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Abstract: In an external magnetic field, the energy of
massless charge carriers in graphene is quantized into
non-equidistant degenerate Landau levels including a
zero-energy level. This extraordinary electronic dispersion
gives rise to a fundamentally newdynamics of optically ex-
cited carriers. Here, we review the state of the art of the re-
laxation dynamics in Landau-quantized graphene focus-
ing onmicroscopic insights into possiblemany-particle re-
laxation channels. We investigate optical excitation into a
non equilibriumdistribution followedby ultrafast carrier–
carrier and carrier–phonon scattering processes. We re-
veal that surprisingly the Auger scattering dominates the
relaxation dynamics in spite of the non-equidistant Lan-
dau quantization in graphene. Furthermore, we demon-
strate how technologically relevant carrier multiplication
can be achieved and discuss the possibility of optical gain
in Landau-quantized graphene. The providedmicroscopic
view on elementary many-particle processes can guide fu-
ture experimental studies aiming at the design of novel
graphene-based optoelectronic devices, such as highly ef-
ficient photodetectors, solar cells, and spectrally broad
Landau level lasers.

1 Motivation
With an ever-growing impact of technology on everyday
life, the importance of semiconductor physics has con-
stantly increased since the information revolution. Of par-
ticular interest is the field of optoelectronics enabling key
technologies for modern communication. The fast techno-
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logical progress is accompanied by the demand for ma-
terials with new optical and electronic properties. One of
the most promising materials in this regard is graphene
[1–4], which was first grown epitaxially on top of SiC [5],
but it was not until Novoselov and Geim prepared samples
by mechanical exfoliation and demonstrated a graphene-
based field-effect transistor [6] in 2004 that it received
wide-spread attention.

Graphene as a single layer of carbon atoms is the
thinnest known two-dimensional material [3, 7]. It ex-
hibits extraordinary optical, electronic, thermal, mechan-
ical, and chemical properties [3]. In particular, its linear
electronic dispersion in the low-energy regime near the
Dirac points in the Brillouin zone is most remarkable.
Here, electrons move as if they were massless, just like
photons in quantum electrodynamics providing the pos-
sibility to test the predictions of relativistic quantum me-
chanics, such as Klein tunneling [8, 9], in a small-scale ta-
ble top experiment.

Besides the fascinating fundamental physics that can
be explored in graphene, several optoelectronic applica-
tions were proposed [1], ranging from ultrafast photode-
tectors [10–12] and lasers [13–15], to solar cells [16, 17],
light-emitting devices [18], and touch screens [19]. How-
ever, the question whether graphene can cope with the
high expectations and make the way from the laboratory
to real world applications remains to be answered. To ex-
ploit the full potential of this promising material, a thor-
ough microscopic understanding of the ultrafast dynam-
ics of optically excited charge carriers is crucial. This has
been an area of active research for many years [20–37],
and has revealed that carrier–carrier and carrier–phonon
scattering lead to interesting graphene-specific ultrafast
phenomena [38, 39]. In particular, the linear bandstruc-
ture of graphene enables Auger scattering [40], an elastic
Coulomb process changing the number of charge carriers
in the system, that gives rise to a significant carrier mul-
tiplication [41–44]. This process holds the potential to in-
crease thepower conversion efficiency of solar cells and fa-
cilitate the detection of photons [45]. Furthermore, in the
strong excitation regime a population inversion emerges
as a result of the relaxation bottleneck [31, 34, 46–48] sug-
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gesting the use of graphene as an active gain medium in a
laser system [49].

An external magnetic field provides an interesting ex-
perimental knob to tune electronic and optical properties
of graphene including the dynamics of non-equilibrium
carriers. In the presence of a magnetic field, the energy
is quantized into a non-equidistant Landau level spec-
trum [50–54] giving rise to an anomalous quantum Hall
effect [55, 56]. Moreover, a non-zero Berry’s phase, which
arises due to the linear dispersion, manifests itself in
magneto-oscillations [56]. The observation of a number of
interesting phenomena, such as the fractional quantum
Hall effect [57, 58], the Hofstadter butterfly [59–61], a gi-
ant Faraday rotation [62], the quantum ratchet effect [63],
and the presentation of a tunable terahertz detector [64]
have attracted considerable research interest to Landau-
quantized graphene [65]. However, due to technological
challenges andunlike in the casewithout amagnetic field,
the carrier dynamics is widely unexplored under Landau
quantization where only a few studies exist [66–69].

In this review, we present microscopic modeling of
the carrier dynamics in Landau-quantized graphenebased
on the density matrix approach, which allows the inves-
tigation of many-particle-induced scattering channels on
a microscopic footing. First, we describe the microscopic
approach including the many-particle Hamilton operator,
the coupling matrix elements, and the microscopic Bloch
equations (Section II). Then, we present results based on
this approach including the impact of carrier–carrier and
carrier–phonon scattering (Section III). We show that sur-
prisingly Coulomb-induced Auger scattering dominates
the relaxation dynamics in Landau-quantized graphene.
In a joint experiment-theory study involving polarization-
dependent pump-probemeasurements, we present the ev-
idence for the crucial role of these scattering channels [70].
Furthermore, we show that carrier–phonon scattering be-
comes very efficient, if the energy of the involved opti-
cal phonons is in resonance with an inter-Landau level
transition presenting the possibility to control this scatter-
ing channel by changing the external magnetic field [71,
72]. Finally, we present potential graphene-based applica-
tions based on the gained knowledge of the many-particle
scattering processes (Section IV). We show that efficient
Auger scattering can be exploited to achieve a significant
carrier multiplication in Landau-quantized graphene [73].
Through this mechanism, the number of excited charge
carriers increases much stronger than expected from opti-
cal excitation suggesting the design of novel ultrafast pho-
todetectors or photovoltaic devices. Furthermore, we dis-
cuss the possibility to achieve a population inversion in
Landau-quantized graphene presenting the prerequisite

for Landau level lasers that are characterized by a strongly
tunable laser frequency including the technologically rel-
evant terahertz frequencies [74].

2 Microscopic approach

2.1 Implementation of the magnetic field

The Lagrange function of an electron in a magnetic field
[75]

LB =
1
2m0v2 − e0v · A(r) (1)

depends on the gauge invariant kinetic velocity v, and
on the vector potential A(r) which generates the magnetic
field via B = ∇ × A(r). In order to obtain a homogeneous
magnetic field, which shall point into the z-direction B =
(0, 0, B), the spatial dependence ofA(r) is crucial. The vec-
tor potential A(r) is not unambiguously determined but
depends on the chosen gauge. The Landau gauge A(r) =
(0, Bx, 0) is advantageous for calculations as it transforms
the Hamiltonian into the form of a one-dimensional har-
monic oscillator, while the symmetric gauge A(r) = B/2 ·
(−y, x, 0) yields a Hamiltonian that can be identified as
that of a two-dimensional harmonic oscillator [75]. The lat-
ter is mathematically more complex but describes the un-
derlying physics in amore intuitive way, since one expects
electrons in a strong magnetic field to perform cyclotron
orbits which are oscillations in two dimensions. Further-
more, the symmetric gauge allows a convenient descrip-
tion in terms of angular momentum eigenfunctions.

The canonical momentum p = −i~∇r is derived from
the Lagrange function from Eq. (1) with p = ∇vLB pro-
viding a simple substitution rule: To accommodate for the
magnetic field, one needs to replace the momentum p by
the kinetic momentum π = m0v

p → π(r) = p + e0A(r), (2)

which yields the Hamiltonian via a Legendre transforma-
tion HB = π²/(2m0). Note that the spatial dependence of
the Hamiltonian HB destroys the translation invariance,
with the result that neither the kinetic nor the canoni-
cal momentum commutes with HB meaning they are no
longer conserved quantities.

For electrons in a rigid ionic lattice, such as graphene,
the situation is more complicated, since the potential of
the positively charged atomcoresV(r), obeying the period-
icity V(r+R) = V(r), additively contributes to the Hamilto-
nian. In the absence of a magnetic field, the full Hamilto-
nian is symmetric under the translation by lattice vectors
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R, which is exploited to find the wave function of a parti-
cle in a periodic lattice potential. This is a simple Bloch
wave Ψ(r) = eik·Ru(r) consisting of a phase eik·R and a
periodic function with the same periodicity of the lattice
u(r + R) = u(r) [76]. In a magnetic field, the missing trans-
lation invariance of HB impedes the use of the Bloch so-
lution [77], which is only valid, if the translation operator
TR = eik·R commutes with the full Hamiltonian. Instead,
a new momentum operator commuting with HB(π) is de-
fined [78]

π̃(r) = p − e0A(r), (3)

allowing the construction of a magnetic translation oper-
ator TB,R = eiπ̃(r)·R/~ [79, 80]. While the so called pseudo-
momentum π̃ commuteswith the kineticmomentum π, its
components do not commute [π̃x , π̃y] = ie0~Bz, and one
finds

TB,RTB,R′ = exp
(︂
−i2πB · R × R

′

ϕ0

)︂
TB,R′TB,R, (4)

with themagnetic flux quantum ϕ0 = h/e0. Therefore, the
group of magnetic translation operators is non-abelian,
with the consequence that the motion in a magnetic field
induces an Aharanov–Bohm phase [81]. However, if B ·R×
R′ yields a rational multiple of ϕ0, the periodicities of the
crystal lattice and cyclotron orbits are commensurable, an
abelian subgroup TB,Rs of TB,R exists, and a magnetic su-
perlattice may be obtained by searching for superlattice
vectors Rs, for which the exponential in Eq. (4) is always
one [82], i.e. TB,RsTB,R′

s
= TB,R′

s
TB,Rs . Then, the periodicity

of the superlattice allows to establish a generalized Bloch
theorem similar to Ψ(r) = eik·Ru(r), where R is replaced
by Rs, and k is restricted to a magnetic Brillouin zone. The
construction of themagnetic superlattice is such that each
unit cell of the superlattice intercepts precisely one mag-
netic flux quantum [83].

Note that while the Aharanov–Bohm phase results
from the spatial dependence of the vector potential A(r)
destroying the translation invariance of the Hamiltonian,
the existence of a magnetic superlattice can be regarded
to reflect the homogeneity of the magnetic field which im-
plies that the orbit of an electron in a magnetic field (cy-
clotron orbit) is independent of its position. In fact, both
concepts can be brought in line through a singular gauge
transformation of the wave function transforming the vec-
tor potential A(r) in the Hamiltonian HB to a periodic vec-
tor potential Ap(r) with a periodicity that depends on the
magnetic field [84]. Using this approach, the periodicity
of themagnetic superlattice resulting from the homogene-
ity of the magnetic field becomes apparent in the Hamilto-
nian.

Figure 1: Honeycomb lattice of graphene. (a) Equivalent sublat-
tices A and B of the two carbon atoms in the unit cell defined by the
primitive lattice vectors a1 and a2. (b) Reciprocal lattice with the
reciprocal lattice vectors k1 and k2, the Brillouin zone (yellow area),
and the high symmetry points Γ, K, and K’.

Due to the existenceof twodifferent periodicities, each
Blochband splits up into anumber of subbands, or equiva-
lently, each Landau level splits up into different subbands
with degenerate energies [60, 83, 85]. It is expedient to
consider the lengths scales associated with the two pe-
riodicities, namely, the lattice constant a0 and the mag-
netic length lB =

√︀
~/(e0B). For experimentally feasible

magnetic fields and typical lattice spacings the condition
a0 ≪ lB applies, for example lB/a0 ≈ 669 for B = 4T
in graphene. In this limit it is legitimized to start with the
tight-binding description of the system, since the deforma-
tion of the atomic orbitals due to the external field is neg-
ligible. Then, the magnetic field is introduced via the sub-
stitution Eq. (2) which in this context is called Peierls sub-
stitution [65, 77, 86–88]. The limit of weak magnetic fields
exhibits a negligible Landau level splitting due to the crys-
tal lattice [89],which is interpreted as the cyclotronmotion
of the electron not being considerably disturbed by the un-
derlying lattice.

