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We report on microwave emission from linear parallel arrays of underdamped Josephson junctions,
which are described by the Frenkel-Kontorova (FK) model. Electromagnetic radiation is detected from
the arrays when biased on current singularities (steps) appearing at voltages V n ¼ Φ0 ðnc̄=LÞ, where
Φ0 ¼ 2.07 × 10−15 Wb is the magnetic flux quantum, and c̄, L, and n are, respectively, the speed of light in
the transmission line embedding the array, L its physical length, and n an integer. The radiation, detected at
fundamental frequency c̄=2L when biased on different singularities, indicates shuttling of bunched 2π
kinks (magnetic flux quanta). Resonance of flux-quanta motion with the small-amplitude oscillations
induced in the arrays gives rise to fine structures in the radiation spectrum, which are interpreted on the
basis of the FK model describing the resonance. The impact of our results on design and performances of
new digital circuit families is discussed.
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The physics of single flux quanta, or fluxons, (corresponding to 2π kinks of the superconducting phase
difference φ) in spatially extended Josephson junctions
structures has attracted the attention of the scientific
community since the early stages of the research on weak
superconductivity [1,2]. Fluxon dynamics served as a
relevant experimental test bench for soliton perturbation
theory and nonlinear physics [3]. The features of
topological kinks in the discrete, nonintegrable, FrenkelKontorova model [4,5], implemented by a chain of pointlike Josephson junctions connected by inductors to form a
one-dimensional (1D) array, has also attracted attention due
to the interest for the dynamics of solitons in condensed
matter physics [6]. On the practical side, the storage and
manipulation of flux quanta in Josephson transmission
lines (JTLs) [7] is the physical phenomenon underlying
the principles of a successful logic family operating at
unprecedented clock frequencies [8].
Recently, new low-dissipative logic families, still relying
on Josephson flux quanta as carriers of bits of information
[9–11], have been proposed. One of the new logic families
[9] relies on moving flux quanta along 1D underdamped
arrays in which the Josephson junctions are strongly
coupled by inductors along the flux-quanta propagation
direction. Here we show evidence that, for this type of array
in the strong coupling regime, stable single and multiple
flux-quanta propagation exists over broad bias current
0031-9007=15=115(10)=107002(5)

ranges. Our experiments also confirm predictions of the
theoretical modeling of the complex dynamics of 2π kinks
in the Frenkel-Kontorova model [9,12–17].
Figure 1(a) displays a photo of a portion of the real device
showing the open-ended [13] parallel array of small
junctions. The electrodes forming the array of junctions
are part of the central conductor of a coplanar waveguide
allowing radiation detection. The junctions were windowlike fabricated using the standard Nb-AlOx -Nb trilayer
technology [18,19] and had a current density of
110 A=cm2 . The measurements herein presented are part
of an investigation performed on arrays which were made of
50, 30, and 25 junctions in parallel; all the measurements
were performed at 4.2 K. In Fig. 1(b) we show a detail of the
current-voltage (IV) characteristic of a sample corresponding to the geometrical characteristics shown in Fig. 1(a). In
this current-voltage (IV) characteristic we see, from left to
right, the Josephson current and four zero-field singularities
(ZFS) or zero-field steps, which are evidence of flux-quanta
motion when the external magnetic field is zero or close to it.
These singularities look strikingly similar to the analogous
continuous long junctions’ case [2], but we shall later
evidence significant differences in their radiation spectrum.
In Fig. 2(a), we show a plot of the dc-bias current vs
frequency of the emitted radiation, or current-frequency
characteristics, for three ZFS of a parallel array of 50
junctions. The radiation emitted by the array was amplified
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FIG. 1 (color online). (a) Photograph showing a parallel array
of junctions; the thin film niobium structure generating the array
is part of the central conductor of a coplanar waveguide. The bias
current is fed through inductors isolating the junctions from
spurious ac components; (b) detail of the current-voltage
characteristic of one array like that shown in (a) containing 30
junctions in parallel and 600 μm long. The figure shows the zerovoltage Josephson current and four zero-field singularities
representing evidence of fluxon shuttling oscillations in the
discrete system.

