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Abstract—This paper studies the energy-limited performance
of multi-relay networks. Taking the properties of the power
amplifiers (PAs) into account, we derive closed-form expresons
for the optimal power allocation, the outage probability and the
throughput in the cases with a sum consumed energy constrain
Moreover, we analyze the diversity and the multiplexing gaas of
the PA-aware systems. Finally, we investigate the perforntece of
large-scale multi-relay networks and develop efficient mul-relay
systems with low cooperation overhead. The numerical and th
analytical results show that the inefficiency of the PAs affets the
outage probability and the throughput of the multi-relay systems
substantially.

I. INTRODUCTION

amplifier-aware data transmission schemes is of fundarmenta
importance [18], [19].

In this paper, we study the data transmission efficiency of
the multi-relay systems in the cases with non-ideal (rge)is
PAs at the relays. The problem is cast as the optimizatiolneof t
throughput and the outage probability in the presence ofra su
consumed energy constraint on the source and the felays
symmetric and asymmetric multi-relay set@pwith identical
and different long-term channel statistics, respectivelg
derive closed-form expressions for the optimal power allo-
cation rules and the network outage probability/throughpu
Also, we derive necessary conditions for positive divgraitd
multiplexing gains in a PA-constrained multi-relay netkor

The next generation of wireless networks must provide highinally, we analyze the data transmission efficiency of the
rate data streams for everyone everywhere at any time. To s§9e-scale multi-relay networks, with many parallel yela
dress the demands, the main strategy persuaded in thevast#@des, and propose low-overhead cooperation schemes for

years is the networklensification[1]. One of the promising

multi-relaying. Among the others, some of the interesting

methods to densify the network is to use many small che§gnclusions of the paper are as follows:

distributed relay nodes that support the data transmi$sion
the sources to the destinations. This approach is refeored t
multi-relaying in the literature [2]-[6].

o The cooperation gain of the multi-relaying systems de-
creases at low signal-to-noise ratios (SNRs). Therefore,
compared to the cooperative multi-relaying, the non-

Multi-relaying is an efficient scheme to increase the servic
availability and coverage area in dense networks. Compared
to the current cellular networks, the relays are expected to
cover regions of considerably smaller diameter [3]. More-
over, the relays are responsible for local connections andge
depending on the data traffic, might be mostly off. As a
result, multi-relaying is an attractive approach, in terofs
green communication. However, because the relays corfsist o
simple cheap elements, their hardware impairments, dpecia °
the power amplifiers (PAs) efficiency, should be taken into
account in the performance analysis [7]-[15]. The problem
becomes more important when we remember that in life cycle
studies of the state-of-the-art wireless communicaticatesys

cooperative multi-relay setups are preferable at low
SNRs because they lead to the same throughput and
outage probability with less implementation complex-
ity/signaling overhead.

With a PA-constrained multi-relay system, a necessary
condition to have positive diversity and multiplexing
gains is that the number of relays scales with the total
consumed power at least logarithmitically.

A large-scale multi-relay system with no channel state
information (CSI) feedback reaches half the ergodic ca-
pacity of the non-relay setup with perfect CSI feedback.
Therefore, multi-relaying can compensate the lack of CSI
in limited feedback schemes.

the radio transmitters have been estimated to be respensiblMoreover, the numerical results show that the inefficiency
for 70% — 90% of the energy consumption during operationgf the PAs affects the performance of multi-relay networks
most of the electrical energy is consumed by the final raensiderably. For instance, with/ = 4 cooperative relays,

dio frequency (RF) PA stage [16]-[18]. Therefore, designirthe outage probabilitg0—2 and common parameter settings
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energies scaled by a constant (length of the sub-codewords)

2Symmetric and asymmetric networks are also referred to ambeneous
and heterogeneous networks, respectively, in the litexate.g., [20], [21].
However, for the sake of clarity, we use the terminologiegm®metric and
asymmetric networks” in the following to refer to cases widlentical and
non-identical long-term statistics of the relay links.



of the PAs, the imperfection of the PAs results in more thgmon-ideal) PA at the source). The relays are equipped with
6 dB loss in the energy efficiency (see Fig. 3). PAs which are modeled as follows.

It is worth noting that the effect of the PAs on the It has been previously shown that the PA efficiency can be
performance of single- and multi-relay networks have besayritten as [22]

previously studied in [7]-[15]; designing the amplifier- P P Y pmax)s
aware receivers for orthogonal frequency-division migtip —oos = € <Tax> = pons— opl=Y o = ( ) . (D)
ing (OFDM) amplify-and-forward (AF) relays, developing P P €

multiply-and-forward relays for PA-based two-way cooperéHere, P, P& and P are the output, the maximum output
tive communication and analyzing the outage/error prditgbi and the consumed power of the PA, respectively [0,1]

of the OFDM AF relays are considered in [7], [8] and [9]denotes the maximum power efficiency achievedat P™a*
[10], respectively, where the results are obtained for t@es and ¢ is a parameter that, depending on the PA classes,
with single relays. Moreover, [11]-[15] consider the PAséd yaries betweer0, 1]. Moreover,a = P™)’ s an auxiliary

€

multi-relay networks in which the power spectral density][1 variable to simplify the representation of the equatiortsus]

the symbol error rate [_1_2], [13], the optimal power aII(_)oatl using a = w, the following analytical results can be
[14] and the power efficiency [15] of the network are investizayyritten to represent the system performance based on the
gated for different relaying schemes. In these works, thelt®  pas maximum output poweP™* and efficiencye. Similar

are obtained for various PA nonlinearity/memory models, o, 4els as in (1) have been expressed by [23, eq. (2.14)], [24,
instance, the Bussgang linearization theory, which aferdint eq. (6)], [25, eq. (6) and Table 1], [27, eq. (3)] and [28, &)].(
from our PA model. Here, we analyze the system performangfs, our own efficiency measuremehisf different classes

for the PA efficiency model given in [22]-{28] which has beegy 4mpiifiers have indicated that the equation is indeedequit
validated both analytically and experimentally (the reswlf sefy| and accurate, e.g., [26]. Therefore, in harmony with

[22]-[28] are on non-relay networks with different problenrzz]_[zs]’ we consider (1) as the PA model. Note that in

formulations/conclusions from our work). In summary, We1) the paramete™ has different effects, as it implies a
consider different PA model, optimization criteria/mesrand  mayimum output power constraidt < P™ on the relays
problem formulation, compared to [7]-[15], which lead tawe 5,4 also affects the PAsffective efﬁaencyeﬁ = e(-2)7.
analysis/conclusions. Moreover, our discussions on therdi Finally, with an ideal PA we have = 1,9 = O,Pmaxpﬁ 50
sity and multiplexing gains, the optimal power allocatiorda ;, ).

the large-scale multi-relay networks have not been present

before.

I1l. PROBLEM FORMULATION

Considering a multi-relay setup with/ relays,@ informa-
tion nats are encoded into a codeword of lengtlsymbols

Consider a communication setup with a sourgé,inter- and rateR = %. The message is sent from the source to the
mediate relays and a destination. In harmony with, e.g], [10elays in a frequency slot of bandwidth= 1. Let us define
[12], [29], we ignore the direct link between the source drel t M C {1,..., M} as the set of the relays which decode the
destination. The channel coefficient between the sourcérend source message successfully &g as the cardinality of\1,
m-th relay (resp. between the-th relay and the destination)i.e., the number of successful relays. Each relay is asditme
is denoted byh,, (resp,}}m)_ Also, we defineg,, = |h,,|? atime-frequency chunk of lengthand bandwidthI% (in total,
and g,, = |iLm|2 which are referred to as the channel gain;% symbols in a chunk). We analyze the system performance
in the following. The system performance is studied in blockor two approaches:
fading conditions, e.qg., [7]-[15], [27]-[31], where thearimel « Centralized cooperative If relays M C {1,..., M}
coefficients remain constant during the channel coherence decode the codeword correctly, they encdgi@ats into
time, and then change to other values according to the fading a parent codeword of Iength% symbols, divide the
probability density function (PDF). The PDF of a random  parent codeword int@”y, sub-codewords of Iengtlj%

Il. SYSTEM MODEL

variable X is represented by'y. In each link, the channel  and each relay uses its own chunk to forward its sub-
coefficient is assumed to be known by the receiver, which is  codeword to the destination. The cooperative approach is
an acceptable assumption in block-fading conditions [[4+[ studied in Section V.

