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Nyquist Stability Analysis of an AC-Grid Connected
VSC-HVDC System Using a Distributed
Parameter DC Cable Model

Yujiao Song and Claes Breitholtz

Abstract—In this paper, a two-terminal VSC-HVDC system em-
bedded in a weak grid ac environment is considered, emphasizing
modeling, controller design, and small-signal stability analysis.
Traditionally, the dc cable is modeled by II-sections, implying that
care has to be taken when using the model for higher frequencies
or in cases of higher cable impedance density, such as submarine
cables. Here, a distributed parameter cable model is used to
overcome this problem. The VSC-HVDC system can be described
as two cascaded blocks. The first block is a transfer function that
will differ depending on what input and output variables are
considered, but which is in all realistic cases stable. The second
block is a feedback loop, where the forward path is a rational
function and the return path is a dissipative infinite dimensional
function, remaining the same in all cases. The stability is then an-
alyzed, using the Nyquist criterion, in a straightforward manner.
Numerical examples are given by the use of MATLAB. The result
is that if the VSC-HVDC system using a single II-section cable
model is stable, so is the VSC-HVDC system using a distributed
parameter cable model.

Index Terms—Distributed parameter cable model, Nyquist sta-
bility criterion, VSC-HVDC system, weak ac environment.

I. INTRODUCTION

OLTAGE source converter based high voltage direct cur-

rent transmission (VSC-HVDC) systems have now been
in operation since 1997 being a reliable and flexible method of
power transmission [1]. A typical application is the integration
of renewable energy resources over large geographical areas,
such as wind farms [2]. Various aspects of these VSC-HVDC
systems have been addressed, especially focusing on control
strategy and small-signal stability analysis. In some of them,
focus has been on short-term operation of the HVDC systems,
emphasizing dynamics and control.

From a system theory point of view, the VSCs involve sev-
eral linear subsystems, e.g., PI-controllers and linear circuit el-
ements, but also nonlinear subsystems, due to the relations be-
tween power and voltage (or current). If large changes in voltage
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levels should be taken into account, e.g., due to severe system
faults, nonlinear dynamic models must be used in analysis as
well as simulation. A major interest has been in the dynamics
close to steady state (implying sinusoidal steady state at the
AC-side and constant steady state at the DC-side). Consequently
linearized dynamic models have been in focus [3].

However, little attention has so far been paid to evaluating the
influence of DC cable dynamics of a VSC-HVDC system, es-
pecially when embedded within a weak AC-environment. Typ-
ically, DC cables have been modeled by a single II-section;
thus, the stability of linearized multi-terminal or two-terminal
VSC-HVDC systems could be analyzed by straightforward cal-
culation of the system eigenvalues [4], [5]. This is often suf-
ficient, at least when considering the dynamics of short cables
and low frequencies. If more general results are required, such
as fast system excitation caused by abrupt disturbances and per-
haps also in submarine cables (due to increased impedance den-
sity, i.e., inductance, capacitance and resistance per unit length),
it would be more appropriate to use a distributed parameter
cable model together with transfer functions (or finite order state
space) linearized VSC models.

In this article, the VSC-HVDC system embedded in a
weak-AC environment is modeled, comprising VSCs and
AC-side dynamics, together with a distributed parameter DC
cable model, based on the one-dimensional damped wave equa-
tion. The system is linearized around an arbitrary operational
point and the resulting linear infinite-dimensional model is
based on the use of transfer functions. The VSC-HVDC system
can be described as two cascaded systems. One is a forward
combination of transfer functions that will be depending on
what input signal and what output signal are considered, which
in cases of reasonably large AC-grid short circuit ratios (SCR)
is input to output stable. The second is a feedback system,
where the forward subsystem is finite-dimensional and the
return subsystem only depends on the infinite-dimensional
cable model. The stability of this feedback system, which
remains the same for all combinations of input and output
signals, is analyzed by use of the Nyquist criterion. Schemes
and equations are deduced and simulation results in frequency
domain will be shown as well. The purpose is to provide a
tool for small-signal analysis of the total VSC-HVDC system,
including a cable model that is valid independently of cable
length and impedance density or what frequencies can be
considered due to the cable model approximation.
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Fig. 1. Standard HVDC-VSC system embedded in a weak AC-environment. v, is the source voltage; E is the PCC voltage; ¢ is the converter input current; v..
is the converter voltage; E. is the converter measured PCC voltage; i. is the converter measured input current; Z(s) is the AC-grid impedance.
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Fig. 2. Block diagram: go is the forward transfer function, g1 A1 is the open
loop function of the feedback loop g1 /(1 + g1h1).

II. PRELIMINARIES

The system under study is depicted in Fig. 1, where the weak
AC-grids are modeled by the impedance matrices Z;(s) and
Z5(s) atthe synchronous frame, respectively. The so-called syn-
chronous frame is oriented to be in alignment with the voltage
direction, due to the Phase Locked Loops (PLL) [6]. In this
paper, the PLL used for such synchronization is considered. At
the AC-side of the VSCs, the series inductances (L1, L2) and
resistances (R;, R») represent the AC reactors and the power
losses in the converters. The DC cable is interpreted as a dis-
tributed parameter model. The shunt capacitors at the terminals
are denoted (', (s, respectively.

