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Finite Block-length Analysis of the Incremental
Redundancy HARQ

Behrooz Makki, Tommy Svensson, Michele Zorgellow, |IEEE

Abstract—This letter studies the power-limited throughput of Il. SYSTEM MODEL

a communication system utilizing incremental redundancy NR) . . . S .
hybrid automatic repeat request (HARQ). We use some recent Consider a point-to-point communication setup following

results on the achievable rates of finite-length codes to ahae the _
system performance. With codewords of finite length, we devie Y = VPhX + Z, (1)
closed-form expressions for the outage probabilities of IR HARQ where P is the transmit powerX is the unit-variance input

and study the throughput in the cases with variable-length oding. . - ;
Moreover, we evaluate the effect of feedback delay on the tbughput messagel denotes the fading coefficient aritl ~ CA(0,1) is

and derive sufficient conditions for the usefulness of the HRQ the independent and identically distributed (iid) comp@aus-
protocols, in terms of power-limited throughput. The resuts show sian noise added at the receiver. We consider an INR HARC

that, for a large range of HARQ feedback delays, the throughpitis  protocol in which each data packet is sent using a maximum o

increased by finite-length coding INR HARQ, if the sub-codewrd M transmissions.

lengths are properly adapted. The system performance is studied in quasi-static comdifio
|. INTRODUCTION e.g., [3], [4], where the channel coefficients remain camsta

Hybrid automatic repeat request (HARQ) techniques are CO%ESQ%ii pg CI:E; ;ga:jr;imlsrsg%r;,bﬁti?d Jgﬁgitcﬁﬁ:ggotno (o:j%esr Z/alue
monly used in wireless networks to combat the loss of da g gp y y b

. otivation for this model, consider the LTE standard; asulsed
packets dl.Je to channel fad|ng_[1]—[4]. The performance oRA in [1], each HARQ round corresponds to one transmission slo
protocols is addressed in various papers, e.g., [1]-[4kretthe

results are obtained under the assumption of asymptotitaly which is 0.5 mllllse_conds in the LTE standard. Also, fo_r gyss
. 2 operating at a carrier frequency around 2.5 GHz and in the cas
codewords. On the other hand, in many applications, such _gas oo . .
) : : ) L that the receiver is moving with a speed of 2 km/h the coherenc
vehicle-to-vehicle and vehicle-to-infrastructure conmizations .. . : . . .
for traffic efficiency/safety or reak-ime video processifay time is equal to 200 ms [1]. This coherence time is 400 times
>ncy y . P . larger than the time slot duration in LTE. Thus, with proper
augmented reality, the codewords are required to be shothé . : o .
order of ~ 100 channel uses) [5], [6]. Thus, it is interestin toselectlon of the maximum number of retransmissions, thesigua
L ' 9 Y%tatic case can properly model the channel characterigfos

investigate the performance of HARQ protocols in the presen Co ot
of finite-length codewords [7], [8]. more motivations for the quasi-static models, see [3])[4].

. o - Let us define thechannel gain as g = |h|?. The results are
In this letter, we study the data transmission efficiency Ofiven for Rayleigh fading channels wheke~ CA’(0, 1) and, as
HARQ protocols utilizing codewords of finite length. The pro 9 yielg g ’ '

lem is cast as the maximization of the power-limited thrqugh a result, f(x) = e with f, Qe_not|r_19 the channel gain pdi. |
. . In each slot, the channel coefficient is assumed to be known b
in the presence of incremental redundancy (INR) HARQ feefﬂ— . L o .
o e receiver, which is an acceptable assumption in quasgést
back. The contributions of the paper are two-fold. 1) We tee t e .
. - conditions [1]-[4], [9]-[11]. However, no instantaneousaanel
recent results on the achievable rates of finite block-leegties . A . .
. - ._state information is assumed to be available at the tratemit
[9]-[11] to analyze the throughput. With codewords of finité .
. . except the HARQ feedback bits.
length, we derive closed-form expressions for the outagbar
bilities of the INR HARQ in different retransmission rounalsd
evaluate the effect of variable-length coding on the thhpug. 1. ANALYTICAL RESULTS
2) We investigate the effect of feedback delay on the thrpugh In this section, we study the throughput of the INR HARQ
Particularly, we present sufficient conditions for the ussdss protocol utilizing codewords of finite length. We first olytaa
of HARQ protocols such that the use of HARQ increases tlobosed-form expression for the throughput, following tteame
throughput compared to the open-loop communication sekgrs procedure as in [2]-[4], except that we add the effect of ek
a large range of HARQ feedback delays, the results showltleat tielay into the analysis. The throughput, given in (5), isrecfion
implementation of finite-length INR HARQ leads to throughpuwof a set of probabilities that depend on the sub-codewoedsjth.
improvements. Hence, we use the results of finite-length codes [9]-[11 @i
_ , _ the probability terms. To find the probabilities, we need $& u
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Using INR HARQ, K information nats are encoded into a  with y denoting the channel output induced by the transmit-
parent codeword of lengti ;) = Zif:l l,, channel uses. Then, ted codeword according tg.
the parent codeword is divided inte sub-codewords of length The maximum achievable rate of the code is defined as
lm,m=1,..., M, channel uses which are sent in the successive log N
transmission rounds. Thus, the equivalent data rate atrde e R,,(L, P,0) = sup{ EEAR 3(L, N, P,9) code} (npcu) (8)
of round m is R(m) = %71(770 = Z;nzl ln,R(O) = oo. In L
each round, the receiver combines all received sub-codisror Considering quasi-static conditions, [10], [11] have rgbepre-
decode the message. The retransmission continues untilése sented a very tight approximation for the maximum achiexabl

