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Abstract

A free vortex wake method, based on the potential, inviscid and irrotational flow, is developed to study the aerodynamic

Among clean energy sources that are renewable, wind is re-

loads. The results are compared with the BEM [1] method,

garded as the least destructive to the environment. According to

the GENUVP [2] code and CFD [3] (see also the acknowledg-

data provided by the Renewables Global Status Report in 2013,

ments).

wind capacity increased globally by 19% per year, the increase

Keyword: aerodynamic load, rotor blade, wind turbine, lift-

being 45 GW. That is, it reached 283 GW to a record high despite

ing line, lifting surface, vortex lattice method, free wake.

the uncertainty in the policy in the key markets. By the exponential growth of wind turbines all around the world, and its general

Introduction

acceptance among people, the demand and its worthwhileness

The methods for predicting wind turbine performance are

makes it apt for research, especially to enhance its performance.

similar to propeller or helicopter theories. There are different

The aerodynamics of a wind turbine is governed by the flow

methods for modelling the aerodynamics of a wind turbine with

around the rotor, where the prediction of air loads on rotor

different levels of complexity and accuracy, such as the BEM

blades in different operational conditions and its relation to ro-

theory and solving the Navier-Stokes equations using CFD.

tor structural dynamics is crucial for design purposes. One of

Today, engineering methods based on the BEM method are

the most important challenges in wind turbine aerodynamics is

used extensively for analyzing the aerodynamic performance of

therefore to accurately predict the forces on the blade, where the

a wind turbine. The BEM model is based on the steady and ho-

blade and wake are modeled by different approaches such as the

mogeneous flow assumption and that aerodynamic loads act on

Blade Element Momentum (BEM) theory, the vortex method and

an actuator disc instead of a finite number of blades.

Computational Fluid Dynamics (CFD).

The BEM method is computationally fast and is easily im1

the current computational hardware resources.

plemented, but it is acceptable only for a certain range of flow
conditions [1]. A number of empirical and semi-empirical cor-

The aim of this paper is to study the application of vortex

rection factors have been added to the BEM in order to increase

method for wind turbine load calculation. A developed time-

its application range, such as yaw misalignment, dynamic inflow,

marching vortex lattice free wake is used for the simulation and

dynamic stall, tower influence, finite number of blades and blade

the predictions are compared with the other approaches men-

cone angle [4], but they are not relevant to all operating condi-

tioned above.

tions and are often incorrect at high tip speed ratios where wake
distortion is significant [5].
Theory

The vortex theory, which is based on the potential, inviscid

Vortex flow theory is based on assuming incompressible
−
→
−
→
(∇ · V = 0) and irrotational (∇ × V = 0) flow at every point ex-

and irrotational flow can also be used to predict the aerodynamic
performance of wind turbines. It has been widely used for aero-

cept at the origin of the vortex, where the velocity is infinite [10].

dynamic analysis of airfoils and aircrafts. Although the standard

A region containing a concentrated amount of vorticity is called

method cannot be used to predict viscous phenomena such as

a vortex, where a vortex line is defined as a line whose tangent

drag and boundary layer separation, its combination with tabu-

is parallel to the local vorticity vector everywhere. Vortex lines

lated airfoil data makes it a powerful tool for the prediction of

surrounded by a given closed curve make a vortex tube with a

fluid flow. Compared with the BEM method, the vortex method
is able to provide more physical solutions for attached flow con-

strength equal to the circulation Γ. A vortex filament with a

ditions using boundary layer corrections, and it is also valid over

strength of Γ, is represented as a vortex tube of an infinitesimal

a wider range of turbine operating conditions. Although it is

cross-section with strength Γ.
According to the Helmholtz theorem, an irrotational motion

computationally more expensive than the BEM method, it is still

of an inviscid fluid which started from rest remains irrotational.

feasible as an engineering method.
In vortex methods, the trailing and shed vortices are mod-

Also, a vortex line cannot end in the fluid. It must form a closed

eled by either vortex particles or vortex filaments moving either

path, end at a solid boundary or go to infinity; this implies that

freely, known as free wake [2,6,7] or restrictedly by imposing the

vorticity can only be generated at solid boundaries. Therefore, a

wake geometry, known as prescribed wake [8,9]. The prescribed

solid surface may be considered as a source of vorticity. Hence

wake requires less computational effort than the free wake, but it

the solid surface in contact with fluid is replaced by a distribution

requires experimental data to be valid for a broad range of oper-

of vorticity.

ating conditions. The free wake model, which is the most computationally expensive vortex method, is able to predict the wake

For an irrotational flow, a velocity potential, Φ, can be de→
−
fined as V = ∇Φ, where in order to find the velocity field, the

geometry and loads more accurately than the prescribed wake

Laplace’s equation, ∇2 Φ = 0, is solved using a proper boundary

because of less restrictive assumptions.