In standard VSC-HVDC systems, one converter station
(VSC1) is assigned the duty of DC-voltage controller to secure
the stability of the DC-Bus voltage; the other station (VSC2)
serves as the active power controller to guarantee and balance
the power exchanges [7]. Further, in each VSC, it is possible
to control the grid voltage at the AC-side, which in this paper
is done by a P-controller.

If the DC cable is modeled by a single II-section, the stability
of the system can be investigated by an eigenvalue calculation.
However, the high-frequency information is not necessarily
well interpreted by the single II-section cable model and thus
poorly suited to analyze the real dynamic influence of the
DC cable. The new standard VSC-HVDC model includes the
distributed parameter cable model, formulating the transfer
function into the block diagram as shown in Fig. 2. Therefore,
if g1(s) is a rational function of ‘s’ and the infinite-dimensional
transfer function hj(s) represents a dissipative system, the
feedback loop stability could be analyzed using the Nyquist
criterion.

The VSC-model is derived in the so-called dg reference plane
as well. The two VSCs are assumed to be ideal and symmetrical,
having a switching frequency of 1 [kHz]. Henceforth, the units
for voltage, current and active power are [kV],[kA] and [MW],
respectively, and all reference signals x are expressed as 2"/ ;

the differential operator with respect to time is expressed by ‘p’,
and the Laplace form of a time domain variable :(t) is denoted

III. SYSTEM MODEL

In this section, the dynamic equations of a VSC is given
in the power invariant dg-reference frame, where the frame is
chosen to be aligned with the voltage direction, i.e., Eeq10 =
Eegao = 0. Egqi0 and E g9 are the steady state of the con-
verter measured point of common coupling (PCC) voltage. The
AC-grid frequency is assumed to be constant, i.e., wy = 27 fy
and fo = 50 [Hz]. Since the VSCs are assumed to be symmetric,
the variables and parameters in this section would not be sub-
scribed by the numbers 1 and 2, used to denote the different
VSCs.

The local controller of the VSC is separated into two cas-
caded parts: inner current controller and outer controller. The
inner current controller provides the voltage reference (vzsf and
v;;'f ) to the pulse width modulator (PWM). The d-axis outer
controller is used to track the reference of either DC voltage or
active power, generating the d-axis current reference (i;ef ) to
the inner current loop. The g-axis outer controller is used to limit
the voltage drop of the PCC voltage by a P-controller [8], gen-
erating the g-axis current reference (igef ) to the inner current
loop as well.

A. Inner Current Loop

The AC-current dynamics in the dg frame is given as follows,
where i.4, icq are the measured converter input currents; E.gq,
E,, are the measured PCC voltages; vcq, veq are the measured
converter voltages:

di.. . .
L. d?;d - _R'ch+w0L'Zcq+Ecd_7)cd (1)
dicq . .
L-T:—R-ch—woL-zcd—i-Ecq—ch. 2)

The current controller consists of one PI-controller and two
feed forward signals i.e., the PCC voltage and the cross-cou-
pling current [9]. The reference voltages (vzsf , z*zsf ) are given

by:

re KZ re . .
Ucdf = — (Kp + ?)(ld I- icd) + Eea + wol -icq  (3)

viel = — (K, + - g I —ig) + Eeq — woL - ica. (4)
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Due to the switching action of PWM inside the con-
verter, a delay of half a switching period appears, where
Tew = 1/(2f50) = 0.5 [ms]. After having designed the inner
current loop to be relatively slow, the delay may be ignored
during the analysis of system dynamics, i.e., Uij 2 V.q and
vggf /2 Vo4 [8]. Consequently, the dynamics between the d-and
g-axes is decoupled at the inner current loop.

The PI-parameters are designed as K, = a.L and K; =
a.R, where ¢ is the bandwidth of the inner current loop and the
phase reactor pole of —R/L is thus canceled by the inner cur-
rent PI-controller. Note that the unavoidable uncertainties in the
AC-side model parameters, L and R, from a practical point of
view are assumed to be quite small. Hence, these uncertainties
will have only a minor impact on the inner current loop perfor-
mance. In addition, since the outer loop bandwidth is usually de-
signed to be at least ten times smaller than «., the effect caused
by the inner loop parameter uncertainty does not influence the
entire system dynamics very much. Therefore, the design of the
inner current loop PI-controller based on model parameters is
well justified. Consequently, the linearized inner current closed
loop in the Laplace domain is:

< (07 “re

Aigg(s) = P Ay f(s) 5
~ (&7 “re

Atg(s) = Tra Aay H(s). (6)

B. Direct Voltage Control Loop

The DC voltage is determined by the capacitor charging
power that is the difference between the input active power to
the VSC (assuming that the VSC is power lossless) and the DC
load power, which gives:

d 1 .
E(EC'T%}C):P_PZoad (7)

dAw
= C-vpoo- —L2C —AP—APjpus. (8

dt

Therefore, the linearized expressions of the input active
power and the DC load power are required, where the conjugate
value of « is denoted by 2*:

P=Re{Eq+AE q+jAE Jig+Aia+i(iqo+Aisg))"}
~ EOidO + EOAicd + Z-'dOAE/‘cd + quAEcq (9)
——

Py AP
Pioud = (Wpoo + Avpe)(ipoe + Aipe)

(10)

