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Resonant second-harmonic generation in a ballistic graphene transistor with an ac-driven gate
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We report a theoretical study of time-dependent transport in a ballistic graphene field effect transistor. We
develop a model based on Floquet theory describing Dirac electron transmission through a harmonically driven
potential barrier. Photon-assisted tunneling results in excitation of quasibound states at the barrier. Under
resonance conditions, the excitation of the quasibound states leads to promotion of higher-order sidebands
and, in particular, an enhanced second harmonic of the source-drain conductance. The resonances in the main
transmission channel are of the Fano form, while they are of the Breit-Wigner form for sidebands. For weak
ac drive strength Z,, the dynamic Stark shift scales as Z}, while the resonance broadens as Z?. We discuss the
possibility of utilizing the resonances in prospective ballistic high-frequency devices, in particular frequency
doublers operating at high frequencies and low temperatures.

DOI: 10.1103/PhysRevB.93.035435

I. INTRODUCTION

Already in the early years of graphene research, analog
high-frequency electronics was recognized as a potential niche
for applications [1-4]. Although many devices have probably
been limited by parasitics due to problems with developing
good recipes for making graphene transistors, the current speed
record [5] is already a cutoff frequency of over 400 GHz. At
the same time, we have seen a rapid improvement of graphene
material quality. Mobilities reaching 10° ¢m?/V's at room
temperature and larger than 10® cm?/V s at low temperature
have been achieved [4]. Promising paths towards improved
mobility include encapsulation of graphene between layers of
other two-dimensional (2D) crystals, notably hexagonal boron
nitride, or suspension of graphene between contacts. Using the
latter approach, ultrahigh-quality p-n junctions were recently
made [6]. Fabry-Perot resonances at zero magnetic field were
measured, and so-called snake states were possible to see
at small magnetic fields of order 20 mT. With such rapid
improvements of device quality, it has become increasingly
important to study in detail ballistic high-frequency devices.

One of the key ideas behind using 2D materials for
high-frequency electronics is the favorable scaling towards
short gate lengths without so-called short-channel effects [1].
Thin channels (2D is the extreme) allow for short gates, high
speed, and high-density integration. High speed, reaching THz
frequencies [7], is the ultimate goal. Another advantage of
graphene is the possibility of tuning the electron density, for
instance by means of a back gate: the Fermi energy can be
tuned from the electron to the hole band (through the so-called
Dirac point at charge neutrality). Such ambipolarity is very
advantageous, in that both n-type and p-type devices can in
principle be made at will across a single wafer.

A challenge is to capitalize on the unique properties of
graphene and derive device functionality directly from the
fact that electrons in graphene behave like massless Dirac
particles with linear spectrum and a pseudospin degree of
freedom. Several works in this direction show indeed that
ac transport in graphene is a rich subject. Studies include
quantum pumping [8—12], nonlinear electromagnetic response
[13-18], and photon-assisted tunneling phenomena [19-25].
In theoretical investigations for low doping (Fermi energy
Er close to the Dirac point) and high frequencies €2, with
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Er and Q of comparable magnitude (we put A=1), a
true quantum mechanical description becomes necessary. For
time-dependent transport in two-dimensional electron gases
(2DEGs) in semiconducting heterostructures, displaying a
quadratic dispersion relation, photon-assisted tunneling in
time-harmonic potentials is described well within a Floquet
theory framework and have been investigated for a long
time [26-29]. Here, we study theoretically a ballistic field
effect transistor with a harmonic drive applied to the top
gate, see Fig. 1(a), within a Floquet theory applicable to
graphene. The harmonic drive of frequency 2 supports
inelastic scattering from the Fermi energy Ef, to sideband
energies E, = Er + n2, where n is an integer. Near charge
neutrality, on the scale of the drive frequency, the barrier
is close to transparent due to Klein tunneling. At the same
time, a quasibound state on the barrier can be inelastically
excited through a resonant process (supported by the harmonic
drive) that interferes with direct elastic transmission. This
leads to a Fano resonance in direct transmission, as recently
found numerically [23-25]. Analogous Fano resonances were
earlier studied [26] for few-channel waveguides in 2DEGs with
attractive point scatterers (for a review of Fano resonances in
nanostructures, see Ref. [30]). For graphene, the ambipolar
band structure guarantees the existence of a bound state
and resonances for both attractive and repulsive scatterers of
arbitrary strength [see Eq. (B9) in Appendix B]. In this paper,
we show that higher-order sidebands are resonantly enhanced
simultaneously as the Fano resonance in direct transmission
develops. This leads to the possibility of building a frequency
doubler based on a ballistic graphene device that we study in
detail.

The paper is organized as follows. In Sec. II we specify
the model assumptions and outline the main steps in the
calculation. In Sec. III we present results for the electron
transmission functions for inelastic scattering at the barrier
from incidence energies E to outgoing sideband energies E,,.
We also analyze in detail the above mentioned resonances. In
Sec. IV we present results for the dc and ac conductances,
with a focus on the second ac harmonic that can be resonantly
enhanced. In Sec. V we discuss in detail the dynamic Stark
shift (resonance shift) and how it scales with the drive strength.
In Sec. VI we summarize the paper. Finally, the appendices
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FIG. 1. (a) A graphene field effect transistor, where the overall
doping level is controlled by a back gate (BG), and the source
(S)—drain (D) current is controlled by the top gate (TG) dc and ac
signals. (b) The harmonic ac signal of frequency 2 leads to inelastic
scattering that under resonance conditions excites an otherwise
unoccupied bound state in the top gate barrier potential at energy
E,. This leads to a Fano resonance in the transmission to E, due
to interference between processes (1) and (2) and a Breit-Wigner
resonance in the transmission to E, [process (4)]. Process (4) leads
to higher-harmonic generation, in particular the 2€2 harmonic.

contain all details of the derivation outlined in Sec. II and all
formulas used to obtain the results in Secs. III and IV.