[27]-[31]. However, there is no instantaneous CSI avadlattl . Non-centralized non-cooperativeHere, each successful

the transmitters. The codewords are assumed to be comstruct relay encodes the source message into the same codeword
by the standard complex Gaussian codes [32, Chapter 9]. of length £ individually, and forwards the codeword to
Finally, a packet period is defined as the transmission of a the destination in a different sub-channel (see Section V
message from the source to the destination. for more details).

Power amplifier modelWe assume an ideal PA for thetne motivations for the considered schemes are as follows. A
source, motivated by the fact that the base stations €monstrated in, e.g., [2], two different schemes have been
commonly equipped with considerably stronger PAs than thgnsidered for multi-relaying, namely, centralized andh-no

relays. In the meantime, it is straightforward to extend th&ntralized. In the centralized (cooperative) scheme naraie
results to the cases with non-ideal PA at the source (se®Fig.

and its corresponding explanations for the cases with &tieal 3The measurements have been done in our laboratory at Clea[@ajr



unit coordinates the relays such that each relay knows theThe outage probability is found as

message decoding status of the other relays, and the relays

transmission rates/powers/coding are adapted jointly If2] Pr(Outagg = »  Pr(M) Pr(OutagéM), 3)

the non-centralized (non-cooperative) scheme, on ther othe YM

hand, each relay operates individually forwarding the seurwhere Pr(M) is the probability that the source message is

message to the destination. correctly decoded by the set 8ft C {1,..., M} relays (and
To enjoy the benefits of the cooperative scheme, the channet the other relays).

code should satisfy the following requirements: Denoting the source and the-th relay powers byP and

ﬁm (in watts), respectively, we can use (1) to find the total
consumed energy during a packet transmission period as

> 155;19) (4)

VmeM

1) A parent code that can be punctured into different su
codewords and
2) a decoder decoding the data based on all received signals. o
{=PLP=P+a) <Pr

To create such codes, one can follow the same procedure as v

in Type Il (incremental redundancy) automatic repeat retjue

(ARQ) schemes [31], [33], [34] where the parent code 'whereaP,}L ¥ is the consumed power at the-th relay and

punctured into sub-codewords but, instead of retransmitti P is defined as the average energy-per-symbol.

the sub-codewords in the successive retransmission rafnds Using (2)-(4) for a given raté&? and because the throughput

ARQ, they are sent by the relays in different frequency slots is a monotonic function of the outage probability, the egerg

this way, knowing the message decoding status of the othdiiiited throughput/outage probability optimization pleim of

each relay can produce the parent codeword individually atite multi-relay network is formed as

pick its own sub-codeword. Note that, for any given rate, ) .

the existence of such codes has been previously proved for PP Pr(Outagep, P, vm) 5)

sufficiently long Gal_JSS|an codes, on which we concentrate subjectto P = ¢, P,, < P™ W,

[33]. Also, there exist several practical code designs,, e.g

[35], [36], that satisfy the considered requirements. Moeg, Where¢ denotes the average energy-per-symbol constraint (in

as seen in the following, the non-cooperative scheme cand, 10log;, ¢ which, because the noise variance is set to 1,

considered as a special case of the cooperative approach v@treferred to as the system SNR as well).

the same sub-codewords at the data transmitting relayss, Thu In the following, we study (5). This scenario is of interast i

as long as the code is sufficiently long, the existence of tHee green communication concept, where the goal is to mini-

code is guaranteed in the non-cooperative scheme as viire the total energy required for data transmission, 8],

[33]. Then, as shown in, e.g., [35], [36], the performance ¢88], and also for electricity-bill minimization. For sirtipity,

the ARQ-like codes with asymptotically long codes is verwe assume the transmission rdteto be previously designed

close to the ones with finite block-length. Therefore, aljio based on, e.g., data structure/coding complexity/quality

the results of the paper are obtained for the cases with loggfvice requirements. Therefore, the transmission ratets

codewords, similar results are expected in the cases wensidered as an optimization parameter throughout therpap

sub-codewords of moderate length. Finally, note that, avhiHowever, 1) the results are valid for any given transmission

Gaussian codes support any transmission rates, in theqadactate. Hence, this assumption does not affect the generality

codes the number of relays and the code rate of the n@i-the arguments. Also, 2) it is straightforward to extend th

cooperative scheme should be designed such that the rel@gtllts to the case where, along with the transmission ower

data rate does not exceed 1. the transmission rate is optimized as well (As an example,
The destination combines all signals received from the réee Corollary 2 and Fig. 6 where we derive the optimal rate

lays to decode the message. In this way, the system throtgrgglpcation in the large-scale multi-relay systems).

is given by To study (5), we first need to find the probability terms
Pr(M) andPr(OutagéM) as functions ofP, P,,, Vm. Hav-
Q ) R ing the probabilities, all metrics involved in (5) are regpeated
n= 5 Pr(Decoding = = (1 —Pr(Outage).  (2) a5 functions of the optimization paramete?sE,,,Vm. De-

pending on the number of relays and the PA model, (5) may
where Pr(Outagg is the outage probability, i.e., the probabe a complicated non-convex problem and there may be no
bility of the event that the source message is not correctijosed-form solution for the optimal power termsP,,,, Vm.
received by the destination. Alsd®r(Decoding = 1 — Therefore, as stated in Section VI, we may need to use the
Pr(Outage is the successful message decoding probabiligerived closed-form expressions of the performance nsetric
For a given rateR, the throughput (2) is a monotonic functionand iterative algorithms, to optimize the system perforogan
of the outage probabilitypr(Outage. Therefore, we do not An alternative is to implement approximation techniques to
need to optimize the throughput and the outage probabiliderive the optimal power allocation rules, as demonstrated
separately. Instead, both the maximum throughput and tReoperties 2-3.
minimum outage probability are obtained by minimizing the To close the section, it is interesting to note that with the
energy-limited outage probability, or equivalently making proposed scheme it might occur that some of the relays sub-
the energy-limited message decoding probability. channels are not utilized for data transmission. However, a



demonstrated in Subsection IV.B, the amount of the unuii the cooperative approach. Property 1 provides an exact
lized spectrum resources becomes deterministic in lacgkes expression and bounds for (8).

networks, on which we focus. Therefore, the free spectrumProperty 1. The probabilitiesPr(OutagéM) are given by
resources can be used for spectrum sharing applications in ) .

a cognitive radio manner [1], [39], [40]. Moreover, as seen Pr(OutageM) =1 — e Zvmen B o

in the sequel, the spectrum loss is avoided at moderate/high eMR X (1,1,0)