~ vpcoipco + vpcoAipe + ipcoAvpe .
——

Proado APisad

Equation (9) shows that AP is proportional to Ai.q4 and in-
dependent of Ai.,. Therefore, the output of the DC voltage
controller, i.e., the d-axis reference current, could be designed
through the reference input active power. The reference input
active power is the sum of a PI-controller operating on the error
of the DC voltage square and the filtered feed forward DC load
power (with bandwidth oz ):

K;
d)~l/+ ay
p

p—l—a'f

-Pload

Pref = (Kpq + (11)
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(a2 —vhe 1 aep  PT
v=-————==andi;,’ =

12
5 E. (12)
AP =vpoaFa(ATRS, — Abpe) + FiAPipg (13)

Ki (8%
Fd :Kpd + Td and Ff = S+faf
. 1, - P -
A = AP - I AE,,. 14
lq EO Eg d ( )

Ignoring both the low-pass filter (LPF) in (13) and the inner
current loop dynamics i.e., Aiq = Ai;ef , designing the
PI-controller parameters as K,q = 2C(wpq and Kjq = Cwid,

the transfer function from AT;;)EC]; to Avpg is:
~ ¢ 2 &
Afpc = 2WndGS T W@

~ref 7 & 2 &
AvpL 2 + 2wnaGs + Whge

(15)

The approximation is based on the fact that the inner current
loop dynamics is designed to be ten times faster than the DC
voltage loop, also assuming that the DC load power signal has
lower magnitude in the higher frequency band.

C is the estimated DC-shunt capacitance and (' is the actual
physical shunt capacitance. The damping ratio { and natural fre-

quency wyg are amplified by ¢ /C, compared to the designed
parameters. Since the physical shunt capacitance C' contains the
DC cable shunt capacitance, which is assumed to be larger than
C , then ¢ and w,,4 should be higher than the designed value in
order to compensate for the error. In this paper, the influence of
such parameter uncertainty of C'is not considered. { and w,,4 are
chosen to be 1 and 0.4a4, which guarantees that the DC voltage
loop bandwidth of (15) is ag [10].

C. Active Power Control Loop

For the outer controller of transmitted active power, again a
PI-controller is used. The controller parameters are designed by
inner current loop pole cancelation i.e., Ky, = ap/ac, Kip =
o, The bandwidth of the outer loop is chosen as «, = 0.204.
Therefore, the DC-voltage does not display large oscillations
during the variations of transmitted active power. The linearized
differential equations of the active power control loop are de-
rived as follows:

K, (P —p
it = (Kpp + TP)% (16)
Aref = L Eimyaprer _ ap 17
= A, Eo( pp T s )¢ ). (A7)

D. Alternating Voltage Control Loop

The idea of the AC-voltage controller is to compensate for
the AC-voltage drop, i.e., to increase the reactive power at PCC
while the AC voltage is lower than the reference PCC voltage
[11]. A P-controller is applied and thus the g-axis reference cur-
rent is:

(18)

It is also possible to use a PI-controller instead of a P-con-
troller. The reason why this is not done is that there is no accu-
racy specification for the AC voltage control and that the addi-
tion of an extra integral control action will not promote system

AT = Ky - (AE™T — AE.).
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Fig. 3. DC cable model: since the current from the AC to the DC side is defined
as positive, ipc1 = ipc(0,t) and ipce = —ipc(d,t).

stability. Therefore, in this paper, a P-controller is applied to
control the AC voltage.

E. AC-Grid and PLL

A PLL is applied to track the rotating phase angle 87¢f, which
is used to transform the converter dg-frame from the stationary
af-frame. At steady state, the g-part of the PCC voltage at
the converter dg-frame is zero. Due to the assumption of con-
stant AC-grid frequency, a P-controller is thus sufficient to track
the reference AC-grid phase. The transfer function from AL,
to Ad, relationships between voltages (AE4, AE,), currents
(Aig, Aiy) of the grid dg-frame, voltages (AE 4, AE.,), and
currents (Aiqq, Aic,) of the converter dg-frame are given by

[8]:

AG = TP AR (19)
§+ apyy
AB.y=AEy, and AE,=—-AE, (20
§+ ap

Qo opu -
Aig = Al AFE 21
14 led T 3 parp——— (21)

0 P

T A Py apy -

Alq = Alcq + E_g S + apll AEq (22)

For a strong AC-grid, the PCC voltage is independent of the
current variation, while AFy and AE, are input disturbances
of the VSC system. However, for a weak AC-grid, the PCC
voltage is related to the current or power variation. In this case,
the d-axis and ¢-axis dynamics are not independent of each other
but correlated through the AC-grid impedance. The AC-grid is
modeled by a series R, L -circuit in the synchronous dg-frame.
The AC-grid dynamics are:

Abyg — ABg = (Lgs + R,)Alq — woLyAl,
Aty — AE, =woLyAig + (Lys + Ry) A,

(23)
24

F. DC Cable

The conventional method of approximating a transmission
line is to replace the line by small cascaded lumped RLGC-sec-
tions, as shown in Fig. 3. The terminal voltages and currents are
represented by vpci, Vpos, tpe1 and ipea, respectively. The
current from the AC to the DC side is defined as positive. The
cable parameters are given by 1, 1, g, ¢ and d, which are the cable
density of resistance, inductance, conductance, capacitance and
cable length.