by a large gain, room-temperature, low noise amplifier
(AVANTEK AWT-1816, 43 dB gain and noise figure less
than 2.8 dB in the 6–18 GHz range) and then visualized on a
spectrum analyzer (Tektronix 2782). The junctions of
the array in the case of Fig. 2(a) had physical dimensions
ð9 × 9Þ μm2 and were separated by 2 μm gaps. Considering
the highest value of the emission frequency of the first
singularity, ν ¼ 7.04 GHz, and the overall length of the
array, which is 600 μm, we calculate the product c̄ ¼ 2Lν,
which gives 0.085 × 108 m=s and thus ðc̄=c0 Þ ¼ 0.028
(here c̄ and c0 are, respectively, the speed of light in the
JTL and in vacuum). We also recall that c̄ ¼ 1=ðLCÞ1=2 ,
where L and C are, respectively, inductance and capacitance
per unit length of an array-embedding transmission line. The
voltage corresponding to the emitted radiation when biased
on the first ZFS—see the IV curve on the right side of
Fig. 2(a)—was in the interval ð27–29Þ μV, which is twice
what one expects from the Josephson ac equation [20]. The
bias current-originated Lorentz force moves flux quanta back
and forth along free ends’ JTLs: at the ends flux quanta
inverts their polarity generating periodic 4π–phase advances
instead of the usual Josephson effect 2π advances.
In Fig. 2(a), we also show the bias current-radiation
characteristics obtained when biasing the same array on
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the 2nd and 3rd ZFS appearing in the current-voltage
characteristics at “asymptotic” voltages of 56 and 85 μV
(see IV on the right side, Fig. 2(c)), which would correspond to Josephson frequencies of 27.1 and 41.1 GHz,
respectively. However, one can see in Fig. 2(a) that the
fundamental frequency of emission from all three ZFS lies
in the same frequency range, namely, between 6.5 and
7.1 GHz. The fact that the radiation is detected in the same
frequency range indicates that the phenomenon of fluxon
bunching [21] can also be invoked to explain the dynamics
of discrete arrays, as found in numerical simulations
[13–15]: the motion of two or more flux quanta “glued”
together gives rise roughly to the same shuttling oscillation
frequency as a single one, although with a ZFS at higher
“harmonic” voltage.
From the diffraction patterns of single junctions and
two and three junction interferometers we determined the
average magnetic penetration depth of the samples [12,13],
which was 170 nm and an average Josephson penetration
depth λjeff ¼ 65 μm, which gives a normalized length of
the array L=λjeff ¼ 9.2. For reaching the bias points on all
the steps of Fig. 2 we observed in most of the cases
switching from the lowest part of the Josephson current as
shown by the horizontal arrows in the IVs: these indicate
that static flux quanta trapped in the JTL start moving at a
threshold current and generate a voltage. Thus, the Lorentz
force needs a threshold current to overcome the potential
barrier pinning flux quanta in their locations [5,12,13,17].
From the current-voltage characteristics of the test junction
we also estimated the McCumber parameter [2] βc ¼
½ð2πI c R2qp CSJ Þ=Φ0  ¼ 30 780 and the zero-bias plasma
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
frequency [2] νj0 ¼ ð1=2πÞ ð2πI c =Φ0 CÞ ¼ 38 GHz; as
a resistance in the definition of βc we have taken the subgap
(or quasiparticle, Rqp ) value and assumed 0.05 F=m2 for
the specific capacitance of the junctions.
The evaluation of the inductance l0 of a single section of
the array (given the speed of light in the transmission line
and the specific capacitance of the junctions) enables us to
evaluate the discreteness parameter a ¼ ð2πl0 I c =Φ0 Þ1=2
[5,11,12], where Φ0 ¼2.07×10−15 Wb is the magnetic flux
quantum. The parameter a is important for the dynamics of
the Frenkel-Kontorova model: for the chip of Fig. 2(a) we
calculate that a ¼ 0.25, meaning that discretization effects
can be relevant for our samples. In Fig. 2(b), we show the
measurement of the radiation emitted from a chip having a
total length of 500 μm and a larger discreteness parameter
a ¼ 0.35. This larger value with respect to the previous
case is determined by the higher values of the critical
current of each junction forming the array [68 μA for the
array of Fig. 2(b)] and larger inductance of a single unit of
the array (0.58 pH). In Fig. 2(b), we show the radiation
detected when biased on the first and on the second ZFS.