SNRs because most of the relays are always active with high{{ =" [ VX 11 ( = )‘ A :
probability. One may consider the scenario where the relays wmem Em7l010,(1,1, =2,
allocated sub-bands are dynamically adapted based on the -

number of active relays in each slot. We do not consider this ymeM )

scenario for two reasons: 1) Dynamic spectrum and power

allocation in distributed large-scale relay networks impl where#32:3:[.|'] is the generalized upper incomplete Fox'H

large signaling overhead and implementation complexity atnction [41], [42]. Also, the probabilities are bounded by

the relays and the destination. 2) With our proposed model,

the optimal power allocation rules can be analytically de- Pr(OutageM) > U,

rived, based on the channel long-term statistics. However, . _AmCM (o 1)

the problem of joint dynamic spectrum and power allocation “M — Z m | L =€ 2m ’

is a non-convex complex problem which does not have a vmeM .

closed-form solution, e.g., [40]. In the meantime, dynamic , A P, A

spectrum and power allocation is an interesting extensfon o “m = H <1 X P ) 5 7
An P, Py,

our paper, in which the first challenge would be to fit the (10)

block-fading assumption into the variable-bandwidth cieds

of the active relays. Finally, note that our throughput dééin  Proof. The probability (9) is obtained by defining the random

(2) is based on the assumption that the free spectrum of thgiables,, = MP,,d..,Vm, and appropriate parameter

unsuccessful relays is not utilized by other (cognitiveizad setting in the outage expression [41, eq. 18]. Note that the

based) systems. The same procedure as in the paper ganeralized upper incomplete Fox'H function has an efficien

be applied to analyze the system performance with differetATHEMATICA implementation [41, Appendix B].

definitions of the throughput (see Subsection IV.B for more Considering the Jensen's inequality, the probability

oL

m
—.n £ m.
PH’L

VneM,n#m

discussions). Pr(OutagéM) is bounded by
V. PERFORMANCEANALYSIS OF THE COOPERATIVE Pr(OutagW)(i) Pr { log(1 + R Z Aim) < MR
MULTI-RELAYING APPROACH - CMm o2 T O
To analyze the system performance, we need toHir(dM ) Cnet 1y
and Pr(OutagéM ). The probabilityPr(M) is given by ® / ™ -1 1 }dz
0 HVmeM(l + Mj\PmS>
Pr(M) =Pr | log(1 + Pgm) > R,Ym € M MR
Cpm(eMm —1) ¥ N
(c) Al — dm_,
= —e MPm dz = Upg. 11
(Mlog(1 + Pg) < R, ¥n ¢ M). (6) = /O MP,, - (1)

For Rayleigh fading channels, on which we focus, we hatdere, (a) is obtained by the Jensen’s inequality and the
hm ~ CN(0,x=) and h,, ~ CN(0,5-),Vm. Thus, the concavity oflog(1 + ) in z. Then, (b) follows from the

PDFs of the channel gaing, andg,, are given byf, (z)= fact that the PDF of the sum of independent random vari-
Ame AT fo () = Ame—m® with \,, and \,.,V¥m, de- ables is obtained by the convolution of their PDFs and
noting the fading parameters. Hence, for Rayleigh fadirng{f5..} = (1+ %)71 with £ and£~" being the Laplace
channels, (6) is rephrased as transform and its inverse, respectively. Moreoves, comes
H : _ M~Pms —1
Pr(M) = 0 Zvment Am H (1— e ), ) from partial fraction of Sy(s) = [lyend(l +~—A1" )7
. . . . . A’VYLPW,
VYn¢M with fraction coefficients:,,, = anem,n;Am 1— % ﬁ’m)

~1 Finally, (11) is based on the assumption tlSaI[(s)”hasOM

whereg = <=1
P . . . . .
Considering the achievable rates of the parallel Gaussiliist-order poles, which is the case in asymmetric networks.

channels [32, Chapter 9.4] and the fact that different chaik S'Fraightforward modifications should be applied in the sase
bandwidth-L- are used by the relays to send the sub-codeworfffh poles of order> 1 (see (14)). O
to the destination, the probabilifyr(OutagéM) is found as Using the probabilitiesPr(M) and Pr(OutageM), we
1 ~ can express the throughput, the outage probability and the
Pr(OutagéM) = Pr <M > log(l+ MgmPr) < R) ., consumed energy-per-symbol, which are involved in (5), as
vmeM functions of P, P,,,, Ym, and analyze the system performance
(8) (for simulation results, see Section VI).



A. Symmetric Networks ™ = ¢(F)? is achieved atP = P™ (see (1)), which

In this subsection, we study the system performance if th€ relays power at high SNRs. On the other hand, the
symmetric channels. Our reasons for selecting the symenelAW-SNR regime, studied in Property 3 and Subsection IV.B,
setups are 1) the analytical results can be derived/fotiowdS interesting in, e.g., large-scale setups when the nuraber
Also, 2) as seen in the following, the simulation result€lays increases.
of the symmetric channels are not sensitive to parameteroperty 2: Considering the high-SNR regime, the follow-
settings. This makes it possible to analyze the effect ofgrgowing points are valid for the PA-constrained multi-relaytsys:

amplifiers on the system performance in detail. Finally, 3)1y |ngependently of whether the metric of interest is the

the performance analysis of symmetric multi-relay netwgork outage probability or the throughput, the optimal power

is of interest because the derived results can be alsoadtiliz allocation rule tends towards

to investigate the performance of antenna selection-based

multiple-antenna single-relay systems in the presencenf n P=¢— M P

ideal power amplifiers Moreover, the symmetric networks {]3 — pmax ‘

are useful in the cases where the relays are almost at the same

distances from the source and also from the destination.
In symmetric networks, we havi,, = A\, A\, = A, Vm,

which rephrases (7) as

’ (15)

2) The high-SNR outage probability and throughput of the
multi-relay system are

Pr(M) = e CMM (] — ¢=0A)M—Can (12) Pr(Outage = 1 — e x
; ; ; M+1,0| MR A M (1,1,0)
Also, because in the optimal case the symmetric relaystselec My v [e (Mpmax) ‘ )\ }
the same transmission powe?, = P,Vm, the average 0.1.0),(1, 1, 75mgs -
energy-per-symbol and the bound (10) are changed to —~—
. P
P=P+aP'™"> Pr(M)Cun n = Bl
YM 2 M+10[ MR (X M (1,1,0)
o 1,M+1|€ M P A :
—P+aP' Yy m(M) e~ (] _ g AYM=m(13) ©01.0,(1, 1, T5m) -
m=1 m Mtimes
and (16)
L (6%71) . 1 3) For a given number of relays, the diversity gain of the PA-
Pr(OutagéM) > / Lo {m}dz constrained multi-relay setup is zero. A necessary condi-
0 o tion to have diversity gainl > 0 is that the number of
IN(eJVE %(67 —-1)) relays scales with the total consumedRenergy—per-symbol
=1 T(Crm) ) (14) by at leastM = 1og(,ma_x(.qb‘d).,9ma." = i,Tn;.},HmaX < 1.

_ o1 That is, to have a positive diversity gain in the PA-based
respectively, wherel'(n,z) = [, e di denotes the multi-relay system the number of relays should be scaled
incomplete Gamma function anf;) is the ‘n choose k with the total consumed energy at least logarithmically.
operator.