Define the complex damping factor per unit length v and the
wave admittance Yj as:

v(s)=+/(c-s+g)(l-s+7),[(s) =d-~(s) (25
Yals) =4/ o, (26)

By solving the readily derived linear partial differential equa-
tions, obtained from Fig. 3. after letting the element Az — 0
and taking Laplace transforms with respect to time, the relation-
ship between the terminal currents and voltages is formulated

[10]:
ipci(s) 1(s)  —ha(s) | |¥pci(s)
)] - [ o i ][] e
where, h1(s) = Yy(s) coth(I'(s)) (28)
ha(s) = % (29)

As the cable system itself is dissipative, the functions hq ()
and hz2(s) have infinite numbers of stable poles. In addition,
the square difference between h;(s) and ha(s) is identically a
rational function, i.e., h?(s) — h3(s) = YZ(s).

IV. BLOCK DIAGRAM

In this section, the two-terminal VSC-HVDC system em-
bedded in strong or weak AC-environments is considered and
transformed into the block diagram at Fig. 2.

A. Weak AC-Grid Environment

In a situation where both VSCs are embedded in the weak
AC-grid environment, for each VSC system there are five 1nput
signals, i.e., Avgq, Avgy, Aipc and reference signals ALDCl
or APZTPf and AE™/ Note that Aip is a state variable in the
description of the entire system.

Choose the DC voltage as the VSC system output. Both
Avpe and Aipe constitute the interconnection between the
VSC and the DC-grid. The preliminary transfer functions from
the five inputs to the DC voltages are given by:

Alpci = 911(S)A1~J§(]§1 + g12(S)AEIef + 13(8) A1+
+ g14(5)A55q1 + g15(s )AZD01

Afpey =g (s )Aﬁref + g22(s)A Eref + 923(5) Alsaz+
+ 924(8) ABega + g25(s) Aipoa.

Combine the relationship between the DC-terminal currents
and voltages given at (27), and the two-terminal VSC-HVDC
system transfer function matrix is readily obtained from:

M) [ gzt | = (s) -

Alpes
1—gish1  gisha
A =
(s) { gasha 1 —gasha
g g2 0 0 g3 gu 0O 0
P(s) =
(s) {0 0 g1 g22 0 0 ga3 go4

(30)



902

where,
ul = (AT AETT AP AES T Ay A ABsign ATsga).

The MIMO transfer function from inputs to outputs is given
as follows, where adj(A) denotes the adjoint matrix of A and
G(s) = adj(A)®:

Avpct 1 .
|:A'UDC72 YT det A" i(A)® - u
___gi5+g2es
1+Y 915925 -1

_ _gi5tges .
1 1+Y7 915925 h1 915 T 925

Forward function gg

(€2))

Feedback loop g1/1+4g1h1

B. Strong AC-Grid Environment

While the connected AC-grids are well balanced and strong
i.e., the nominal AC-grid voltage is at most subject to small
variation, the dynamics of the PLL is ignored. In addition, since
the ¢-axis current has no impact on the dynamics at the DC-side
(after d- and g-dynamics decoupling at the inner current loop),
the g-axis current reference (Ai;ef ) is thus assumed to be zero.

In this case, for each VSC, there are three input signals i.e.,
Aw,q, Aipe and reference signal Av}fél or AP;ef. As before,
choose the DC voltage as the VSC output. The transfer functions
from inputs & = [Af)}fch A]B;ef At,q1 Absgz]t to the DC
voltages are:

Avpcor = f]n(s)Af)Efgq + G13(8)ABsar + dis(s)Aipcn
Abpga = §21(S)AP;ef + §23(85)ATsg2 + Gas5(s)Aipca

N ___d15+ges
[A’UDCI _ 1+Y7 915925 -1 A (S) P
ATpcoa - _ _gistges s -+ 0
1 T4V Z500m h1 915 1+ 925

Forward function gg

Feedback loop g1 /1+g1h1

A g11(1 — g25ha) —921915h2
here, G{s) = [gll(A R N N
v (s) —d11925h2 G21(1 — g1shy)
913(1 — ga25h1) —923015h2 } (32)
—913925h2 G23(1 — gushy) 1

For both weak and strong AC-environment, the transfer func-
tions of a two-terminal VSC-HVDC system, using a distributed
parameter DC cable model, can be written in the form gq -
g1/(1 4+ g1h1). The forward function gq is determined by the
choice of input and output, while the feedback loop is invariant
regardless of choice. Using this approach, the small-signal sta-
bility of the infinite-dimensional system could be analyzed by
the Nyquist criterion.

V. STABILITY ANALYSIS

In order to guarantee the stability of the entire system, both
the feedback loop and the forward transfer function should be
stable. Even though the forward transfer function gy is deter-
mined by an input-output combination, it will always be a linear
non-feedback combination of rational functions and of h; or h.
Thus, the stability of gy is given according to the sign of the real
parts of a limited number of poles. The stability of the feedback
loop is analyzed by using the Nyquist stability criterion.
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Assuming that the closed path C, enclosing all of the right
half complex s-plane, has the clockwise positive direction, we
can apply the Nyquist criterion: the number of anti-clockwise
encirclements around the point —1 in the g1(s)hi(s)-plane
should, for a stable closed loop system, equal the number
of open loop unstable poles of g1(s), as hi(s) is already an
input-output stable function [12].