II. MODEL

We are interested in the intrinsic properties of the graphene
transistor in Fig. 1(a), and neglect parasitics. This allows us to
make a minimal model in terms of a Dirac Hamiltonian

H = —io Vi +oyky +[Zo+ Z; cos(Q21)]5(x), (1)

where we have set the Fermi velocity in graphene equal to
unity, vy = 1. The Pauli matrices are as usual denoted o, and
oy. The top gate barrier potential is considered smooth on the
atomic scale and cannot induce scattering between the two
valleys in the band structure. In the end all observables will
contain an extra factor of 2 to account for valley degeneracy,
in addition to spin degeneracy. At the same time, on the Dirac
length scale (given by hvg/Ef after reinstating /& and vp),
we consider the potential width D to be small but its height
V to be large, such that we can take the limits D — 0 and
V — oo keeping the product V D = Z constant. The strengths
of the time-independent component Z and the time-dependent
component Z; can be different. The § function in Eq. (1) is
therefore smooth on the atomic scale but sharp on the Dirac
length scale. We consider the barrier to be translationally
invariant along the transverse direction, which guarantees that
the corresponding wave vector component k, is conserved.
The spatial dependence then enters through the coordinate x
perpendicular to the barrier. We assume homogeneous doping
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of the graphene sheet tuned by the back gate and that source
and drain contacts are sufficiently far away from the barrier
that evanescent waves from the contacts can be neglected; i.e.,
we avoid in this paper the so-called pseudodiffusive limit [31].

The methodology to solve the problem at hand is to first
solve the scattering problem for the wave functions satisfying
the Dirac equation

HYr(x,ky,t) = io W (x,ky,1). 2)

The solution can be collected into a unitary scattering matrix
for reflection and transmission coefficients between incoming
waves at energy E and scattered waves at energies E, =
E + n<. For the current, the Landauer-Biittiker approach [32]
is used to compute the current operator in terms of creation
and annihilation operators for incoming and scattered waves,
where the latter are related to the former through the scattering
matrix. A statistical average is performed to obtain the time-
dependent current that depends on the occupation factors of the
source and drain leads, which are given by the Fermi function
with chemical potentials shifted by the applied source-drain
voltage eV. Below, we shall give results for the conductance
in linear response to the applied source-drain voltage at zero
temperature.

For the scattering problem, since the Hamiltonian is
periodic in time, we use a general Floquet ansatz

Y(x,ky,t) = Zlﬁn(x,ky,E)exp(—iEnt). 3)

When plugged into Eq. (2) it yields a set of coupled differ-
ential equations for the (formally infinitely many) sideband
amplitudes v, (x,ky,E). In the following we do not write
the arguments x, k,, and E in order to keep the notation
compact. The sideband amplitudes can be arranged into a
vector ® = [...,¥_1,%0,¥1, ... 17, which then satisfies

V. ® = M, “4)

where

v v VA x
M,y = [kyo, +iE,0, — i Zpo, 8(x)] @ 1 — i%é(x)ax ® 2.
v )
Here, M4 is a trivdiagonal matrix in sideband space with
Dpm = 8um and () = 8y m+1 + Su.m—1. After integration
over x = ( we obtain a boundary condition

v VA «
d(x = 07) = exp [iZoox @1+ 1710,( ® 2} d(x = 0™)

=Mod(x =07). (6)

This boundary condition can also be derived by solving a
square barrier problem first, andintheendlet D — Oand V —
oo keeping the product V. D = Z constant; see also Ref. [33].
This boundary condition gives an elegant view of scattering
off a potential in graphene in terms of pseudospin rotation.
For instance, the static barrier leads to a rotation around the
pseudospin x axis by an angle —2Z,. If the pseudospin is
aligned with oy, i.e., electron propagation along the x axis
with perpendicular incidence, the rotation has no effect (Klein
tunneling [34]). For other angles, transmission is nonperfect.
The formulas for the transmission amplitudes 7, (k,, E)) derived
from Eq. (6) are given in Eq. (B14).
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FIG. 2. Energy and incidence angle dependence of transmission
probabilities for (a) elastic scattering To(E,¢) and (b) inelastic
scattering between energy E and E + 292, T>(E, ). The black regions
to the left of the white dashed lines in (b) are regions where the
second-sideband wave functions are evanescent waves decaying away
from the barrier. The barrier strengths are Z, = 0.47 and Z, = 0.45.
Inset: Transmission probabilities for fixed ¢ = /9.