2.1.1 Electronic dispersion in Landau-quantized
graphene

Graphene as a single layer of graphite is a perfect two-
dimensionalmaterial consisting of carbon atoms arranged
in a honeycomb lattice. The four valence electrons of each
carbon atom in graphene are sp2-hybridized and cova-
lently bonded to its three neighbors. Three strong σ-bonds
hold the material together and lead to the planar honey-
comb lattice, while the remaining valence electron forms a
π-bond. The low-energy electronic properties of graphene
turn out to be captured in good approximation by a simple
tight-binding approach for the π-electrons from the 2pz-
orbitals [7].
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The Bravais lattice of graphene is hexagonal with two
carbon atoms (A and B) in the unit cell, cf. Fig. 1a. The re-
sulting honeycomb lattice is therefore comprised of two
equivalent hexagonal sublattices A and B. The unit cell
is spanned by the primitive lattice vectors a1 = a0(1, 0)
and a2 = a0/2(1,

√
3) with the lattice constant a0 =

0.2461nm [90]. The connecting vectors from a carbon
atom in sublattice A to its three neighboring carbon atoms
(in sublattice B) are given by b1 = a0/2(1, 1/

√
3), b2 =

a0/2(−1, 1/
√
3), and b3 = a0/

√
3(0, −1). Fig. 1b shows

the reciprocal lattice of graphene defined by the recip-
rocal lattice vectors k1 = 2π/a0(1, −1/

√
3) and k2 =

4π/
√
3a0(0, 1). Furthermore, the first Brillouin zone (yel-

low area), and the high symmetry points Γ = (0, 0), K =
4π/3a0(1, 0), and K′ = −K are marked in Fig. 1b.

Before the magnetic field is introduced via the Peierls
substitution, an effective Hamiltonian is derived. The as-
sumption that the relevant π-electrons are localized at the
carbon sites legitimizes a tight-binding ansatz for thewave
function

Ψ(r, k) = 1√
N

∑︁
l∈{A,B}

∑︁
Rl

cl(λ, k)eik·Rlϕ(r − Rl), (5)

consisting of two parts for the two equivalent sublattices
A and B with the corresponding coefficients cA and cB.
Here, the sum is understood to be taken over all N sub-
lattice sites Rl of the sublattice l ∈ {A, B}, and ϕ is the
2pz-orbital with an effective atomic charge Z* = 4.6 [39].
The coefficients cl and the dispersion relation ϵ(k) are ob-
tained by solving the Schrödinger equation HΨ = ϵΨ ,
which is achieved by multiplication (from the left) with
Ψ* and integrating over r, hence applying a scalar prod-
uct ⟨Ψ(r)|H|Ψ(r)⟩ = ϵ⟨Ψ(r)|Ψ(r)⟩. Introducing the spinors

= (cA, cB), a compact matrix notation is possible. Using
Eq. (5) and applying the nearest-neighbor approximation,
we find

ψ†
(︃

0 𝛾0e(k)
𝛾0e*(k) 0

)︃
= ϵψ†

(︃
1 s0
s0 1

)︃
, (6)

where the sum e(k) = ∑︀3
j=1 e

ikbj , as well as the integrals
𝛾0 = ⟨ϕ(r − RA)|H|ϕ(r − RBj )⟩ and s0 = ⟨ϕ(r)|ϕ(r − b1)⟩ ≈
0.07 are defined. Here, 𝛾0 is independent of j and corre-
sponds to the interaction energy between carbon atoms
ranging from −2.5 eV to −3 eV in graphene [90]. Further-
more, the constant integrals ⟨ϕ(r − RA/B)|H|ϕ(r − RA/B)⟩
describe an energy shift which is set to zero.

The overlap integral s0 breaks the electron-hole sym-
metry, but its impact is negligible in the vicinities of the
Dirac points (K and K’ points), where the dispersion is lin-
ear in good approximation [38]. Since this article focuses

on the carrier dynamics in the low-energy regime, s0 is
omitted and e(k) is expanded around the K point, using
k = ξK+q for small q (|q| ≪ |K|), where ξ = ±1 represents
the K and K’ point respectively (cf. Fig. 1). An expansion to
first order

eξ (q) ≈ −ξ
√
3a0
2 (qx + iξqy) , (7)

yields the effectiveHamiltonianwhich is valid in the linear
region of the dispersion (for energies up to∼ 1.5 eV)

H
ξ
q = ξ~vF

(︃
0 qx + ξiqy

qx − ξiqy 0

)︃
, (8)

with the Fermi velocity in graphene vF = −𝛾0a0
√
3/2~ ≈

1nm/fs [91].
Now, themagnetic field is introduced using the Peierls

substitution q → π/~, cf. Eq. (2). To calculate the energy
spectrum of the Landau levels, we define the ladder oper-
ators [65]

a† = lB√
2~ (πx + iπy) ,

a = lB√
2~ (πx − iπy) ,

⇔
πx = ~√

2lB

(︁
a† + a

)︁
,

πy = −i ~√
2lB

(︁
a† − a

)︁
,
(9)

with the commutation relation
[︁
a, a†

]︁
= 1, that create and

annihilate left circularly polarized quanta (quanta with
an angular momentum parallel to the magnetic field), i.e.
a†|n⟩ =

√
n + 1|n + 1⟩, a|n⟩ = √

n|n − 1⟩. They form the
respective number operator n = a†a. Plugging these re-
lations in the effective tight-binding Hamiltonian Eq. (8),
where the Peierls substitution from Eq. (2) is applied first,
we obtain

HK
π = ~ωc

(︃
0 a†

a 0

)︃
, HK′

π = −~ωc

(︃
0 a
a† 0

)︃
, (10)

with the relativistic equivalent of the cyclotron frequency
ωc =

√
2vF/lB. Defining the spinor components at the K’

point in reverse order ψK′ = (cB, cA), Eq. (10) can be com-
pactly written

H
ξ
π = ξ~ωc

(︃
0 a†

a 0

)︃
. (11)

Then, the eigenvalue equation H
ξ
π |ψ⟩ = ϵ|ψ⟩ is readily

solved

ϵλn = λ~ωc
√
n = λ~vF

√︂
2ne0B

~ , (12)

|ψ⟩ = αn√
2

(︃
|n⟩

ξλ|n − 1⟩

)︃
, αn =

{︃√
2 , n = 0

1 , n ≠ 0
,(13)
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Figure 2: Landau level spectrum. The electronic dispersion of
graphene under a homogeneous magnetic field (Eq. (12)) is shown
in dependence of the magnetic field component perpendicular to
the graphene plane.

where the Landau level index n is defined to be a non-
negative integer (n = 0, 1, 2, . . .). In contrast to con-
ventional two-dimensional electron gaseswith aparabolic
dispersion characterized by equally spaced Landau levels,
the energy of Landau levels in graphene shows a square-
root dependence on the index n. This is a consequence
of the linear electronic dispersion. Furthermore, the spac-
ings between the Landau levels increase with the square
root of the magnetic field, cf. Fig. 2. Another peculiarity
of Landau-quantized graphene is the existence of a zero-
energy Landau level (with λn=0 = 0 by definition) which
gives rise to the relativistic quantum Hall effect [55, 56].

So far, the impact of the external magnetic field on the
electron’s orbital degrees of freedom was discussed. Be-
sides this interaction with the electron charge, the mag-
netic field also interacts with the magnetic moment due
to the electron spin. This leads to a lifting of the spin-
degeneracy in the Landau level spectrum (Eq. (12)) and a
separation of each Landau level into two spin branches.
The energy splitting ∆EZ = gµBB of electronswith opposite
spins is called the Zeeman effect and depends on themate-
rial’s g factor, the Bohr magneton µB = e0~/2m0, and the
magnetic field strengthB [65]. Note that thedirectionof the
magnetic field is irrelevant for the Zeeman effect, while the
in-planemotion of the electrons is affected only by the per-
pendicular component of the magnetic field. This fact was
exploited by Zhang et al. to determine an approximation
for the g factor of graphene[92] g ∼ 2, which in fact agrees
with the value for the bare electron. For a typical magnetic
field of B = 4T, a Zeeman splitting of ∆EZ . 0.5meV is
obtained. However, impurity-induced Landau level broad-
ening is in the range of a few meV, as will be further dis-
cussed below. Therefore, assuming that the Zeeman split-
ting is superimposed by a larger energy broadening, we

can focus on the orbital degrees of freedom. Similarly, the
lifting of the valley-degeneracy by the spin-orbit interac-
tion is also expected to be weak in graphene [65] and will
therefore be neglected.

2.1.2 Degeneracy of Landau levels

The cyclotron orbits located at every cell of the magnetic
superlattice lead to adegeneracy of eachLandau level. The
latter is given by the number of electronic orbits that fit
into the considered area of graphene A [65, 93]. In order to
calculate the Landau level degeneracy and to incorporate
all magnetic degrees of freedom into the description, the
motion of the electron ona cyclotron orbit is considered. In
a semi-classical picture it can be described by the position
operator

r = X + η, (14)

which is decomposed into the guiding centerX and the cy-
clotron coordinate η. While the latter is perpendicular to
the kineticmomentum and given by η = 1/(e0B)(πy , −πx),
the guiding center operatorX can be related to the pseudo-
momentum π̃ from Eq. (3) via X = π̃/(e0B). This yields the
commutation relation [X, Y] = − [ηx , ηy] = il2B, showing
that the components of the guiding center operator, just
like the components of the kinetic momentum, are conju-
gate variables. Therefore, in analogy to the ladder opera-
tors defined in Eq. (9), ladder operators are defined

d† = 1√
2lB

(iX + Y) ,

d = 1√
2lB

(−iX + Y) ,
(15)

satisfying the commutation relation
[︁
d, d†

]︁
= 1 and form-

ing the new number operator m = d†d. The eigenvalue
equation

d†d|m⟩ = m|m⟩ (16)

is satisfied by the eigenstates |m⟩. Since the ladder opera-
tors d† and d commutewith theHamiltonian, the cyclotron
motion may be completely characterized by the quantum
numbers n and m. Consequently, the spinor in Eq. (13) is
extended to include the m-dependence

|ψ⟩ = αn√
2

(︃
|n,m⟩

ξλ|n − 1,m⟩

)︃
. (17)

The quantum numbers in the absence of a magnetic field
qx and qy are thus replaced by the quantum numbers n
and m, where n is connected to the magnitude of the ki-
netic momentum |π| = ~

√
2n + 1/lB and m expresses the

position of the cyclotron orbit.
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Finally, the area of a cyclotron orbit is given by the
uncertainty connected with its guiding center operator
∆X∆Y = 2πl2B, which is a result of the non vanishing
commutator[65] [X, Y] = il2B, and yields the degeneracy of
each Landau level

NB =
A

∆X∆Y = Ae0B2π~ . (18)

The quantumnumbermmay therefore assume integer val-
ues in the range [0, NB − 1].

2.1.3 Wave function in Landau-quantized graphene

In analogy to the case without a magnetic field, the wave
function is defined as a superposition of the two sublattice
wave functions from Eq. (5)

Ψ(r) = 1√
N

∑︁
l∈{A,B}

∑︁
Rl

cl(R)eiξK·Rlϕ(r − Rl). (19)

Note that there are two main differences induced by the
presence of a magnetic field:

(i) The coefficients cl are now wave functions describ-
ing the impact of the magnetic field on the motion of the
charge carriers. In general, these wave functions depend
on the position of the charge carriers in graphene r. Based
on the same assumption that justifies the use of the Peierls
substitution, a0 ≪ lB, the position-dependence of cl is re-
stricted to lattice sites R in good approximation (R = RA
without loss of generality). Then, the coefficients cA and
cB are given by the spatial representation of the spinor in
Eq. (17) through the relation ⟨R|ψ⟩ = (cA, cB) which yields

cA(R, λn,m, ξ ) =
αn√
2
⟨R|n,m⟩,

cB(R, λn,m, ξ ) =
αn√
2
ξλ⟨R|n − 1,m⟩.