A. Weak AC-Grid Environment

In this paper, the weak AC-grid is modeled by a series
Ry L,-circuit in the synchronous coordinates and their dy-
namics are given by (23)—(24).

For the active power controlled VSC, the transfer function
ga25 from Aipeg to Avpes is the same as the VSC connected
to a strong AC-grid. Therefore, g25 = §25 and the feedback loop
stability is not influenced by the weak AC-grid dynamics at the
active power controlled VSC. Similarly, the stability of the ac-
tive power controlled VSC could be analyzed without consid-
ering the DC-side influence. Consequently, the stability anal-
ysis of two terminal VSC-HVDC systems embedded in a weak
AC-grid can be separated into two parts: the active power con-
trolled VSC and the VSC-HVDC system while the active power
controlled VSC is under steady state.

1) Stability of Active Power Controlled VSC: Combining the
inner current loop dynamics (5)—(6), active power controlled
and AC voltage controlled outer loop dynamics (17)—(18), and
the PLL dynamics (20)—(22), then the state-space model of the
active power controlled VSC is given by (33)—(34), where the
state variables are J;fp = [Aicq Aicq 2pu), the input variables
areul, = [AP" AE™f Av,qAv,,] and the disturbance input
variables are wT = [AE; AE,].

i"ap = Al * Tap + Bul * Uap + Bwl Sw (33)
w = Cwl *Tap + le * Ugp
a0 e %
A = 0 —de 0
0 0 —apll
%—2 0 0 0 -|
Bu=|0 akKm 0 0
o o o0 |
[ —a, - % ap - %—g
Bwl - —Qg Kpa 0 (34)
L 0 Apll

The expressions of Cy; and D, are given in the Ap-
pendix A. In a strong AC-grid environment, the active power
controlled VSC is stable and the system poles are —cv., —av,
and —oyy;.

Since the input signals u,,, are independent of the state vari-
able, the linear system stability is not related to the value of .
Hence, we may assume that u,, is zero. Under weak-AC envi-
ronment, the block diagram of the active power controlled VSC
with zero input signals is depicted in Fig. 4.

According to small gain theorem (SGT) [13], the sufficient
condition of stable VSC system is: ||Gop (Jw)|loo - [| A Ao < 1,
for any w. By denoting the lowest and highest singular value of
any matrix M as ¢(M) and &(M), the sufficient condition for
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i
Gup(s) = (sI — Ay~ i

AA = Bwlcwl

Fig. 4. Block diagram of the active power controlled VSC with zero input
signals.

a stable system is rewritten by (35), where 7" is an invertible
scaling matrix and A; has only real eigenvalues:
F((jwl — A1) -5(AA) < 1,w e RT

() < STy el A R

& (T 1 AA-T)< (Tt A -T).

=

Qi

(35

Since the pole of the state Ai., is at least ten times
further away from the imaginary axis compared with the
other two states, the dynamics of Ai., is ignored, i.e.,
Aley ~ Kpa(AE’"ef — AE,4). The state-space model with
new state variables 2opn = [Adcqpy] is:

i'apn = Al * Tapn + Bul * Uap + Bwl S w (36)
w = C~(wl * Tapn + le s Ugp (37)
Al = |:ap 7ap ’ %(0}]
0 —Qpll
I . T S -
Bu frg EO Bw = P E, p E . 38
1 { 0 0} ! [ 0 Apli e

The expressions of Cy1 and D, are given in Appendix A.
Letting the scaling matrix T be

0.008 0.002
[

the minimum singular value of 7! - A; - T and the maximum
singular value of T~ '-A A-T with respect to SCR = 1/L, [p.u.]
are given in Fig. 5, where the parameters for the case study are
listed in Tables I and II. The P-controller parameter of the AC
voltage controller is K, = 0.1.

Since A; and T are constant matrices, the minimum singular
value of 7~ - A; - T is constant and equal to 28.38. As shown
in Fig. 5, for SCR > 2.7, the maximum singular value of
T~1. AA T is smaller than the minimum singular value of
T—1. Ay -T and thus the active power controlled VSC is stable.
It should be mentioned that the inequality SCR > 2.7 is a suf-
ficient condition for the stability of the VSC system. For SCR
lower than 2.7, however, the system could be stable as well, as
can be checked by eigenvalue calculation.

The step response from AP;*/ to AP, in different AC en-
vironments is given in Fig. 6. For cases with strong AC-grid
and for SCR = 5, as proved by the SGT, the active power
controlled VSC system is stable. However, for SCR. = 2 and
SCR = 1.3, even though the SGT is violated, the system is still
stable since the SGT is a sufficient but not necessary condition
to prove system stability. It shows that, for different SCR, the

Singular Value Comparison
100

90

1
a0l minimum singular value of T‘A‘T
\

70HV = = = maximum singular value of T'AAT

60 v
50 \

40 .

Singular Value

30 >

20 S~a

1 2 3 4 5 6
Short Circuit Ratio

Fig. 5. Singular value with respect to SCR: o(T'~'4,T) is a constant and
marked by the red curve; 5(T ~* A AT') decreases with respect to the increased
SCR and is marked by the blue curve. The cross point of those two curves is
around SCR = 2.69 and for SCR. > 2.7,5(T "' AAT) < o(T "' A1 T) and
thus the closed loop system (shown in Fig. 4) is stable.