As mentioned before, the energy-limited outage proba-
bility/throughput optimization problem (5) does not have &roof. Consideringy — oo in (5) and because the throughput
closed-form solution in general. For this reason, ProperB and the outage probability are monotonic functions of the
and 3 discuss the high and the low SNR performance of tif@ansmission power, we hav® = P™ and Pr(M) =
PA-constrained multi-relay system, respectively. Sgsecia) 0, M # {1,...,M}, at high SNRs. Hence, from (13) and
Property 2 obtains closed-form expressions for the optimal= w, the high-SNR optimal power allocation rule of
power allocation, throughput and outage probability athhighe PA-constrained multi-relay approach tends toward9 (15
SNRs. Also, 2) the property derives a necessary condition fghen ¢ — oo. Note that the same optimal power allocation
positive diversity gain in PA-based multi-relay networkite as in (15) holds for asymmetric networks as well.
that the high-SNR regime is of interest in the PA-based multi part 2 is a consequence of part 1 where using (2), (3),
relay setups because 1) with high powers most of the relggy (15) andPr(M) = 0, M # {1,..., M}, at high SNRs,
become active, with high probability, and the relays spemtr results in (16). As expected, the high-SNR performanceef th
loss is avoided. Also, 2) the PA's maximum effective effidgn pa-constrained system is determined by the maximum output
power of the PAs. Hence, the outage probability becomes
active relaying terminals is decided by the antenna seleaigorithm in a independent of the total energy-per-symbol constnamlthlgh
multiple-antenna single-relay system. This point affésessum power and the SNRs, and the diversity gaiy = —limg_oo log(Plro(w

outage probability/throughput expressions. Howeverréselts of Subsection [43 eq. 14] i.e.. the negative of the slope of tghd>e outage
IV.A, with straightforward modifications, can be used to lgna the outage : ’ '

probability/throughput of the amplifier-aware multipletenna single-relay _pro_bgbility curve at high SNRs, is zero, if the number ofysla
systems. is finite.

4As opposed to the single-antenna multi-relay setups, thabeu of



To have a positive diversity gaid, we use (14) to write  Utilizing the power allocation rules (18) and (20), we can ap
log(Pr(Outage) proximate the low-SNR throughput and outage probability of

D= — lim ] the PA-constrained multi-relay system. Intuitively, thewer
oo 0g ¢ S allocation rule (15) of Property 2 (resp. the approximation
@  log(l— %) scheme of (A.1) in Property 3 and (19)) indicates that at high
s - 4)11_{20 log ¢ SNRs (resp. low SNRs) higher powers should be assigned to
" log(1 — o A0 ZM_I (;thax)j) the source compared to the relays (resp. the relays should
) im j=0 j! receive higher powers compared to the source). For more
¢—oc0 log ¢ intuitions on the optimal power allocation, see Fig. 4 and
o .. log(l ,efiemax(eiem“f@((gmaX)M))) its corresponding explanations. Also, the tightness of the
- q}ljjo log ¢ approximations are verified in Fig. 2.
= — lim M @) d. (17)
$—00 log ¢

Here, (d) is obtained by defining™® = e;;} and using B. Large-Scale Symmetric Networks

(14) with M = {1,...,M}, P = P™* at high SNRs.

Then, (e) comes from the definition of incomplete Gamma As mentioned before, the main trend in the next generation
functionT'(n,z) = T'(n)e™* Z;:Ol j—f with “!” representing of wireless networks is to densify the network by, e.g., ieapl
the factorial operator. Alsof) is obtained by thé M — 1)- mentation of many relays. Also, as highlighted in Property 2
th order Taylor expansion af* with O(.) denoting the order part 3, an efficient method to compensate the PAs imperfectio
operator and™ < 1. Finally, (g) holds if M = logym(#~?), is to increase the number of relays. In this part, we invassig
as stated in part 3 of the property. Note that the necessitythé data transmission efficiency of the PA-aware multiyrela
the condition follows from the inequality in (17). O network in the cases with high number of relays.

Property 3: For a given rateR, the low-SNR optimal, in Letting the number of relayd/ grow asymptotically in a

terms of the throughput and the outage probability, powk¥9€-scale multi-relay network, the number of relays taat
allocation rule of the PA-constrained multi-relay netwtekds "ectly decode the source message converged ox(log(1 +
towards Pg) > R) = Me=*?, according to the law of large numbers.

Therefore, due to the symmetry in the network, we have

P= )\(eRfl)
- 1 9 )
21— )W (eR_1)v/ 2 ha 20-0) 3y 2(1-0) ¢%
2(1-9)/(1—9) 1 Me— N
QW«ﬁmﬁmm%Mﬂ%ﬁwg%> Pr(Outagg = Pr { o= > log(1+MPg) <R | . (21)
~ 2(1-9)/(1-9) i=1
P=e X
) AeR—1) Moreover, for largeM'’s, the outage probability (21) is found
1—9 P ¢ - ronViT ﬁ 2@7{19) o3 » as
2(119)W<<e -1 2?1130)\/(17;\;1 ¢2(179>>

18 1 Me—>e
_ _ (_ _ ) Pr(Outage =Pr [ — Y  Z, <R
from which the optimal throughput and outage probability ar M o
obtained. In (18)W (x) is the Lambert W function [44].
(18)IV () [44] i TR —
Proof. See Appendix A. O =g | Lter o ;
The low-SNR power allocation of asymmetric networks is (22)

presented in Appendix B. Also, as another low-SNR approx-

imation, we can use (A.1) in the appendix to write o T 2 )
where erfz) = —= [ e " dt is the error function. Here,

(19) (h) follows from the central limit theorem where the random
— X6
variable Z = Lo SV " 7

. : . i with Z,, = log(l +
which, following the same procedure as in (A.3) and (A.4), - L m=l ST ” . .
g P A3 ( )MPgm), converges in distribution to the Gaussian variable

sx(eB-1)
Sx(e-1)

P~ ¢da M

results in ) > ;
MeR_1) N (1, 577==7 ) following the mean and variance
P = — o
I &) o :
p— A1) 1 AeR—1) p=E{Z,} = / e e log(1 + M Pz)dx
T MO9) 1| 0

0 .

H(1—9) 10g(M 1-9 g> " -

(1-9) \/; :eﬁEi 74 7 (23)
(20) MP



o =p—p?, as mentioned before, we can optimize the transmissionirate,

) ® . 5. ., terms of throughput, as well. Corollary 2 studies the thieug
p=E{Z,}= / Ae” " log(1 + M Px)"dr put in the cases with optimal transmission rates. Partilyila
4 o O_xx the corollary introduces the multi-relaying as an altexmesafor
@ QM[D/ — log(1+ MPz)dx limited feedback systems.

0 1+M}?$ Corollary 2: Consider a large-scale multi-relay network
(L)QMQJ52 /5 re A d with no CSlI fgedback._ At high S_NRs, tht_a network rt_eac_hes
- o 1+ MPzx half the ergodic capacity of a point-to-point communicatio

0 (qyn+l PR o0 setup with perfect CSI at the transmitter and the same output
( 1) (MP) —Az,_ n—1
+2 Z — /6 e " de power as the relays sum output power.
" . 5 x ) Proof. Letting M — oo in (26.ii), the maximum throughput
= <ezx?ﬁ’ (Ei(_—~) — Ei(—fA — _~)> +1— e—ﬂk> is achieved byR = ;™ — w,w — 0. Then, from (23) and
MP MP (26.ii), we haveu™ = exPm Ei(— A=) which leads to
= (1)t (MP\" - .
+2 nz::l (T <T> ['(n, BN), V4. (24) nlarge-scale multi-relay_ %eﬁm Ei(— M;max>’ (27)

Here, E{.} denotes the expectation operator. Al§e) is at high SNRs. Equation (27) is half the ergodic capacity of
obtained by partial integration. Thertj) consists of two a Rayleigh fading point-to-point (non-relay) communioati
integration parts where the first one comes flog{1+z) = » setup with perfect CSI at the transmitter and transmission
for small z’s, and the second one is obtained by the Taylgrower M P™® which is given by [45, eq. (9)], [46, eq. (47)]

expansion of the logarithmic term and the approximation _ _ co

—iF = s for high values of MP andz > . Note Cpo'm'to'po'mZ/ e M log(1 + M P™)dx

that the approximation is very tight for every small value of 0 -

3. Finally, the last equality in (24) follows from the defiraiti _ oM Ei(—L). (28)
of the exponential integration function &) = [~ <% and M pmex

the incomplete Gamma function. O

Ci)?gmdermg (22)-(24) for a given rai& and because Note that 1) the tern% in (27) is because of the half-duplex
Me relays are always active in a large-scale setup, the . : L
AT ) relaying. 2) In contrast to (24), there is no approximation
optimization problem (5) is rephrased as .
in Corollary 2, because the arguments hold for every value