condition for the velocity on the body and at infinity. In addition,

Finally, CFD, which solves the Navier-Stokes equations for

in vortex theory, the vortical structure of a wake can be modeled

the flow around the rotor blade, is known as the most accurate but

by either vortex filaments or vortex particles, where a vortex fil-

computationally most expensive method making it an impractical

ament is modeled as concentrated vortices along an axis with a

engineering method for wind turbine applications, at least with

singularity at the center. The velocity induced by a straight vor2

tex filament can be determined by the Biot-Savart law as
→
− −
r
Γ dl × →
→
−
V ind =
−r |3
4π | →

extensively in engineering applications because of its simplicity
and a diffusive viscous core size where the core size grows with
(1)

time based on the Lamb-Oseen model [13].
A general form of a desingularized algebraic swirl-velocity

which can also be written as
−r × →
−r )
Γ (r1 + r2 ) (→
→
−
1
2
V ind =
→
−
−r )
4π (r1 r2 ) (r1 r2 + r 1 · →
2

profile for stationary vortices is proposed by Vasitas [14] as
(2)

Γ
Vθ (r) =
2π

−
−
where Γ denotes the strength of the vortex filament and →
r1 , →
r2
are the distance vectors from the beginning, A, and end, B, of a

Ã

r
(rc2n + r2n )1/n

!

(3)

Bagai [15] suggested the velocity profile based on eq.(3) for

vortex segment to an arbitrary point C, respectively (see fig.(1)).

n = 2 for the rotor tip vortices. Therefore, in order to take into
account the effect of viscous vortex core, a factor of Kv must be
added to the Biot-Savart law as [15]
−r × →
−r )
Γ (r1 + r2 ) (→
→
−
1
2
V ind = Kv
→
−
−r )
4π (r1 r2 ) (r1 r2 + r 1 · →
2

(4)

where

Kv =

hn
(rc2n + h2n )1/n

(5)

and h is defined as the perpendicular distance of the evaluation
FIGURE 1.

Schematic for the Biot-Savart law

point (see fig.(1)). Factor Kv desingularizes the Biot-Savart equation when the evaluation point distance tends to zero and prevents

The Biot-Savart law has a singularity when the point of eval-

a high induced velocity in the vicinity region of the vortex core

uation (C) of induced velocity is located on the vortex filament
→
−
axis ( L ). Also, when the evaluation point is very near to the

radius.

vortex filament, there is an unphysically large induced velocity

Assumptions

at that point. The remedy is either to use a cut-off radius, δ [11],

Each engineering model is constructed based on some as-

or to use a viscous vortex model with a finite core size by multi-

sumptions. Here, some of those are discussed. The upstream

plying a factor to remove the singularity [12].

flow is set to be uniform, both in time and space, and it is perpen-

The Biot-Savart law correction based on the viscous core

dicular to the rotor plane (parallel to the rotating axis). However,

correction model can be made by introducing a finite core size,

it can be either uniform or non-uniform (varying both in time

rc , for a vortex filament [13]. There are two general approaches

and space). Blades are assumed to be rigid, so the elastic effect

representing the induced velocity using the desingularized al-

of the blades is neglected. Also, because of the large circulation

gebraic profile, i.e., a constant viscous core size which is used

gradients (dΓ/dr) near the tip and the root of the rotor blade, it
3

is suggested to use the cosine rule for the blade radial segmenta-

gives the flow around the blade resulting in an aerodynamic load

tion [4] where the blade elements, in the spanwise direction, are

calculation, generated power and thrust of the wind turbine. In

distributed at equi-angle increments.
In the vortex lattice free wake model, a finite number of vortex wake elements move freely based on the local velocity field,
and contrary to the prescribed wake model, allowing wake expansion as well. Each vortex wake element contains two points,
one at the head (A), and another at the tail (B) (see fig.(1)), which
are known as Lagrangian markers, where the induced velocity
components are calculated using the Biot-Savart law; their movements give rise the wake deformation. The vortex flow theory assumes that the trailing and shed wake vortices extend to infinity.
FIGURE 3.

However, since the effect of the induced velocity field by the far

Schematic of vortex lattice free wake

wake is small on the rotor blade, the wake in the present study
extends only to three or four diameters downstream of the wind

order to take into account the blade surface curvature, the lifting

turbine rotor plane.

surface is divided into a number of panels both in the chordwise
and spanwise directions, where each panel contains vortex ring

Vortex Lattice Free Wake (VLFW)

with strength Γi, j in which i and j indicate panel indices in the
chordwise and spanwise directions, respectively. The strength of

FIGURE 2.