TABLE I
BANDWIDTH DESIGN OF VSC-HVDC SYSTEM

Inner current loop Qe 4p.u. 4007 [rad/s]
Active power outer loop op 0.1p.u. | 107 [rad/s
DC voltage outer loop ag 0.4p.u. | 407 [rad/s
PLL loop apy | 0.4p.u. | 407 [rad/s
TABLE 11
PARAMETER OF VSC-HVDC SYSTEM
Cable distance d 50 km
Cable inductance density 1 9 mH/km
Cable capacitance density c 0.207 | pF/km
Cable resistance density r 0.01 /km
Cable conductance density g 0 S/km
Phase reactor inductance L 53 mH
Phase reactor resistance R 0.167 | Q
Weak AC-grid inductance Ly 53.1 | mH
Weak AC-grid resistance Ry 1.11 | Q
DC shunt capacitor C 33 uF
Rated AC voltage (dg-frame) Vsd0 200 kV
Rated DC voltage VDCo 300 kV
Rated transmission power Py 600 MW
System frequency fo 50 Hz
Step Response from AP';' AP,
1 g
08
as 06
<
04
y — — —Strong AC grid
o2/ / ~soncs
/ SCR=13
0
0 0.05 0.1 0.15 0.2

Time (sec)

Fig. 6. Step response of the active power controlled VSC with input APy’
and output A P»: blue curve is the strong AC-grid case; green curve is the case
with SCR = 5; red curve is the case with SCR. = 2; black curve is the case with
SCR = 1.3.

system is stable but the settling time is longer as the AC-grid is
weaker (SCR is lower).

For weak AC-grids with other topology, such as shunt or se-
ries L,Cy-circuits, the SGT could also be applied and yield a
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sufficient condition for the stability analysis. However, the dis-
turbance matrix A A then needs to be reformulated according to
the changed AC-grid dynamics.

2) Stability of DC Voltage Controlled VSC: As concluded
above, the stability of the active power controlled VSC does
not influence the stability of the feedback loop g1 /(1 + g1h1)
since gas = §a5. In this subsection, assume that the active power
controlled VSC is in steady state. On the other side, the DC
voltage controlled VSC is connected to a weak AC-grid, which
is modeled by a series L, R -circuit.

One 11-Section DC Cable Model: While the DC
cable is modeled by a single II-section, the VSC-HVDC
system without considering the dynamics of active
power controlled VSC, could be modeled by an
eighth order state space model. The state variables are
ZBZJU = [AichicqA%’Dcwd,,4$dv51‘pllAiDcA’UaDpG], where
Z4y4 1S the integral action of the DC-voltage controller, 24,5 is
the dynamics of the LPF of the forward DC-load power, and
Avh. is the DC voltage at the active power controlled VSC
side. The input variables are u}, = [Avgg,AErefAvsdAvsq]

and the disturbance input variables are w? = [AE; AE,].
ung are the first two reference signals of the input vector u,,.

Combining the inner current loop dynamics (5)—(6), the
DC-voltage dynamics (8), the DC voltage controlled outer
loop dynamics (13)—(14), the AC voltage controlled outer loop
dynamics (18), the PLL dynamics (20)—(22), the DC-current
dynamics due to series Rpc L pc-circuit and the active power
controlled VSC dynamics given by go5(s), then the state-space
model of the VSC-HVDC system with one II-section DC cable
is:

Ty = AZ “ Xy + Bya - ung + By - w

w=Cy2 - Tgy + Dy - ugy. (39)

Expressions of the matrices Az, Bya, Bya, Cye and D, are
given in Appendix B. Ay, By and B,,s do not depend on the
SCR value; however, Cy,2 and D2 rely on the SCR. The pa-
rameters of the DC cable are listed in Table II, where Lpo = I-d
and Rp¢ = r - d. The stability of the VSC-HVDC system with
one II-section DC cable model can be analyzed by the eigen-
values of Ay + ByaC\yo2. It is straightforward to calculate that
for SCR. < 4, assuming the parameter values from Table II, the
VSC-HVDC system would become unstable due to the weak
AC-grid impedance but not for cases with higher SCR.

Distributed Parameter DC Cable Model: While the DC
cable is modeled by (27), it is hard to use eigenvalue analysis to
study the system stability since there are an infinite number of
poles. Therefore, the Nyquist criterion is applied to analyze the
stability of the system, as shown in the block diagram in Fig. 2.