(20)

The wave function is normalized according to
⟨Ψ(r, λ′n′,m′, ξ ′)|Ψ(r, λn,m, ξ )⟩ = δλ,λ′δn,n′δm,m′δξ ,ξ ′ .
The explicit form of ⟨R|n,m⟩ is given by [94]

⟨R|n,m⟩ = i|n−m|e−R̃
2/2

√︃
NB

min(n,m)!
max(n,m)!

ei(n−m)φ R̃|n−m|L|n−m|
min(n,m)

(︁
R̃2
)︁
,

(21)

with the vector R = (R, φ) in polar coordinates, the abbre-
viation R̃ = R/(

√
2lB), and the associated Laguerre poly-

nomials Lαn.
(ii) The information on the wave vector q (measured

from the Dirac point) entering in ei(ξK+π/~)·Rl is lost in the
magnetic field. This is an approximation which relies on

the fact that our theory only describes the region of lin-
ear dispersion around the K points, where the condition
|q| /~ ≪ |K| certainly is satisfied. Another aspect worth
mentioning in this context is that the momentum is no
good quantum number in a magnetic field anymore. The
modulus of the kinetic momentum π can be related to the
Landau level index n, while there is an uncertainty rela-
tion between πx and πy due to their non-vanishing com-
mutator. As a consequence, |π| is fixed in a specific Lan-
dau level but the direction of π is uncertain, hence, in π-
space Landau levels form circles around the K points. Con-
sequently, the expectation value of the kinetic momentum
is ⟨π⟩ = 0 which serves as a second way of understanding
that eiπ·Rl/~ is omitted.

2.2 Hamilton operator and coupling matrix
elements

Now, the aim is to derive a microscopic model of the car-
rier dynamics including the coupling of the electronic de-
grees of freedomwith the light field driving the system out
of equilibrium as well as the carrier–carrier and carrier–
phonon interactions determining the relaxation dynamics
of optically excited electrons. Moreover, scattering of elec-
tronswith impurities is taken into account as a broadening
mechanism (pure dephasing) of the Landau level transi-
tions. It has no direct impact on the relaxation dynamics,
since the impurities can only change momenta but no en-
ergies. To take all these scattering channels into account,
we define amany-particle Hamilton operator that incorpo-
rates the free-carrier part (H0) as well as carrier–impurity
(Himp), carrier–light (Hlight), carrier–carrier (HCoul), and
carrier phonon interactions (Hphon)

H = H0 + Himp + Hlight + HCoul + Hphon. (22)

Introducing Heisenberg field operators Ψ̃(r) = ∑︀i Ψi(r)ci
and Ψ̃†(r) = ∑︀

i Ψ
†
i (r)c†i for electrons and phonons, we

express the many-particle Hamilton operator in second
quantized languagewith the creation and annihilation op-
erators c†i and ci acting on the state i. These operators obey
the commutation relations [ci , c†j ]± = δi,j for fermionic
(anti-commutator) and bosonic (commutator) particles,
respectively. In the following, we denote the electronic op-
erators as a†i , ai, while the phononic operators are labeled
with b†i , bi.
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Figure 3: Phonon dispersion of graphene. Phonon energies ~ωp,µ
are shown for of all phonon modes µ with the momentum p along
the high-symmetry lines Γ-M-K-Γ. The red lines mark the approxi-
mated dispersions used to model the phonons included in the the-
ory (LO, TO, LA, and TA). The figure is taken from Ref. [95]. Copyright
(2007) by The American Physical Society.

2.2.1 Free-particle Hamiltonian

The Hamilton operator for carriers in the absence of inter-
actions is determined by the dispersion of electrons ϵi and
phonons ~ωj and reads

H0 =
∑︁
i
ϵia†i ai +

∑︁
pµ

~ωpµ

(︂
b†pµbpµ +

1
2

)︂
. (23)

The electronic dispersion ϵi has already been discussed in
detail in Section 2.1.1, cf. Eq. (12). It includes the magnetic
field and the compound index i = (λi , ni ,mi , ξi , si)with λi
denoting the band and ni the Landau level, mi describing
the position of the guiding center of the cyclotron motion,
while ξi and si are the valley and spin indices.

Fig. 3 illustrates the phonon dispersion including all
six phonon modes appearing in graphene. They are di-
vided into acoustic phonons (A) characterized by in-phase
oscillations of the lattice atoms, and optical phonons (O),
where the oscillation of neighboring lattice atoms is out of
phase. Furthermore, a distinction is made between longi-
tudinal (L), transverse (T), and flexural (Z) phonons. The
energetically lowest Landau levels considered in this arti-
cle are located in close vicinity of the Dirac points. There-
fore, neglecting Umklapp processes with a momentum
transfer extending beyond the Brillouin zone, the relevant
phononmomenta are either small (Γ-phonons) in the case
of intravalley processes, or they are ±K in case of inter-
valley scattering (K-phonons). As will become clear when
the corresponding matrix elements are evaluated, the mo-
mentum conservation, which restricts the phase space for
phonon-induced scattering channels in the absence of a
magnetic field, is replaced by a Gaussian factor limiting

the available phonon phase space to regions around the
Γ and the K points. In the case of optical phonons, the dis-
persions at the Γ and the K point are considered to be con-
stant in good approximation (cf. the red lines in Fig. 3),
and the values ϵp,ΓTO = 192meV, ϵp,ΓLO = 198meV,
ϵp,KTO = 162meV, and ϵp,KLO = 151meV [39, 96] are
used. For acoustic phonons, a linear dispersion ϵp,Γ-A =
~νΓ-A |p| is assumed in the long-wavelength region, with
νΓLA = 2.308 × 10−2 nm/fs and νΓTA = 1.434 × 10−2 nm/fs
[97].

2.2.2 Carrier-impurity Hamiltonian

The scattering of electrons with impurities is represented
by the Hamilton operator

Himp =
∑︁
i,f
Dif a†f ai , (24)

where Dif =
´
drΨ*f (r)U(r)Ψi(r) is the matrix element of

the carrier–impurity interaction, and the Gaussian white
noise potential U(r) is used to describe randomly dis-
tributed impurities. Impurities give rise to a Landau level
broadening, as will be discussed in detail in Section 2.3.1.
When the broadening is smaller than the inter-Landau
level spacing, the levels are well-separated and impurity-
induced scattering is only possible within one single level.
This results from the fact that carrier–impurity scattering
is an elastic scattering mechanism, and as such does not
affect the energy of individual charge carriers but only re-
sults in a Landau level broadening. While the impurity av-
erage (see for example Ref. [98]) of a single impurity poten-
tial Dif is zero, the impurity average involving a product of
two impurity potentials does not vanish (cf. Ref. [73]).

2.2.3 Carrier-light Hamiltonian

The interaction of electrons with the light field is treated
classically. Applying the Coulomb gauge and the dipole
approximation, the carrier–light Hamilton operator reads

Hlight = i~
e0
m0

∑︁
i,f

Mif · A(t)a†f ai , (25)

with the elementary charge e0, the electron mass m0, the
vector potential A(t) describing the incident light field,
and the optical matrix element Mif =

´
drΨ*f (r)∇Ψi(r).

Note that the vector potential for the light field depends
on time only and is considered to be spatially homoge-
neous,while the vector potential used to describe themag-
netic field obeys only a spatial dependence. Both contribu-
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Figure 4: Optical transitions. The allowed optical interband transi-
tions within the energetically lowest Landau levels are sketched.

tions are treated on a different footing which is reasonable
since the physical effects of a strong magnetic field and a
weak light field are dramatically different. While the for-
mer forces the electrons into cyclotron orbits and is conse-
quently incorporated into the wave functions and the en-
ergy dispersion, the latter is considered as a perturbation
of the system and thus enters the model via a scattering
term. The optical matrix element can be calculated analyt-
ically within the tight-binding approach yielding [73, 99]

Mif = iδξi ,ξf δmi ,mf δsi ,sf
αniαnfm0vF

2
√
2~[︀

λi ϵ̂
−δnf ,ni−1 + λf ϵ̂

+δnf ,ni+1
]︀
= −M*

� , (26)

where ϵ̂± = (êx ∓ iêy)/
√
2 are Jones vectors describing left

and right circularly polarized light [100]. It is convenient
to define the polarization direction of light with respect to
the magnetic field direction using the convention that σ+-
polarization (σ−-polarization) means the angular momen-
tumof the photon is parallel (anti parallel) to themagnetic
field. Assuming that the direction of light propagation co-
incides with that of the magnetic field inducing the Lan-
dau levels (and both point into the z-direction), σ+ and σ−-
polarized light corresponds to left (ϵ̂+) and right (ϵ̂−) circu-
lar polarization respectively, where the polarization is de-
fined from the point of view of the receiver. The optically
allowed interband transitions are sketched in Fig. 4.

The Kronecker deltas δnf ,ni±1 express the optical se-
lection rules in Landau-quantized graphene allowing only
transitions between Landau levels with ∆n = ±1. In Sec-
tion 2.1.2, a connectionwas established between the quan-
tum number m and the position of the cyclotron orbit. In
view of this relation, the Kronecker delta δmi ,mf is inter-
preted to inhibit the optical coupling of different cyclotron
orbits. This is in linewith the fact that thephotonmomenta
are negligible compared to the crystal momenta, with the
result that purely optical transitions are vertical in themo-
mentum space. The circularly polarized photons needed
to excite the Landau-quantized graphene transfer an an-

gular momentum. An electron in the state (n,m) has an
angular momentum of mz = n − m [75]. Since the quan-
tum number m is conserved during the carrier–light inter-
action, the change of the Landau level index n directly re-
flects ∆mz. Consequently, σ±-polarized light corresponds
to an angular momentum transfer of ∆mz = ±1. This is in
agreement with the expectation that can be deduced from
the classical electronmotion in amagnetic field due to the
Lorentz force FL = −e0v × B. Note that the Rabi frequency
Ωif (t) = (e0/m0)Mif · A(t) appearing in the carrier–light
Hamiltonian (Eq. (25)) does not dependent on the mass of
the free electron m0, since the optical matrix element is
proportional to m0, cf. Eq. (26).

2.2.4 Carrier-carrier Hamiltonian

The Coulomb-induced carrier–carrier interaction is de-
scribed by the Hamilton operator Eq. (22)

HCoul =
1
2
∑︁
ii′� ′

V ii
′

� ′a†f a
†
f ′ai′ai , (27)

where the Coulomb matrix element in Fourier representa-
tion reads

V12
34 =

∑︁
q
VqΓ13(q)Γ24(−q), (28)

with the Fourier transform Vq = e20/(2ϵ0A|q|) of the two-
dimensional Coulombpotential VCoul(r−r′) = e20/(4πϵ0|r−
r′|) and the Fourier components of the electronic density
Γif (q) = ⟨Ψf |eiqr|Ψi⟩, where ϵ0 is the vacuum permittivity.
A concrete calculation of the matrix element V12

34 yields in
polar coordinates q = (q, φ)

V12
34 = αn1αn2αn3αn4

e20δξ1 ,ξ3δξ2 ,ξ4
32π2ϵ0

ˆ ∞

0
dq
ˆ 2π

0
dφ

×
[︁
λ1λ3Fn1−1,m1

n3−1,m3
(q) + Fn1 ,m1

n3 ,m3 (q)
]︁

×
[︁
λ2λ4Fn2−1,m2

n4−1,m4
(q) + Fn2 ,m2

n4 ,m4 (q)
]︁
, (29)

with the form factor Fn
′ ,m′

n,m (q) = ⟨n,m|eiqR̂|n′,m′⟩ which
contains the operator eiqR̂ = 1

A
´
dR|R⟩eiqR⟨R|. Here, the

hat is used to distinguish the operator R̂ from the posi-
tionR. Using the abbreviation q̃ = lBq/

√
2, the form factor

reads

Fn
′ ,m′

n,m (q) = (−1)Θ(n
′−n)+Θ(m′−m) e−q̃

2
eiφ(n

′−n−m′+m)

×
√︃

min(m′,m)!min(n′, n)!
max(m′,m)!max(n′, n)! q̃

|n−n′|+|m−m′|

×L|m−m
′|

min(m,m′)

(︁
q̃2
)︁
L|n−n

′|
min(n,n′)

(︁
q̃2
)︁
, (30)
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where the Gaussian factor e−l2Bq2/2 restricts themomentum
transfers to the order of q ∼ 1/lB. This limits the avail-
able phase space for carrier–carrier scattering and is the
equivalent to momentum conservation in the absence of a
magnetic field. In a magnetic field the momentum depen-
dence is integrated out and the matrix element V12

34 is in-
dependent of q. A detailed examination of the form factor
reveals that the angular integration in Eq. (29) yields a Kro-
necker delta δn1−m1+n2−m2 ,n3−m3+n4−m4 representing the an-
gular momentum conservation of Coulomb scattering, cf.
Refs. [65] and [73] formore details on the form factor.More-
over, the Coulomb matrix element obeys the symmetry re-
lations V12

34 = V21
43 , and V12

34 =
(︀
V34
12
)︀*. Note that the elec-

tron spin has so far been neglected. Taking it into account
would result in Kronecker deltas δs1 ,s3δs2 ,s4 appearing in
Eq. (29) reflecting the spin conserving nature of Coulomb
scattering.