. ef&ﬁ:—’IZ(Re”RP’LM) of o2 in (22). Finally, 3) with the considered data rate and
IIEHIQ - M — oo the outage probability (26.i) goes to zero, the same
sﬁbjectto P4 Mae—3("—1) p1-i _ ¢, P < pmax as in the perfect-CSI point-to-point setup. Thus, as stated

(25) the corollary, multi-relaying can be considered as an effici
scheme to compensate the lack of CSI in limited-feedback
which, using . and o in (23) and (24), can be solvedschemes, e.g., [45]-[47]. However, compared to the naayrel
numerically or analytically. The optimization problem {25 setup, the multi-relaying implies implementation comjitigx

based on (22) and the fact that(erf is an increasing function overhead and maintenance costs which should be considered
of z. In the following, we study (25) in the high- and low-SNRip practical systems.

regimes. In Property 2, we showed that a necessary condition for a
Corollary 1: High-SNR outage probability and throughpuhon-zero diversity gain is to let the number of relays grow
of a large-scale multi-relay system converges to with the total consumed energy-per-symbol logarithmicall
. VIR — ) To emphasize the necessity of the large-scale multi-relay
Pr(Outage = = <1 +erf <—”>> , (i) systems, Property 4 derives a necessary condition for &iyeosi
2 V2omax multiplexing gain which is defined as= limy o 1535 [43,
R VM (R — (™) ) eq. 14}, i.e., the slope of the_ .through.put curve gtgf_ugh SNRs.
=7 1 —erf W ) (i) Property 4: To have a positive multiplexing gain in a non-
(26) ideal PA-based multi-relay setup, a necessary condititimais

the number of relays grows with the total consumed energy-
respectively, wherg™ ando™* are obtained by setting = Per-symbol at least logarithmically.
PMin (23) and (24), respectively. Proof. See Appendix C. 0

Proof. Letting P — oo and P = P™ at high SNRs, (2)  The same arguments as in Property 3 can be applied to
and (22) are used to rewrite the throughput and the outagive the optimal power allocation rule of the large-scale
probability of the large-scale multi-relay setup as in (28] getups at low SNRs. Usinigg(1 + ) = = for small z’s, the

Throughout the paper, we studied the system performarfB&an angvariance (23) and (24) are rephrasedﬂslvg—lj and
for given ratesk selected by the network designer. Meanwhiles? = 2= at low SNRs. Consequently, following the same

A2



procedure as in (25), the low-SNR optimal power allocatioie destination. Although this scheme leads to considerabl

rule is found as throughput and outage probability improvements, it imgplie
ARon  aeRon signaling overhead and complexity because each relay needs
min &~ BT %) to know the other relays message decoding status. Alsogas th
Pf ﬂTA P number of successful relays is a random variable in the cases
subjectto P+ Mae™ 7" "D pI=0 — ¢, with limited number of relays, the cooperative scheme iggli
. AR MR-y _aefon variable-length coding in order to make the parent codeword
min —=e 2P — € 2P . .
={ pp MP = In the following, we restudy the system performance in the
subjectto P = (¢—6P;56%(6R_1) non-cooperative setup with low signaling overhead/coding
M 1o} b .
. o AR (s P, comple>_<|ty.
min  { AR MY (¢p— P) e zp  (1720) _ =T Consider the case where each successful relay re-encodes
0=P<¢ . the source message into a codeword of lengdth based
P = Afe *12;9 ; on a predefined protocol. Therefore, the same codeword is
P S B R p p
- (1=9) log(ARa T=7 MI=7 (1=5)(#) "=1) (29) forwarded from the successful relays towards the destinati
p =PV g (e-D) in different sub-channels. The destination performs maxim
Mi=%al=? ratio combining of all received copies of the relays’ codesyo

Here, we have used (22) and the fact that thézgris an which is the optimal decoder in the repetition code-based
increasing function ofc. Also, due to the low-SNR assump-schemes [49]. In this way, the relays need not to know the
tion, we have relaxed the relays maximum power constraimessage decoding status of the others and they work non-
The last part of (29) comes from the low SNR approximatiocooperatively, which reduces the cooperation overhead re-
(¢ — P)~% ~ ¢° and then setting the derivative of themarkably. Moreover, as each relay re-encodes the source mes
objective function with respect t@® equal to zero. Note sage non-cooperatively, the variable-length coding isdma
that, setting the derivatives aJ(P) = ARa®M°~'(¢ — simplifying the coding process.

P)—‘Se$(1—2‘” _ e-“ff;“ with respect toP equal to From the analytical perspective, the only difference be-
zero and using the properties of the PA model (1), it can B¥€en the cooperative and non-cooperative schemes ishat t
easily shown that the pmb'e’(}?}égd) {Y(P)} has a unique conditional outage probability teriftr(OutageM) in (8) is

solution deriving the globally optimal, in terms of throughrePlaCG(j by

put/outage probability, power allocation rule. Having };28e Pr(OutagéM )"on-cooperative

can find the low-SNR outage probability and throughput as in 1 -

(22) and (2), respectively. = Pr(4log(1+M > GmPn)<R), (31

Finally, it is interesting to note that in a large-scale pete ymeM

parent codeword is of fixed-lengtt*’ L which simplifies the in the non-cooperative approach. The other analysis such as
coding process significantly, compared to the variablgtlen (2), (3), (4) and (7) remain the same as before. Changing
coding in the cases with limited number of relays. Moreovethe inequality into equality and implementing appropriate
in a large-scale multi-relay network (1—e~*%) sub-channels modifications, the same procedure as in (11) is applied to find
remain unused (with probability 1) in each packet period31) in asymmetric networks as

Therefore, as the amount of the free spectrum is deternainist . :
it may be exploited for cognitive-radio applications [3R18]. Pr(Outage/)"omeoereraive

In the cases with a joint cognitive radio application, oneyma P 1 .
rewrite the throughput function of the multi-relay netwak Z H 1 Zm- <1 _ o >
Q(]- P (Outa e) R(l P (Outa e) YmeM \VYneM,n#m An P
"= T L (30) )

L+ Lw 14 e

where @ is the expected bandwidth use of the relays arftfSO: With @ symmetric setup\,, = A, Py, = P, Vm, (31) is
the last equality holds for the large-scale multi-relayupst "€Phrased as
However, it should be noted that, while the amount of the free _ MR _ 1
spectrum is deterministic in large-scale setups, the ¢ivgni Pr(OutageéM )"oncooperaive py ( Z Im < 7~>
radio still needs to find the free spectrum gaps via, e.g., vmeM

spectrum sensing approaches. For this reason, and alsefo ke = s
the discussions of the paper in harmony, we do not conside+ Efl{(l + r)*CM}dz

MR _

. . 0 >\
(30) in our analysis. AR
V. PERFORMANCEANALYSIS IN THE NON-COOPERATIVE T(Cp) '
MULTI-RELAYING APPROACH Indeed, the cooperative scheme outperforms the non-