As claimed in Section IV, the VSC-HVDC system can be de-
scribed by two cascaded systems: one is a forward combination
of transfer functions, which depends on the considered input
and output. The second is a feedback loop which is unique to
all input-output combinations. For an active power controlled
VSC of this case study, the forward functions are stable at least
for SCR > 2.7. For a DC voltage controlled VSC, the forward
function stability will be analyzed in a case study.
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In the case study setup, the VSC-HVDC system parameters
and nominal steady states are listed in Table II. However, reset
the cable inductance density to be 10.2 [mH/km], which ren-
ders the one II-section cable model based VSC-HVDC system
unstable, and the SCR of the AC-grid is still chosen to be 4.
For the case with the distributed parameter DC cable model, the
forward function stability and the function g;5 are determined
by the new state-space model, where x4,,, comprises the first
six components of x4, the input signal is Aip and the output
signal is Avpeo:

Tdyn = AS - Zgyn + B3 A'iDC
(40)
(41)

Y :CS * Tdon
915 :Cg(sl — A3)7133

where Ajg is the sub-square matrix of Ay + B,,2Cy,2 with the
first 6 columns and first 6 rows and ¢ = 0 [uF] (since the cable
capacitance should not be included in the VSC dynamics itself),
and Bs, Cs are:

It is straightforward to prove that the above system (40) is
minimum order, i.e., the system is both controllable and ob-
servable. Therefore, the stability of the forward function gy =
—1/g15 + 925G (s) is determined by the zeros of g5 + ga5. The
expression of g5 is given at (42) due to g25 = 925 and the ex-
pression of g;5 is given by (41). In this case study, the zeros of
g15 + 925 are —30, —41 £+ 665, —119, —1265, and —466180;
thus the forward function gq(s) is always stable regardless of
the input and output signals.

The feedback loop stability is studied using the Nyquist cri-
terion. The number of unstable poles of g5 is determined by
g1 = —g15 + g25/1 + Y g15925, due to the fact that hy(s) is
dissipative, containing an infinite number of stable poles. The
poles of g; are: 173, —0.98, —25 £ 225, —119, —434, —1125
and —449937. Therefore, there is one unstable pole of the open
loop function of g1 /(14+g¢1 k1 ). In order to guarantee the stability
of the closed loop function, the Nyquist plot should, anti-clock-
wise, encircle the critical point (—1, 0) once. For one TI-section
cable model, the equivalent cable function of k4 (s) is depicted
by hr1(8) = ¢s-d/2+1/(ls+r)/d. The Nyquist curve of open
loop function g3 hy (jw) and g1 hr1 (jw) is given by Fig. 7.

Fig. 7(a) shows that in the low frequency band, both cable
models provide similar Nyquist curves. However, in this case
study, Fig. 7(b) shows that for the distributed parameter cable
model, the Nyquist curve will anti-clockwise encircle the crit-
ical point (—1,0), but for the one TI-section cable model, the
Nyquist curve, instead, will clockwise encircle the critical point
once. Therefore, the VSC-HVDC system with distributed pa-
rameter DC cable model is stable, whereas the VSC-HVDC
system with one II-section DC cable model has two unstable
poles, i.e., 0.7 & 1.78j, calculated by the eigenvalue of the
weak AC-grid connected VSC-HVDC system state matrix A5+
By2Cyy2. This is because, for w < 1/d/\/lc/2 = w5 (reso-
nance frequency of one TT-section cable), [y (jw)| > |hr1{(jw)]
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implying that the VSC-HVDC system with distributed param-
eter cable model has a larger gain margin.

Fig. 8 shows that if the VSC-HVDC system with one IT-sec-
tion is stable, then the phase crossover frequency must be
lower than w, ¢, where h, (jw) is similar to hy;(jw), and since
g1h1 has a larger gain margin, the VSC-HVDC system with
distributed parameter cable model is also stable. Consequently,
the VSC-HVDC system with one II-section DC cable model
is stable, which is a sufficient condition for the VSC-HVDC
system with distributed parameter cable model to be stable, but
not vice versa.

For different operating points P, and for different SCRs, the
open loop function g;h; always has one unstable pole, which
implies that the Nyquist curve should anti-clockwise encircle

the critical point (—1,0) once, so that the closed loop VSC-
HVDC system is stable. As shown in Fig. 7, the Nyquist curve
should cross the negative real axis at the left of (—1,0) in order
to anti-clockwise encircle the critical point. Therefore, the larger
magnitude of |g1h1 (jwp.)| is, the better stability robustness the
system will have. wy, is the phase cross-over frequency, i.e., the
angle of g1 hq (jwpe) is —180 [deg].

Fig. 9 illustrates the difference in loop transfer function gain,
for the two cases (distributed model and II-section model) at
Wpe, W, respectively. Positive difference values imply that
\g1h1 (jwpe)| > |g1ha1(jw],)|. It shows that the VSC-HVDC
system with one II-section DC cable model always has worse
stability robustness for different operating points P and for
different SCRs. Consequently, the VSC-HVDC system with a
single 1I-section DC cable is a safe choice in the evaluation of
system stability under different P5y and SCR values.

B. Strong AC-Grid Environment

For a VSC-HVDC system embedded in a strong AC-grid,
the small signal stability analysis based on the Nyquist stability
criterion is discussed in, e.g., [10]. It gives:

~ acwnd01(2<3 + wnd)

g1 = ‘
C182(s + ac) + aewngC1(2¢s + wng) + _Zggll?) 52
__Pio 2
Jis = E1o0vpeio 4
C182(s 4+ ac) + acwnaCr(2¢5 + wna) + %32
2
b 8
gi5 = — 4
C182(s + a.) + oewnaC1(2¢5 + wna) + %32
g O
21 = i
(Covpeags +ipcan)(s + ap)
Pag ¢
g2z = Ez0
(Cavpeaos +ipcao)(s + op)
~ VDo
Gas = — DC20 42)

