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Abstract

Carbon Fibre Reinforced Polymers (CFRP) are widely used in engineering applications
where weight saving and high mechanical performance are key factors. However, an
inherent weakness of laminated CFRP:s is their relatively low resistance to delamination.
The first part of this thesis is devoted to methods to extract cohesive laws associated
with delamination. The method is based on fracture mechanical tests and measurement
of the displacement field close to the crack tip. Pure mode cohesive laws are determined
by an optimization procedure involving finite element (FE) simulations. An initiation
based formulation allows for a straight forward determination of the mixed mode cohesive
law. FE simulations show that the fracture loads and local displacements are in good
agreement with the experiments.

The second part of the thesis is concerned with mixed mode cohesive modelling un-
der small scale yielding conditions. Under such loading conditions, a robust cohesive
model should conform to the predictions of linear elastic fracture mechanics. Both isotropic
and orthotropic adjacent continuums under plane stress or plane strain are treated. By
analytical derivations, it is concluded that two conditions are sufficient for mixed mode
cohesive laws to achieve this property. These design rules address the choice of initial
cohesive stiffnesses and the formulation of the softening response during mixed mode
cohesive separations. Validating FE-simulations where SSY conditions are imposed on
a circular domain support the results. It is also demonstrated that this minimizes the
discrepancy to LEFM predictions for fracture mechanical specimens where boundary
effects influence the elastic fields close to the crack tip.

The third part of the thesis focuses on a failure type entirely different from delami-
nation: longitudinal compressive failure. In a CFRP, almost all the load is carried by
the fibres. With compressive strengths along the fibre direction substantially lower than
the tensile strength, prediction of longitudinal compressive failure plays a key role in the
design of structural CFRP components. The dominating failure mode due to longitudinal
compression is kink-band formation. The objective in the third part is to extract the
cohesive law associated with kink-band formation. Equilibrium of configurational forces
is used for this purpose. Identified configurational forces are continuously measured by
monitoring the displacements field on the specimen’s lateral surface. The kink-band is
formed in the intended region of the specimen and the evaluation shows a peak stress and
fracture energy in the anticipated ranges.

Keywords: CFRP, Cohesive zone model, J-integral, LEFM, Delamination, Compressive
failure
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1 Introduction

1.1 Background and motivation

Improved mechanical performance and weight reduction are the driving forces for the
increasing usage of advanced composite materials in structural applications. Carbon
Fibre Reinforced Polymers (CFRP) combine strong and stiff carbon fibres with a load
transferring and protective polymer matrix material. The CFRP:s considered in this thesis
are continuous fibre composites sometimes called long fibre composites. A laminated
CFRP is schematically sketched in Fig. 1.1. Plies, also referred to as laminae, are thin
layers consisting of the two basic constituents, i.e. aligned carbon fibres and the polymer
matrix. The laminate is built up by stacking plies of varying fibre orientations.

θ = fibre orientation

Laminate
Laminae/plies fibre

Matrix y

x
z

Figure 1.1: Schematic sketch of a laminated CFRP. Picture re-drawn from [1].

The main advantage of CFRP is their excellent specific stiffness and strength in the x-y-
plane. When tailoring fibre orientations efficiently, considerably higher specific stiffness
and strength are achieved than for traditional engineering materials, e.g. steel and
aluminium. Mainly due to the weight saving potential, CFRP:s are heavily utilized in
many engineering fields and products, e.g. aeronautical, aerospace, naval, wind energy,
automotive, sport equipment and a wide range of civil constructions, e.g. pipes and
reinforcement of bridges. The aeronautical industry can be considered to be leading the
aggressive development towards an extended use of CFRP and other advanced composite
materials. At the early stages, this development was mainly driven by the military industry
but has lately been overtaken by the civil aircraft industry to counter the rising fuel prices,
environmental impact and the desire to enhance the range/payload ratio. Besides the
high specific mechanical properties, the superior resistance to corrosion and fatigue are
very beneficial. This enables longer inspection intervals that decreases the maintenance
cost [2]. The usage of advanced composite materials in commercial aircrafts has increased
rapidly the last decade. An example of this is the Boeing 787 Dreamliner aircraft, that
comprises CFRP and other composite materials to about 50 % of the material weight, cf.
Fig. 1.2.
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Figure 1.2: The Boeing 787 Dreamliner. Picture from Boeing [3].
.

CFRP laminates are used on primary parts, i.e. the fuselage, wings, tail and doors,
which allows for a considerable weight reduction as compared to previous designs where
aluminium was used to a larger extent. To create an efficient design of the airframe, the
obvious aim is to use the optimum material for the specific application of the component.
CFRP:s are preferred for components that are highly tension-loaded while other materials,
e.g. aluminium, are still used at regions subjected to substantial compressive loads [2].
Typically, the substitution from aluminium to composites offers on average a weight
reduction of 20-30 % for the component [4].

Due to the strong heterogeneity and anisotropy, CFRP:s exhibit complex failure
mechanisms that are challenging to predict. A wide range of failure modes may initiate
and interact to subsequently control ultimate failure of the component. Moreover, the
material behaviour may depend on a number of factors, e.g. moisture, temperature,
stacking sequences, size effects, load combinations and sequences. Therefore, the design
and certification of structural (load carrying) parts require a comprehensive and costly
testing campaign that range from coupon tests to full scale testing. These tests must
demonstrate sufficient static strength, residual strength after fatigue loading and damage-
tolerance, i.e. the damaged materials ability to retain sufficient load carrying capacity.
The certification process in the aeronautical industry utilizes the building-block approach
[5], where analyses are verified by physical testing at all levels of the product development.
This is usually represented by the test pyramid shown in Fig. 1.3.

Firstly, thousands of coupon tests are conducted to generate a statistical database
of the basic material properties and to quantify the scatter [6]. Design allowables are
determined from these results, e.g. in terms of conservative strain measures. Tests are
then performed with increasing level of complexity to investigate the influence of new
features introduced at each level. For example, bolted joints or bonded attachments that
are introduced at the element level. Further along the certification process, structural
tests are performed on assembled sub-components and finally, tests are carried out on full
scale components and even the entire aircraft. The loading conditions applied to the full
scale component aims to reproduce those experienced during service of the component.

3



For example, in the certification of the complete wing of a Boeing 787, the wing was
bended upwards beyond the ultimate load to demonstrate its safe design [6].

Figure 1.3: Test pyramid illustrating the different complexity levels in the certification
program. Picture: courtesy of professor Tonny Nyman, SAAB Aeronautics/Royal Institute
of Technology, Sweden.

To account for the presence of damage, damage-tolerance of the composite structure
needs to be demonstrated for more built up structures. Defects may be present from
the manufacturing process or arise during harsh working conditions such as impact
loads. Within the damage-tolerance concept, it is required that defects have no-growth
characteristics or do not grow to critical size depending on the severity of the defect.
Defects on the threshold of detectability, i.e. barely visible damage, must display no-
growth characteristics, i.e. they will not grow under normal working conditions. In the
design phase, the presence of such defects is often accounted for in the model or test by
including an equivalent artificial defect of comparable size [7].

Due to the large cost and time consumption associated with the testing campaign, it
is desirable to increase the analysis capability in order to replace parts of the physical
tests with virtual tests. The associated cost of an individual test increases rapidly as
the complexity level increases. However, it is anticipated that full-scale testing will be
required for the certification of aircrafts also in the future. The primary goal is therefore to
replace tests at the intermediate complexity levels by virtual testing [8]. Thus, within the
research community, there is a driving force to formulate analytical and numerical models
that enable accurate prediction of damage growth and subsequent failure of composites.

Stress based models may often be used to predict initiation of damage and, under
some circumstances, even to predict failure. However, critical regions are often located
at material and geometrical discontinuities where singular stresses are predicted which
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make stress based criterions inappropriate. Moreover, assuming an ideally brittle material
is normally not sufficient to predict the failure load of the laminate even though CFRP
generally exhibits an apparent brittle behaviour. Various damage mechanisms may
dissipate energy prior to macroscopic failure. This may delay the final collapse. For
example in the open hole tension test shown in Fig. 1.4, damage in the form of matrix
cracking and delamination initiate at the hole boundary well before the critical load is
reached [9]. This leads to a redistribution of stresses and further load may be applied
prior to failure. Thus, stress based dimensioning to avoid damage initiation often leads
to overly conservative design, i.e. it generates excessive safety factors. Moreover, the
strength of composite laminates subjected to tensile and compressive loading has been
shown to be size dependent, e.g. [10, 11, 12]. Thus, for an accurate prediction, the model
should incorporate a length scale and reflect the inelastic processes that precede failure.

a b

c d
Loading 
direction

Figure 1.4: X-ray image of the damage development during an open hole tension test at:
a) 36 % b) 57 % b) 78 % d) 93 % of the failure load. Figure from [9].

One method to resolve these issues are offered by the Cohesive Zone Model (CZM).
Initiation of inelasticity is modelled with a stress criterion and the subsequent propagation
is diagnosed by an energy criterion inherent to the fracture mechanics approach discussed
in chapter 2. The continuous loss of integrity towards failure can be modelled using a
wide variety of cohesive laws that suits the phenomena that is aimed to be modelled. A
discussion on the CZM and various cohesive law formulations are given in chapter 3.

In this thesis, the CZM concept is utilized to model the failure modes in CFRP denoted
delamination and longitudinal compressive failure. More detailed discussions of these
failure modes are given in chapter 4 and 5, respectively.
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1.2 Types of CFRP materials in this thesis

Two different types of CFRP:s are used for the studies in this thesis. In papers A-B,
experiments are conducted on a pre-impregnated tape material often abbreviated as
prepreg materials. In paper D, a material is studied that is characterised as a Non-Crimp
Fabric (NCF) composite. A detailed discussion on NCF:s is given in [13]. Common for
both materials is the clear laminated structure with distinct plies of aligned carbon fibres
as schematically illustrated in Fig. 1.1.

Prepregs are manufactured from thin layers of aligned carbon fibres that are pre-
impregnated by epoxy resin. The laminate is formed by stacking the layers, usually about
0.125 mm thick, into a mould. The mould is then placed in an autoclave where the
laminate is cured by increasing the pressure and temperature. A micrograph of a cross-ply
prepreg laminate with a ply thickness of 0.25 mm is shown in Fig. 1.5. These materials
are widely used in the aeronautical industry and offer a high fibre volume fraction and
excellent in-plane stiffness and strength. However, due to the lack of reinforcement in
through-the-thickness direction of the laminate, they are sensitive to out-of-plane stresses.
In paper A-B, this property is characterised on the prepreg carbon/epoxy composite
HTA/6376.

Figure 1.5: Micrograph of a prepreg laminate. Picture: courtesy of Dr. Fredrik Edgren
(GKN Aerospace Sweden AB).