In Section IV, we analyzed the system performance in tlioperative approach in terms of throughput and outage-prob
cooperative multi-relay setup where each relay with sugfaés ability. However, Property 5 compares their data transioiss
message decoding transmits part of a parent codewordeféiciency at low SNRs. Interestingly, the property indesat



that the cooperation gain decreases at low SNRs. Therefo 10

[
compared to the cooperative approach, the non-cooperat
model is preferable at low SNRs because it results in the sar
throughput and outage probability, with less implementati .
complexity/signaling overhead. =
Property 5: The proposed cooperative and non-cooperativ ‘g 10 Rayleigh fading channel
multi-relaying approaches lead to the same energy-limite g R=0.5, P"" =18 dB,
throughput and outage probability at low SNRs. 3 ¥ =0.5,e=0.65
()]
Proof. See Appendix D. O 8 4 Exact value via P ty 1 and simulations, M=2
pp 8 10 || —e—EXact value Vla. roperty 1 ana simulations ‘ ‘
Figure 8 in Section VI compares the performance of th "® Lower bound via Property 1, M=2
cooperative and non-cooperative schemes numerically. — Exact value via Property 1 and simulations, M=3
VI. SIMULATION RESULTS IR Lower bound via Property 1, M=3
In Figs. 1-9, the simulation results are given for a symruetri 0 5 10 5 30 35

15 20 2
network with A\,, = A, = 1,¥m. Then, Fig. 10 shows 10log, ¢ (dB)
the system performance in asymmetric systems. AlSo, We $fe 1 outage probability v801og,, ¢ (dB) defined in (5). Rayleigh
R = 0.5 nats-per-channel-use (npcu) in all figures, excepiing channelR = 0.5, P™" = 18 dB, ¥ = 0.5, e = 0.65.
in Fig. 6 which presents the system throughput for differert
transmission rates. The results are presented for differe 1’

ranges of SNR, defined &%) log,, ¢ (see (5)). In harmony Rayleigh fading channel,
with, e.g., [27], [28], we set) = 0.5 and P™** = 18 dB, Pmer =18 dB, R = 0.5,
unless otherwise stated. In the meantime, we have check . 104 ¥ =03, =065 M=2

the results for other parameter settings which show the sar:
qualitative conclusions as the ones presented below. In (8
figures except Fig. 8, we consider the cooperative multg_lo'z—
relaying scheme. Comparison between the cooperative ag
non-cooperative approaches is given in Fig. 8.

Throughout the paper, we presented different approximd 10°

ab

uta

. . . e K K —=— Approximation scheme of Eq. (20)

tion/bounding techniques. The verification of these resislt —e— Approximation scheme of Property 3|*)

demonstrated in Figs. 1-2, 5-6 and, as seen in the sequel, _4 — Exact value via simulations and Eq. (8) *\

analytical results follow the simulations with high acatya 10 |~ ~Approximation scheme of Property 2
Then, to avoid too much i_nformation in each figure, Figs. 3 0 5 10 15 20 25 30 35

4, 7-10 report only the simulation results. Note that in al 10|°gloq’ (dB)

simulations we have double-checked the results with thes one

obtained analytically. Figure 2. \rification of Properties 2-3 and approximati@®)( Rayleigh

. . . fading channelR = 0.5, PM®* =18 dB, ¥ = 0.5, e = 0.65, M = 2.
To optimize the transmission powers, we have |mplemente8 9

different schemes. Using the closed-form expressions @f th

probabilities, the results are first obtained by exhaustarch is expected because there is no approximation in (9) (Also,
on the power terms. Then, for faster convergence, we haee [41]). Furthermore, as shown in Fig. 2, the high-SNR
repeated the simulations by using the iterative algoritfim approximation of Property 2 and the low SNR approximations
[47], and by using “fminsearch” and “fmincon” functions ofof Property 3/equation (20) follow the exact values obtdine
MATLAB, whenever they are applicable. The results haveia simulations for a large range of SNRs.

been obtained for different initial settings and we haveéetts Outage probability with ideal and non-ideal PABigure 3

the fmincon function for “interior-point,” “active-set” ral shows the outage probability of the PA-constrained melgy
“trust-region-reflective” options of the optimization alithm. setup and compares the results with case where the PAs are
In all cases, the results are the same with high accuracglwhassumed to be ideal. For the non-ideal PA, wel38¥™ = 18

is an indication of a reliable result. dB, 9 = 0.5, ¢ = 0.55, while the ideal PA corresponds
The simulation results are presented in different parts & P™ — oo,¢ = 0,e = 1 (see (1)). In harmony with
follows. Property 1 part 3, the outage probability of the multi-relay

Verification of Properties 1-3in Figs. 1-2, we evaluate setup becomes constant at high SNRs when the properties of
the accuracy of the results given in Properties 1-3 and ttlee PAs are taken into account. That is, the diversity gain
approximation technique (20). The results are obtained f@ihe negative of the slope of the outage probability curve at
M = 2,3 relays ande = 0.65. As seen in Fig. 1, the high SNRs) of the PA-constrained multi-relay setup is zero
lower bound of Property 1 is very tight for a large range dbr finite number of relays. Also, the inefficiency of the PAs
SNRs. Moreover, the same outage probability is achieved ®ads to remarkable performance degradation at low/métalera
the multi-relay scheme if the probabilities are calculatéal SNRs, and the effect of the PAs inefficiency increases wigh th
Property 1 equation (9) or Monte Carlo simulations, whichumber of relays\/. As an example, consider the case with
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/////////////////// Pmar — 18 dB, Rayleigh fading channel, p L 4
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Figure 3. Comparison between the ideal and non-ideal PAgeRA fading Figure 4. Optimal power term$ and P vs the SNR10log;y ¢ (dB).
channel,R = 0.5. For the cases with non-ideal PA, we 8@ = 18 dB, Rayleigh fading channelz = 0.5, P™® = 18 dB, ¥ = 0.5, ¢ = 0.75, M =
9 = 0.5, e = 0.55. 2,5,8.

0

an outage probability0—3 and M = 4 relays. Then, with the 10 — Rayleigh fading channel,
parameter setting of the figure, the imperfection of the PA TN\ R =0.5,9 = 0.5,
results in6.2 dB loss in the energy efficiency. 1 =18 dB, € = 0.55

On the optimal power termsShown in Fig. 4 are the
optimal powersP and P, in terms of the outage probability
and the throughput. The results are in harmony with th
intuitions derived from Properties 2-3; at low SNRs, eithe
none or one of the relays may become active, with hig
probability. Therefore, high powers are assigned to thvect
relay. Moreover, as the number of relays increases, thecehar ~ 10 :
of having one successful relay increases. Hence, at low SNF Approximation approach,__\%
a smaller proportion of the power is allocated to the sourc of Eq. (29), M=8
when the number of relays increases, and the relays’ pow 58 . ‘
increases withM. Increasing the SNR, more relays may 10
become active and share the energy resources. As a res
depending on the SNR budget and the number,Of relays, . |eure 5. Verification of the analytical results on largedscmulti-relay sys-
power allocated to each relay may decrease. Finally, at highs. rRayleigh fading channek = 0.5, P™" = 18 dB, 9 = 0.5, ¢ = 0.55.
SNRs the relays powers are limited by the PAs maximum

output power and the source power follows (15) given in

Property 2. Also, the source power increases with the SNRI9- 6) and the maximum value of the throughput converges
budget monotonically, as expected to half of the ergodic capacity of the point-to-point non-
On large-scale muiti—relayingFigures 5-6 study the ana_relay system as the number of relays increases (Fig. 6b

lytical results of the large-scale setups, i.e., when thatrr a1 Corollary 2). Furthermore, at high SNRs, the maximum
ggéoughput of the multi-relay setup increases with the neimb

of relays increases. As demonstrated in Fig. 5, the outaf | ith fini b f rel h K
probability expression (22) and the optimal power allcoati refays. I—_|ovv_ev_er, W.'t inite numDber ot re1ays the pea
hroughput is limited, i.e., the multiplexing gain is zes

rule of (29) are very tight even for limited number of relayst.