Furthermore, screening of the Coulomb potential has
to be introduced by substituting

Vq → Vq
ϵr(q, ω)

(31)

in Eq. (28), where the frequencyω is defined via the energy
transfer of one of the two carriers involved in the scatter-
ing event ~ω = ϵ1 − ϵ3 [101]. Here, the material-dependent
relative permittivity (or dielectric function) ϵr(q, ω) =
ϵ(q, ω)/ϵ0 is the unitless ratio of the (absolute) permittiv-
ity and the vacuum permittivity. Considering a solid as a
gas of electrons and positively charged ions forming a neu-
tral plasma, the charge carriers arrange in an external elec-
tric field such that dipoles are induced damping the exter-
nal field. The material is said to be polarized and the per-
mittivity is ameasure of this polarization in response to an
electric field. This concept can also be applied to themate-
rial’s charge carriers itself, since every charge induces an
electric field. Therefore, the charge of electrons and ions
in a solid is screened by all the other charges in its vicin-
ity. The relative permittivity is composed of a constant part
due to the background ϵbg and a momentum-dependent
part stemming from the mobile charge carriers (π-bands
in graphene) and can be written as

ϵr(q, ω) = ϵbg
[︂
1 − Vqϵbg

Π0(q, ω)
]︂
, (32)

with the polarizability Π0(q, ω). The screening by the
background incorporates the effects of the core states,
bound electrons (σ-bands in graphene) and the sur-
rounding environment (e.g. the substrate). For suspended
graphene ϵbg = ϵair ≈ 1 is used, while ϵbg = (ϵsubstrate +
ϵair)/2 is used for supported graphenewhere the substrate
is on one side and vacuum on the other side.

Figure 5: Dielectric function.Momentum dependence of the real
and imaginary part as well as the absolute value of the dielectric
function ϵc(q, ω01) for the energy transfer ~ω01 = ϵ+1 − ϵ0, and the
parameters B = 4 T, µ = 0, T = 300K, and δ = 7meV. The figure is
taken from Ref. [73]. Copyright (2014) by Nature Publishing Group.

The polarizability is calculated in the random phase
approximation according to Goerbig et al. [65, 102, 103]

Π0(q, ω) = 4NB
∑︁
λλ′

∑︁
nn′

nFD(ϵλn) − nFD(ϵλ
′

n′ )
ϵλn − ϵλ

′
n′ + ~ω + iδ

⃒⃒⃒
F̃λ

′n′
λn (q)

⃒⃒⃒2
.

(33)
Here, δ is a broadening induced by carrier–impurity scat-
tering which is calculated in Section 2.3.1, and nFD(ϵ) =
1/(exp[(ϵ − µ)/kBT] + 1) is the Fermi–Dirac distribution
with the chemical potential µ, the Boltzmann constant kB,
and the temperature T. The exact expression for the form
factor F̃λ′n′λn (q) can be found in Ref. [65].

At a givenmagnetic field, Fermi energy (assuming ϵF =
µ), temperature, and Landau level broadening, the polar-
izability (Eq. 33) may be evaluated numerically for every
possible energy transfer ~ω in dependence of the momen-
tum transfer q. Fig. 5 illustrates the dielectric function for
the transition LL0 → LL+1 (for the parameters B = 4T,
µ = 0, T = 300K, and δ = 7meV). While the real part of
the dielectric function closely resembles the static limit (cf.
Ref. [65, 103]), the imaginary part gives a considerable con-
tribution in the longwavelength limit. This contribution is
important, since the form factor of the Coulomb interac-
tion restricts the allowed momentum transfers q to small
values (cf. discussion above).

Note that, as a direct consequence of the violation of
momentum conservation in a magnetic field, the vanish-
ing screening in the long-wavelength limit q → 0 does not
imply divergences of the Coulomb interaction, although
Vq ∝ 1/q. In the absence of a magnetic field, momentum
conservation reduces the sum over q in Eq. (28) to a single
summand. In contrast, due to the suppression of momen-
tumconservation in amagnetic field, here, themomentum
sum has to be evaluated. It is converted into an integral in
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polar coordinates A/(2π)2∑︀q →
´
dq =

´
dφ
´
dq q, and

yields a factor q which regularizes the divergence of Vq in
the limit q → 0.

2.2.5 Carrier–phonon Hamiltonian

The carrier–phonon interaction is described by the Hamil-
ton operator

Hphon =
∑︁
ifpµ

(︁
gpµif a

†
f aibpµ + g

pµ*
if a†i af b†pµ

)︁
, (34)

where gpµif =
´
drΨ*f (r)V

µ
phon(p)Ψi(r) is the carrier–phonon

matrix element with the momentum p, the mode µ of the
phonon, and the coupling potential Vµphon(p). The latter
quantifies the interaction strength and within the nearest-
neighbor approximation it can be expressed as

Vµphon(p) =
(︃
V1 V2
V*2 V1

)︃
, (35)

which is obtained in a continuum model for long-
wavelength phonons. It incorporates the coupling of elec-
trons to phonons via a scalar deformation potential V1 as
well as bond-lengthmodulations V2 (modulated hopping)
[104–107]. While the deformation potential describes an
on-site coupling, where the initial and final electronic
states are located on the same lattice site, the modulated
hopping term couples electronic states on neighboring
sites.

Overall, the couplingmatrices for acoustic and optical
phonons are expressed in terms of the phononmomentum
transfer in polar coordinatesp = (p, φp), the displacement
vector in polar coordinates u = (u, φu), and the angles
φ±p,u = φp ± φu:

Vac
phon(p) = ipD

µ
p

(︃
g1 cosφ−p,uP g2e−iξφ

+
p,uP

−g2eiξφ
+
p,uP* g1 cosφ−p,uP

)︃
, (36)

Vopt
phon(p) = iξ

√
23β~vF
a20

Dµp

(︃
0 −eiξφuP

e−iξφuP* 0

)︃
,

(37)

where g1 = 16 eV [108] is the deformation potential, g2 =
−
√
3κβ~vF/2a0 ≈ −1.5 eV is the potential describing the

modulated hopping amplitude for acoustic phonons in-
cluding the parameters β = −d ln 𝛾0/d ln

⃒⃒
bj
⃒⃒
≈ 2 and

κ ≈ 1/3 [105], P = eipR is the plane wave factor, and Dµp =√︀
~/MAωpµ is a prefactor depending on the graphene

mass density M = 7.6 × 10−8 gcm−2 [39], the area of
graphene A, and the phonon energy ωpµ.

The deformation potential coupling g1 is about one
order of magnitude larger than the modulated hopping

strength g2 and provides the dominant contribution for
longitudinal acoustic phonons (where cos(φlong

p,u = 0) = 1).
In the case of transverse acoustic phonons, themodulated
hopping becomes important, since here the deformation
potential coupling vanishes, that is cos(φtrans

p,u = π/2) = 0.
Note that the deformation potential is subject to electronic
screening, which is particularly strong for small wave vec-
tors [104]. In contrast, the modulated hopping giving rise
to the important interaction with optical phonons is not
affected by screening.

Finally, the carrier–phonon matrix element is calcu-
lated using the coupling potential of the respective mode
Vphon (Eqs. 36–37), and the spinor representation of the
wave function

(R, λn,m, ξ ) = 1√
A
eiξK·R

(︃
cA(R, λn,m, ξ )
cB(R, λn,m, ξ )

)︃
. (38)

It yields for acoustic phonons⃒⃒⃒
gp,ΓLAif

⃒⃒⃒2
=
α2niα2nf ~p
4MAνΓLA

⃒⃒⃒
ξλig2e−2iξφpFni−1,mi

nf ,mf (p)

− ξλf g2e2iξφpFni ,mi
nf−1,mf

(−p)

+ g1
[︁
Fni ,mi
nf ,mf (p) + λiλf F

ni−1,mi
nf−1,mf

(p)
]︁ ⃒⃒⃒2

, (39)⃒⃒⃒
gp,ΓTAif

⃒⃒⃒2
=
α2niα2nf ~p
4MAνΓ-A

⃒⃒⃒
λf g2e2iξφpFni ,mi

nf−1,mf
(−p)

+ λig2e−2iξφpFni−1,mi
nf ,mf (p)

⃒⃒⃒2
, (40)

and for optical phonons⃒⃒⃒
gp,Γ-Oif

⃒⃒⃒2
=
α2niα2nf 9β2~4v2F
2a40MAϵp,Γ-O

⃒⃒⃒
λf e−iξφpFni ,mi

nf−1,mf
(−p)

± λieiξφpFni−1,mi
nf ,mf (p)

⃒⃒⃒2
, (41)⃒⃒⃒

gp,K-Oif

⃒⃒⃒2
= α2niα2nf

⟨
g2K-O

⟩
DFT

×
⃒⃒⃒
λf Fni ,mi

nf−1,mf
(−p) − λiFni−1,mi

nf ,mf (p)
⃒⃒⃒2
, (42)

where the + sign refers to the transverse mode (ΓTO) and
the − sign to the longitudinal mode (ΓLO). While ana-
lytic expressions are obtained in the case of Γ phonons,
the carrier–phonon interaction strengths

⟨︀
g2KTO

⟩︀
DFT =

0.0994 eV2 ·Auc/A, and
⟨︀
g2KLO

⟩︀
DFT = 0.00149 eV2 ·Auc/A

are based on numerical calculations within density func-
tional theory (DFT) thatwhereperformedbyPiscanec et al.
[109]. Here, Auc =

√
3a20/2 is the unit cell area and A is the

area of graphene which cancels after performing the mo-
mentum sum in the scattering rates. The DFT calculations
yield phonon dispersion relations showing Kohn anoma-
lies [110] thatmanifest itself by sharp kinks at high symme-
try points in the Brillouin zone. Then, the carrier–phonon
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interaction strengths can be deduced from the slopes of
these kinks as was analytically proven in the same work
(Ref. [109]). Note that the interaction strengths in the case
of the Γ phonons are also in agreement with the corre-
sponding DFT calculations [109]. Finally, the form factors
Fn

′ ,m′

n,m (p) are the same as in the case of Coulomb scatter-
ing. Since a phonon can absorb (or provide) any angular
momentum, there are no selection rules for the carrier–
phonon interaction and restrictions of the corresponding
scattering channels are only imposed by the energy con-
servation.

2.3 Microscopic Bloch equations for
Landau-quantized graphene

Knowing the full many-particle Hamilton operator includ-
ing all matrix elements, the temporal evolution of an ar-
bitrary operator O can be derived using the Heisenberg
equation of motion i~ d

dtO(t) = [O, H] [38, 111]. Employed
on the quantities of interest, the microscopic polariza-
tion pif (t) = ⟨a†f ai⟩(t), and the population probability
ρi(t) = ⟨a†i ai⟩(t), this approach yields the Bloch equations
for Landau-quantized graphene[73]. While the polariza-
tion pif is a measure of the optically–induced transition
probability from the initial i to the final state f , ρi is the oc-
cupation of state i which is given by the Fermi–Dirac dis-
tribution in equilibrium.