In the manufacturing of the NCF composite used in paper D, a dry preform of the
reinforcement fabric is placed in a mould and impregnated by a liquid thermoset resin
using resin transfer moulding. The preform is created by stacking several layers of
unidirectional carbon fibre weave on top of each other. The unidirectional weave consists

6



Figure 1.6: Micrograph NCF composite cross section. Picture from [14].

of carbon fibre bundles in the warp direction, held together by a woven scaffold structure
of thin glass yarns. The focus of paper D is to characterise the behaviour associated
with longitudinal compression, i.e. compressive loading in the fibre direction. In [13],
two characteristics of NCF composites are discussed that influence the macroscopic
compressive stiffness and strength. Both are observed at the meso-scale, i.e. at the lamina
level. Firstly, distinct fibre bundles are visible that are separated from each other by
resin rich areas, cf. Fig. 1.6. This allows carbon fibre bundles in neighbouring layers to
nest together, causing waviness to the fibre bundles. In prepregs, a more homogeneous
distribution of fibres within plies are observed, cf. Fig. 1.5. Waviness in the layers is also
created by the woven textile structure of the fabric. The carbon fibre bundles are woven
together with the thin weft yarns, causing waviness in the carbon bundles. The waviness
of fibres reduces the compressive strength as well as the stiffness.

7



1.3 Failure modes in CFRP

In the fracture process of CFRP laminates, several failures modes usually occur and
interact in a complex manner. The extent of each failure mode may vary from ply to ply
depending on, e.g. the loading conditions and stacking sequence. The major failure modes
are divided into three groups to facilitate the discussion in the following sections. The
three groups denoted interlaminar, intralaminar and translaminar failures are depicted in
Fig. 1.7 [15].

Figure 1.7: Illustration of the major failure modes in CFRP. Picture from [15].

Ply

Ply

Delamination

Broken �bres

Figure 1.8: Left : Schematic sketch of delaminated plies. Right : Schematic sketch of a
kink-band.

Interlaminar failure also referred to as delamination corresponds to fracture through
separation of adjacent plies as depicted in Fig. 1.8a. Delamination is discussed in
detail in chapter 4. Intralaminar failure corresponds to matrix cracking and matrix/fibre
debonding within plies. Longitudinal intralaminar cracking is also referred to as splitting.
Translaminar failures are fibre dominated failures and refer to tensile or compressive
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failure perpendicular to the fibres. Failure due to longitudinal compression usually occurs
by a local buckling process of the fibres leading to the formation of a kink-band. This
corresponds to a band of broken fibres as shown in Fig. 1.8b. Longitudinal compressive
failure is discussed in chapter 5.

1.4 Objectives and scope

The development of structural CFRP components requires a comprehensive test program
including tests of various scales and levels of complexity cf. Fig. 1.3. With increased
predictive capability, parts of the physical testing may gradually be reduced and excessive
safety factors can be lowered. Ultimately, this could lead to better optimized structures
while reducing the cost and thereby also promote an increased use of CFRP in more cost
sensitive industries. An important step in the formulation of reliable predictive models is
the ability to characterise individual failure modes in isolation.

The objective of this thesis is to, based on experimental measurements, extract cohesive
laws for delamination and longitudinal compressive failure. Moreover, shortcomings of
the CZM under mixed mode loading conditions are addressed in a combined analytical
and numerical study.

2 Fracture mechanics

Fracture mechanics principles are commonly employed for the prediction of fracture in
CFRP. The most wide spread use of fracture mechanics is found in the characterisation
of the resistance against matrix and interface dominated failures such as delamination.
However, fracture mechanical testing is also relatively common for translaminar failures
such as longitudinal compressive failure. Examples of this are given for these types of
failures in chapter 4 and 5, respectively. Furthermore, the CZM originates from the
framework of fracture mechanics. Both concepts are extensively used in this thesis for the
modelling the two failure modes considered. Thus, in this chapter, a brief background and
some of the basic relations of fracture mechanics are presented to facilitate the discussion
in the following chapters.

2.1 Linear elastic fracture mechanics

More than a hundred years ago, Inglis [16] showed the elastic stress field is amplified
in regions near notches and that stresses increase as the radius of the notch decreases.
About a decade later, Griffith was focusing on the prediction of fracture in brittle glass
[17]. Experimental measurement showed that the strength was surprisingly low and also
specimen size dependent. This could not be predicted by a simple stress analysis. Griffith
suggested that the measured strengths could be explained by the presence of flaws in the
material. However, the stress concentrations derived by Inglis could not predict on the
flaw size dependency. An energy based fracture criterion was therefore proposed where
crack growth occurs when the release of potential energy equals or exceeds the surface
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energy required to create new crack surfaces. This release of potential energy per unit
area is known as the energy release rate, G, sometimes referred to as the crack driving
force. That is, with Π and a denoting the potential energy per unit width and the crack
length, respectively, G is defined by

G = −dΠ

da
. (2.1)

With this approach, Griffith was able to accurately predict the strength versus flaw size.
However, the method was not applicable for metals and thereby not useful in many
fields of engineering. Irwin extended Griffith’s work of the energy release rate concept
such that crack growth in metals could be predicted [18]. He noticed that the increased
surface energy during fracture of metals is in principal negligible compared to the energy
dissipated by the plastic deformation near the crack tip. Moreover, Irwin also found that
G was related to the singular stress field in the vicinity of the crack tip. The amplitude
of the singular stress was shown to scale with one parameter that is directly related to G,
i.e. the stress intensity factor, K.

In the Linear Elastic Fracture Mechanics (LEFM) approach, crack growth is predicted
when G or K reaches its critical value and the two formulations are completely equivalent.
The critical values denoted the fracture energy Gc and the fracture toughness Kc, respec-
tively, specify the material’s resistance to fracture and are considered to be properties of
the material.

The stress intensity factor and its components are given by solving a linear elastic
boundary-value problem and depend on the loading and geometry of the specimen. A
collection of stress intensity factors for various geometries and isotropic material are given
in [19]. In [20], Sou et al. develops a rescaling technique where approximate stress intensity
factors and stress concentration factors for orthotropic materials may be constructed from
the isotropic case. This is exemplified by Bao et al. [21] for several test geometries.

Mode I: 
Opening

Mode II: 
In-plane shear

Mode III: 
Anti-plane shear

Figure 2.1: Illustration of the deformation modes. Picture from [22].

In LEFM, the loading of a crack front is divided into the three deformation modes shown
in Fig. 2.1, i.e. the symmetric (mode I), the anti-symmetric (mode II) and the anti-plane
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(mode III) part of loading. In this thesis, the discussion is restricted mode I and mode
II. When LEFM applies the body can be analysed assuming linear elasticity. Thus, the
modes of loading of the crack tip can be treated independently by superposition. That is,
K and G may be divided into components associated with respective mode of loading, i.e.

G = GI +GII K = KI +KII. (2.2)

For isotropic materials, K and G are related by GI = K2
I /Ē and GII = K2

II/Ē where
Ē = E for plane stress and Ē = E/(1 − ν2) for plane strain. Similar relations for
anisotropic materials were derived by Sih et al. in [23]. This is discussed later in this
section.

When a cracked body is subjected to remote loading, the stress field predicted by
linear elasticity is given by the stress intensity factors. When no influence of the remote
loading or end effects are present, the stresses at the crack tip are infinite and vary as
∼ r−1/2 where r denotes the distance from the crack tip. For a crack in the x-z-plane
with the crack tip at x = 0, cf. Fig. 2.2a, the stress intensity factors are defined by [20]

Σy =
KI√
2πx

, Txy =
KII√
2πx

, (2.3)

where Σy and Txy denote the normal and shear stress along y = 0, respectively.

IR (FPZ embedded)

K-dominant zone

Far-�eld

x

y

= KI

2 x

IR      K-dominant             Far-�eld  

Σy

x

Σy

Figure 2.2: Illustration of SSY and the K-dominant zone. Right picture re-drawn from
[24]

However, all materials have a limited strength. Thus, a Fracture Process Zone (FPZ)
develops at the proximity of the crack tip where inelastic processes such as plastic
deformation and microcracking take place. Outside of the FPZ, the body deforms linear
elastically. LEFM requires Small-Scale-Yielding (SSY) or Small-Scale-Bridging (SSB)
conditions referring to that the FPZ is very small compared to other characteristic
dimensions of the body. Under such conditions, a region denoted the K-dominant region
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exists. In this region, stresses and displacements are governed by the linear elastic solution,
i.e. by the components of K. That is, within this zone, stresses and displacements obey
the singular elastic field and are not influenced by the FPZ or boundary effects. This
is illustrated in Fig. 2.2a, where three regions are indicated, i.e. the Influenced Region
(IR), the K-dominant region and the far-field. The IR region contains the FPZ and
adjacent elastically deforming points that are influenced by the FPZ. That is, the FPZ is
embedded in the IR as shown in Fig. 2.2a. As shown, the extension of the K-dominant
zone is limited by the far-field where the stresses and displacements are influenced by
outer boundaries and remote loading. In Fig. 2.2b, the normal stress distribution ahead
of the crack tip under SSY conditions is schematically sketched with a solid line and the
singular stress field is indicated by dashed line.

The elastic stress, strain and displacement fields for an orthotropic material are
formulated by Sih et al. in [23]. In [20], Sou et al. introduce two dimensionless
parameters that fully characterise the orthotropy and thereby reduce the number of
material parameters,

λ =
s11
s22

, ρ =
2s12 + s66
2
√
s11s22

, (2.4)

where sij are the plane stress or the plane strain orthotropic compliances given in [25].
More specifically, with the generalized Hooke’s law1

εi =
∑

j

sijσj . (2.5)

For plane stress conditions, the relevant components of sij for λ and ρ are,

s11 =
1

E1
, s22 =

1

E2
, s66 =

1

G12
, s12 = −ν12

E1
= −ν21

E2
, (2.6)

where subscript 1 and 2 denote components in the x- and y-direction that coincide with
the principal axes of the orthotropic material. Here, Ei is the Young’s modulus in the
i−direction, G12 is the shear modulus and νij are the Poisson’s ratios. For plane strain
conditions, s′ij replace sij in Eqs. (2.4)-(2.5) [20]

s′ij = sij − si3sj3/s33. (2.7)

Sou et al. showed that K and G for orthotropic materials can be approximated from
isotropic solutions. For a crack along the x-direction, the λ-dependence can be derived
explicitly by rescaling the x-axis by ξ = λ1/4x. Thus, the calibration of G and K for
different geometries depend on one material parameter only, i.e. ρ. In [21], Bao et al.
calibrated this dependence with polynomials for several test specimens by numerical
investigations using finite element analyses.

For plane stress, the relations between the energy release rates and stress intensity
factors are in [23] given by

GI =

(
s11s22

1 + ρ

2

)1/2

λ−1/4K2
I , GII =

(
s11s22

1 + ρ

2

)1/2

λ1/4K2
II. (2.8)

1Voight notation is adopted, i.e. ε1 = εx, ε2 = εy , ..., ε6 = γxy and σ1 = σx, σ2 = σy , ..., σ6 = τxy .
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For plane strain conditions, s′ij replace sij in Eqs. (2.4) and (2.8).

