1(9>
Ni,N: Ny, Nr o(M) B ’

(36)

where using (8) and the approximatibsg(1l + z) ~ = for

small z’s, the set of means and variancéﬁ(M),a(QM)) are

erff ¢ __N, N g NS ¢
given by (M52, iy ), (S350, Mg ) and
M
N’ZJ\T o N’N?Trﬁf in Cases 1-3, respectively. In this

2
2 the optimal power allocation, in term
of (17), tends toward®; = ¢;, Vi, j, at low SNRs. This is

because, replacinéu( M) 5(2M)§ into (36) for different cases,



both the objective function and the constraint of (17) ares]

symmetric functions ofp;, Vi, i.e., the power termsp;, Vi,
are interchangeable in (17), at low SNRs.
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