III. TRANSMISSION AMPLITUDES

In Fig. 2 we display the transmission probabilities
T,(E,p) = |t,(E,@)|> for n =0 and n = 2, where T,(E,p)
denotes incidence on the barrier at energy E and transmission
at sideband energy E,, keeping the parallel momentum k, =
|E|sin¢ conserved (the angle ¢ is measured relative to the
barrier normal). In the main transmission channel Ty(E,¢),
Klein tunneling is apparent in that the transmission is very
close to unity. Deviation from unity transmission is due to the
static barrier of strength Z, and finite incidence angle (nonzero
¢) and, in addition, scattering to other sidebands with n # 0.
The transmission probability to the second sideband 7>(E,¢)
is in general very small. For certain energies there are Fano
resonances [23-25] induced by the time-dependent drive and
a bound state at the barrier, which give rise to a peak-dip
structure dispersing with ¢, one feature at positive energies and
another one at negative energies. The Fano resonances occur in
a parameter range where the outgoing waves (from the barrier)
at a sideband E, are evanescent (below we shall concentrate
on n = %1, which are the most pronounced resonances in
Fig. 2). This happens when inelastic scattering from E? =
ko (E)? + k% to Eﬁ =k (E,)* + k% (with conserved k) causes
k. (E,) to become imaginary. Resonant behavior occurs due
to the existence of a bound state on the barrier at energy
Ey(Zy,ky) = —sgn(Zy)lky| cos Zy [cf. Eq. (B9)] that can be
excited by the ac drive (in which case it becomes quasibound).
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The Fano resonance at E, = E;, £ Q is a quantum mechanical
interference between direct elastic tunneling and a tunneling
process involving excitation to the first sideband (for n = £1
at E, = E;, F Q) and deexcitation back to energy E; see paths
(1) and (2) in the diagram in Fig. 1(b) for the E < O case.
On resonance, inelastic tunneling to the second sideband is
enhanced and 75, (E, @) display Breit-Wigner resonance peaks
at E, = E, F Q; see Fig. 2(b). The resonance in 7>(E,¢) can
be viewed as due to transmission in energy space through
a double barrier structure with barrier heights proportional
to Z 1.

To extract more information about the above numerical
results, we proceed with an analytic approximation. We can
expand the boundary condition in Eq. (6) to second order in
the ac drive strength Z1, assuming Z; < 1,

sy iz < ZF .«
M%€°X1+TO'X®2—?(2'1+3), (N

where (é)nm = 8y.m+2 + 8n.m—2 in sideband space. To second
order in Z, the transmissions to the first two sidebands can
be computed by solving a system of equations for #y, £+, and
t1; see Appendix C. We separate two cases: (i) off-resonant
transmission and (ii) on-resonant transmission. For case (i)
off-resonant transmission, the equation system can be inverted
directly and we get (for each ¢; we suppress the argument ¢
below for brevity)

Z2
to(E) ~ [1 - Tl + ZitO(E)Ag 1(E){O(E ) A1 o(E)

+ r“”(E)Ao,_](E)t“”(E_])A_1,0<E)}r<°>(E),

te1(E) ~ —Zit O E41)Asr o(EXOUE), ®)
tir(E) ~ Z3[1O(E1)Asy 11 (ENO(E£1)As1 o(E)
— 1 O(E1)Ap o(E)ItOUE),

where tO(E,,) is the transmission amplitude without ac drive
computed at energy E,, and A, ,,(E) is a transition amplitude
in energy space between energies E,, and E,, which can be
related to off-diagonal matrix elements (in sideband space)
of the matrix M in Eq. (7). The above expressions make the
inelastic tunneling processes at play explicit, see enumerated
processes in Fig. 1(b). For instance, the expression for #,(E),
read from right to left, has a transparent physical meaning. It
consists of transmission amplitudes at £ and E;, separated by
a transition in energy space A o, corresponding to absorption
of one quantum 2. Consequently, the process is of order Z;.
Direct transmission has corrections to the static transmission
amplitude due to excitation and deexcitation to neighboring
sidebands (processes of order le), while #,(E) consists of a
direct process of absorbing two quanta, 2€2, and a sequential
process involving the first-sideband energy; both are of order
Z?. This tells us that the sideband amplitudes are in general
very small when Z, is small.

The above picture changes for case (ii) on-resonant trans-
mission, for energies near E, = E;, + 2 [we shall concentrate
on E, — Q in the following discussion, as in Fig. 1(b)]. In
this case, the equation determining the function tV(E, k) at
energy E, = E;, (heren = 1) has to be reconsidered. There is a
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pole in the matrix equation determining the scattering matrix at
this energy for fixed k,, corresponding to formation of a bound
state with evanescent waves decaying away from the barrier.
The bound state is unoccupied (decoupled from reservoirs)
in the absence of the ac drive. For case (ii) on-resonant
transmission, we get for energies §E around the resonance
energy E,

SE — Z3hy(E,)

—t(o) E s 9
SE +iZ2h\(E,) (Es) ©)

to(E, +0E) =~

Z3h3(E,)
SE +iZ2h\(E,)

where h;(E,) = h;(E; ky,Zo), j=1,2,3, are complex-
valued functions that can be read off from Eqgs. (C9) and (C10)
[their explicit forms are not important in the discussion below,
except to note that /21 (E, ) is purely real]. Note that ¢, is not well
defined near resonance (it was eliminated in the calculation)
because it is related to the excitation of the bound state. The
conductance computed below will not get contributions from
this sideband energy [crossed process (3) in Fig. 1(b)]. For
the direct transmission probability To(E, + 6 E), neglecting
for a while the second-sideband contribution (setting 4, = 0
above), there is a characteristic Fano resonance form To(E, +
SE) o (qT/2+ 8E)/[SE? + (I'/2)*], where T" ox Z3$2 and ¢
is of order unity, O[(Z;)]. This is the blue dotted line
displayed in the inset of Fig. 2(b). Taking into account
tunneling (in energy space) to the second sideband (%, finite
above) and higher, we obtain the corrected line shape, the
black solid line in the inset of Fig. 2(b). For the probability to
scatter inelastically to the second sideband, we obtain from the
above a Breit-Wigner resonance with the characteristic form
To(E, + 8E) < (T'/2)/[8E? 4+ (I'/2)?], which is displayed as
the black dashed line in the inset of Fig. 2(b). Thus, in a
range 6 E « Z 1252 around E,, the response is highly nonlinear
and higher-order harmonics can be resonantly enhanced, in
particular the second harmonic.