In the formulation of G for a specific test specimen, one may derive the expression
for K as discussed above and obtain G with Eq. (2.8). Fracture mechanical testing
with the assumption of LEFM is often carried out on beam-like geometries, especially
in characterisation of delamination resistance of CFRP. In such situations, the ERR is
usually derived by the compliance method assuming beam theory. With this approach
one may utilize the general expression, cf. e.g. [26]

G = −dΠ

da
=
P 2

b

dC

da
, (2.9)

where P , b, a and C are the applied load, specimen width, crack length and compliance
respectively. With C expressed in terms of a, G may be formulated as a function of
the applied load, the displacement of the loading point or a combination of thereof. If
simple beam theory is used, correction factors are needed to account for orthotropy or the
presence of a non-negligible shear force that complicate the deformation close to the crack
tip. Such correction factors are given in [21] and in [27] several proposed formulations are
examined for delamination testing of CFRP.

A third option for the derivation of the ERR is to utilize the J-integral [28]. This is a
very useful tool since the assumption of SSY conditions is not required.

2.2 The J-integral

In the late 1960’s, Rice introduced a line integral denoted the J-integral for the character-
isation of the local deformation field near cracks, notches and other stress raising features
in two-dimensional problems [28]. A severe difficulty to determine such deformation fields
was identified, especially when the material around the notch-tip undergoes substantial
non-linear deformation. By using the fact that the J-integral under favourable circum-
stances is integration path independent, Rice bypassed this difficulty. That is, the local
deformation field near the notch-tip can be determined by studying the stress, strain
and displacement field far away from the notch-tip that is sometimes straight forward to
derive.

With, Ti, ui, ni and W denoting the traction vector, the displacement vector, the
outward unit normal vector along an integration contour C, cf. Fig. 2.3, and the strain
energy density, respectively, the J-integral is given by,

J =

∫

C

(
W n1 − Ti

∂ui
∂x

)
dC, (2.10)

where index notation is employed, repeated indexes indicates summation and i=1,2
indicates component in the x- and y-direction, respectively. Moreover, the strain energy
density W is given by,

W =

∫ εij

0

σij dεij . (2.11)
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When path independency applies, alternate integration contours, with coincident start
and end points gives the same value of the J-integral. This holds if the embedded domain
of the integration contours fulfils the following requirements [29, 30]:

1. Quasi-static conditions prevail without any body forces present.

2. The material is homogenous in the x-direction. That is, W does not contain any
explicit dependence of the x−coordinate.

3. The domain does not encircle a singularity. These are objects that change the
energy of the body if the objects position is changed. That is, features such as holes,
free edges and concentrated loads are considered singularities.

4. a) The solid is elastic or b) for an elastic or inelastic material when steady state
crack propagation occurs.

Here an elastic solid refers to that W exhibits the properties of a potential function. That
is, the stress components are explicitly determined by,

σij =
∂W

∂εij
. (2.12)

This is also known as hyper-elasticity. One central concept in using the J-integral is that
inelastic deformation is analysed as being non-linear elastic. That is, condition 4a does
not imply that the material must be strictly elastic. Path-independency may apply for
inelastic materials during monotonic loading if a function W can be defined so that the
stresses are given by Eq. (2.12). A range of inelastic constitutive laws obey Eq. (2.12)
during monotonic loading, cf. [31] and [32]. In [33], the authors utilize this in their
studies on ductile fracture using a CZM. Thus, the method requires that unloading from
an inelastic state does not occur that reveals the difference between non-linear elasticity
and inelasticity. Such unloading may be present even if the remote loads are applied
monotonically, e.g. in the plastically deformed wake of a growing crack [33].

Figure 2.3: Illustration of integration contour, C starting in point A and ending in point
B.

The path independency when conditions 1-4a are satisfied is proved in [28]. However, a
short discussion is given here for completeness. Path-independency is demonstrated by
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showing that the J-integral is zero when evaluated along any closed integration path, C,
that does not encircle any singularity. Equation (2.10) is converted to an area integral by
using Cauchy’s relation Ti = σijnj and employing the divergence theorem,

J =

∫

A

(
∂W

∂x
− ∂

∂xj

(
σij

∂ui
∂x

))
dxdy, (2.13)

where A denotes the domain embedded by the closed contour C. By utilizing a combination
of basic continuum mechanical relations, it is shown that the integrand vanishes if
conditions 1-4a are satisfied. With the assumption that conditions 2 and 4a are fulfilled,
i.e. Eq. (2.12) holds, the first equality is obtained

∂W

∂x
=
∂W

∂εij

∂εij
∂x

= σij
1

2

(
∂

∂x

∂ui
∂xj

+
∂

∂x

∂uj
∂xi

)
= σij

∂

∂xj

(
∂ui
∂x

)
. (2.14)

The second equality is obtained by using the strain-displacement relation, i.e. εij =
(∂ui/∂xj + ∂uj/∂xi)/2, from which the right hand side is obtained by utilizing symmetry
of the stress tensor, i.e. σij = σji. Finally, by utilizing static equilibrium σij,j = 0, i.e.
assuming condition 1, σij can be moved inside the parenthesis. Thus, the integrand of Eq.
(2.13) vanishes if conditions 1-4a prevail and the path-independency is shown.

When integration path independency applies, the J-integral evaluated along an arbi-
trary contour around a crack tip gives the ERR [30]. More specifically, with an arbitrary
integration contour that starts in point A and ends in point B as indicated in Fig. 2.3
and the x-direction denoting the orientation of the crack, then G = J . In this extended
summary, G denotes the ERR with no assumption of applicability of LEFM in line with
[30, 29]. In situations when the LEFM assumption is inappropriate Eqs. (2.2, 2.8, 2.9)
are not valid2. However, in [30], it is shown that although the J-integral is generally path
dependent if conditions 1-4 are violated, the J-integral is equal to G when C is confined
to the crack tip, i.e.

G = JC when C → 0 (2.15)

where, JC denotes the value of J evaluated along an integration path C shrunk to the
crack tip.

The fact that the J-integral gives the ERR is shown in [30] both for the case when
path-independency applies and is violated. For the latter case, this result is demonstrated
for an integration path C confined to the crack tip as stated in Eq. (2.15). However, when
conditions 1-4a are fulfilled this may be demonstrated using a similar set of equations as
used for the proof presented above. This is derived in detail in [34] and the main steps is
presented here.

In quasi-static conditions with no body forces present, the potential energy per unit
width of the body is given by.

Π =

∫

A

WdA−
∫

C
TiuidC, (2.16)

2In paper C, an additional variable G is introduced that denotes the ERR obtained from the local
field. This is done to differ between the ERR and the apparent ERR obtained from the external loads
assuming that LEFM applies.
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where A and C is the area and the outer boundary of the domain. Then the change of
potential energy due to a virtual extension of the crack tip becomes,

dΠ

da
=

∫

A

dW

da
dA−

∫

C
Ti

dui
da

dC (2.17)

By attaching the coordinate system to the crack tip one obtains,

d

da
=

∂

∂a
+
∂x

∂a

∂

∂x
=

∂

∂a
− ∂

∂x
(2.18)

since ∂x/∂a = −1. Thus, Eq (2.17) is reformulated as,

dΠ

da
=

∫

A

(
∂W

∂a
− ∂W

∂x

)
dA−

∫

C
Ti

(
∂ui
∂a
− ∂ui
∂x

)
dC (2.19)

If conditions 2 and 4a is fulfilled then, analogous to Eq. (2.14), the first term of the first
integrand can be formulated as

∂W

∂a
=
∂W

∂εij

∂εij
∂a

= σij
∂

∂xj

(
∂ui
∂a

)
. (2.20)

By the divergence theorem, the first term of the first integral cancels out the first term of
the second integral in Eq (2.19). Thus, the remaining of Eq (2.19) reads:

dΠ

da
=

∫

C
Ti
∂ui
∂x

dC −
∫

A

∂W

∂x
dA (2.21)

By using the divergence theorem on the second term we obtain,

−dΠ

da
=

∫

C

(
Wdy − Ti

∂ui
∂x

dC
)
, (2.22)

Thus, when conditions 1-4a are fulfilled, the J-integral evaluated around the crack tip is
equal to the energy release rate, G.

The J-integral is a key concept in the cohesive modelling of fracture. Moreover, the
conditions for path-independency of the J-integral requires special attention when mixed
mode fracture is studied using the CZM. These topics are further discussed in section 3.2.

3 The cohesive zone model

In a LEFM analysis of crack growth, the FPZ is idealized to a mathematical point at the
crack tip. Thus, LEFM is suitable when fracture is to be analysed from a pre-existing
crack and the size of the FPZ is negligible in comparison with other geometric length
scales. However, in other situations a more complete model of the fracture process is
required that reflects the nonlinear mechanisms within the FPZ. A candidate to achieve
this is offered by the CZM. All inelastic mechanisms acting within the FPZ are lumped
into a surface in a 3D analysis or a line in a 2D analysis denoted the cohesive zone in the
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Cohesive zone

FPZ

T

Figure 3.1: Schematic illustration of the cohesive zone representation of the fracture
process. All inelastic processes are lumped into a cohesive zone heading a crack tip where
the cohesive traction T holds the cohesive surfaces together.

following, cf. Fig 3.1. Within the cohesive zone, the upper and lower crack surfaces are
held together by a cohesive traction, TTT , that depends on the separation of the surfaces, δδδ.

For simplicity, the two-dimensional case is discussed in the following. The components
of δδδ consists of the normal separation, w, and the shear separation, v, cf. Fig 3.2a. The
conjugated stress components of TTT are the normal stress, σ and the shear stress, τ . In
the three-dimensional case, one additional shear component that acts out-of-plane is
introduced.

Tcrack tip

s

s
t

t

v

w d
x

y

Figure 3.2: Left : The definition of the position of the crack tip differs among authors.
Throughout this thesis, the crack tip is considered to be situated at the left end of
the cohesive zone. Right : Orthogonal components of the cohesive traction vector and
separation vector.

The response within the cohesive zone is governed by a cohesive law that describes the
mathematical relation between TTT and δδδ. A cohesive law for the case of pure mode I loading
is illustrated in Fig 3.3a. Initiation of inelasticity is diagnosed when σ reaches the cohesive
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strength σ0. Beyond this point, the cohesive stress decreases and eventually vanishes
indicating the formation of new crack surface. In Fig 3.3a, a perfect bond between the
crack surfaces is assumed before σ0 is reached. However, in most numerical applications,
the cohesive law includes an initial part with a finite stiffness, cf. Fig 3.3b, to cope with
displacement based finite element analysis. It should also be noted that a finite stiffness
sometimes is appropriate and from one point-of-view expected. For example, when the
cohesive zone represents a material volume, e.g. an adhesive layer or a resin rich interface
in-between plies and not only the inelastic processes within the FPZ.

σσ
σ0σ0

w w

Figure 3.3: Traction-separation relation for mode I loading. a) Initially rigid response. b)
Initially linear response.