The radiation is observed at subharmonic Josephson
frequencies, when biased on the current singularities,
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which appeared at asymptotic voltages of 36 and 72 μV
(the IV curve is shown on the right side, Fig. 2d). We note,
comparing Figs. 2(a) and 2(b), that the frequency of the
emitted radiation is consistent with the ratio between the
physical lengths of the arrays which is 1.2, as it should be
according to the fact that the emission frequency c̄=2L is
mainly determined by the physical length and not by the
number of junctions. The slight differences in capacitance
and inductance per unit length enter in a square root and
give rise only to a few percent difference.
Some features visible in Fig. 2(b), namely, discontinuities and branching of the steps, are also systematically
observed on another sample, see Fig. 3, having the same
type of planar geometry, in terms of junction area and
spacing between junctions. The two samples also had the
same inductance per section and discreteness parameter
a ¼ 0.35 but the sample of Fig. 3 was formed by 30
junctions in parallel for a total physical length of 600 μm:
the IV curve of this sample showing the ZFS is the one
shown in Fig. 1(b). Notice that the highest emission
frequency when biased on the first ZFS of Fig. 3 is
6.93 GHz, very close to that of Fig. 2(a), as it is expected
since the arrays have the same physical length and only a
few percent difference in electromagnetic wave propagation
velocity. Measurements of radiation emission from the 1st

and 2nd ZFS of this sample are shown in Figs. 3(a) and 3(b):
the observed fine structure of the fluxon steps (in the case of
periodic boundary conditions [12,16,17]) and ZFS modes
(in the case of open boundary conditions [13]) is due to
resonant locking of the fluxon oscillations to the frequency
of Josephson plasma waves in the fluxon’s tail, which
propagate with a phase velocity equal to the fluxon
velocity. Note that most of the emission from the 2nd
ZFS is measured at double frequency, meaning that both
two-bunch fluxon oscillations [Fig. 3(a)] and symmetric
fluxon-antifluxon oscillations [Fig. 3(b)] can take place [13].
The locking between the flux quanta moving back and
forth along the array and the internal oscillations [22] of the
inductively coupled small junctions occurs when one
period of the flux-quanta shuttling oscillations matches
m periods of the internal small-amplitude oscillations of the
junctions: the phenomenon is therefore of discrete nature
and it generates the discontinuous shape of the ZFS. In
Fig. 3(c), we report the comparison between the theoretical
result of Eq. (7) in Ref. [12] for the voltage positions of the
fine-structure branches, namely,
S
Vm ¼
m

sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
 ﬃ
4
πm
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FIG. 2. (a) Subharmonic Josephson radiation detected when biased on the three ZFSs of a 600 μm-long array having discretization
parameter a ¼ 0.25; (b) detection from 1st and 2nd ZFS of a 500 μm-long, 25 junctions array with discretization parameter a ¼ 0.35;
both for (a) and (b) radiation is detected at subharmonic Josephson frequencies. (c) and (d) The IV characteristics relative respective to
(a) and (b): note that the voltage positions are different by a factor 2 and 3 for the 2nd and 3 rd ZFS, respectively, while the radiation
frequency remains in the same range. Second harmonic frequencies of the signals shown in Fig. 2(a) were roughly 10 dB lower in power.
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FIG. 3 (color online). (a) Radiation detection from 1st and 2nd
ZFS of a 600 μm-long array with discretization parameter
a ¼ 0.35. The radiation on the 2nd step is relative to a
bunched-fluxons mode. (b) The evident, ladderlike structure of
the 2nd ZFS accompanied by the radiation from a symmetric
fluxon-antifluxon step due to resonances between fluxon motion
and low amplitude oscillations of junctions. (c) A fit of the data
shown in (b) for the asymptotic position of the branches within
the Frenkel-Kontorova phase-locking interaction model.