n(E, +8E) ~ tO(E, +29), (10)

IV. DC AND AC CONDUCTANCES

To quantify the resonant generation of the second harmonic,
we present calculations of the linear conductances G,, both
the time-averaged component (n = 0) in Fig. 3 and the first
two harmonics (n = 1, 2) in Fig. 4. Note that in the linear
response (small source-drain voltage), the source-drain ac
current [ = Zn I,e "% with its harmonics I,, naturally
defines ac conductance components G,; see Appendix D. In
Fig. 3(a) we plot the angle resolved conductance Go(Er,¢),
which reflects the sum over transmission functions, including
the ones displayed in Fig. 2. After angle integration, we obtain
the dc linear conductance; see the solid black line in Fig. 3(b).
Due to the ac drive, the dc conductance contains features not
present in the static case (included as thin green straight lines).
The Fano resonance is clearly visible as a peak-dip feature
in Go(EFp). Thus, it is enough to study the time-averaged
conductance to infer influence of the ac drive.

In Fig. 4 we present the real and imaginary parts of the
first and second harmonics, G{(Er) and G,(Er). For small
drive amplitude Z;, the harmonics generally scale as Z} in
perturbation theory and the second harmonic is expected to
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FIG. 3. Zero-temperature source-drain dc linear conductance in
the presence of ac drive of strength Z; = 0.45 on the top gate. Upper
panel: Impact angle resolved dc conductance Go(E r,¢). Lower panel:
Angle integrated time-average dc conductance Gy(EF) (black solid
line). The green straight line is Go(Er) in the static case, Z; = 0, for
comparison. The dip-peak structures are related to the Fano and Breit-
Wigner resonances in the elastic and inelastic transmission functions.
The static barrier strength is Zy = 0.47.

be small. Near resonance, however, it is enhanced to order
unity, O[(Z,)°], within a window of doping ~le§2 around
Er = E,. Thisresults in the second harmonic becoming of the
same magnitude as the first harmonic already for weak driving
(Z1 = 0.45 in the figure). This leads us to the conclusion that
the device can operate as a frequency doubler.

Parameter regimes

Parameter regimes available experimentally will affect the
possibility of measuring frequency doubling. First we discuss
typical gate lengths and drive amplitudes. These two quantities
are connected by the dimensionless parameter Z; = V| D/hvg
(reinstating 7 and v). For graphene, vy ~ 10° m/s. For gate
lengths of order 100 nm, we obtain a drive amplitude of V| ~
6Z; meV. For relatively weak driving as considered above,
Z ~ 1, the required drive amplitude is a few meV, which is
reasonable [35]. If the source is weaker, the gate length has to
be increased. Typical gate lengths used in experiments today
are of order 1 um, which with the help of nanowires have been
brought down to 170 nm [36].

Until today, graphene devices operating at room tem-
perature display frequency doubling in the frequency range
1-10 GHz [36]. Their operating principle is classical, only
relying on the bipolar gate voltage dependence of the dc
conductance [see thin green line in Fig. 3(b)]. With the
Fermi energy at dc operation aligned to the conductance
minimum, for instance by applying a suitable back gate
voltage Vg, an additional ac signal with frequency €2 on
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FIG. 4. Zero-temperature source-drain linear conductances for sideband currents with n = £1 and n = £2 in the presence of an ac drive
of strength Z; = 0.45 on the top gate. Upper panels: Impact angle resolved average conductances G, (Er,¢). Lower panels: Angle integrated
real and imaginary parts of average conductances G, (E ). The static barrier strength is Zy = 0.47.

the top gate (locally modulating the Fermi energy) leads
to a source-drain conductance response at frequency 22
simply because G(—EFr) = G(EF). For our proposed device,
on the other hand, the operating principle is based on a
quantum mechanical resonance effect. For weak driving, low
temperature is therefore needed. For Z; « 1, the resonance
width scales as Z?A2. To avoid broadening, we must require
small temperature kg7 < Z?hQ2. For a frequency of order
50 GHz we get T ~ 2 K for Z; ~ 1. For stronger drive, this
constraint is less restrictive. It remains to be experimentally
explored whether also room temperature operation and higher
frequency, 100 GHz to 1 THz, are possible to achieve for

stronger driving in a ballistic device. We note that another
quantum effect, the quantum Hall effect, has been observed at
room temperature in graphene devices [37].

V. DYNAMIC STARK SHIFT

As we have seen above, in the presence of the ac drive,
the barrier-induced bound state is excited and appears as
a quasibound state, which is broadened as well as shifted
in energy with respect to the original bound state. This
dynamic Stark shift can be investigated quantitatively by
computing the determinant of the matrix Mg defined in
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FIG. 5. Dynamic Stark shift as illustrated by plotting det[M] as
a function of complex energy E, where the matrix M is defined in
Eq. (B16). The points E,, in the complex energy plane where this
function vanishes coincide with resonances in the Floquet scattering
matrix. (a) Without the ac drive, Z; = 0, there is a true bound state
and the determinant vanishes at Re[E] = E;, and Im[E] = 0. (b) and
(c) Including the ac drive, Z; > 0, the minimum moves out into the
complex plane. The dashed lines indicate the position of the bound
state in the absence of the ac drive. The static barrier strength is
Zy = 0.4 and the impact angle is ¢ = 7 /9.