Cohesive laws relate stresses to separations. Thus, an energy based propagation criterion
inherent to fracture mechanics principles is included automatically. The total area under
the mode I curve represents the work required by the normal stress to produce mode
I fracture. This is denoted the mode I cohesive fracture energy, ΓI and the mode II
counterpart is denoted ΓII,

ΓI =

∫ ∞

0

σdw|v=0, ΓII =

∫ ∞

0

τdv|w=0 (3.1)

Generally, the cohesive fracture energy Γ is given by,

Γ =

∫ ∞

0

σdw +

∫ ∞

0

τdv (3.2)

that may depended on the specific loading history. Furthermore, at an instant of separation,
the work done by the normal and shear stress φ is defined by

φ = φI + φII where φI =

∫ w

0

σdw̃, φII =

∫ v

0

τdṽ, (3.3)

At the location of a crack tip, φ and Γ represent the ERR and the fracture energy,
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respectively. Some aspects on the formulation of the evolution of φ during monotonic
mixed mode loading are discussed in section 3.1.

As pointed out and exemplified in [35], a major benefit of the CZM is the wide range
of applicability. This is enabled since the CZM incorporates both a damage initiation
criterion and an energy based propagation criterion. Stress-based models are inappropriate
when fracture emerges from the location of a stress singularity and LEFM based methods
requires an initial crack. These two restrictions are by-passed with the CZM. Thus, the
CZM may be successfully calibrated to model fracture in situations where stress-based
models or LEFM-based methods or possible both may be invalid. A more detailed
discussion of this is given in section 3.3.

The CZM:s used today stems from the pioneering work of Barenblatt [36] and Dugdale
[37]. The introduction of cohesive forces acting ahead of the crack was mainly motivated
by the desire to remove the crack tip singularity given by an elastic stress analysis.
Barenblatt was focusing on the analysis of the fracture process in a perfectly brittle
material by relating the crack resistance to the interatomic binding energy. The cohesive
forces between the crack surfaces were assumed to be acting within a small region ahead of
the crack tip. Dugdale was using a CZM denoted the strip yield model where the cohesive
stress is constant within the complete cohesive zone to estimate the plastic zone size in
metals near the crack tip. Later, a CZM known as the fictitious crack model developed
by Hillerborg was used to study crack growth in concrete [38]. This model was used as a
constitutive property of concrete and was an important extension of the previous work in
[36, 37] since a crack was allowed to nucleate and propagate anywhere in the material.
Thus, prediction of fracture in initially virgin materials was enabled.

The CZM was first introduced in a finite element context by Needleman [39] to study
void nucleation between particles and matrix. Since then, cohesive finite elements have
been used to predict fracture in e.g. adhesively bonded joints [40], metals [33] and bi-
material interfaces [41]. Delamination in CFRP was first modelled using cohesive elements
in the early 1990’s, cf. [42, 43, 44]. In addition to delamination problems, cohesive
elements have been used to model a variety of failure modes in CFRP at different length
scales ranging from debonding of fibre and matrix to macroscopic in-plane failure, cf.
the relatively recent review given by Wisnom [35]. Cohesive elements were implemented
in version 6.5 of Abaqus and are nowadays available in most commercial finite element
softwares.

A drawback with modelling crack growth using traditional cohesive elements is that
the crack path must be specified beforehand. However, for e.g. delamination of laminated
composites this is not a severe limitation since the crack propagation is restricted to the
interfaces between plies [35].

It should however be noted that delamination propagation in CFRP often occurs with
some kind of toughening mechanism present, usually in the form of cross-over fibres in
the wake of the crack. The increasing resistance during crack growth can be reflected by
the cohesive law, cf. [45].
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3.1 Types of cohesive laws

Since the introduction of the CZM into FE-codes, numerous cohesive law formulations
have been proposed. Most early cohesive law formulations were intended for predicting
pure mode fracture or at least when one mode of deformation is very dominating over the
other. Cohesive laws of varying softening responses may be categorised as polynomial [46],
piece-wise linear [33], exponential [41] and rigid linear [47], cf. [48]. However, interface
fracture such as delamination in CFRP usually occurs under mixed mode conditions,
cf. section 4.3. Although the mixed mode cohesive law formulations presented in the
literature differ in many aspects, especially one fundamental feature enables a separation
of the cohesive laws into two groups: potential-based and non-potential-based cohesive
laws. In the continuation of this chapter, the discussion is restricted to monotonically
increasing separation of the cohesive zone.

Potential-based cohesive laws were first introduced by Needleman [39] and refers to
cohesive laws that are derived from a potential function. That is, a function Φ (w, v)
exists that acts as a potential to the cohesive stresses,

σ =
∂Φ

∂w
τ =

∂Φ

∂v
. (3.4)

Integration of both expressions gives

∫ w

0

σdw̃ = Φ(w, v) + I1(v)

∫ v

0

τdṽ = Φ(w, v) + I2(w). (3.5)

Thus, by identification of terms the potential function, Φ(w, v), is given by

Φ(w, v) =

∫ w

0

σdw̃ +

∫ v

0

τdṽ, (3.6)

That is, Φ(w, v) is the accumulated area beneath the two curves σ − w and τ − v, i.e.
Φ(w, v) = φ(w, v), cf. Eq (3.3). Thus, for potential-based cohesive laws, both the cohesive
stresses, σ, τ , and work performed by the stresses, φ, are explicitly given by the current
state of separation, i.e. independent of the previous separation history. Potential-based
cohesive laws are therefore often referred to as separation path independent cohesive laws.
As discussed in [49], uncoupled laws, e.g. [50], constitute a subfamily of potential-based
cohesive laws. For such laws, the normal stress only depends on the normal separation
and vice versa. That is, mixed mode fracture requires that both φI = ΓI and φII = ΓII

are reached unless a sudden loss of cohesive stress is enforced by the fracture criterion. In
papers B-C, a special type of cohesive law is utilized for the modelling of mixed mode
fracture denoted initiation-driven cohesive law. For this cohesive law, the properties
of the cohesive law are set by conditions at the crack tip at the onset of non-linear
deformation. This law exhibits the properties of a potential-based cohesive law during
monotonic loading. However, the formulation depends on the conditions at onset of
non-linear response and therefore cannot be described by Eq. 3.4.

A number of potential-based cohesive laws have been presented in the literature,
e.g. [39, 51, 41, 52, 53, 54]. An important difference between these cohesive laws is
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whether or not the cohesive fracture energy, Γ, is independent of the mode mix, e.g.
[39, 51] or dependent on the mode mix, e.g. [41, 53]. The ability to calibrate a mode
dependent fracture criterion is important in the modelling of many interface fractures e.g.
delamination, cf. section 4.3. However, it has been reported that potential-based cohesive
laws that allows for a mode dependent Γ may be associated with features that can be
considered to be unphysical. In [55, 56], comprehensive reviews are given on this topic.
For example, the authors notice repulsive normal stresses under mixed mode loading and
that mixed mode failure cannot be modelled by a simultaneous loss of normal and shear
stress. In [48], similar results are reported for the commonly used cohesive law by Xu and
Needleman [41] when a mode dependent Γ is used.

Cohesive laws that are not formulated from a potential function, i.e. non-potential-
based, are also frequently used in the literature. Such cohesive laws are often formulated
by explicit functions, σ(w, v) and τ(w, v), e.g. [57, 58, 59, 60, 48]. In [49], the authors
show that these laws cannot in general be derived from a potential function unless very
restricted conditions are fulfilled. That is, φ is generally depended on the loading history.
These laws are referred to as stress-based cohesive laws in papers B-C.

Incremental cohesive laws based on plasticity and damage have also been presented,
e.g. [61], where neither of σ, τ and φ are explicitly dependent on the state of separation.

3.2 Cohesive zones and the J-integral

The existence of a potential function that governs the cohesive law plays an important
role in the cohesive modelling of fracture. This is realized by the derivation of G following
[30, 29]. To this end, the J-integral is evaluated along a contour C confined to the crack
tip as shown in Fig. 3.4,

G = limC→0JC =

∫

C
W dy =

(∫ w

0

σdw̃ +

∫ v

0

τdṽ

)

x=0

(3.7)

where the subscript x = 0 refers to the location of the crack tip. Applying Eq. (3.7) does
not require the conditions for path-independency of the J-integral to be fulfilled, i.e. a
potential-based cohesive law is not assumed. Thus, the work performed by the cohesive
stresses at the crack tip, φtip, represent the ERR, cf. Eq. (3.3). This result was derived
in [45] and [62]. In [45], the authors evaluate the J-integral along an integration path
that encircles the cohesive zone, cf. Fig. 3.5. In that case, only the second term of the
J-integral is nonzero, cf. Eq. (2.10).

The major benefit of potential-based cohesive laws is that path-independency of the
J-integral may be applicable provided that the requirements are satisfied also for the
surrounding body of interest. This is illustrated in Fig. 3.6 where a fracture mechanical
specimen with a cohesive zone assumed ahead of the crack tip is depicted. Evaluating the
J-integral close to the crack tip gives the right hand side of Eq. (3.7). With a cohesive
zone governed by a potential and an elastic bulk, condition 4a stated in section 2.2 is
fulfilled. Furthermore, if conditions 1-3 are fulfilled, then path-independency applies.
Thus, all counter-clockwise integration contours about the crack tip give the same value
of J , i.e. the ERR. That is, there is a direct relation between the cohesive stresses acting
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Figure 3.4: Counter-clockwise integration contour C confined to the crack tip taken from
the lower point of the crack tip, A, to the upper point of the crack-tip, B. For visibility,
the cohesive zone has a finite height and C is sketched outside the cohesive zone.

Figure 3.5: Counter-clockwise integration contour C about the cohesive zone taken from
the lower point of the crack tip, A, to the upper point of the crack-tip, B. For visibility,
the cohesive zone has a finite height and C is sketched outside the cohesive zone.

at the crack tip and J as evaluated along the outer boundaries of the specimen, cf. the
contour C′ indicated in Fig. 3.6. For many test specimens, this enables a straightforward
measurement of ERR from the applied loading and displacements. Moreover, when SSY
conditions prevail, J as evaluated along contour C′ may be expressed by using the LEFM
techniques discussed in section 2.1. This is frequently utilized in papers A-C.

Figure 3.6: Illustration of the outer integration contour C′.

The relation between cohesive laws and the J-integral has been used to determine
cohesive laws associated with fracture of adhesive joints and fibre bridging in CFRP.
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Some significant contributions are given in section 3.3. Noteworthy is that for pure
mode monotonic loading, all cohesive laws may be described by Eq. (3.4). Thus, path-
independency of the J-integral applies for pure mode loading given that the surrounding
bulk fulfils the requirements.