C2vpc208 +ipcao

The forward function go(s) = —1/(§15 + §25) - G(s), whose
stability depends on the zero polynomial Q3(s) of §15 + §as:

DO iDo:
Q3(s) — (Cl 4 02)53 + (Clac + DC10 + DC20 )82+
UpCi1o UDC20
+Ochi'pd8 + a.Kiq- (43)

To guarantee that the zeros of Q3(s) are located in the left half
plane, the following inequality must hold:

Croct B2 4828 Ku w4
Ci+C (pd 2¢

To minimize transmission losses, the DC voltage drop
between two terminals should be kept small. Further, the
bandwidth of the inner current loop «. is designed to be ten
times larger than the DC voltage loop. Therefore, the inequality
(44) holds for all reasonable designs of PI-controllers, and the
forward function g, for all input-output combinations are thus
stable in case of strong AC-grid environment.

In[10], two examples have been investigated, showing that in
both cases with either the rectifier or the inverter working as DC
voltage controller, the VSC-HVDC system is stable for three
different cable distances: d = 50 km, 150 km, 450 km. The
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where the angle of both g1 b1 (jw..) and g1hp; (jw.r are —180°.

same result is obtained when the distributed parameter cable
model is changed into one II-section model.

VI. CONCLUSION

A mathematical model for small-signal stability analysis of a
two-terminal VSC-HVDC system embedded in a weak AC-en-
vironment has been presented. The system can be divided into
two parts: the active power controlled VSC and the DC voltage
controlled VSC with a DC cable model. The stability of the
first part is analyzed by the small gain theorem, which shows
that for SCR > 2.7, with the parameter values from Table II,
the active power controlled VSC embedded in a weak AC-en-
vironment will always be stable. The second part is analyzed
by the Nyquist criterion. Due to the symmetric properties of the
cable model, the block diagram of each input-output combina-
tion can be rewritten as in Fig. 2, where go(s) is stable with rea-
sonable design of the DC voltage PI-controller and SCR > 4.
The transfer function gy (s), is a rational function of ‘s’ and the
return path hy(s) is dissipative. A case study has been illus-
trated, showing that if the VSC-HVDC system with one II-sec-
tion cable model is stable, then the VSC-HVDC system with
distributed parameter DC cable model is also stable, provided
that |hy (jw)| > |hpi(Jw)| forw < 1/d/+/le/2.

The proposed method proves that for long distance
VSC-HVDC transmission or larger cable impedance density,
the VSC-HVDC system with one II-section cable model is
sufficient for system stability evaluation. Also, the VSC-HVDC
system with distributed parameter cable can provide accurate
high-frequency response.

APPENDIX A
STATE-SPACE MODEL OF ACTIVE POWER CONTROLLED VSC

The disturbance matrices C',; and D,,; of the third order
state-space model of active power controlled VSC are:

w = Cwl Tap + Dyt - Uap
—(ap + a'pll)ng_g

ki | acLyKp, 1-— a,,Lg%

Cwl = L ! - ap”Lg E2
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ay — IL%—Z wo wo 9 4+ E2 $(ap + apu — R—s)
—wo @ — 72 (apu — If—j)%‘é — g—gwo
Do 1 1+aplngE2 _(ap+apll)Lg%§
YTk | aeLyKp, L apLy i
L, 0 10
. 0
0 —acKp, L, 0 1

P,
ki =1+ Lg(apu — ap)E_(;*
0

2

P, Qo
_ Lg[a,pap” E—% + ac(ap + api) Kpq E—g}

The disturbance matrices éwl and ﬁwl of the second order
state-space model of active power controlled VSC are:

w = ~wl Lapn + Du,l Uagp

& L, 1+ ‘Iplng B2 —(ap + apu) Ly g_g

w1 oy KpaLg i 14+ (woKpe —%)
ap f—j WO_TJF_E(%JF%H*IL{_)

—wo (apn — IL{—Q)%’; QO =S wy

N 1 1+ apuL —(ap + apll)Lg%_r

D1 == R R, POO .
ki | Kpalgpt 1+ (woKpa — ‘lpE_g)Lg
l—g—oLg Kpawol, 1 0]
. R,
0 —Kpl, 01

- P,
ki =1+ Lg[(apu — %)E_g + woKpa]+

Py, P,

2 . g
—&—Lg[ap”(uoK a,pEZ)EZ —i—KpaL—g

0
(ap + %”)E_g}'
For a strong AC-grid, L, — 0 and thus both C,,; and C’wl
001 0

0 0 0 1
that for a strong AC-grid, AE; = Avsg and AE, = Avg,.

are zero matrix and D,,; = Dy, = . It means

APPENDIX B
STATE-SPACE MODEL OF VSC-HVDC SYSTEM WITH ONE
II-SECTION CABLE MODEL

The state-space model of a VSC-HVDC system with one
Il-section DC cable model is given below, where C' = C +
d-c/2:

: re
gy — AQ s Tdy T+ Bu2 . udvf + BwQ W
w = CwZ Zdy + Duz Udy

—a. 0 —ZCwndC“DCO e widé”%go e
0 —G, 0
Eo _ ipca
C'UDCO 8 OUDCO 8
A2 - dT . o
afEO 0 afLDCOZ 0
0 0
0 0 oo 0
L 0 0 0 0
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