Eq. (B16). In the absence of driving, the matrix is diagonal
with the nth matrix element given by D(k,, E,); cf. Eq. (B4).
The determinant therefore vanishes, det[Mg] = 0, if one of
the sideband energies equals the bound state energy Ej,
since D(ky,E, = E;) =0 as explained in Appendix B 2.
Including drive, Z; > 0, the zeros of the determinant move
into the complex energy plane [26,38], E;, — Eero, Signaling
a quasibound state. The resonance energy E, = Re(Eye,) is
then shifted from Ej,. The resonance width can be related to
Im(E o). This effect is illustrated in Fig. 5, where we plot
det[M;] as function of complex energy. In Fig. 6 we plot
the resonance energy shift and the broadening as a function
of drive strength. For weak drive, the shift is proportional
to ZfSZ, while the broadening scales as ZfQ. For stronger
drive, higher-order contributions lead to a deviation from this
scaling. The resonance shift could be mapped out directly in
an experiment, since the Fermi energy of graphene is tunable
by the back gate.

VI. SUMMARY

In summary, we have investigated time-dependent transport
in a ballistic graphene field effect transistor with ac drive on its
top gate. We find resonances in inelastic scattering to sideband
energies related to excitation of a quasibound state in the top
gate barrier. This leads to substantial resonant enhancement of
the second harmonic of the source-drain conductance, that
could possibly be used in developing a frequency doubler
based on a ballistic device.
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APPENDIX A: WAVE SOLUTIONS IN GRAPHENE

1. General solution

We start by introducing general wave solutions in graphene
without time-dependent perturbation. They are known (see,
e.g., Refs. [39,40]) and we write them down here to establish a
coherent notation for subsequent sections. As mentioned in the
main text, we consider only one valley (one K point) described
by the Hamiltonian

Ho = —io -V, 0 = (0y,0y). (A1)

We have to solve the Dirac equation 9,y (x,y,t) =
Hovr(x,y,t), which is done by the standard ansatz

Y (x,y,1) o et re® e Ey (k ky E). (A2)
We obtain the following eigenvalues and eigensolutions,
Ej(ke,ky) = A Jk2+ K2, A= £, (A3)
Vil ky ) 1(1> (Ad)
X 9 = ——— |\ kietik, |-
ARV

2. Scattering basis

Note that once we have found the spectrum, Eq. (A3), there
are only two independent parameters labeling eigenstates, e.g.,
(ky,ky) or (ky,E). Since we are going to build a scattering
theory following Biittiker [32,41] the latter choice is natural
because we assume translational invariance along the barrier
(y axis); cf. Eq. (1). In order to introduce the scattering basis we
have to find the group velocity of states propagating along the
x axis (perpendicular to the barrier). Using standard definitions
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we have
oE
u(ky,E) = ok, = tu(ky,E),
(k,,E
vk, E) = % (A5)

Kky(ky,E) = sgn(E),/ E? — k}z,,

where the upper and lower signs describe particles moving in
the positive and negative directions along x, respectively. Then
we can introduce a scattering basis via

1 1 .
— ,k~,E [ — le(k)-,E)x’
Yo (x,ky E) 2U(ky,E)(77(kyaE)>e
1 1 )
<« ,k,,E = — | _ —lK,\-(ky,E)x’
vtk B = D (n(ky,E)>e N
.y = Kotk B) Fiky (A6)
77 ¥y - E N
_ —ky(ky,E) + ik,
n(l@,E):%,

where arrows indicate the direction of propagation. The
normalization in Eq. (A6) is chosen such that particles carry
unit probability flux along the x axis, defined as

o ky E) = ¥ (. ky, E)or ¥ (x, ky, E). (A7)

This basis is used to find a scattering matrix and build the
scattering field theory below.

APPENDIX B: FLOQUET SCATTERING MATRIX
IN GRAPHENE WITH AC § POTENTIAL

Let us now discuss the Floquet scattering matrix for
graphene in the presence of an oscillating line scatterer; i.e.,
we consider a system described by [cf. Eq. (1)]

H = Ho + [Zo + Z1 cos(Q21)]8(x). (B1)

Before discussing the solution associated with the full time-
dependent Hamiltonian, it is instructive to consider the
stationary case, Z; = 0.

1. Static § barrier

For a static barrier, scattering is elastic, and it is easy to write
down a scattering ansatz, first assuming incoming particles
from the left,

~(ky, E)+rO% _(x.k,,E), x <0,
Yy ) = | Vo S EY 4 TRk )
. t(o)lpﬁ(x,ky,E), x > 0.
(B2)

The superscript X© indicates functions X computed for a
static barrier. The unknown transmission t(o)(ky ,E) and reflec-
tion rO(k,,E) coefficients are found through the boundary
condition at x = 0, which reads [cf. Eq. (6)]

V(0™ ,ky, E) = expli Zoo 1 (0 ,ky, E). (B3)

It is straightforward to find a solution to Eq. (B3), but it is
convenient for what follows to write down an equation satisfied
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by 1@,
D(k,, E)t© =1,

D(ky.E) = —iitky,E) 1) (B4

2v(ky,E)(

x expli Zyoy] (U(k: E))'