Figure 6a compares the throughput achieved via Monte Ca%oved in Property 4. Finally, the approximation technigde

simulations and the one obtained by (26.ii) in Corollary g fo-orollary 1 accurately mimics the simulation results anel th
ghtness of the approximation increases with the number of

different numbers of relays. Also, shown in Fig. 6b is thd

relative throughputd = S 45 validate Corollary 2. '€laysM (Fig. 6a). , .
ghp y On the optimal number of relaygs mentioned before, with

Here,max{} is the maximum throughput that is achieved byhe proposed scheme it might occur that some of the relays
sweeping on the codeword ratBsfor a given SNR/maximum sub-bands are not utilized for data transmission. Theegfor
output power of the PAs. Also, the results of Fig. 6 are bas#ukere is a tradeoff between increasing the diversity/thayse

on sufficiently high SNR assumption so that all relays amessage decoding probability and the relays spectrum under
active (with probability 1) forwarding messages with poweuntilization. Thus, depending on the SNR budget and the
P™M As illustrated in the figures, for small codeword rate?As properties, there might be an optimal number of relays
the throughput increases with codeword rate (almost) tlpeaminimizing the outage probability. This point is illusteat in

M=2

— Simulation reults e
---Analytical results of Eq. (22 Seeea

Outage probability
'_\
o

)

M:8 ‘\
5 20
10Iogw(p (dB)

25
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§_2 — Simulation results Subplot: (a) 10 :

£ | ---Analytical results of Eq. (26) 7%y, 1 — Non-cooperative

= e 10 ---Cooperative

[oR S

< 1 s W= ) ~2

5 _ S "M=6,10,30350, 7 \ 210°

© | Rayleigh fading, S s

F .  P"™t18dB \Q\ \‘\‘\ g10°

Q ‘ ‘ : ™ o
3 4 5 6 7 8 9 5 1074 =
Codeword rate R (npcu) S 10 Mebad—y,
<] (@] -5
a Subplot: (b) 8107
€1z Rayleigh fading, 3 \
§ pPMa%18dB 10 ¢ Rayleigh fading channely
£ L €=0.55, P =18 dB, \
RN 10" r—0509=05 '
© -8 \
—_ 1 L L L )
& ‘ ‘ : 0 0 10 20 30 40
10 20 30 40 5 60 70 10log, ¢ (dB)
Number of relays M 0

) . . . . Figure 8. Comparison between the cooperative and non-caidme multi-
Figure 6. Comparison between the simulation results anertytical results  rejaying schemes. Rayleigh fading channgl= 0.5, P™® = 18 dB, ¥ =
of (a): Corollary 1 and (b): Corollary 2, Rayleigh fading anel, P"® = 18 0.5, ¢ = 0.55.
dB. The total SNR is supposed to be large enough so that ajlsere active
forwarding messages at powg&ymax,

the outage probability/throughput, and the differencevieen

““““““““ o B the two schemes increases with the SNR/number of relays.
On the effect of the source PAhroughout the paper, we
2 assumed an ideal PA for the source, motivated by the fact
= that the base stations commonly utilize considerably gieon
8 and more expensive PAs compared to the relays. However, it
E .. . . is straight forward to extend the results of the paper to the
> B%}flgh fading channel, R = 0.5, cases with non-ideal PAs at the source. As an example, Fig.
S0 gy eS8 dB 9 =05,e=055 9 shows the relative throughput which is defined/as- 2
© _v_(p:18 d4B with 7) being the throughput achieved in the case with a non-
= ideal PA at source having parametaP8'® ¢, ¢ that affect
T ¢=20dB (5) correspondingly (In the cases with different PAs of the
10" 22 d8) ‘ ‘ ‘ source, the parameters of the relays’ PAs are saPé =
2 3 4 5 6 7 8 9 18 dB,¥ = 0.5,¢ = 0.65). As illustrated, the inefficiency of

Number of relays M the source PA affects the relative throughput considerably

Figure 7. The outage probability of the multi-relay setupdifferent numbers |0W SNRs. However, the relative throughput degradatior, du
of relays. Rayleigh fading channelt = 0.5, P™* =18 dB, ¥ = 0.5,e = to the imperfection of the source PA, is negligible as the SNR
0.55. increases.

Performance analysis in asymmetric networkghile (2)-
1), Properties 1-2, 4 and Appendix B derive the results for
asymmetric networks, we have mainly concentrated on the

relays at¢ = 18 dB. However, at high SNRs, where with ) . . .
high probability all relays decode the source message dtyre symmetric setu_ps in the S|mulat|or_15. Property 1 and_t_he same
and the spectrum under-utilization is avoided, the systeDrTr1OC9dure as in, e.g., [47, Algorithm 1] can be utilized to

performance is improved by increasing the number of relayosDtlmlze the power allocation in asymmetric networks (Also

i.e., the outage probability decreases with monotonically seée Property .2 a_nd Append|x_ B for the high- and. low-SNR
(see Fig. 7 forp = 20, 22 dB) power allocation in asymmetric networks, respectivelyr F
9./ o ' . instance, settingg = 20 dB, M = 2, R = 0.5,¢ = 0.65 and
Comparison between the cooperative and non-cooperativeé - .
multi-relaying schemesSetting M = 2 and 4, Fig. 8 7! — A1 = 1, Figs. 10a and 10b demonstrate the outage
e . ’ : robability and the optimal power terms in an asymmetric
compares the outage probability achieved by the COOperatE’ettup for different fading parameters of the relays. As st

and non-cooperative multi-relaying schemes. Here, we Séestem erformance is sensitive to the fading parametegswh
R = 0.5,e = 0.55, P™ = 18 dB. As seen, the difference y P e gp

between the performance of the cooperative and the n p‘(_e fading is not severe, i.eAm, \m’s are small, while its

cooperative schemes is negligible at low SNRs/few number%c?nsnlwty_dec_reasgs witky, >‘.2 (Fig. 10a). Also, as the secp_nd
relay-destination link experiences severe fading cooiig]

relays, in harmony with Property 5. However, the coopeeativ

scheme outperforms the non-cooperative model, in terms 'St Az increases, the source power decreases and more power
is allocated to the second relay (Fig. 10b).

Fig. 7 where, as an example, with the parameter settingeof t(ll
figure the minimum outage probability is obtained b= 5
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the system performance and compensate the lack of CSI

r Ry ,..---f:;\:.\y"’ feedback. Finally, the non-cooperative multi-relayingesmes
T i A Tl are preferable at low SNRs, because they lead to the same
v;TUL . performance as in the cooperative schemes with less signal-
<lpos 4 : . .
= m " |=—¢=20dB ing overhead/complexity. However, the cooperative scleeme
1= I a o -v-g=18 dB outperform the n_on—cooperative approaches at mode_rgte/hi
s o e =15 dB SNRs, and the difference between the two schemes increases
5 09 . o v with the SNR/number of rel
g Tl - =12 dB e umber of relays.
> Throughout the paper, we studied the effect of the PAs
5 085 ' efficiency on the system performance. An interesting topic
= M=290=05R=05 c=065 of research is to analyze the performance of power-adaptive
~ - . ’ - = o o multi-relay networks by taking the PAs nonlinearity/memor
0g - pt = pmt =18 dB, into account. Here, the results of [7]-[15], [50], [51] ark o
' ‘ ‘ ‘ ‘ ‘ ‘ great help. Finally, the analysis of the asymmetric larcges
065 0.7 075 0.8 085 09 095 networks is an interesting extension of the paper, for which
Source amplifier efficiency factor € stochastic geometry [52], [53] is a powerful tool.