Lifting surface and vortex panels construction

The vortex lattice method (VLM) is based on the thin liftFIGURE 4.

ing surface theory of vortex ring elements [16], where the blade

Numbering procedure

surface is replaced by vortex panels that are constructed based
on the airfoil camber line of each blade section (see fig.(2)). The

each blade bound vortex ring element, Γi, j , is assumed to be con-

solution of Laplace’s equation with a proper boundary condition

stant over the panel and the positive circulation is defined on the
4

basis of right-hand rotation rule. In order to fulfill the 2D Kutta

where m is defined as m = M × N for a blade with an M spanwise

condition (which can be expressed as γT.E. = 0 in terms of the

and an N chordwise panels and the right-hand side is computed

strength of the vortex sheet) the leading segment of a vortex ring

as

is located at the 1/4 panel length (see fig.(4)). The control point

³→
´
−
−
−r + →
−
RHSk = − V ∞ + Ω→
V ind,wake · →
nk

of each panel is located at 3/4 of the panel length meaning that

k

the control point is placed at the center of the panel’s vortex ring.

(7)

The blade bound vortex strength (Γi, j ) is calculated by solving

Generally, the wake vortices are modeled as vortex ring elements

eq.(6) at each time step. At the first time step (see fig.(5) and (6)),

that are trailed and shed, based on the time-marching method,
from the trailing edge; in the wake they induce a velocity field
around the blade. To find the blade bound vortices’ strength, the
flow tangency condition at each blade control point must be specified by establishing a system of equations. Therefore, the normal vector at each control point must be defined (see fig.(4)). The
velocity components at each blade control point includes the free
→
−
−r ), blade vortex rings self-induced
stream ( V ), rotational (Ω→
∞

→
−
→
−
( V ind,bound ) and wake induced ( V ind,wake ) velocities. The blade
induced component is known as influence coefficient ai j and is
defined as the induced velocity of a jth blade vortex ring with a
strength equal to one on the ith blade control point. If the blade
is assumed to be rigid, then the influence coefficients are con-

FIGURE 5.

Schematic of generation and moving of wake panels at

stant at each time step, which means that the left-hand side of the

each time step

equation system is computed only once. However, if the blade is
modeled as a flexible blade, they must be calculated at each time

there are no free wake elements. At the second time step (see

step. Since the wind and rotational velocities are known during

fig.(5) and (7)), when the blade is rotating, the first wake panels

the wind turbine operation, they are transferred to the right-hand

are shed. Their strength is equal to the bound vortex circulation

side of the equation system. In addition, at each time step, the

of the last row of the blade vortex ring elements (Kutta condi-

strength of the wake vortex panels is known from the previous

tion), located at the trailing edge, at the previous time step (see

time step, so the induced velocity contribution by wake panels is

fig.(5)), which means that ΓWt2 = ΓT.E.,t1 , where the W and T.E.

also transferred to the right-hand side. Therefore, the system of

subscripts represent the wake and the trailing edge, respectively.

equations can be expressed as

At the second time step, the strength of the blade bound vortex rings is calculated by specifying the flow tangency boundary
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condition where, in addition to the blade vortex ring elements,
the contribution of the first row of the wake panels is considered.

(6)

This methodology is repeated, and the vortex wake elements
are trailed and shed at each time step, where their strengths
5

remain constant (Kelvin theorem) and their corner points are

−
−r , →
where →
V and t denote the position vector of a Lagrangian

moved based on the governing equation (eq.(8)) by the local ve-

marker, the total velocity field and time, respectively, and the

locity field, including the wind velocity and the induced velocity

total velocity field, expressed in the rotating reference frame i.e.,
→
−
V rot = 0, can be written as

by all blade and wake vortex rings (see fig.(6) and (7)).

The

→
− →
−
→
−
→
−
V = V ∞ + V ind,blade + V ind,wake

(9)

Different numerical schemes may be used for eq.(8) such
as the explicit Euler method, the implicit method, the AdamsBashforth method and the Predictor-Corrector method. The numerical integration scheme must be considered in terms of the
accuracy, stability and computational efficiency. Here, the firstorder Euler explicit method is used as
→
− →
→
−r
→
−
−
t+1 = r t + V ( r t ) ∆t
FIGURE 6.

Schematic of wake evolution at the first time step

(10)

→
−
where V is taken at the old time step.
In each time step, when the position of all the Lagrangian
markers is calculated, we are able to compute the velocity field
around the rotor blade where, as a consequence, the lift force can
be calculated according to the Kutta-Jukowski theorem which in
differential form reads as
−
→
→
−
→
−
dL = ρ V × Γ dl

(11)

→
−
→
−
where ρ, V , Γ and dl denote air density, velocity vector, vortex filament strength and length vector, respectively. The KuttaJukowski theorem is applied at the mid point of the front edge of
each blade vortex ring and gives the potential lift force where the
FIGURE 7.

lift force of each spanwise blade section is calculated by sum-

Schematic of wake evolution at the second time step

ming up the lift force of all panels along the chord. The lift force
for each blade panel except the first row near the leading edge is
governing equation for the wake geometry is
→
−
dr →
− −
= V (→
r ,t)
dt