For cohesive laws that is non-potential-based, the conditions for path-independency of
the J-integral is violated. That is, a relation between the cohesive stresses at the crack
tip and the external loading cannot in general be established. This can be demonstrated
by studying the closed integration path depicted in Fig. 3.7. The closed path encircles
the cohesive zone with the left end just to the right of the crack tip. Since the cohesive
zone is not governed by a potential function, Eq. (2.14) is invalid. Thus, according to Eq.
(2.13), J for the closed path is generally not zero if the cohesive law is non-potential-based.
This implies path-dependence of J when evaluated for a path starting at the lower crack
surface and ending at the upper. However, under very specific circumstances exceptions
to this may be encountered. In paper C, it is demonstrated that non-potential based
cohesive law can be formulated such that potential-based properties are exhibited under
mixed mode SSY conditions.

Figure 3.7: Illustration of a closed integration contour surrounding the cohesive zone.

It should also be noted that, as long as the deformation of the bulk material surrounding
the cohesive zone can be associated with a potential function, the contour encircling the
cohesive zone in Fig. 3.5 and C′ shown in Fig. 3.6 or any integration path in between
them will give the same result. This is realized by noting that the enclosed domain by
two such paths fulfil the requirements for path-independency. However, if the cohesive
law is non-potential-based, none of them give the right hand side of Eq. (3.7).

3.3 Influence of cohesive parameters

In this thesis, experimental and numerical work are combined for a detailed determination
of cohesive laws associated with delamination nucleation, cf. papers A-B, and longitudinal
compressive failure, cf. paper D. Often when cohesive elements are used to model fracture,
the solution is insensitive on the precise formulation of the cohesive law. However, the
cohesive laws determined in this thesis are intended to model these failure mechanisms in
aeronautical CFRP structures including the nucleation of cracks in a defect-free material
or from a small-scale defect. An important step for safe design is to evaluate the effect
of defects that are on the threshold of detectability during a visual inspection. Such
defects may escape detection and reduce the load carrying capacity of the component.
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In such cases, the FPZ cannot be considered to be of negligible size compared to other
relevant dimensions. Under such conditions, a more detailed model of the fracture process
is required and the predicted response may be affected by all details of the cohesive law.

As previously discussed, a large benefit of the CZM is its versatility to allow for
modelling of crack growth in a wide variety of situations. Depending on the loading
conditions for which fracture is to be modelled, different parameters and features of
the cohesive influence the results. In the extreme case of a cohesive zone subjected to
homogenous stress, the stress initiation criterion single-handedly dictates the fracture
load. For mixed mode conditions, initiation is usually modelled using a criterion that
takes the interaction of the cohesive stresses into account. The most commonly used
interaction criterion is the quadratic stress criterion proposed by Ye in [63] although
several alternatives have been proposed, e.g. [61, 59]. In the opposite extreme situation,
crack growth is modelled from a pre-existing crack and the fully developed cohesive zone
is of negligible size compared to other geometric dimensions. Under such circumstances,
the cohesive fracture energy is the only parameter of importance. For pure mode I and II
loading, the fracture load is completely dictated by ΓI and ΓII, respectively in line with
LEFM. However, care must be taken to this statement in the general mixed mode case.
As discussed in the previous section, even when LEFM applies, the fracture load cannot in
general be related to the cohesive fracture energy given by the cohesive stress-separation
history at the crack tip. This is only possible if the cohesive law is derived from a potential
function.

As the size of the fully developed cohesive zone increases relative to other relevant
geometric lengths, additional details of the cohesive formulation influence the predictions,
cf. e.g. [64, 35, 29]. It is often suggested that the cohesive fracture energy and the
cohesive strength, are the only parameters of importance. This holds in many situations
and has been demonstrated for e.g. ductile fracture by Hutchinson and Evans in [65]. A
comprehensive discussion on this topic is given in e.g. [64]. In their studies, the authors
conclude that additional details of the cohesive law may strongly influence the results.
Latterly, further studies on the effect of individual cohesive parameters have been reported
in e.g. [66, 50, 64, 67, 68]. Many of these results suggest that all aspects of the cohesive law
should be chosen with care and sometimes details that usually are considered unimportant
substantially influence the macroscopic behaviour. A restriction is however necessary for
the case of mixed mode loading and the reported effects of cohesive parameters. It is
complicated and sometimes impossible to relate variations of the results to one single
feature of the cohesive law. For example, changing the shape of the cohesive law may
also affect the cohesive fracture energy obtained. However, pure mode loading allows for
studies of the influence of individual features in isolation.

Usually, the effect of three features of the cohesive law formulation are examined, i.e.
the cohesive strength, the cohesive fracture energy and the shape of the softening function.
The latter is often considered unimportant and therefore chosen as simple as possible with
the bilinear softening model being the most commonly used. However, several studies
have been presented where the observations contradict this assumption, cf. [69, 70, 71,
72, 64, 73, 74, 75]. This implies that the effect of the shape of the cohesive law may be
underestimated in numerical analysis of e.g. delamination nucleation.

In references [69, 70, 71], the authors investigate the response when the cohesive
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fracture energy and cohesive strength is kept fixed while varying the shape of the softening
function. For example, in [69] it is demonstrated that both the critical load and the
stability of the load displacement curve in simulations of the short beam shear test are
strongly affected. Moreover, in [70], the authors present simulations of three point bending
specimens and curved specimens subjected to bending moments. Cohesive elements are
inserted at all locations susceptible to delamination. The specimens contain discontinuous
plies to simulate a ply drop. Both perfectly plastic and linear softening responses are
used and successful prediction of the locations of delaminations is reported for both
formulations. Also, the failure loads are accurately predicted for the straight specimens
for both formulations. However, for the curves specimens, the failure load is successfully
predicted with the softening law while the perfectly plastic response gives un-conservative
results. Furthermore, in [71], free edge delamination in laminates of various stacking
sequences subjected to uniaxial tension are simulated. Different failure loads are obtained,
although the effect is moderate, when using linear or exponential softening.

In [72], the authors calibrate the mode I cohesive law for fracture in various materials
using notched and un-notched three-point bending specimens. For specimens with a
short initial crack and for un-cracked specimens, the mode I strength and the initial
slope of the softening curves dictate the global response. That is, the peak load occurs
after the cohesive strength is reached but before the cohesive zone is fully developed.
With a suitable mode I strength and initial slope of the softening curve, the authors
also accurately predict the load vs. notch opening displacement curves for beams with
U-shaped notches made of concrete, PMMA and steel. In [64, 73], it is demonstrated that
for more brittle decohesion, the shape of the traction-separation relation plays a decisive
role, sometimes even more important than the cohesive strength.

The shape of the cohesive law may be important when a dissipative material is
surrounding the crack tip. In [64, 74], this is shown for a thin slice push-out test for
a composite system. Interface failure between fibre and matrix is modelled using an
elastic response for the fibre and an elasto-plastic response for the matrix. The simulated
response is completely different for various shapes of the mode II softening function.

These observations indicate that detailed formulation of the cohesive law may be
important and it should be determined for each specific situation. Therefore, it is
desirable to determine cohesive laws based on experimental measurements. Experimental
methods to extract cohesive laws from physical testing have been presented for adhesive
joints, in e.g. [76, 40, 77, 78, 79, 80, 62, 81] and for crack bridging in composites in e.g.
[82, 45, 83, 84, 85]. In these works, the authors utilize the J-integral and its relation
to the CZM as briefly discussed in the previous section. Recently, in [86], Jalalvand et
al present an alternate technique to extract the mode II cohesive law associated with
delamination in CFRP. In-situ measurements of the mode II deformation of the resin
rich interface is continuously measured and inserted into the in-plane shear constitutive
relation.
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3.4 Element size requirements

One large benefit of using cohesive elements is the ability to provide relatively mesh
independent results. The problem of highly mesh dependent results in the presence of
a stress singularity is often encountered when continuum damage models are used, e.g.
[87]. The number of cohesive elements required for an accurate modelling of the fracture
process is discussed in a number of articles, e.g. [88, 89]. A minimum of 2-3 elements
within a fully developed cohesive zone is usually recommended. However, in [90] more
than 10 elements and in [91] more than 15 elements are recommended.

Various analytical models to estimate the fully developed cohesive zone lengths and
thereby the required element size are commonly utilized. These models are discussed in
[89]. Usually, they are based on the model proposed by Hillerborg in [38] that approximates
the cohesive zone length for a semi-infinite crack in an infinite isotropic solid subjected to
remote mode I loading,

ζ =
ĒΓI

σ2
0

. (3.8)

Here, Ē is the plane stress or plane strain elastic modulus of the bulk. For orthotropic
materials that are transversely isotropic, Ē denotes the transverse elastic modulus [89].

For delamination of CFRP, typical values of the mode I interlaminar strength and
fracture energy gives rather small cohesive zones. The requirement of mesh refinement
is therefore troublesome in larger scale structural simulations. Techniques to allow for
coarser meshes have been proposed, cf. [89]. Comparing ζ with other characteristic
geometrical lengths gives an indication whether or not the results are sensitive to the
cohesive strength and additional details of the cohesive law [89, 50]. When ζ is small, the
strength can be reduced while keeping the cohesive fracture energy constant. Thus, larger
cohesive zones are obtained and thereby a coarser mesh may be used without affecting the
structural response. In [89], guidelines are given on the selection of appropriate cohesive
parameters. Of course, if the cohesive zone is enlarged too far, the structural response
may be affected and become sensitive to individual cohesive parameters.

In papers A-C, more than 100 cohesive elements are placed within the fully developed
cohesive zone. This is obviously an excessively high discretisation for most applications,
e.g. to obtain converging fracture loads. However, the complete decohesion process is
studied and detailed modelling is required also in the initial stages of the simulations.

3.5 Initial stiffnesses

When cohesive elements of zero height are inserted in into a surrounding continuum with
stiffness properties according to macroscopic bulk data, no cohesive opening should occur
prior to the onset of damage. For this purpose, the authors in [47] implement an initially
rigid cohesive model into a FE-software. This is carried out by automatically inserting
cohesive elements into the element mesh once the stress reaches the initiation criterion.
However, the use of cohesive elements in a traditional FE-code requires an initial finite
stiffness. The separation that occurs prior to initiation of damage is limited by choosing
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a very high elastic stiffness of the cohesive element. In [89], it is suggested that a lower
bound for the initial stiffness can be determined by K = αE3/t, where E3 is the through
the thickness Young’s modulus and t is the thickness of the adjacent continuum. The
authors suggest a minimum value of α ≥ 50 that results in a global stiffness loss less than
2 %.

However, as demonstrated in [92], excessive initial stiffnesses may result in spurious
stress oscillations that precludes solution convergence. This is demonstrated in papers
B-C in the simulation of mixed mode fracture. During linear elastic response, the mode
partitioning at the crack tip should agree with LEFM, i.e. φI = GI and φII = GII.
It is however noted that this is only achieved when initial stiffnesses below a certain
limit is used. This limit depends on the stiffness of the bulk and size of the continuum
elements adjacent to the cohesive zone. The correlation between mesh sizing and allowable
initial stiffness is however weak and substantial mesh refinement is required to allow for
a somewhat increased allowable stiffness. Moreover, for simulation of delamination in
CFRP, it is noted that choosing the initial stiffnesses based on resin moduli and a typical
thickness of the resin-rich interface gives an order of magnitude higher initial stiffness
than allowed.