In the subsequent sections, the contributions to the
Bloch equations stemming from the different parts of the
Hamiltonian (Eq. (22)) are investigated. One distinguishes
the single particle contributions (H0, Himp, Hlight ), where
the set of Heisenberg equations of motion is closed, from
the many-particle contributions (HCoul, Hphon) which are
characterized by the emergence of an infinite hierarchy of
equations. In the latter case, the temporal derivative of a
two-operator expectation value (e.g. ṗif , ρ̇i) couples to a
higher-order expectation value, such as C = ⟨a+1a+2a3a4⟩,
which itself has a temporal derivative that couples to the
next higher order, and so on. To obtain a finite set of equa-
tions in the case of a many-particle interaction, the hierar-
chy is truncated exploiting a correlation expansion [112].

Besides the need to truncate a finite hierarchy of equa-
tions, the Bloch equations for many-particle interactions
may further be simplified by applying the Markov approx-
imation which is a scheme to solve a differential equation
of the form

d
dt x(t) = (i𝛥ω − 𝛾) x(t) + iQ(t), (43)

with a frequency difference𝛥ω, a damping 𝛾, and a func-
tion Q(t), which typically involves higher-order correla-

tions with respect to the quantity of interest x(t). A simple
solution is achieved by neglecting the memory kernel of
Q(t), which yields

Im
[︀
x(t)
]︀
= iπQ(t)L𝛾 (𝛥ω) , (44)

where L𝛾 (𝛥ω) is a Lorentzian with the broadening 𝛾. In
the limit of a vanishing damping 𝛾, the Lorentzian be-
comes a Dirac delta function reflecting the strict energy
conservation. Since Landau-quantized graphene is a sys-
tem with discrete energy levels (cf. Eq. (12)), the limit of
a vanishing damping is not applied here. Instead, a fi-
nite damping 𝛾 is considered which is equivalent to the
Landau level broadening, and can be caused by disorder
[113], or alternatively by interactionwith acoustic phonons
[114, 115]. Therefore, before the many-particle dynamics
of the charge carriers is accessible, the impurity-induced
Landau level broadening is determined in the next sec-
tion. Here, we also include the contributions of the other
single-particle terms to the Bloch equations for Landau-
quantized graphene.

2.3.1 Single-particle contributions

To calculate the Landau level broadening, electron-
impurity scattering is taken into account in a self-
consistent Born approximation which was developed by
Ando and Uemura in the Green’s function formalism [113],
and was later transferred to the density matrix approach
[73]. The starting point is the equation of motion for the
impurity average of the microscopic polarization pif tak-
ing into account the contributions H0, Himp, and Hlight in
the Hamiltonian (Eq. (22))

H =
∑︁
i
ϵia†i ai +

∑︁
pµ

~ωpµ

(︂
b†pµbpµ +

1
2

)︂
+
∑︁
ν,ν′

Dνν′a†ν′aν + i~
∑︁
l,l′

Ωll′ (t)a†l′al . (45)

The impurity average constitutes a new correlation — be-
sides the correlation stemming from the expectation value
— and also requires at least a classical correlation expan-
sion. An expansion to the lowest order reads

ρ̇i = −2
∑︁
l
Re [Ωilpil] , (46)

ṗif = i△ωif pif +
(︀
Dp
)︀
if + Ω

*
if
(︀
ρi − ρf

)︀
, (47)

with the impurity averaged quantities ρi, pif involving the
averaged products of Dif and pif(︀

Dp
)︀
if (t) =

i
~

1
NB

∑︁
m

∑︁
ν

[︀
Dfνpiν − Dνipνf

]︀
. (48)
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Here, the energy difference △ωif = (ϵf − ϵi)/~ is respon-
sible for the oscillation of the microscopic polarization
pif due to the free energy part of the Hamiltonian. For a
non-zero electromagnetic radiation fieldA(t), the Rabi fre-
quency Ωif (t) = (e0/m0)Mif · A(t) of an optically allowed
transition i → f induces a buildup of the polarization (cf.
Eq. (47)) resulting in an occupation change (cf. Eq. (46)).
Therefore, the lowest order of excitation is fully covered
by the dynamics of the polarization, which is called the
linear optics regime. Within this regime, it is possible to
solve the differential equations Eqs. (47), (46) in the fre-
quency domain. Holding the occupations ρj constant, the
solution depends only on

(︀
Dp
)︀
if (ω). This is readily ob-

tained via a Fourier transform from the equation of mo-
tion of

(︀
Dp
)︀
if , where a phenomenological damping term

is introduced first [73]. Then, the system of equations con-
sisting of pif (ω) and

(︀
Dp
)︀
if (ω) is solved and allows to cal-

culate the impurity induced dephasing

𝛾imp
if ≈ vF

lB
√︀
Aimp

(49)

in a self-consistent second-order Born approximation,
with the dimensionless parameter Aimp introduced by
Shon and Ando, cf. Ref. [116], that defines the impurity
potential scattering strength. Finally, replacing the term(︀
Dp
)︀
if in Eq. (47) with −𝛾

imp
if pif , the impurity-induced de-

phasing is incorporated into the optical Bloch equations
yielding

ρ̇i = −2
∑︁
l
Re [Ωilpil] , (50)

ṗif =
(︁
i△ωif − 𝛾imp

if

)︁
pif + Ω*if

(︀
ρi − ρf

)︀
, (51)

where bars indicating the impurity average were omitted
for reasons of clarity.

Note that Σ = i~𝛾imp
if /2 can be interpreted as the self-

energy of the Green function G = (E−H −Σ)−1, fromwhich
the density of states (DOS) can be deduced (see for exam-
ple [117]), and reads

DOS(E) = 2NB
π~𝛾imp

if

⎯⎸⎸⎷1 −
(︃

E
2~𝛾imp

if

)︃2

, (52)

which allows to extract the full width ΓFW = 4~𝛾imp
if of the

broadened Landau levels, as illustrated in Fig. 6.
In addition to the Landau level broadening induced

by impurity scattering which is discussed in this section,
impurities can also cause a spatial charge inhomogeneity
[118, 119]. This is expected to further increase the Landau
level broadening. However, since the parameter Aimp is
chosen to yield broadenings that agree with experimental
values, the contributionof spacial charge inhomogeneities
has been implicitly considered.

Figure 6: Density of states. DOS of the energetically lowest Landau
levels as obtained in a self-consistent Born approximation for an
impurity scattering parameter Aimp = 200 at a magnetic field of
B = 4 T. The Figure is taken from Ref. [73] Copyright (2014) by
Nature Publishing Group.

2.3.2 Many-particle contributions

The lowest order terms in the equations of motion for the
many-particle carrier–carrier and carrier–phonon interac-
tions are themeanfield contributions corresponding to the
Hartree–Fock approximation. They give rise to a renormal-
ization of the energy and of the Rabi frequency resulting in
excitonic effects [39]. Since these effects are known to be
negligible in the low-energy limit near the Dirac points of
graphene [39, 120, 121], we focus on the terms in second-
order correlation expansion which describe two-particle
scattering processes.

Setting up the Heisenberg equations of motion and
exploiting the Markov approximation (Eqs. (43), (44)),
the contributions to the Bloch equations stemming from
carrier–carrier and carrier–phonon scattering are ob-
tained [73]:

ρ̇i = Sini (1 − ρi) − Souti ρi , (53)

ṗif = −
1
2
(︁
Sini + Souti + Sinf + Soutf

)︁
pif , (54)

with the time dependent scattering rates for carrier–
carrier

Sin/outj (t)
⃒⃒⃒
Coul

= 2π
~
∑︁
abc

Ṽ jabc f
in/out
abc LΓ

(︀
△Ejabc

)︀
, (55)

and for carrier–phonon scattering

Sin/outj (t)
⃒⃒⃒
phon

= 2π
~
∑︁
apµ

⃒⃒⃒
g̃pµaj
⃒⃒⃒2
f in/outaj . (56)

In these scattering equations, compound indices are used
a = (λa , na), including the band index λa, and the Landau
level index na. The sums over the index connected to the
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guiding center of the cyclotron motion ma, the valley in-
dex ξa, and the spin index sa have already been performed
assuming that neither the occupations nor the polariza-
tions depend on the quantum number m due to the ho-
mogeneity of space. While the carrier–phonon scattering
is determined by

⃒⃒
g̃pµab
⃒⃒2 = 1

NB
∑︀

mamb

⃒⃒
gpµab
⃒⃒2, the interac-

tion strength of the carrier–carrier scattering is given by
the sum Ṽabcd = 1

NB
∑︀

mambmcmd
Vabcd

(︁
4Vcdab − Vdcab

)︁
which

consists of the direct (first term) and the exchange (second
term) contribution. Since the phenomenological introduc-
tion of dynamical screening according to Eq. (31) is only
applicable to the direct term,weneglect the exchange term
and thereby employ the shielded potential approximation
[101]. Furthermore, the terms

f inabc = (1 − ρa) ρbρc , (57)
f outabc = ρa (1 − ρb) (1 − ρc) (58)

in Eq. (55) describe the Pauli blocking in the Coulomb in-
teraction. In the case of phonon-induced scattering, the
terms

f inaj = ρj
[︁
(npµ + 1) LΓ

(︀
△Eemjaµ

)︀
+ npµLΓ

(︁
△Eabjaµ

)︁]︁
, (59)

f outaj (1 − ρa)
[︁
(npµ + 1) LΓ

(︀
△Eemajµ

)︀
+ npµLΓ

(︁
△Eabajµ

)︁]︁
(60)

describe the emission and absorption of phonons. Both
Coulomb- and phonon-induced scattering rates include
the Lorentzian

LΓ (𝛥E) =
Γ

π
(︀
𝛥E2 + Γ2

)︀ , (61)

which reflects the energy conservation andappears as a re-
sult of the non-vanishing impurity-induced Landau level
broadening Γ = ~𝛾imp that is assumed to constitute the
dominant dephasing term. Moreover, the phonon occupa-
tion npµ, the energy difference for carrier–carrier scatter-
ing 𝛥Eii

′

� ′ = ϵf − ϵi + ϵf ′ − ϵi′ , and the energy differences
△Eem/ab = ϵf − ϵi ± ϵp,µ for the emission (+) and absorp-
tion (−) of a phonon were introduced. The dynamics of the
phonon occupations is not calculated, but the npµ’s are
considered to be in equilibrium with a bath, and hence
given by the Bose–Einstein distribution.

3 Ultrafast carrier dynamics
In this section, we investigate the ultrafast dynamics of
photo-excited charge carriers, where the optical excitation
is described by Eqs. (50)-(51), and the many-particle scat-

tering is included via Eqs. (53)-(54). The optical pulse is ex-
pressed via the time-dependent part of the vector potential

A(t) = Aenv(t)
[︃
A+0

(︃
cosωt
sinωt

)︃
+ A−0

(︃
cosωt
− sinωt

)︃]︃
,

(62)
which possesses a σ+ and a σ−-polarized contribution
with the corresponding amplitudes A+0 and A−0, respec-
tively. Since σ+ and σ−-polarized light excites different
inter-Landau level transitions, cf. Fig. 4, we investigate
the corresponding contributions separately. Then, com-
bining both contributions, an excitation pulse of an arbi-
trary polarization (circular, linear, or elliptical) canbe con-
structed. It is expedient to define A±0 ∈ {0, 1}, which al-
lows to express the amplitude of the Gaussian envelope
function in terms of experimentally accessible parame-
ters: (i) energy transfer per unit area called pump fluence
ϵpf, and (ii) the full width at half maximum (FWHM) of
the pulse intensity σexpFWHM. Under the assumption that the
pulse width is much larger than its period T = 2π/ω, this
yields

Aenv(t) = 1
ω

√︃
2
√
ln 2 ϵpf√

πϵ0c σexpFWHM
e
− 2 ln 2 t2

(σexpFWHM)2 . (63)

Another characterization of the optical excitation strength
is the pulse area Θif = 2

´∞
−∞ dt′

⃒⃒⃒
Ωenv
if (t′)

⃒⃒⃒
, where Ωenv

if is
the envelope of the Rabi frequency. The area Θif provides
an effective pumping strength, since it determines the final
values of pif , ρf , and ρi after the pumppulse, if no dephas-
ing of the polarization is present, and it reads

Θif = δξi ,ξf δmi ,mf

αniαnf e0vF
2~△ωif

√︃√
π ϵpfσexpFWHM√
ln 2 ϵ0c

×
[︀
λiA−0δnf ,ni−1 + λfA

+
0δnf ,ni+1

]︀
. (64)

In the absence of a dephasing, a pulse with the area Θif =
π effects a complete inversion of the occupations, while a
pulse with the area Θif = 2π reconstitutes the initial con-
ditions of pif , ρf , and ρi. The pump-induced occupation
change increases with an increasing fluence and width of
the pulse, however it scales inversely with the resonance
energy of the transition, cf. Eq. (64).