and the experimental data of Fig. 3(b) for the 2nd ZFS.
In the above equation, S ¼ νLC Φ0 , where νLC ¼
ð1=2πÞð1=l0 CÞ1=2 is the fundamental resonance frequency
of the single cell of the array and N the number of junctions
of the array. The results are shown in Fig. 3(c) where the
voltage V m is the maximum voltage of the branches visible
in Fig. 3(b); note that, when stepping between frequency
and voltage on the nth current singularity, the “fluxon”
Josephson relations, i.e., V n ¼ Φ0 ðnc̄=LÞ were considered.
In the fitting, we fixed the parameter a to its experimentally
determined value a ¼ 0.35.
In Fig. 4, we show data relative to the fourth ZFS of the
same sample of Fig. 3. Figure 4(a) presents a plot of the
emitted radiation power as a function of its frequency while
in Fig. 4(b) we display the characteristic ladderlike structure of the step. The values of the power in (a) correspond to
the spectrum analyzer readout and therefore the 43 dB
amplification must be subtracted for obtaining the real
emitted power. We can see in Fig. 4(a) that the emitted
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FIG. 4. (a) Emitted power spectrum as a function of frequency
when biased on the fourth ZFS of a 600 μm-long array containing
30 junctions [the IV curve is shown in Fig. 1(b)]. (b) Currentfrequency characteristic for the sample shown in (a). (c) Fitting of
the position of the branches seen in (b) with the fluxon-radiation
interaction model. Note in (a) that the power for lower currents is
roughly 30 dB above the values for higher frequencies.

radiation power has a sort of oscillating behaviour and that
the maxima are reached close to the top switching points of
the lowest branches: here we measure increases up to
30 dB, roughly a factor 103 in power. The observed
increases of the power were not recorded in previous
measurements of continuous junctions meaning that the
phenomenon that we observe is unambiguously due to the
discreteness of the system. Considering the available dc
power in terms of the current-voltage product, from the
current vs frequency characteristics of Fig. 4(b) one would
expect an increase of a factor 3 of the power between the
lowest and the highest values of current and frequency. A
“reverse” (higher ac for lower dc power) factor 1000
difference between the bias points on the same current
singularity, to our knowledge, has never been observed.
In Fig. 4(c), we show the fit of our data to Eq. (1). As
before, the voltage V m is the maximum voltage of the
branches visible in Fig. 4(b). It is worth noting that the
value of S in Eq. (1) returned by the fitting procedures of
Figs. 3(c) and 4(c) was within 5% of the expected value
(calculated from array or junctions geometry and
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parameters). The third ZFS displayed features analogous to
those of Fig. 4. Our conclusion is that the physical origin of
the discontinuous nature of the ZFS is indeed due to the
interaction of fluxon motion and low-amplitude oscillations
localized along the units of the array. This interaction
produces the significant differences between a discrete JTL
and its continuum “approximation,” namely, the long
Josephson junction [1,2]: a continuum approximation for
a JTL means, by definition, that wave processes and
interactions must vary significantly only over distances
encompassing several units and therefore effects generated
by oscillations in a single unit are not expected.
In conclusion, microwave spectroscopy has enabled us to
characterize the internal dynamics of a Frenkel-Kontorova
system and to explain the results in terms of kinks
dynamics. A remarkable increase of roughly 3 orders of
magnitude of the emitted radiation power observed within
the current span of a single resonance indicates that phase
coherence in our system could embody other intriguing
features. The stability of the bunched oscillations over wide
current intervals that we have recorded is an encouraging
result for a specific logic family relying on dynamics of
groups of kinks for shift register and other functions [9].
However, our results also show that in the underdamped
regime the effects of resonances are significant and therefore particular attention should be devoted in the design to
prevent circuit configurations which could generate indirect
sources of dissipation and/or energy wells in JTLs. In
particular, for the RQL [11] logic families, relying on high
frequency bias distribution for the logic operations, the
identification of any mechanism exciting unwanted resonances or spurious oscillations could be relevant.
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