3.6 Cohesive zones and LEFM

When the cohesive zone is small compared to other geometrical lengths the predicted
results should conform to the predictions given by LEFM. More specifically, it is desirable
that the model reproduces the experimental data obtained from fracture mechanical
tests. In [50] it is argued that, under such conditions, the mode partitioning should
agree with the predictions of LEFM, i.e. φI = GI and φII = GII. With this capability
at hand, calibration of the cohesive is straight forward and LEFM results are obtained
whenever SSY conditions are present. However, in [59, 93, 66] it is demonstrated that this
is generally not the case in the simulation of delamination. Instead, the mode partition
has shown to vary during non-linear response in the cohesive zone. These studies show a
propensity towards normal separation is initiated at the onset of non-linear response in
the cohesive zone. Such behaviour makes calibration of the fracture criterion troublesome
if LEFM results are used for calibration of the cohesive law.

In [50], it is demonstrated that this behaviour is avoided by using an uncoupled
cohesive law. The authors demonstrate that the mode partitioning coincide with LEFM
for a wide variety of softening functions provided that the cohesive zones are sufficiently
small. For this model, a coupled fracture criterion is used that instantly drops the cohesive
traction to zero when a critical state of separation is reached.

3.7 Discussion of the results in paper C

In paper C, the conditions for which coupled cohesive laws are able to conform to LEFM
are investigated. It is demonstrated that a constraint is required that relate the cohesive
stiffnesses with the elastic stiffnesses of the orthotropic bulk. A second condition is found
necessary that concern the formulation of the non-linear response of the cohesive law.
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That is, a constant ratio between w and v must imply that φI and φII are constantly
related. This is not possible to achieve with a potential-based cohesive law that possess a
mode dependent Γ. It is shown that the initiation-driven and stress-based cohesive laws
can fulfill these two conditions and allow for a mode dependent mode mix.

As previously discussed, the use of a non-potential based cohesive laws implies that
the J-integral is path dependent. Thus, the cohesive stresses at the crack tip cannot
generally be directly related to the remotely applied J . It is however demonstrated that
this difficulty can be by-passed during SSY conditions. With both conditions fulfilled,
the stress-based cohesive law exhibits the properties of a potential.

4 Delamination

The lack of reinforcement in the through-the-thickness direction makes laminated compos-
ites susceptible to delamination. Resin rich interfaces between plies accumulate damage
that leads to a complete separation of adjacent plies.

Delamination embedded within the laminate may be difficult to detect during inspection.
It must therefore be considered that unnoticed delaminations may exist during service
of the component. Moreover, it is widely known that the existence of delaminations,
even small ones, may noticeably reduce the strength and stability of the component. For
example, under compressive or flexural loading, delaminations have shown to promote
micro-buckling in the load-bearing plies leading to catastrophic failure of the laminate
[94]. Moreover, delaminations tend to propagate under such loading conditions by
buckling of the sub-laminates, i.e. buckling driven delamination [95, 96]. The existence
of delaminations must therefore be accounted for already in the design of the structural
component [95].

In [10], the critical role of delaminations is also demonstrated for the unnotched tensile
strength of multidirectional laminates. Laminates with different stacking sequences are
tested, all with the same nominal stiffness and strength according to classical laminate
theory (CLT), cf. e.g. [97]. The results show a substantial variation of the laminate
strength and the strength predicted by CLT are unconservative for all lay-ups. This is
explained by the varying development of matrix cracks and free edge delaminations.

It is therefore important to enable prediction of the loading conditions for which
delamination initiates and propagates. Experimental characterisation and modelling of
delamination have been topics of intensive research during the four last decades. The
research progress has been summarized in useful review articles and books, e.g. [98] that
covers the progress during the 1970’s and 1980’s, [96] that covers the years 1990-2001 with
special emphasis on buckling driven delamination and more recently the comprehensive
review in [99] on experimental and numerical techniques.

4.1 Sources of delamination

In CLT, the laminate and the individual lamina are assumed to be under the condition of
plane stress, i.e. the stress components in the through-the-thickness direction are zero.
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Although this is normally a valid assumption, there are circumstances where substantial
interlaminar stresses are present and may cause delamination. In Fig. 4.1, common
sources of interlaminar stresses are depicted. They correspond to locations of geometric
or material discontinuities.

Figure 4.1: Sources of interlaminar stress. Picture: courtesy of professor Tonny Nyman,
SAAB Aeronautics/Royal Institute of Technology, Sweden.

Geometric discontinuities are commonly encountered in various engineering applications.
For example, internal ply drop-offs are used when a varying thickness of the laminate
is desired. Axial loads are transferred to the continuous plies through interlaminar
shear stresses. Also curved sections subjected to bending moments are locations where
delaminations may occur due to the radial stresses. In the design of advanced composite
structures, both curved laminates and varying laminate thicknesses are necessary and
may be risk areas for delamination. Studies of delamination growth near ply drop-offs and
curved regions are investigated in e.g. [100] and [70]. Moreover, abrupt local discontinuities
in the form of manufacturing defects, e.g. matrix cracks, cavities and damaged fibres
within the laminate may be trigger points for delamination.

Material discontinuities are present at interfaces between plies of different orientation
due to the mismatch of mechanical properties. The adjacent plies have different normal-
shear-coupling or Poisson’s ratios or possible both. When bonded, interlaminar shear
stresses and sometimes tensile normal stresses are induced at free edges, at holes and
notches. Moreover, the varying fibre orientations results in a mismatch of coefficients of
thermal and moisture expansion. Thus, the working environment of the material needs
to be considered in the design to avoid interlaminar damage growth. Also during curing
where the laminate is heated and cooled may generate substantial interlaminar stresses,
especially for multidirectional laminates that are curved.
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Figure 4.2: Microscope image of an impacted laminate. Accompanied by fibre failures
and matrix cracking, multiple delaminations are present. Picture: courtesy of Dr. Sören
Nilsson, Swerea SiComp.

Out-of-plane loading is widely recognized as a critical source for delamination. One
scenario that is especially important in the aeronautical industry is that CFRPs are
prone to delaminate due to impact loads that may occur by e.g. a strike of hail or
a tool-drop. Figure 4.2 displays a microscope image of an impacted laminate where
multiple delaminations are visible. Since delaminations are known to severely reduce the
compressive strength of the laminate, the research community has devoted much effort on
the characterisation of the compression after impact strength, e.g. [101].

As highlighted in [35], delamination usually interplays with other failure modes, in
particular intralaminar cracking. Because of the low transverse strength, intralaminar
cracking can initiate at relatively low loads. These cracks give localized interlaminar
stresses that cause delaminations [94]. Delaminations can interact through these matrix
cracks and cause catastrophic failure of the laminate.

4.2 In-situ observations of delamination growth

The inelastic mechanisms that take place on the microscopic scale in the delamination
process are complicated. Due to the heterogeneity and anisotropic properties of these
materials, the fracture processes are conceptually different than usually observed in
homogeneous isotropic materials. Important factors that influence the fracture process are
for example: the mode of loading, the properties of the matrix material and fibre/matrix
adhesion. Moreover, the interfacial resin layer thickness and ply orientation of the adjacent
plies have an impact on the microscopic process.

In homogeneous isotropic materials, fracture is often anticipated to take place as a
mode I crack, i.e. normal to the principal stress. However, the laminated structure, to a
large extent, restricts the nonlinear deformation to the resin layer in-between the adjacent
plies that forms the delamination crack. This promotes delamination to nucleate under
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Figure 4.3: Schematic sketch of S-shaped microcracks ahead of the delamination front.
Picture re-drawn from [103].

mixed mode conditions and the fracture process is significantly dependent on the mode of
loading of the interface.

With relatively brittle resins, the delamination mainly occurs through the formation
and coalescence of microcracks in the resin layer and debonding of the fibre/matrix
interface. Ahead of the delamination front, a narrow band of microcracks within the
resin rich layer is formed. The orientation of the microcracks depends on the mode of
loading and tend to orientate perpendicular to direction of the principal stress [102]. This
is illustrated in Fig. 4.3.

For mode I loading, the microcracks are approximately oriented parallel to the x-z-
plane. As the mode II part of loading increases, the principal stress direction changes
and the microcracks are increasingly inclined with respect to the x-z-plane. For mode II
loading, cracks orientated approximately 45◦ to the x-y-plane are formed ahead of the
crack tip. If the adjacent fibres are orientated not to different than the x-direction, then
propagation of the microcracks into the adjacent ply is prevented [104]. Therefore, as the
microcracks reach the fibres they kink and propagate along the fibre matrix interface as
shown in Fig. 4.3. A macroscopic crack is eventually created through the coalescence of
these S-shaped microcracks at the tensile loaded interface. This process creates cusps or
hackles of resin that leaves an apparent rough fracture surface [105, 104]. This sequence of
events is observed by the authors in [106] where mixed mode experiments are conducted
on a similar material system as studied in papers A-B.

Since mode II fracture occurs via matrix cracks that fail in tension, it is suggested in
[105] that GIIC should not be considered as a material parameter.

The length of the fully developed microcrack zones range from tens of microns to about
1 mm[102]. The smallest FPZ:s are found in pure mode I tests and the size increases with
the mode II part of the loading. The size of the FPZ is also strongly dependent on the
thickness of the resin-rich layer [102]. For CFRP prepregs, resin layers are typically about
10-20 µm thick [102]. However, this thickness varies significantly depending on e.g. ply
orientations. In [107], the authors perform mode II tests on unidirectional specimens of a
similar material that is studied in paper A-B. The specimens are polished and investigated
post fracture in a SEM. A FPZ of 460 µm is identified.

In [104], it is demonstrated that the fracture process is often changed when the adjacent
plies have significant dissimilar fibre orientation. For such interfaces, the microcracks may
continue into the adjacent ply as shown in Fig. 4.4. Thus, delamination cracks may switch
the propagation interface through intralaminar cracking. This mechanism, referred to as
delamination migration is discussed in detail in [108]. Delamination migration is one of
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Figure 4.4: Microcracking ahead of the crack tip. Left : 0◦-0◦ interface. Right : 0◦-90◦

interface. Picture slightly modified from [104].

the sources to the difficulties associated with delamination testing using multidirectional
specimens, cf. section 4.3.

Although microcracking is considered as the major failure mechanism for relatively
brittle resins, plastic deformation is present as well. In [109], Bradley observes substantial
resin strains in localized areas near the crack tip. For mode I, localized resin strains
exceeding 10 % are obtained for the relatively brittle composite system AS4/Dow P6. This
is significantly higher than obtained by tensile tests of this resin. It is also demonstrated
that GIC for brittle composite systems are substantially larger than the neat resin mode I
fracture energies. This is mainly explained by the development of a longer FZP:s in the
composite. For mode II tests on the brittle composite AS4/3501-6, a surprisingly high
shear strain of 74 % is measured. It is however noted that the measured deformation
mainly consists of microcracking and cusp formation rather than straining of the resin.
Moreover, for brittle matrix materials, GIIC is considerable larger than GIC. The longer
FPZ of microcracking found in mode II tests are considered the main reason for this.