→
−r (t = 0) = →
−
r0

computed by
−
→
→
−
−y
L i, j = ρ V tot,i, j × (Γi, j − Γi−1, j ) ∆→
i, j

(8)
6

(12)

and, for the blade panels adjacent to the leading edge, eq.(12) can
be written as
→
−
→
−
−y
L 1, j = ρ V tot,1, j × Γ1, j ∆→
1, j

Power [MW]

Thrust [kN]

Time [hr]

VLFW

1.96

347.82

3

CFD

1.70

477.08

750

BEM

1.92

373.15

7E-5

GENUVP

1.90

365.28

5.6

(13)

→
−
where V tot,i, j is computed as
→
−
→
−
→
−
→
−
V tot,i, j = V und,i, j + V ind,wake,i, j + V ind,bound,i, j

Model

(14)

TABLE 1.

The total lift of each blade section in the spanwise direction can

Power and Thrust for the different methods

be written as
N
→
−
→
−
L j = ∑ L i, j

Results and Conclusions
(15)

The results of the vortex lattice free wake model (VLFW)

i=1

are compared with the BEM method, GENUVP code and
where N denotes the number of spanwise sections. Decompo-

CFD. In the vortex method simulations made with VLFW and

sition of the lift force for each blade spanwise section into the

GENUVP, the blade is discretized with 25 spanwise sections (see

normal and tangential directions with respect to the rotor plane

fig.(9)) with fine tip resolution and 8 equally spaced chordwise

(see fig.(8)) gives the effective angle of attack for each section.
α = tan−1 (Ft /Fn ) − θt − θ p

sections. 10 degrees in the azimuthal direction is employed for
the wake segmentation and the wake length is truncated after 4

(16)

rotor diameter. It is assumed that the wake vortex filament core
where α, Ft , Fn , θt and θ p represent the effective angle of at-

radius is constant and is equal to 1[m]. The CFD simulation made

tack, tangential force, normal force, blade section twist and blade

by [3] using a RANS (Reynolds-Averaged Navier-Stokes) solver.

pitch, respectively. The generated power and thrust are deter-

The 5MW reference wind turbine [17] is used in the simulations
→
−
and the operation conditions are V ∞ = 8.0 [m/s] and Ω = 0.954
[rad/s] as the uniform, steady free stream and the constant rotational velocity, respectively.

FIGURE 9.

FIGURE 8.

Potential load decomposition

Radial distribution of blade elements

Table (1) shows a comparison between the four different
methods. Since the vortex method (VLFW and GENUVP) is

mined by the tangential and normal forces, respectively.

a potential flow (no viscous drag), it predicts more power than
7

the BEM and CFD methods.

450

The simulation time difference between the VLFW and CFD
400

is significant which means that the VLFW method may be known

350

Ft [N]

as a reduced order model for wind turbine load calculations
standing between the BEM and CFD methods both in accuracy
and time efficiency.

300
250
200

16

150
0.2

14

0.4

0.6

0.8

1

r/R [−]

AoA [deg]

12
FIGURE 11.

Distribution of the tangential force along the blade,

10

: CFD,

: V LFW ,

: BEM,

: GENUV P

8
6

the generated power of a wind turbine is computed on the basis of

4

the tangential force. Hence, according to fig.(11), it is concluded

2
0.2

0.4

0.6

0.8

that the VLFW method, as a potential flow, must predict the more

1

power compared to the other methods, whereas the CFD, as a

r/R [−]
FIGURE 10.

viscous flow, must produce less power than the others. This fact

Distribution of the angle of attack (geometric and effec-

tive) along the blade,
: BEM,

: Geom,

: CFD,

is verified by looking at table (1).

: V LFW ,

: GENUV P
5000

Figure (10) shows the geometric and the effective angle of

4000

Fn [N/m]

attack along the blade. As can be seen, in all cases, because of the
induced velocity field around the rotor blade, the effective angle
of attack is less than the geometric one, which makes a significant

3000
2000

power reduction for a wind turbine. Therefore, prediction of the
1000

induced velocity field around the rotor blade generated by the
wake and the blade vortex ring elements is the key point for the

0
0.2

vortex flow solution.

0.4

0.6

0.8

1

r/R [−]

→
−
Figure (11) shows the tangential force ( Ft ) with respect to
the rotor plane. Near the blade tip, the tangential force for all
methods is larger than near the blade root, which means that the

FIGURE 12.

Distribution of the normal force along the blade,

CFD,

: V LFW ,

: BEM,

:

: GENUV P

tip region of the blade produces more power compared with the
→
−
The normal force ( Fn ) along the blade is shown in fig.(12)

other parts of the blade, especially the root region. As we know,
8
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