Figure 9. Relative throughpuh = % vs the efficiency factor of the source

PA. Rayleigh fading channell/ = 2, R = 0.5, P™a = pmax — 1g dB,
¥ = 0.5, = 0.65.

APPENDIXA
PROOF OFPROPERTY3

As the second order approximation, either none or at most

2 Subplot: (2) one of the relays become active at low SNRs, with probabili-
3 ubplot: (a . (cR_1) (eB_1)
E P tiesPr(M =) = (1 —e 7 )M ~ 1 — Me—" %,
21034 == —A =2 (B-1) (B-1)
g0 = 2 Pr(M|Cy = 1) = (1 — e "S5 M1 o
© 2 Rayleigh fading channel, R = 0.5, A=1 AP 1) . .
g ‘ Afy:eigl i,”ﬁﬁxfﬁi dB, ¥ = 0.5, +)\2_ e~ 7. In this way, using (13), the low-SNR average
3.3 €=0.65, ¢ =20 dB, M =2 -=-A;705 energy-per-symbol is approximated as
10 ] ‘ ]
2 4 6 8 10 ~1_g Aoy
Fading parameter s P+aMP e P =¢
/\16 ~ § —5nr—6 aef-1)
) Subplot: (b) —A\,=2 =P=(p—P)a’M % 7 (A1)
Vl = .
£ TS 1 wheres = 1.
g, IR revma—— LUP To maximize the throughput/minimize the outage probabil-
g ey ity for a given rateRR, we need to maximize the decoding
2 10— probability Pr(Decoding = 1 — Pr(Outage. Considering the
g e T T P — cases with none or at most one successful relay, the decoding
= ayleigh fading channel, R = 0.5, \y = A\; = 1, probability is given by
O (P =18dB, ¥ = 0.5, ¢ = 0.65, ¢ = 20 dB, M = 2
6 \ \ \ \ \ Pr(Decodin
7 2 4 6 8 10 ( g
Fading parameter Ay = Z Pr(M|Car = 1) Pr(DecodingM, Cx = 1)
VM,Cpm=1
Figure 10. (a) The outage probability and (b) the optimal @oterms for AR 1) AR 1) SeR_1)
different fading parameterz, A2 in an asymmetric setup. Rayleigh fading = M(l —e P )Mflefip e~ T mMP
channel,lM =2, R=05 M =2 A=XA=1, P"™ =18 dB, ¢ = 20 MRty AR
dB, ¥ = 0.5, € = 0.65. =Me ~ P e  mP (A.2)
where the last equality holds for low SNRs. In this way, from
VII. CONCLUSION (A.1), the optimization problem (5) is rephrased as
This paper studied the data transmission efficiency of the Caefiony _AERon
. . . . P MP
cooperative and non-cooperative multi-relay networkshia t max ¢ ¢

1

e o . ) e
cases where the power amplifiers imperfection is taken into subjectto P + QM Pl 25 _ b,

account. We showed numerically and analytically that the .
inefficiency of the power amplifiers affects the system perfo min % + 2=

. . . MP
mance substantially. Particularly, our results emphatizaé, = PP (A.3)

) ) - i . . 5 P S S Y Chides )
with non-ideal power amplifiers at the relays, the diversity subjectto P = (¢ — P)da S M9 7,
and the multiplexing gains of.the multi-relay r_ptwor!( arGhere, considering the
zero, and a necessary condition to have positive d'VerSFQ(Iaxed the
and multiplexing gains is that the number of relays is scal?g\ 3)

with the total SNR at least logarithmically. Moreover, larg g(%ﬂ(mp)damﬁflefwepml))

scale multi-relaying is an effective technique to improve 5P = 0 which leads to

low SNR conditions, we have
relays maximum power constraint. From
the optimal power allocation is obtained by




—-A

Sag0— 1

ﬁJr)\ M
R_1 R

(‘W — P+ (0 PW%)(LPU
(k) +)\ 56M6 1(¢ P) %{LI)
@) Ml 6)\¢6+10é_6 ey
i R S - _

MO P2
wWp - Aef 1) |

— (efi— 1)\/_a2(1 19>M2(1 )
2(1 19)W( PRIy wry ¢2(1 0))

(A.4)

Here, (k) and(l) are obtained by removing the smallest terms
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where[z]* = max(0, z). Also, setting the derivative of (B.3)
with respect toP equal to zero leads to
0Z
P 0=U=0,
M
U=P*+ad Nl -

=1

M
+ wZ)\i(eR -
i=1

Thus, using (B.4), the low-SNR power allocation rule of the
asymmetric channels is given by

-
{1z

Ag(eB—1)
Aiel=1)

)P Ve

1)e—<%+$a><eR—1>

= 0. (B.5)

(B.6)

at low SNRs andm) follows from the definition of Lambert \yhich, because it only has two unknown variablesind =,

W function withe " —ba? = 0 = = = 2W (5% 4=),%a,b # 0.

Using (A.1) and (A.4), we find the optlmal power terMas

in (18).
APPENDIXB
Low-SNR POWERALLOCATION IN ASYMMETRIC
NETWORKS

Following the same procedure as in the proof of Property _ |,
3, we can derive the optimal power allocation rule of the

asymmetric networks at low SNRs. Assuming # \; and
Ai # A, Vi # 4, (A1) and (A.2) are rephrased as
M R
_ Sl _Aie®-D
P=P+a)y Pl 7

i=1

(B.1)

and

Pr(Decoding = Ze Prars)E" -,

respectively. Thus, to optimize the throughput/outagebpro e

bility, we use Lagrangian criterion

o~ pio, ey N (e o)
ZZP—I—O(ZPZ._ 67#_’_@26 P T MP; ,

i=1 i=1

(B.3)

where w is the Lagrange multiplier coefficient determined
¢. Setting the derivative of the Lagrangian

based onP =
function with respect taP’s equal to zero, we have

0Z

op,
52— 5\1 EESTCIET)]
éa(ﬁfl)Pf* fw(eRfl)—e MP; =)
B M
=P, =
+
Aile
) 1 ’v/l;’
9—1\ 72
(eR 1))\
M@ — 2)W (19—( ) > )
(B.4)

can be efficiently solved by numerical methods.

APPENDIXC
PROOF OFPROPERTY4

The proof follows from the following (in)equalitiés

= 1li
" ¢1—>I{>lo log ¢

RPr( Z 1 log(14+ MP™g,,) > R)

¢—o0 2log ¢

® o ReTE(S Ty (4 MP™G,) 3y
¢—o0 2log ¢

© e B[ VTP,

T p—oo 2log ¢

? Jim ﬂ (C.1)
¢p—oo  2elog o

(B-2) Here,(n) comes from the exponential Chebyshev's inequality

Pr(X > z) < e *E{e!*},Vt > 0. Then, (o) is obtained by
—f <e~1 VR > 0, and manipulations. Finallyp) is given
by the Jensen’s inequality, the concavity of thgl + « in z
and E{gn} = %,Vm. According to (C.1), the multiplexing
gain is zero, if the number of relays is not scaled¢bgt least
logarithmically.

APPENDIXD
PROOF OFPROPERTYS

As mentioned before, the only difference between the two
considered cases is in their conditional outage probegsilit
Pr(OutageM), while Pr(M), the throughput, the outage
probability and the sum consumed energy-per-symbol expres
sions do not change. Then, hg(1 + z) = « for smallz’s,

(8) and (31) can be rewritten as

Pr(Outag¢M )non-cooperative: Pr(Outag¢.M )cooperative

=Pr <M Z gm]sm < R) )

YmeM
at low SNRs. That is, the same throughput and outage prob-
ability is achieved by the considered schemes at low SNRs.

(D.1)

5The proof is presented for symmetric networks, while the esguint is
valid for asymmetric setups as well.
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