Studies have been presented that suggest that the plastic zone ahead of the crack tip
cannot be considered confined to the resin-rich layer. In [110], Olsson gives a comprehensive
review on factors that influence the GC in composites, e.g. the plastic yield zone ahead of
the crack tip. As cited in [110], the plastic zone size in a brittle composite subjected to a
mode I test was measured by Parker in [111] where the yield zone found in the composite
system was about eight times thicker than observed in tests of pure resin.

In [112], the authors conduct micromechanical FE-analyses of the delamination front
of a DCB-specimen. The material data used for the simulation describes a significantly
more brittle material than the material used in papers A-B. They found that the fibres
induced yield zones in the resin in-between the fibres in the adjacent plies. The authors
therefore suggest that the presence of fibres can actually increase the size of the yield
zone.

For tough matrix materials, the fracture process is conceptually different than observed
for brittle matrix materials [109]. The microcracking discussed above does not form and
the fracture process is similar for mode I and II loading. Fracture is governed by
plastic deformation followed by ductile tearing for both modes and for very tough resins
GIC ' GIIC. It is also demonstrated that increasing GC of the composite by using a
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tougher resin is only effective up till a certain limit. The laminated structure prevents
large yield zones to develop and thereby limits the effect of using a very tough resin.
Moreover, as discussed in [110], the strength of the matrix/fibre interface may also limit
GC of the composite material.

4.3 Characterisation of delamination resistance

Predictive tools for delamination are usually based on fracture mechanics and therefore
require knowledge of GC. Determination of the interlaminar GC is normally based on
LEFM unless toughening mechanisms that may yield large FPZ:s, such as fibre bridging,
are assumed to be present. As discussed in section 4.2, for relatively brittle resins, the
fracture process is highly dependent on the mode of loading. Consequently, experimental
experience, e.g. [113], show that GC varies with the mode of loading. Thus, predictive
tools require determination of GC for a range of modes and fracture is predicted as

GI +GII ≥ GC(Λglo). (4.1)

where the mode mix measure Λglo = GII/G is frequently used. Generally for CFRP:s, GC

takes its minimum value for pure mode I loading and increases as Λglo increases [104].
In predictive models assuming LEFM, the experimentally obtained G-Λglo-relation

is approximated with a failure criterion. A commonly used criterion for delamination
restricted to mode I/II combinations is the BK-criterion [113] given by

Gc = GIc + (GIIc −GIc)Λ
η
glo (4.2)

where η is a curve fitting parameter. Multiple criteria have been proposed in the literature,
cf. e.g. [114], where several criteria consider all three modes of loading.

Test methods for the determination of GC are reviewed in [115], [96] and more recently
in [116]. The most adopted tests are the Double Cantilever Beam test (DCB) [117] for
mode I, the End Notch Flexure test (ENF) [118, 119] for mode II and the Mixed Mode
Bending test (MMB) [120] for mixed mode I/II loading. In the MMB-tests designed by
Reeder and Crews [121, 122], mixed mode I/II loading is applied to the specimen through
a lever arm. Various mode mixities are conveniently obtained by adjustment of the lever
arm length. These tests geometries are shown schematically in Fig 4.5.

Experimental tests are usually conducted on UD specimens even though delamination
in real composite components tend to occur between plies of different fibre orientation
[104]. Thus, it has been questioned if the experimentally determined GC is representative
for the modelling of delamination [104]. The main reason that unidirectional specimens
are used is the large difficulties to achieve true delamination in multidirectional specimens.
When the fibre orientations are very different from the longitudinal direction of the
specimen, intralaminar matrix cracks tend to develop well before delamination takes place
[123]. Moreover, delamination migration and multiple propagation planes contribute
to an artificially increased GC during crack propagation [124, 125]. These mechanisms
make the conventional calculation methods for G invalid [123]. It has been demonstrated
that delamination tests on multidirectional specimens produce fracture surfaces that are
significantly different than observed in real components [96, 104]. Moreover, GC is strongly
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Figure 4.5: a) Double cantilever beam (DCB). b) End notch flexure (ENF). c) Mixed
mode bending (MMB).

dependent on the thickness of the resin-rich interface [104]. As discussed in section 4.2,
thicker resin layers allows for larger FPZ:s to develop. Thus, the thinner resin layers found
in unidirectional specimens may give lower GC than multidirectional specimens. On the
other hand, during crack extension, the thinner resin layers may promote substantially
increasing GC attributed to fibre bridging. In interfaces between aligned plies, fibres tend
to nest. Thus, a bridging zone with cross-over fibres is often observed in the wake of the
crack during propagation in unidirectional specimens.

The effect of ply orientations on the initiation value of GC have been experimentally
examined. It is often found that GC is almost unaffected by the ply orientations in
mode I loading [126, 104]. For mixed mode and mode II loading, delamination between
plies of different orientations results in GC that are generally higher than obtained with
unidirectional laminates, e.g. [127, 128]. In [123], Andersons conducts a comprehensive
tests series that includes MMB tests with 0.2 ≤ Λglo ≤ 0.8 on specimens with mismatch
angles between plies from 0◦ to 90◦. It is found that GC generally increase with the
mismatch angle of adjacent plies. The effect is substantial for mode II dominated loading
but decreases as the mode II part of loading decreases. Thus, it is generally conservative to
predict onset of delamination based on GC obtained in tests on unidirectional specimens.

Related to the influence of the resin layer thickness is the discussion of the manufac-
turing of the starter crack in delamination tests. Ideally, the initial crack front would
consist of a virgin resin-rich layer with the same thickness as found far ahead of the crack
front. However, manufacturing of such a starter crack is troublesome. Different methods
to produce the starter crack are discussed in the review given by Tay [96]. Usually, the
starter crack is formed by placing a Teflon film or an equivalent film between adjacent
plies prior to curing of the laminate. It has been demonstrated that a resin pocket may
be formed near the tip that influences the measurement of GC [129]. Fracture of the resin
pocket is required before a true delamination crack is formed. This gives an artificial high
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value of GC and unstable crack propagation. The thickness of the resin pocket depends on
the thickness of the insert. Thus, the standards of the DCB- and MMB-tests recommend
inserts not thicker than 13 µm [117, 120].

To circumvent these problems, specimens are commonly pre-cracked beyond the resin
pocket. However, it is difficult to obtain a representative delamination front also with
pre-cracking. Damage ahead of the crack tip is likely introduced and conservative GC is
therefore promoted, especially in mode II dominated tests [130]. On the other hand, as a
result of mode I pre-cracking, bridging fibres behind the crack tip is likely to be present
that would increase GC [131]. In [105], O’Brien discuss the significant difference of GIIC

obtained with specimens that are pre-cracked by mode II loading and specimens with
inserts only. It is suggested that microcracks are formed ahead of the crack tip during
pre-cracking. In the tests, mode II delamination is created by the coalescence of these
pre-existing microcracks.

Delamination tests usually display increasing Gc during extension of the crack. For
unidirectional specimens, the source of increased resistance is mainly fibre bridging [132,
133]. Substantial bridging zones may develop that makes the LEFM approach invalid, i.e.
large scale bridging conditions are present. In [45], mixed mode cohesive laws associated
with fibre bridging are measured using the J-integral approach.

4.4 Interlaminar strengths

The interlaminar strengths are substantially lower than the in-plane strength of multidi-
rectional laminates and thereby limiting parameters for safe design of CFRP components.
With LEFM based methods, there is no concept of strengths and crack growth is governed
by the energy release rates alone. However, to enable prediction of delamination when
LEFM is inappropriate, accurate values of the interlaminar strengths are crucial. Both
the CZM and damage mechanics based models require the interlaminar strength as input
parameters. In the extreme case of homogenous interlaminar stress, the interlaminar
strengths single-handily dictates when delamination occurs.

The interlaminar shear and tensile strength are properties that are very difficult to
characterise. Therefore, it is common to approximate the interlaminar strengths with the
transverse in-plane strengths. There is yet no widely accepted method to measure the
in-situ interlaminar strengths that acts on the resin layer between plies.

There are standardized tests for the measurement of the ”apparent” interlaminar tensile
and shear strength. The term apparent is commonly used due to the fact that these tests
produce rather complex stress states. However, the tests are considered to give dominating
interlaminar tensile and shear stress, respectively. Thus, the results are considered valid
for comparison and as a quality assurance [135, 136].

For measurement of the tensile strength, a curved beam subjected to four-point
bending is frequently utilized [135]. The specimens are unidirectional laminates with a
90◦ out-of-plane bend located at half the span length, cf. Fig. 4.6. The bending moment
gives rise to localized interlaminar tensile stress in the curved region. A major drawback
with this test is the difficulty to manufacture a curved region of good quality. The local
region near the curvature often displays increased porosity and reduced fibre content and
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Figure 4.6: Sketch of the curved beam test. Picture from [134].

the tests usually exhibit large scatter [137]. It is thereby questionable if this test generates
strengths that are representative for straight laminates.

The most frequently used test method for the shear strength is the short beam shear
test [136]. In this test, a straight unnotched unidirectional specimen is subjected to
three-point-bending. Interlaminar shear failure is promoted by choosing a low span
length/height ratio. The data reduction of this test usually relies on classical beam theory,
i.e. a parabolic shear stress distribution along the thickness direction. However the stress
states are much more complicated due to stress concentration at the supports and load
point, the low span length/height ratio and the neglecting of the nonlinear interlaminar
shear response [138, 44].

4.5 Objective and method in paper A and B

The objective of papers A-B is to extract cohesive laws associated with the nucleation
of delamination. Paper A deals with mode I and II and paper B extends that study
with mixed mode loading. The cohesive law is intended for studying delamination using
cohesive finite elements surrounded by a linear elastic continuum modelled with orthotropic
finite elements. Thus, the cohesive law represents all elastic and inelastic processes in a
material volume at the proximity of the delamination front. These processes are lumped
to a cohesive surface, cf. chapter 3. As discussed in section 4.2, these processes are
not necessarily confined to the resin-rich layer in-between plies. Thus, the cohesive law
represent the behaviour of the resin-rich layer and, to some extent, also the behaviour of
the adjacent plies.

Fracture mechanical tests are conducted on unidirectional DCB, ENF and MMB
specimens. To avoid bridging fibres in the wake of a growing crack, cf. the study in
[139], one ply adjacent to the artificial delamination is angled 5◦ The starter crack is
manufactured by a Teflon insert with a thickness of about 10 µm. The fracture energy

36



is directly obtained by the experimentally recorded failure load, cf. the discussion in
section 3.2. The remaining details of the cohesive law are determined by matching the
experimental load versus relative displacement of measuring points at the crack tip to
FE-simulations. The local displacement field near the crack tip is measured using DIC
technique. Due to the limited resolution of the DIC measurements, measuring points for
the crack tip opening is placed about 0.5 mm above and below the crack tip.