Using Eq. (A6) we can easily simplify Eq. (B4) and obtain

©) 1 . sin Zy -
tY(ky,E) = D(ky,E)™ = | cos Zo+i . (B3)
’ ’ v(ky,E)
Let us introduce an incidence angle ¢, measured relative to the
barrier normal, via k, = | E| sin ¢. Equation (B5) can then be
rewritten as

COS
1Ok, E) = L4

—. (B6)
cos g cos Zy + i sin Zy

2. Barrier-induced bound state

It is well known [42] that poles of the scattering matrix
correspond to bound states. In our case the static § barrier
induces exactly one bound state as will be shown now. We
equate to zero the denominator of Eq. (BS), giving

ke(ky, E) = —i E tan Z,. (B7)

Equation (B7) is periodic in Z, and we consider for defi-

niteness —7 < Zo < 7. We then impose a condition that the

bound state solution has to be decaying away from the barrier,

which means
Kx(ky,E)zi‘/kﬁ—Ez. (B8)

Collecting the above, the energy of the bound state is given by
E, = —sgn(Zy)|ky| cos Zy. (B9)

It is interesting to note that the bound state plays no role in dc
transport in our model setup since it is disconnected from the
continuum of propagating waves connecting the contacts. This
circumstance changes as soon as we allow inelastic scattering
on the barrier, when Z; # 0.

3. Oscillating § barrier

In the case when Z; # 0 the Hamiltonian, Eq. (B1),
is periodic in time, which enables us to use the Floquet
theorem[27-29] for finding eigenvectors,

+00
Y kyt) = e F Y TNy, (x ky E).

n=—0oo

(B10)

We organize the (formally infinite) many sideband amplitudes
Yn(x,ky, E) into a column vector

Wfl(kayaE)
wo(-kay’E) ’
Vi(x.ky,E)

D(x,ky,E) = (B11)
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and write down the condition to be satisfied at x = 0 [cf.
Eq’ (6)]7

®(0,ky,E) = MOk, E),
. . Z y
M = exp [izoax &1+ iT‘ox ® 2], (B12)

[i]n,m = 5n,ma [é]n,m = 8n,m+1 + Sn,mfl-

Since the barrier is active only at x = 0, asymptotic solutions
are still given by a linear combination of the static solutions
in Eq. (A6). The barrier only scatters an incident particle
with quantum numbers (E,k,) into a linear combination of
states with quantum numbers (E,,k,). In the end, for our
model, we have to consider only propagating outgoing waves,
E, > |k,|, for calculating transport properties. Therefore we
use the following ansatz:

Un(x.ky, E)

(Sn,()wa(xakyaEn) + rrﬂﬂ(—(x’kyaEn)y X < O’
I UY2NCH N ) x>0,
(B13)

We can eliminate reflection coefficients r,(ky,E) and find a
system of equations for #,(k,, E) only, which reads

1
—iitky, Ey) 1
; 2\/v(ky,E,,)v(ky,Em)( ks B 1)

y 1
X[M]nm <7](kysEm)> Iy = 8:1,0- (B14)
|
(1
2
Z1 Aoty + (1 -z

2

Z3Aoaty + Z1 Aoty + <1 - Tl

ZIA_ it + Zi Aoty + (1

2 Zi
ZiA oty +Z1A gt + 2

where we have used the following notations:
Dn(kysE) = D(ky,En)v
i/ 1

|}’l - m| 2\/U(ky7En)v(kyaEm)

An,m = (_ﬁ(kvan) 1)

Note that from Eq. (C2) and Eq. (B4) it is obvious that
D, 1(ky,E) = t(o)(ky,En) provided the corresponding wave
is propagating, i.e., E, > |ky|. On the other hand the new
functions A, ,, have a meaning of transition matrix between the
sidebands. Now we recall that the presence of a (static) § barrier

>Dof0 + Z1Ag ity + Z}Ag ot 5 =1,

PHYSICAL REVIEW B 93, 035435 (2016)

Equation (B14) must be solved numerically, in principle for
infinite number of sidebands. In practice, the number of
sidebands can be limited to n € [—N,, N,.], where the cutoff
N, can be estimated by expanding Eq. (B12) and studying the
coupling to sidebands. In this way we find a tolerance measure
€ for the cutoff,

(Z1/2)™ e
[(Ne/D!T?

With the sideband cutoff, the above system of equations can
be collected into the matrix form

(B15)

M - t=4,,, (B16)
where Mg is a (2N, + 1) x 2N, + 1) matrix, t is a vector
of length 2N, + 1 with the transmission functions #,(k,E)
for n € [-N,N,], and 8, is a vector of length 2N, 4 1
with elements §, o. The transmission functions are found by
inverting the matrix M.

APPENDIX C: ANALYSIS OF SIDEBAND TRANSMISSION
COEFFICIENTS: FANO AND BREIT-WIGNER
RESONANCES

For Z; <« 1, we expand M up to terms of order 0(Z}),
and consider five outgoing channels with n = {0, + 1, &£ 2}.
Then we obtain a system of five coupled equations which reads
[omitting the arguments (k,, E) for brevity]

2

Z
— T1>D2t2 + Z1 Ayt + Z%Az’oto =0,

>D111 + Z1Avoto + ZT A1t = 0,

(ChH

ZZ
')D I+ Z A t,=0
4 —10—1 1A—-1,-2t-2 )

2

)Dzlz =0,

(

implies the existence of a bound state, see Appendix B 2, which
now can be coupled to the propagating waves via inelastic
scattering. In this case one of the functions D, (k, E)) vanishes
when E, = E,. This possibility leads to resonances in the
transmission spectrum of the sidebands (see Fig. 7), as will be
discussed in detail below.