Fig. 7a illustrates the x-component of a circularly po-
larized excitation pulse (σ+-polarized) with typical values
for the pump fluence (ϵpf = 0.14 µJcm−2), width (σexpFWHM =
1ps), and an excitation energy which is in resonance with
the inter-Landau level transition LL−1 → LL+2 (175meV at
B = 4T). The slowly varying Gaussian envelope function
Aenv(t) (cf. thick orange line in Fig. 7a) is modulated by a
fast oscillation with the period T ≈ 24fs (cf. thin yellow
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Figure 7: Optical excitation pulse. Temporal evolution (a) and
Fourier transform (b) of the x-component of A(t) for a σ+-polarized
excitation pulse with a pump fluence ϵpf = 0.14 µJcm−2, a width
σexpFWHM = 1 ps, and an excitation energy of 175meV which is in reso-
nance with the inter-Landau level transition LL−1 → LL+2 at B = 4 T.
The thick orange line in (a) represents the Gaussian envelope of
the pulse. Furthermore, the occupations ρ−1(t) and ρ+2(t) as well as
the polarization p−1,+2(t) are illustrated (c), and the increase of the
energy density corresponding to the absorbed pump fluence ϵabspf is
shown (d).

line in Fig. 7a) which is due to the cosine in Eq. (62). The
spectrum of this exemplary pulse is narrow compared to
the Landau level spacings, cf. Fig 7b, and is of the same
order as the impurity-induced level broadening, cf. Eq.
(49). Therefore, pulsed excitations of Landau-quantized
graphene onpicosecond timescales canbeused to address
specific transitions between Landau levels and the pump-
ing of off-resonant transitions may be neglected. The dy-
namics of the occupations as well as the polarization, in-
volved when the transition LL−1 → LL+2 is optically ex-
cited, are shown in Fig. 7c. The polarization oscillates with
the transition frequency△ω−1,+2, it has an envelope func-
tion resembling that of the excitation pulse, and it shows
a phase shift of π/2 between the real and the imaginary
part. At the same time charge carriers are excited from
LL−1 (decrease of ρ−1) to LL+2 (increase of ρ+2). While the
polarization decays after the optical excitation due to the
impurity-induced dephasing (cf. 𝛾imp

if in Eq. (51)), the occu-
pations remain constant after thepumppulse, sincemany-
particle scattering acting during and in particular after the
pulse is not included so far. The increase of the energy den-
sity during the optical excitation is illustrated in Fig. 7d.
The amount of energy density increase (3.1 ·10−3 µJcm−2)

Figure 8: Circularly polarized differential transmission spec-
troscopy. Sketch of the possible optical transitions of the ener-
getically lowest Landau levels LL−1, LL0 and LL+1 (a), and the experi-
mental setup to measure the differential transmission (b). Figure (b)
is taken from Ref. [70] Copyright (2015) by Nature Publishing Group.

corresponds to the absorbed pump fluence with ϵabspf ≈
0.022ϵpf. It is smaller than the pump fluence of the exci-
tation pulse ϵpf since one layer of graphene absorbs only
a fraction of the incoming radiation. The obtained ratio
of absorbed to applied pump fluence of 2.2% is in good
agreement with the experimentally observed value [122].

The semi classical description of the carrier–light in-
teraction considered so far captures the Rabi oscillations
comprising of the optical excitation as well as the stimu-
lated emission. However, the spontaneous emission lead-
ing to a radiative decay is not included, since it occurs on
a longer time scale compared to the dynamics discussed
here. To demonstrate this, the radiative decay rate is ap-
proximated using a simple approach based on Fermi’s
golden rule [123]

Γif =
π~e20
ϵ0Vm2

0

∑︁
kσ

1
ωk

⃒⃒
ϵσ ·Mif

⃒⃒2 δ(𝛥ωif − ωk), (65)

where the sample is assumed to be in a cavity with vol-
ume V. Here, k is the wave vector, ωk = c|k| is the an-
gular frequency of a photon, and ϵσ is the polarization
vector for circularly polarized light. Assuming an infinite
volume V, the k-sum can be transformed into an integral
(∑︀k → V/(8π3)

´
dk), and, using the expression for the

optical matrix element (Eq. (26)), one finds

Γif =
(︀
αniαnf e0vF

)︀2 (︁nbg
c

)︁3 𝛥ωif
16π~ϵ0

, (66)

where a correction of the vacuum light velocity due to the
background refractive index nbg = √ϵbg is introduced
through c → c/nbg. For reasons of clarity, the Kronecker
deltas δξi ,ξf δmi ,mf δnf ,ni±1 were omitted, hence, we have to
keep inmind that spontaneous emission canonly occur for
optically allowed transitions (cf. Eq. (26)). This yields the
radiative decay time τ+2,−1 = Γ−1+2,−1 ≈ 28 ns for the transi-
tion LL+2 → LL−1 in Landau-quantized graphene on a SiC
substrate. Therefore, considering the ultrafast carrier dy-
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Figure 9: Polarization-resolved differential transmission. Time dependent differential transmission spectra for the four possible cases of
combining pump (σP) and probe (or test σT) pulse polarization in experiment (upper panel (a)-(d)) and theory (middle panel (e)-(h)). The
yellow shaded areas in the background illustrate the width of the pump pulse. The lower panel ((i)-(l)) shows the corresponding sketches
illustrating the pump (thick yellow arrows) and probe (thin yellow arrows) pulses, as well as the Auger scattering channels (red arrows).

namics on femto- to picosecond timescales, the radiative
decay is negligibly small in Landau-quantized graphene.

3.1 Carrier–carrier scattering

Carrier–carrier scattering mediated by the Coulomb inter-
action is known to be one of the most important scatter-
ing channels in semiconductors. In this section, its impact
on the carrier dynamics in Landau-quantized graphene
is investigated. In graphene the linear dispersion enables
efficient Auger scattering, which is a scattering process
characterized by one carrier changing the band while
the other carrier remains in its initial band. The first
experiment measuring the carrier dynamics in Landau-
quantized graphene was performed by Plochocka et al. in
2009 [66]. Investigating rather high-energetic Landau lev-
els (n ∼ 100), they found a suppression of Auger pro-
cesses as a consequence of the non-equidistant level spac-
ings suggesting an overall suppression of Auger processes
in Landau-quantized graphene [66].

Recently, the impact of Auger scattering to the
low-energetic Landau levels was addressed in a joint

experiment-theory study [70] combining microscopic
modeling with polarization-resolved pump-probe experi-
ments that have been performed byM.Mittendorff, S.Win-
nerl, and M. Helm at the Helmholtz–Zentrum Dresden–
Rossendorf. The possibility to measure the differential
transmission of selected Landau level transitions arises
due to the non-equidistant Landau level spectrum and the
optical selection rules dictating n → n±1. Using an optical
excitation with an energy matching the transition energy
𝛥ϵ0,+1 = 𝛥ϵ−1,0, the two allowed transitions among the
Landau levels LL−1, LL0 and LL+1 can be selected via the
rotational direction of circularly polarized radiation, cf.
Fig. 8. This results in four possibilities to combine pump
and probe pulse polarization, cf. Fig. 8. Considering only
the optical excitation, one expects a positive differential
transmission (DT) of the probe pulse if the same polariza-
tion is used for both pulses (pump and probe), since the
excitation of charge carriers enhances the Pauli blocking
in this case. Conversely, if an opposite polarization is used
for the pump and probe pulses, the optical excitation re-
sults in a suppression of Pauli blocking for the probe pulse
with the result of a reduced transmission, hencewe expect
a negative DT signal.
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Figure 10: Landau level occupations for pumping with circularly
polarized light. Temporal evolution of the three energetically lowest
Landau levels after a σ+ (a), and σ−-polarized excitation (b).

The upper panel of Fig. 9 illustrates the experimen-
tal results for the four configurations of pump and probe
pulse polarizations at a magnetic field of B = 4.2T ap-
plying a pulse with a width of σexpFWHM = 2.7ps and an
energy of 75meV. Comparing the experimental data with
the expectation based on the occupation change induced
by the optical excitation, a qualitative difference is ob-
served in the case of pumping with σ−-polarized radia-
tion (Figs. 9(c), (d)): While the configuration σ−P, σ−T (σ−-
polarized pump and test pulse) shows an initial increase
(as expected) which is followed by an unexpected sign
change to the negative region, the measured behavior in
the configuration σ−P, σ+T is completely contrary towhat we
would expect.

To explain these surprising experimental results, tak-
ing into consideration carrier–carrier scattering turns out
to be of crucial importance. Moreover, to achieve an agree-
ment between experiment and theory, a finite doping
needs to be introduced to break the electron-hole symme-
try. In an undoped system, the two configurations σ+P, σ+T
and σ−P, σ−T (and likewise σ+P, σ−T and σ−P, σ+T) would yield
the exact same result. The assumption of a finite doping
is further supported by experimental studies showing that
multilayer epitaxial graphene samples grown on the C-
terminated face of SiC (such a sample is used in the ex-
periment) have a finite n-doping due to a charge transfer
from the SiC substrate [124, 125]. Therefore, for the theo-
retical calculations a doping is assumed leading to an ex-
cess of electron concentration of6×1010 cm−2 correspond-
ing to a Fermi energy of ϵF = 28meV. Using the Coulomb
interaction determined within our microscopic approach
(Eq. 29) including initial Landau level occupations corre-
sponding to the assumed doping of the sample, the dif-
ferential transmission is calculated, cf. middle panel of
Fig. 9. To this end, the dynamics of the occupations is cal-
culated using Eqs. (50),(51) and (53), (54). Then, the dif-
ferential transmission is obtained exploiting the relation

Figure 11: Tuning the relative pumping strength with doping. In a
system with a positive Fermi energy, the pumping with σ+-polarized
radiation is more eflcient, since transitions induced by σ− light are
strongly suppressed by Pauli blocking.

DTSif ∝ (𝛥ρf −𝛥ρi) [126], where i and f denote the initial
and final states of the probed transition, and𝛥ρ is the oc-
cupation change induced by the pump pulse and all scat-
tering channels that are activated by it. This yields a good
agreement with the measured results, cf. upper and mid-
dle panel of Fig. 9, providing valuable insights into the un-
derlying carrier dynamics.

The theoretical calculations give access to the tempo-
ral evolutions of the involved Landau level occupations
ρ+1, ρ0 and ρ−1 after the application of a σ±-polarized
pump pulse, cf. Fig. 10, allowing us to explain the unex-
pected behavior in DT spectra. To identify the role of dif-
ferent scattering channels, they are separately switched
on and off, cf. the solid gray line illustrating the dynam-
ics due to carrier–carrier scattering only, and the dashed
gray line indicating the phonon-induced dynamics. Note
that the phonon-induced relaxation rates following from
themicroscopic description of the carrier–phonon scatter-
ing are not sufficiently strong to account for the fast decay
rates observed in the experiment. However, the focus here
lies in understanding the dynamics in the first fewpicosec-
onds after the optical excitation. Therefore, the carrier–
phonon scattering is increased in order to match the ex-
perimentally observed decay rates at long times. Note that
this fit does not change the dominant role of the Auger pro-
cesses in the first ps.