5 Longitudinal compressive failure

Fibre failure is a very critical event in CFRP components since almost all the load is carried
by the fibres. It is widely known that the longitudinal compressive strength is substantially
lower than the tensile strength, e.g. [140]. Thus, experimental characterisation that enables
modelling of the behaviour under longitudinal compression is critical for safe design of
structural components.

5.1 Kink-band formation

The longitudinal compressive strength is far more difficult to predict than the tensile
strength. This is due to the complicated failure mode displayed by CFRP:s under
longitudinal compression. Kink-band formation sometimes denoted micro-buckling1 are
widely recognized as the primary failure mode in longitudinal compression [142, 143, 144].

Micro-buckling may be triggered at fibres of high curvature from fibre waviness, at
a void or similar defect or at free edges where fibres lack lateral support [145]. With
classical theories of plastic micro-buckling, the compressive strength is governed by the
initial fibre misalignment and the shear behaviour of the matrix [146, 147, 142]. Plastic
micro-buckling is the failure mode where compressive loading induces bending of the
misaligned fibres. The matrix is forced to deform in a shearing mode and as the loading
increase, the matrix yields. Eventually, the axial compression and bending stresses cause
fibre failure. This process creates a localized band of broken fibres, denoted a kink-band,
that propagates into the undamaged material under increasing load.

Fig. 5.1a display a sketch of a kink-band with commonly used geometric parameters.
These are the kink-band width, wk, the fibre orientation, α and the kink-band orientation
β. For CFRP, typical values are α ≈ 30◦ − 45◦, β ≈ 20◦ and wk ≈ 70− 200µm [141]. In
Fig. 5.1b, a kink-band from paper D is shown.

The processes that govern compressive failure are difficult to observe in-situ since
compressive failure often occurs in a sudden and unstable manner. However, in [149],
an in-plane kink-band formation is observed in a scanning electron microscope while the
specimen is kept under load. It is demonstrated that microcracking in-between fibres and
fibre/matrix debonding is responsible for the loss of support of the fibres. It is further
shown that fibre failure occurred through shear failure at the most compressed side of

1There is no consensus on what differentiates micro-buckling and kink-band formation. Some authors
consider kink-band formation as a result of micro-buckling while they are considered as two different
failure modes [141].
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Figure 5.1: a) Kink-band geometry. Picture from [148, 141]. b) Kink-band observed in
paper D. Scale bar indicates 500 µm.

the bended fibres. However, it is shown that the initial failure mode was not kink-band
formation. Instead, brittle shear failure occurred approximately 45◦ to the fibres. After
some propagation distance, the failure mode was transformed to kink-band propagation.
Based on experimental observations and micro-mechanical modelling, the stress states
inherent to each failure mode is presented in [150, 148]. It is demonstrated that kink-band
formation occurs when a sufficient amount of shear stress along the fibres are present. For
nearly pure longitudinal stress states, brittle shear failure of the fibres occurs. When the
shear stress along the fibres is dominating, intralaminar failure occurs. Thus, kink-band
formation requires some amount of shear stresses along the fibres which may be introduced
by e.g. fibre waviness or by the applied loading by specimen misalignment. Numerous
analytical models for the prediction of the compressive strength have been proposed in
the literature, cf. e.g. [150] for an overview.

5.2 Measurement of the fracture energy

Compressive failure is often induced at notches or holes. Thus, predicting failure by elastic
analyses and strengths obtained from unnotched coupon tests may be overly conservative,
cf. the example in section 1.1. Thus models for prediction of the progressive damage
growth, e.g. CZM:s or continuum damage models, have been proposed [151, 152]. These
models require both the strength and the fracture energy as input parameters. Moreover,
in [153], Soutis et al. demonstrate that the open hole compression strength in laminates
of varying stacking sequence is governed by micro-buckling in the plies with the fibre
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orientation aligned with the loading direction. Therefore, it is desirable to determine the
fracture energy associated with longitudinal compression.

Since the early 1990’s, several methods have been presented for the experimental
determination of the fracture energy associated with longitudinal compression, cf. [144]
for a discussion. Pinho et al. [144] use a Compact Compression specimen with a cross-ply
laminate. The fracture energy is calculated at the maximum load. By conducting a linear
elastic finite element simulation and J-integral calculations, the relation between the
applied load and the energy release rate is determined. Later in [154], four-point-bending
tests are conducted using notched unidirectional specimens. Similar to [144], a relation
is calculated between the energy release rate and the applied load by using linear finite
element analysis. It is observed that failure occurred by brittle shear failure. These
methods all rely on that the FPZ is of negligible size. However, this assumption is avoided
in [155]. In [155], the authors conduct experiments with the compact compression cross
ply specimen suggested by Pinho [144]. The energy release rate is measured by evaluating
the J-integral from the actual strain field using Digital Image Correlation (DIC). The
integration path encircles the complete notch. Recently, a framework for measurement of
the complete resistance curve associated with kink-band propagation is proposed in [156].

With the exception of [154], all references above consider compressive failure in cross-
ply laminates. Thus, partitioning of the fracture energy is needed and interaction effects
between off-axis plies are neglected [154]. This suggests that measurement of the fracture
energy should be conducted with UD-laminates. However, a possible draw-back with
using UD-laminates is that kinking tends to mainly occur in the out-of-plane direction.
For multidirectional laminates, as always used in real structural components, kinking
usually develops in-plane. However, in [145] it is pointed out that cross-plies also promote
out-of-plane kinking. Moreover, it is shown that, for varying lay-ups of (±θ/02)2S, in-plane
kinking is observed for θ = 30◦, θ = 45◦ and θ = 60◦.

5.3 Objective and method in paper D

In paper D, the objective is to experimentally extract the cohesive law associated with kink-
band formation in a UD-laminate. With the present specimen, the out-of-plane thickness
is continuously reduced towards the zone that fails in compression. This geometry is used
in order to achieve longitudinal compressive failure in a UD laminate. A microscopic
study shows a kink-band with a large out-of-plane component in the UD-region, cf. Fig.
5.1b. The cohesive law represents the material volume with a height of 200 µm similar
to the kink-band height displayed in Fig. 5.1b. The proposed data reduction scheme is
based on the concept of configurational forces [157] and DIC measurement of the strain
field. For this kind of geometry, this concept is strongly related to the J-integral concept,
cf. section 2.2. Thus, no assumption of a small FPZ is made. The extracted cohesive
laws suggest strengths similar to usually reported for prepregs while the fracture energy
is well below those reported in the references in section 5.2. The relatively high strengths
measured are considered reasonable for this test geometry. The material volume subjected
to substantial compressive stress in the presented experiments is considerably smaller than
in conventional unnotched bulk tests. That is, the risk that defects are present within the
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tested volume is lower in the present tests than in conventional unnotched tests. Since
measurement of the compressive strength is very sensitive to initial material defects, this
implies that higher strength measures are promoted with the presented geometry. Such
size effect is reported for specimens failing by kink-band formation in [158].

6 Summary of appended papers

Paper A

A method to extract the cohesive laws associated with mode I and II delamination in a
CFRP laminate is presented. The evaluation method is based on data from DCB and ENF
tests and involves measurements of the displacement field near the crack tip using digital
image correlation. Finite element simulations and an optimization procedure are utilized
to extract the cohesive laws. For loading in mode I, the fracture energy and cohesive
strength are in the order of 300 J/m2 and 75 MPa, respectively. The corresponding values
for mode II loading are 1200 J/m2 and 80 MPa. In mode I, the cohesive law displays a
softening response shortly after the strength is reached while a substantial part of constant
shear stress is obtained prior to softening for mode II.

Paper B

An experimental method to extract cohesive laws associated with mixed mode delamination
is developed. The method is based on MMB tests and measurements of the displacement
field near the crack tip. An initiation driven mixed mode cohesive law is proposed, for
which the behaviour in the cohesive zone is given by the conditions at the crack tip. This
facilitates a straightforward evaluation of the cohesive parameters from experimentally
obtained fracture energies and critical separations near the crack tip. Verifying finite
element simulations show that the experimentally determined cohesive law reproduces
the load versus the local displacement near the crack tip with good accuracy.

Paper C

The influence of initial cohesive stiffnesses and the formulation of the nonlinear behaviour
of mixed mode cohesive laws are under discussion. More specifically, properties of cohesive
laws are specified that enable degeneration to LEFM results under mixed mode small
scale yielding conditions. By analytical derivations, two conditions are concluded sufficient
to achieve this. The first condition is a constraint that relates the initial stiffnesses
to the elastic stiffnesses of the orthotropic material. The second condition states that
the mode mix in terms of the mode I and II energy cannot vary when the associated
separations are constantly related. It is shown that the second condition cannot be
fulfilled with a potential-based cohesive law that possesses a mode dependent cohesive
fracture energy. These conclusions are validated with FE-analyses of an orthotropic
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planar body subjected to loading assuming SSY conditions. It is demonstrated that,
provided that both conditions are met, the mode I and II energy release rates agree
with the counterparts given by the prescribed edge displacements. Furthermore, two
cohesive laws referred to as stress-based and initiation-driven laws can be designed to
fulfil the conditions and allow for a mode dependent fracture energy. Simulations are
also conducted on the MMB-geometry to investigate the effect of a finite geometry. It is
shown that the conditions minimize the discrepancy to LEFM predictions.

Paper D

A method to extract the cohesive law associated with longitudinal compressive failure
is presented. Equilibrium of configurational forces is used to design and evaluate the
experiments. Microscopic studies show that a kink-band with the height of about 200 µm
is formed in the UD-laminate. The corresponding cohesive laws shows a peak stress of
about 1.5 GPa, a compression at failure of about 50 µm and a fracture energy of about
25 kJ/m2.

7 Future work

During this work, several possibilities for future developments have been identified.
Paper A and B focus on the extraction of cohesive laws associated with delamination.

The determination of cohesive parameters relies on measurement of the displacement
field of the crack tip region. For this purpose, DIC-measurements are utilized and the
displacements of two points located about 1 mm apart are used in the evaluation. It is
reasonable to assume that the inelastic behaviour present at the proximity of the crack
tip is embedded in a region substantially smaller than that. Thus, measurement on a
lower scale is desirable. An ambitious goal would be to experimentally measure the height
of the FPZ and position the measuring points based on that knowledge.

In paper C, the design rules for the formulation of cohesive laws are presented. With
these rules satisfied, CZM:s degenerate to the LEFM predictions under SSY conditions.
This allows for a number of interesting continuations. For example, an extension of
the design rules to handle bi-material interface and mode III loading to allow for 3D
simulations of delamination between plies of different orientations.

In paper D, a method is presented for the measurement of cohesive laws associated
with kink-band formation in a UD-laminate. Earlier attempts to experimentally determine
cohesive laws have not been identified. The presented work shows promising potential but
involves a rather elaborate data reduction scheme. A simplification of the test set-up that
allows for a larger number of tests is desirable. Such a method is under development.
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