1. Off-resonant transmission

We will first consider the rather trivial case of transmission
in different sidebands away from the resonances. In this case
we can straightforwardly estimate orders of magnitude for the
sideband transmission coefficients keeping only contributions
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FIG. 7. Energy and incidence angle dependence of transmission probabilities for inelastic scattering to the sidebands. The static barrier

strength is Zy = 0.47 and the ac drive strength is Z; = 0.45.

0(Z),

(0)

fo =1, + Z%‘L’(),

ty) = Z T4y, (C3)
ti) = lel}z,

where we introduced for convenience 1 (k,, E) = tO(k,, E,,).

Keeping the same order of approximation in Eq. (C1) we can

easily solve it with the following results,

1 A A_
(0) 1,0 (0) 1,0 '\,
oo=|-4+1¢t Ag1—— +1t, Ag_1—— |t;,
0 (4 0 0,1 Dl 0 0,—1 D—l ) 0
Ax1,0 (0)
Ty = ——1y , (C4
Dy °
At +1 Ax1o A0\ (0
T4y = - Iy s
Diy Dy Dy,
which were also collected into Eq. (8). The transmission

coefficients, Eq. (C3), supplemented by Eq. (C4) have a physi-
cally transparent form if they describe propagating waves, i.e.,
waves with all E,, > |ky|. In this case we can identify D, I =
19 [see Eq. (B4)] and, reading the resulting expressions from
right to left, we can distinguish the transmission processes
depicted in Fig. 1(b) [except that E; # E} in the process (3),
according to our assumption].

2. Close-to-resonance transmission

Now we will focus on the resonances associated with the
case when the energy of one of the n = £1 sidebands hits

the bound state, E1; = Ej, and the corresponding channel
is closed. They are observed as zeros in 7y; and maxima
in Ty,, dispersing with the incidence angle ¢ (see Fig. 2).
For definiteness we will consider the resonance condition for

n = 1, butthis analysis is straightforward to repeat forn = —1.
The resonance condition reads
Dy (ky,E,) = 0. (C5)

We expand the D coefficient in Eq. (C1) around the resonance
energy assuming

E=E—-Q+3E=E+0E, [|8E| <{Q,lkyl},
Dk, E)~ oE (C6)
Py, =2 |ky|sin? Zy~

Evaluating all other functions in Egs. (Cl1) at E = E,, we solve
the resulting system of equations keeping only terms of order
OWE ,Z%). The solution for £y and ¢, reads

_ SEDZ - leA],zAZ,]lk”Sinz ZQ
SEDoD, — Z3(DyAg 1 A1 + DoAj 1Az 1)lky| sin? Zy'
(C7)

fo

_ Z%A2,1A1,0|ky| Sil’l2 ZQ
SEDoDy — Z3(DyAg 1 A1 0+ DoA1 oA 1)lky|sin? Zy
(C8)
We note that for |k,| — 0, |to|> will be close to unity due to

Klein tunneling [34] and there is no resonance behavior. If
we consider the case when both the main channel n» = 0 and

15)
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0.4
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093 12

FIG. 8. Energy dependence of transmission probabilities 7 and
T, for incidence angle ¢ = 7/9, Zy = 0.4, and Z, = 0.45. The blue
dotted line is the result for 7, when neglecting scattering to the second
sideband at E;. In this case, the Fano resonance is fully developed
(peak at unit transmission and dip at zero transmission).

the second sideband n = 2 are propagating, then Eqs. (C7)
and (C8) can be rewritten as

= SE — Z2A1 21" Ay i |ky| sin® Z, 0
SE — Z2(1” Ao Ar o+ A2t As 1) lky | sin? Zg
(C9)
. Z3 A1 Aoty lky| sin? Zg o
SE — Z2(1” Ag1 Ar o+ Ay 21" As 1) Ik, | sin? Zg
(C10)

with the shorthand notation téo) =19(E,)and t;o) = 1O, +
2Q). If we analyze these expressions we can see the following:

(1) if we compute the corresponding transmission proba-
bilities, Ty = |t|%, and T» = |t,|?, we clearly see that T has a
Fano-type resonance shape, while 75 is of Breit-Wigner type
with the width of the resonances o« Z flky| sin? Z;

(2) exactly at the resonance, § E — 0, both 7y and #, have
finite values independent of Z; due to constructive interference
between the first and the second sidebands.

In Fig. 8 we compare the approximate solution we have
found with the exact numerical calculation [see inset of
Fig. 2(b) in the main text]. We clearly see that Egs. (C9)
and (C10) correctly describe all the essential features of the
transmission probabilities discussed above.

Finally, in a more strict expansion of all functions in
Eq. (C1) to linear order in § E, more cumbersome expressions
are obtained, but the above conclusions will not change, as
also supported by the good agreement between the black and
red lines in Fig. 8.