Pumping with σ+-polarized radiation, the transition
LL0 → LL+1 is optically addressed which is reflected by
a depopulation of LL0, while LL+1 is populated, cf. Fig.
10a. At the same time, ρ−1 decreases which can unam-
biguously be attributed to inward Auger scattering involv-
ing the transitions LL−1 → LL0 and LL+1 → LL0, since
this feature is not present in the dynamicswithout carrier–
carrier scattering. The more interesting case is shown in
Fig. 10b,where a σ−-polarized excitation pulse ismodeled.
Although this optically induces the transition LL−1 → LL0,
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the occupation ρ0 shows only a minor increase in the be-
ginning, then it starts to decrease already before the center
of the pulse is reached. This means that although we opti-
cally pump carriers into the zeroth Landau level, its popu-
lations decreases. This surprising result can be explained
by extremely efficient Auger scattering, which induces the
transitions LL0 → LL−1 and LL0 → LL+1, thereby resulting
in a quick depopulation of ρ0. The crucial role of the Auger
scattering becomes apparent by comparing the temporal
evolution of ρ0 to the case without Coulomb scattering (cf.
dashed gray lines in Fig. 10b). Here, as expected, the popu-
lation of the zeroth Landau level only increases during the
entire time of the optical excitation.

To shed further light on the qualitatively different be-
havior when pumping with σ− and σ+-polarized excita-
tion, the relative excitation strengths between both cases
is examined. Fig. 11 illustrates, how doping influences the
pumping strength of the two optically allowed transitions
in terms of Pauli blocking. Assuming a positive Fermi en-
ergy, pumping the transition LL0 → LL+1 (σ+) is more effi-
cient, since the transition LL−1 → LL0 induced by σ− light
is strongly suppressed by Pauli blocking. This explains the
higher impact of Auger scattering when a σ−-polarized ex-
citation is applied resulting in the theoretically predicted
and experimentally observed unexpected behavior in dif-
ferential transmission spectra [70].

To sum up, sophisticated polarization-dependent
pump-probe spectroscopy andmicroscopic modeling pro-
vide proof for efficient Auger scattering among the lowest
Landau levels of graphene. Theunexpected signmeasured
in polarization-resolved differential transmission spectra
emerges since Auger scattering depopulates the zeroth
Landau level faster than it is filled by optical excitation.
This surprising effect appears, when the pumping effi-
ciency is decreased due to an enhanced Pauli blocking as
a result of a finite doping.

3.2 Carrier–phonon scattering

In this section, the impact of carrier-phonon scattering on
the relaxation dynamics of Landau-quantized graphene
is addressed. To this end, focusing on the three energeti-
cally lowest Landau levels, the dynamics of photo-excited
charge carriers is investigated. Using a linear polarized ex-
citation pulse of width σexpFWHM = 1.8ps, and pump fluence
ϵpf = 1 µJcm−2, the phonon-induced relaxation to equilib-
rium is examined, cf. Fig. 12. First,wediscuss the impact of
acoustic phonons, before the dynamics due to the optical
phonon modes is analyzed in more detail.

Figure 12: Phonon-induced carrier relaxation. Sketch of the ener-
getically lowest Landau levels with the Dirac cone for vanishing
magnetic fields in the background. The yellow arrows represent the
linearly polarized optical excitation, which effectively pumps carri-
ers from LL−1 to LL+1 in an undoped system. The phonon-induced
inter-Landau level transitions, which are accompanied by the emis-
sion of phonons with the energy ϵΓTO, are indicated by the blue
arrows.

3.2.1 Acoustic phonons

Since the momentum is not a good quantum number in
Landau-quantized graphene, the phase space for phonon
scattering is not restricted by momentum conservation.
However, the carrier-phonon matrix element contains a
Gaussian factor e−l2Bq2/2 (cf. Sect. 2.2.5) that limits the avail-
able phonon phase space to small q, thereby also restrict-
ing the maximal accessible phonon energy ϵac = ~νac |q|.
Therefore, acoustic phonon scattering is negligible for

l2Bq2
2 ≫ 1. (67)

Setting the phonon energy equal to the energy of an inter-
Landau level transition 𝛥ϵif = ϵf − ϵi up to a detuning
given by the impurity induced Landau level broadening
Γif = ~𝛾imp

if , that is, ϵac = ∆ϵif − Γif , the phonon momen-
tum q is obtained and can be plugged into Eq. (67). This
yields

αi,f =
(︁ vF
νac

)︁2 (︁
λf
√︀
nf − λi

√ni − 1/
√︁
2Aimp

)︁2
≫ 1,

(68)
which does not depend on the magnetic field, but is solely
determined by the transition under investigation and the
parameter describing the impurity concentration Aimp.
Since the velocity of acoustic phonons is much smaller
than the Fermi velocity (by a factor of ∼ 10−2), the fac-
tor (vF/νac)2 is large. For impurity-induced broadenings of
4meV, 7meV and 10meV, the minimum of αn,n+1 is illus-
trated in Fig. 13. Here, we focus on intraband transitions
between neighboring Landau levels LLn → LLn+1, since
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Figure 13: Importance of acoustic phonons.Minimal value of αn,n+1
defined in Eq. (68) is shown for the transition LLn → LLn+1 as a
function of n. Three different values (4meV, 7meV and 10meV) are
used for the impurity-induced Landau level broadening. Assuming
that αn,n+1 ≈ 10 fulfills the condition in Eq. (68), acoustic phonons
are only important for transitions involving Landau levels higher
than n = 5, cf. the dashed horizontal line.

their transition energy is minimal. Furthermore, we take
into account the ΓLA-mode, since its velocity νac is larger
compared to the ΓTA-mode [97]. We find that scattering
with acoustic phonons is very small within the energeti-
cally lowest Landau levels up to n = 5 for broadenings
not larger than 10meV, cf. 13. Consequently, the influence
of acoustic phonons is neglected in the remainder of this
work.

3.2.2 Optical phonons

The energy of optical phonons at the relevant high-
symmetry points in the Brillouin zone of graphene is con-
stant in good approximation, cf. Fig. 3. Therefore, phonon-
induced transitions between Landau levels are strongly
suppressedunless the respective transition is in resonance
with the phonon energy. Since the transition energy de-
pends on themagnetic field strength, cf. Eq. (12), the value
of the magnetic field has a strong impact on the efficiency
of carrier–phonon scattering. To study the magnetic field
dependence of phonon-induced relaxation, the carrier dy-
namics is investigated for the exemplary ΓTO-mode [71,
72]. Considering only a single optical mode has the advan-
tage of allowing an easier interpretation of the results. The
gained insights can be readily generalized to other modes.

Solving the Bloch equations (50), (51) and (53),(54) ,
the temporal evolution of the polarizations pif and the oc-
cupations ρi is obtained. Furthermore, we have access to
the corresponding carrier–phonon relaxation rate 𝛾µ(t) =

Figure 14: Carrier–optical–phonon relaxation rate. Surface plot
showing the carrier–phonon scattering rate involving ΓTO phonons
inducing transitions LL+1 → LL0 and LL0 → LL−1 as a function of
time and magnetic field.

1/A∑︀i

(︁
ρ̇i(t)|emµ − ρ̇i(t)|abµ

)︁
that is defined as the occu-

pation change due to the emission and absorption of
phonons. It reflects the interaction strength of the mode
µ and is explicitly calculated in every time step during
and after the optical excitation. The temporal evolution
of 𝛾ΓTO(t) incorporating the transitions LL+1 → LL0 and
LL0 → LL−1 (cf. Fig. 12) is shown in Fig. 14 and illustrates a
pronounced peak at a magnetic field of B = 26.4T. This
value corresponds to an inter-Landau level spacing be-
tween LL±1 and LL0 matching the optical phonon energy.
At different values of the magnetic field the energetic dis-
tance of the Landau levels changes and is detuned away
from the resonance, consequently, the scattering rate de-
creases. The temporal decay of the scattering rate after the
initial increase during the excitation is faster at the reso-
nant magnetic field, which reflects the efficient phonon-
induced equilibration of the system in this case. Consid-
ering transitions between other Landau levels, the reso-
nance condition is met at different values of the magnetic
field, including the experimentally more realistic regime
of values of the order of 1T.

The carrier–phonon scattering is very sensitive to the
temperature that directly influences the phonon occupa-
tion npµ given by a Bose–Einstein distribution. Therefore,
the scattering rates Sin/outj (t)|phon (cf. Eq. (56)) as well as
the relaxation rate 𝛾µ(t) strongly depend on temperature.
While phonon emission scales with (npµ + 1) and is al-
ways possible provided that it is not forbidden by Pauli
blocking, the absorption rates obey a npµ dependence and
are therefore strongly suppressed at small temperatures
(. 200K). Both emission and absorption rates increase
with the temperature, whereas the overall relaxation rate
(emission minus absorption) decreases, cf. Fig. 15. This is
caused by Pauli blocking favoring the phonon absorption,
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Figure 15: Temperature dependence of the phonon-induced relax-
ation. Dependence of the maximal carrier–phonon relaxation rate
on temperature. The inset shows the contributions stemming from
the emission and absorption of phonons separately. The Figure is
taken from Ref. [72] Copyright (2014) by John Wiley & Sons.

at least in aweakly excited systemwithout apopulation in-
version.At low temperatures thephononoccupation npµ is
negligible compared to (npµ +1). As npµ increases with the
temperature, the prefactors for the emission (npµ + 1) and
absorption npµ of phonons become comparable and simi-
lar to 1, and the Landau level occupations determine the
respective scattering rates. The interplay between electron
and phonon occupations results in an equilibration of the
electronic systemwith the lattice, and to the emergence of
the equilibrium Fermi–Dirac and Bose–Einstein distribu-
tions, respectively.

There are also recent studies investigating the
phonon-induced relaxation rates exploiting Fermi’s
golden rule as well as the Huang–Rhys’s lattice relaxation
model [68, 69, 127]. Li and co-workers considered two-
phonon scattering processes to bridge the inter-Landau
level gap observing very slow relaxation times on the
nanosecond time scale [127]. In their approach, besides
the considered optical phonon, an additional acoustic
phonon is introduced to ensure energy conservation. Tak-
ing into account the coupling of electrons to remote sub-
strate phonons [128, 129], in Ref. [69] Wang et al. consid-
ered graphene on different polar substrates, which en-
ables two-phonon scattering involving an acoustic and a
polar surface optical phonon. This reveals relaxation rates
that can reach the picosecond regime.

To sum up, carrier–phonon coupling can be drasti-
cally enhanced by tuning the magnetic field towards a
resonance between the inter-Landau level energy and the
optical phonon energy, giving rise to relaxation times on
a picosecond time scale. The impact of acoustic phonon
scattering on the carrier dynamics is negligible for low-
energetic Landau levels unless the level broadening be-

comes so high that the Landau levels are not well-
separated anymore.

4 Application-relevant
many-particle phenomena

This section deals with potential applications of Landau-
quantized graphene, where a strong external magnetic
field provides an experimental knob by means of which
the properties of graphene can be tuned. An investiga-
tion of the carrier dynamics reveals that themagnetic field
yields promising possibilities that could be useful for the
design of new optoelectronic devices. However, to exploit
the unique properties of Landau-quantized graphene, the
remaining substantial challenge is to implement mag-
netic fields into real devices. This could be, for exam-
ple, achieved by growing graphene on ferromagnetic sub-
strates or to use strain engineering to induce gauge fields
that create pseudo-magnetic fields [130, 131].