APPENDIX D: SCATTERING FIELD THEORY
OF AC CURRENT

In this section we briefly describe the method we used
to compute ac electric current. The theory below is valid
as soon as a single-particle approach is justified, i.e., when
particle-particle interactions can be neglected. Without loss of
generality we assume particles incident on the barrier from the

PHYSICAL REVIEW B 93, 035435 (2016)

contact « [e.g., the source contact; see Fig. 1(a) in the main
text]. Using the scattering basis, Eq. (A6), found above we
construct a field operator

b [T g [ E
w(x,y,1) = —e'" —
—o0 2 |E|>Iky| V270

xe™ ! [Jain(ky, EYs (x,ky E)
+]?a,out(kyaE)w«(x’kyaE)]
in the local coordinate system of the contact, where

Vainjout(ky, E) are the corresponding annihilation operators for
the incoming/outgoing particles, which satisfy

(D1

(Fain(ky E). 73 (k) N} = 84,58(ky — K))O(E — E),
(Fainlky, E), Pp.in(K}, EN} = 0, (D2)
(Ph wlky E). 9} K, EN} = 0.

According to the scattering theory the outgoing operator
Pa,outlky, E) is, via a scattering matrix, related to the incoming
one. For our case of an ac barrier and static contacts this
relation reads

Puwoulky E) =" 3" Suplky: E.E)Ppin(ky, Ey), (D3)

B n,propag.

where we restrict the sum over sidebands to propagating
waves only, which is equivalent to setting the scattering matrix
elements to zero if an incoming/outgoing wave is evanescent.
Then we construct the current operator defined by the standard
expression [41]

Iy(x,t)=e /dy Ui,y 0o W (x,y,0), (D4
where e is the electron charge. Note that §(k, — k;,) in Eq. (D2)
must be understood in the sense of a Kronecker symbol
meaning that we use Born—von Karmén periodic boundary
conditions in the y direction. This means that there are
correspondences

+oo g ) ,
Sk, —K,) = f T ety (DS)
—0o0
1[5 amy
® / dy 67 =5, (D6)
L, Jo
and
27 +00
= /_ _ dk. (D7)

ykﬁ

To obtain an observable quantity I,(x,f) we compute a
statistical average of Eq. (D4) with the help of

(Pd ia(kys NP intky E) = 80,68(E — E') fo(E), (D8)

where f,(E) is a Fermi-Dirac distribution in the contact «.
The resulting expression has the form

+00

L= Y e Iu(x), Lo _n(x) = I, (x),

n=—0oQ

D9)
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where

n*(ky,E) + i(ky, Ep)

PHYSICAL REVIEW B 93, 035435 (2016)

+00
L (x) = dk dE!8, 0 fa(E) +
2 e/—oo y/E|>|ky { oJa(E) 2, /v(ky, EYv(ky, Ey)

F}*(ky, E_,)+ ﬂ(ky, E)ei[Kx(kqu—n)""K,\(kys
2 /olky E_pyoik, . E)

535>

B m=—o0

2 U(kva)v(kvan)

Using unitarity of the scattering matrix [43],

D0 Suplys En En)) Suy (kys En, E) = 85,80,

o n

D Syplhys Eny E[Suplys E,EDTT = 8080,

B n

we can rewrite Eq. (D10) in the following form:

—00 |E|>ky|

2 /uky, Eyo(ky. Ey,)

i (ky, E_p ky,E) =
+ n ( y )+ 77( y )el[Kx(ky,E,,,)+Kx(ky,E)]x[Saa(ky; E—naE)]Tfa(E) 4 Z Z

2/vlky, E_(ky, E)

sl £l Buso WS (s s B Sap(Kys Engm E)Lfp(E) — fa(Emn}.

n*(ky,E) + ﬁ(ky»En)ei[Kx(ky,E)ka(ky,En)]x[

—i rkvaE x kwEn .
e Eltex ey, Edbe(ky )]xSaot(kyv En,E)fa(E)

WS, kys E_p, D' fol E)

Saﬂ(ky; E, Em)]JrSaﬂ(ky; EnvEm)f/S(Em)} . (D10)

(D11)

(D12)

S kys En, E) fo(E)

r_]*(kwEm) + ﬁ(k)fsEn+m)
2\/v(k_vaEm)v(kyaEn+m)

B m=—o0

(D13)

In contrast with the usual Biittiker theory [32], one cannot in general neglect the energy dependence of «, (ky, E) and v(k,, E,,)
in Eq. (D13), because the Fermi energy Ef in graphene can be tuned to the Dirac point. On the other hand, if we keep the first
two terms on the right-hand side of Eq. (D13), we see that the ac current components are formally determined by the full Fermi

sea rather than states close to the Fermi surface only.

APPENDIX E: AC DIFFERENTIAL CONDUCTANCE

In this section we present formulas that we use to compute
ac conductance for different sidebands in the main text. We
assume that our system [see Fig. 1(a)] is at low temperature
and compute a linear differential conductance with respect to
the source-drain bias voltage Vi,

af (E
Jo(E) = f(E —eVy), - IE) — 8(E — EF),
_ aID,n(x = O+7VS)
Gu(EF) = Vs - (El)

Note that in principle the current, Eq. (D9), is a function
of coordinate and we choose the point x =0T in our

(

calculations. If we use the results of the previous section we
obtain

n*(kyaEm) + n(kyaEn+m)
2\/U(kvam)v(kysEn+m)

6‘2 00 400
Gu(Er) = — / dky )"

m=—0Q

X t1 (ky, Etyym(ky, E) : (E2)

E=Efr

where we have restored Planck’s constant /4 to obtain the well-
known conductance unit. This formula was used in Fig. 3.
Finally, in Fig. 4 we present more details of the results obtained
with the help of Eq. (E2) for sidebands with n = £+1, £+ 2.
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