Having established that Auger scattering is efficient
between certain Landau levels of graphene in Section 3.1,
it shall now be shown that this opens up the possibility to
achieve a significant carrier multiplication (CM) [73]. This
process, which is also referred to as multi exciton gener-
ation, is characterized by an increased number of excited
charge carriers (electron-hole pairs) due to Auger scatter-
ing bridging the valence and conduction bands. The pre-
diction of carrier multiplication for semiconductor quan-
tum dots in 2002 [45] and its experimental verification
two years later [132] has attracted much attention [133–
138] and the concept has since been extended to other ma-
terials [41, 43, 44, 73, 139–143]. Its high relevance stems
from the fact that it holds the potential to increase the
power conversion efficiency of single-junction solar cells
[144] above the Shockley–Queisser limit [145]. Moreover,
carrier multiplication enables a fast detection of photons
with a high responsivity. In graphene, the occurrence of
carrier multiplication was theoretically predicted [41, 42]
and experimentally confirmed [43, 44]. However, to exploit
this effect for designing graphene-based photovoltaic de-
vices, the challenge of charge carrier extraction in gap-
less systems needs to be solved. Here, a strategy to cir-
cumvent this problem is proposed by applying an external
magnetic field which leads to a Landau quantization. For
reasons of simplicity, the following investigation does not
take phonon-induced relaxation processes into account,
since they are strongly suppressed for magnetic fields that
do not produce resonances between electronic transitions
and phonon energies, as discussed in Sec. 3.2.
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Figure 16: Pumping scheme for carrier multiplication. Two sketches
of the low-energetic Landau levels in graphene with the Dirac cone
in the background, where the yellow arrows indicate the opti-
cal excitation with linear polarized light inducing the transitions
LL∓4 � LL±3. (a) Carriers excited to LL+4 can participate in a pro-
cess called impact excitation (IE) which dominates against its in-
verse process called Auger recombination (AR). This leads to the
excitation of an additional carrier from LL0 to LL+1. (b) Intra- and in-
terband scattering channels between electrons that do not affect an
occupation change, since they occur with the same probability as
their respective inverse processes (cf. the red and blue arrows).

The suggested pumping scheme to achieve carrier
multiplication is sketched in Fig. 16a. The strategy is to
excite charge carriers to LL+4, which induces an energy
conserving scattering process including the transitions
LL+4 → LL+1 and LL0 → LL+1. This process is de-
noted as impact excitation (IE), since it effects the exci-
tation of an additional charge carrier. Due to Pauli block-
ing, the inverse process which is termed Auger recombi-
nation (AR) is suppressed. Both IE and AR are Auger pro-
cesses bridging the valence and conduction bands. As a
consequence of the electron-hole symmetry, the discussed
electronic transitions in the conduction band can also oc-
cur for holes in the valence band. Here, the pump pulse
excites holes to LL−4, and impact excitation induces the
transitions LL−4 → LL−1 and LL0 → LL−1 for holes (not
shown). Staying in the electron picture, the transitions for
holes must be inverted and correspond to the electronic
transitions LL−1 → LL−4 and LL−1 → LL0. Therefore, in
the pumping scheme illustrated in Fig. 16a, effectively the
electronic transitions LL+4 → LL+1, LL−1 → LL−4, and
LL−1 → LL+1 are induced by Auger scattering. This im-
plies that the occupation of the zeroth Landau level does
not change and its particular status as belonging to both
bands does not need to be further investigated.

Another consequence of the electron-hole symmetry
is the suppression of other Coulomb-induced scattering

Figure 17: Importance of Auger scattering. Temporal evolution
of the occupations ρ+4 and ρ+1 during an optical excitation as
sketched in Fig. 16a. The dashed lines represent the dynamics in
the absence of Auger scattering. The yellow region illustrates the
width of the pump pulse (σexpFWHM = 1 ps). The Figure is taken from
Ref. [73] Copyright (2014) by Nature Publishing Group.

channels within the energetically lowest Landau levels.
Fig. 16b illustrates that intra- and interband scattering
does not affect the Landau level occupations in an un-
doped graphene sample. The optical excitation creates an
excess of electrons in LL+4, while a lack of electrons is
induced in LL−4. Therefore, transitions that transfer elec-
trons out of LL+4 (cf. red arrows in Fig. 16b), and those that
transfer them into LL−4 (cf. blue arrows in Fig. 16b) are
favored. Consequently, their contributions cancel out and
carrier–carrier scattering other than Auger-type processes
is suppressed.

The carrier dynamics is illustrated in Fig. 17 show-
ing the occupations of LL+4 and LL+1 during a pulsed op-
tical excitation of width σexpFWHM = 1ps, pump fluence
ϵpf = 10−2 µJcm−2, and an energymatching the transitions
LL∓4 � LL±3 which is ϵ+4 − ϵ−3 ≈ 280meV for a mag-
netic field of B = 4T. The system is considered to be at
room temperature and an impurity-induced Landau level
broadening of Γ imp = 7meV is assumed. The dashed lines
in Fig. 17 represent the dynamicswithout Auger scattering.
In this case, the occupation ρ+4 simply increases during
the optical excitation, while ρ+1 stays constant. Switching
onAuger processes results in a transfer of occupation from
LL+4 to LL+1, cf. the difference between dashed and solid
lines in Fig. 17. However, the total increase of ρ+1 (about
10%) exceeds the decrease of ρ+4 (about 5%) by a factor
of 2. This agrees with the simple picture sketched in Fig.
16a and is explained by a predominant impact excitation
inducing the transitions LL+4 → LL+1 and LL0 → LL+1.

The magnitude of the carrier multiplication is defined
by the ratio between the carrier density change includ-
ing all scattering channels and the purely pump-induced
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Figure 18: Carrier multiplication. Temporal evolution of the carrier
density including the optical excitation as well as Coulomb scatter-
ingN (purple line), the carrier density in the absence of Coulomb
scatteringNopt (orange line), and the constant equilibrium carrier
densityNeq (yellow line) for the excitation scheme sketched in Fig.
16a. The yellow region in the backgrounds illustrates the optical
excitation. Eflcient Auger scattering leads to a carrier multiplica-
tion (CM) of approximately 1.3. The Figure is taken from Ref. [73]
Copyright (2014) by Nature Publishing Group.

change of the carrier density:

CM = N −Neq
Nopt −Neq

. (69)

Here, N is the carrier density and Neq its equilibrium
value which corresponds to the thermal carrier distribu-
tion at a given temperature, while Nopt is the optically in-
duced carrier density (in the absence of Coulomb scatter-
ing). To determine the value of CM, the temporal evolu-
tion of the carrier density is evaluated from the dynam-
ics of the occupations according to the simple definition
N = 4e0B/(π~)

∑︀
n≥1 ρn that is valid in an electron-hole

symmetric system. The result is shown in Fig. 18 and il-
lustrates an increase of the carrier density due to Auger
scattering in particular reflecting the importance of the im-
pact excitation (cf. Fig. 16a). The value of the carrier mul-
tiplication after an optical excitation with a pump fluence
ϵpf = 10−2 µJcm−2, an excitation energy of 280meV, and a
pulse width σexpFWHM = 1ps is found to be CM ≈ 1.3.

Note that themaximal CM that can be achievedwithin
the pumping schemeproposed in Fig. 16a is CM = 1.5. This
becomes apparent in a simple example: Considering one
excited electron per pumped transition (LL−3 → LL+4 and
LL−4 → LL+3), there are four photo-excited charge carri-
ers in the system (two electrons and holes, respectively).
Then, one impact excitation process per band takes place
generating in total two more charge carriers (an electron
in LL+1 and a hole in LL−1). Dividing the total number of
charge carriers after IE has taken place by the number of
optically excited charge carriers yields the maximal possi-
ble value of CM = 6/4 = 1.5. It is achieved, if all photo-

excited charge carriers are involved in an impact excita-
tion process. However, an optical excitation into a higher
energetic Landau level is conceivable and is expected to
induce higher values of the CM. In general, a low pump
fluence is advantageous for CM, since a stronger optical
excitation results in an increased asymmetry between the
competing IE and AR scattering channels, leading to a
faster equilibration of the corresponding scattering rates
and reducing the time frame in which IE generates addi-
tional charge carriers. Moreover, changes of the initial oc-
cupations result in an increasing CM with lower tempera-
tures and higher magnetic fields. Additionally, the CM in-
creases with the magnetic field, as the effective pumping
strength is reduced, cf. Eq. 64. Finally, a higher value of the
CM is obtained for larger Landau level broadenings. The
prediction of carrier multiplication in Landau-quantized
graphene presented in this section suggests the design of
graphene-based optoelectronic devices, such as photode-
tectors or even solar cells.

Besides the carrier multiplication, another techno-
logically relevant process could be principally observed
in Landau-quantized graphene: the appearance of popu-
lation inversion suggesting the design of extremely tun-
able Landau level lasers. The idea of a two-dimensional
(2D) Landau level laser dates back to 1986, when H. Aoki
pointed out that the energy quantization in 2D semicon-
ductor heterostructures can be utilized to tune the laser
frequency and proposed a scheme to create population
inversion (PI) in a junction heterostructure [146]. How-
ever, in conventional semiconductors the equidistant lad-
der of Landau levels and the optical selection rules cou-
pling neighboring Landau levels make lasing difficult,
since incoming radiation can not only stimulate the emis-
sion of photons (inducing an electronic transition to a
lower Landau level), but can also be absorbed (inducing
an electronic transition to a higher Landau level). This is
not the case in graphene, where the linear bandstructure
gives rise to a non-equidistant ladder of Landau levels and
very specific selection rules in a magnetic field. Therefore,
graphene provides better conditions for a Landau level
laser, aswas pointed out byMorimoto and coworkers [147].

One can think of generating a population inversion
e.g. between LL+2 and LL+1 by strongly optically pumping
carriers from LL−3 to LL+2. Based on the specific optical se-
lection rules and the non-equidistant Landau-level spac-
ing, we can selectively pump carriers into a single Lan-
dau level. Due to the strongly suppressed carrier–phonon
scattering, an accumulation of carriers can be achieved in
LL+2 compared to the LL+1 that remains unpopulated in
undoped graphene samples [74]. Furthermore, a more so-
phisticated scheme has been suggested to create a popu-
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lation inversion based on Auger scattering [74], which is
remarkable, since Auger processes were shown to reduce
the population inversion in graphene without a magnetic
field [34], and have been considered the main obstacle for
a graphene-based Landau level laser [66, 148]. The occur-
rence of a population inversion in this system would sug-
gest the design of graphene-based Landau level lasers that
are tunable over a large frequency range via the external
magnetic field.

5 Conclusions
Thiswork provides a review of very recent studies address-
ing the ultrafast carrier dynamics in Landau-quantized
graphene. The focus lies on providing a microscopic view
on elementary Coulomb- and phonon-induced scatter-
ing processes characterizing the non equilibrium inter-
Landau level dynamics. The theoretical approach is based
on the density matrix formalism including an impurity-
induced Landau level broadening as well as carrier–light,
carrier–carrier, and carrier–phonon scattering channels
that dominate the carrier dynamics occurring on femto-
to picosecond time scales. Semiconductor Bloch equations
are derived for Landau-quantized graphene providing mi-
croscopic access to time-resolved dynamics of optically ex-
cited carriers between the Landau levels.

Auger processes have been identified as the crucial
scattering channel acting on a femtosecond timescale.
This is a surprising finding considering the non-
equidistant Landau quantization in graphene. However,
due to the square-root dependence of the energy on the
Landau level index, one can always find transitions that
fulfill the conservation of energy opening up the chan-
nel for Auger scattering. A recent joint experiment-theory
study nicely demonstrates the crucial role of Auger pro-
cesses by investigating time-resolved and polarization-
dependent differential transmission spectra. Efficient
Auger processes are shown to even dominate the carrier
dynamics during the optical excitation giving rise to an ul-
trafast depopulation of optically pumped Landau levels.
Furthermore, in a recent study, the occurrence of a signif-
icant Auger-induced carrier multiplication has been theo-
retically predicted suggesting the application of graphene
in highly efficient optoelectronic devices. The experimen-
tal demonstration of this technologically highly relevant
effect is still on the agenda of current research. Finally, we
discuss the possibility to achieve a population inversion
among Landau levels presenting the crucial prerequisite
for the design of extremely tunable Landau level lasers.

In summary, the field investigating the carrier dynamics
in Landau-quantized graphene is of huge interest both
for fundamental as well as application-oriented research.
Many interesting ultrafast phenomena still remain to be
explored.
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