sage is correctly decoded or the maximum permitted trarssoms rate (8) as

round is reached. " Rma(L, P,6) = sup{R : Pr(log(1 + gP) < R) < 6}
Let D (in channel uses) denote the HARQ feedback delay in loo I,
each round. If the data transmission is stopped at the enlgeof t -0 ( & > (npcu) (9)

m-th round, the total number of channel uses is
o = {l(m) +mD, if m A M which, for codes of rateR npcu, leads to the following error

lan + (M —1)D, if m=M (2)  probability [11, eq. (59)]

which is based on the fact that in each retransmission round, d(L, R, P) =~ E[Q<\/z(log(1 +gf)) R>>} (10)
except the last round, an acknowledgement/negative adknow A/ L- T+gP)2

edgement (ACK/NACK) signal is fed back to the transmitter. . .

In this way, with some manipulations, the expected number GF'® Ul@) = OW(),z = oo is defined as

channel uses in each packet transmission period is found as Mz SUP |7| < oo and EL] is the expectation with
respect to the channel gain Also, Q(.) denotes the Gaussian

M N Q-function. Since the approximation (10) has been shown tc
T=) lmQma+D Y Qo (3) be very tight for sufficiently large values of [9]-[11], for
simplicity we will assume that it is exact in the following
where §2,, denotes the probability that the message is n(éspecia”y when discussing bounds)_
correctly decoded up to the end of theth round and2g = 1. From (9)-(10), the probability that the data is not decodabl
If the message is correctly decoded in any round, &ll roundsn = 1,...,m, of the INR, i.e.,Q,,, is found as
information nats are received by the receiver. Thus, fakgwhe
same arguments as in [2]-[4], the expected number of reteive Q, — E[Q(\/l(m) (log(1+ gP) = R(m)) )] (11)
information nats in each packet is given by 1

m=1 m=1

1
(1+gP)?

K = K(1—Pr(Outage) = K(1 — Qu), ) Here, (11)is based on the fact that 1) with a quasi-staticlitiom,
where Pr(Outaggé = €, is the packet outage probability.the same fading realization is experienced in all rounds of a
Using (3), (4), therenewal-reward theorem [2]-[4] and [,, = Packet, 2) the receiver combines all received signals ofcketa
% — ﬁ, the throughput (in nats-per-channel-use (npculy decode the message and, 3) for a given valugsohats,
is Obtained as Vim) (log(1+wP>—z(ﬁ) _ _ . .
W (z) = is an increasing function of
K 1 -y ) e

=7= M (e — ) s + 2 ST Iim) and, thus A, C Ay, n < m for quasi-static channels, where
- (m) (m=1) (M) - (5) A,, is the event that the data is not decoded in rounds. , m.
For Rayleigh fading conditions},,, is found as

Here, we have defined’ = 2 which is referred to as the
' IeY; 00 _
relative delay, with respect to the maximum packet length. Q,, = / e Q| Y L) (log(1 + Pz) — Rin)) dr  (12)
To study the power-limited throughput of the INR protoca th 0 V11— e

final step is to calculate the probabiliti€s,,m = 1,..., M. In ) ) |

for the cases with codewords of finite length. Let us first defi@PProximate/bound the probabiliti€k,,, vm, as follows.

an (L, N, P,5) code as the collection of Lemma 1. The probabilitiex?,,, Vm, are approximated by
. L i . .

e« An encoderY : {1,..._,N} — C* which maps the % 1 et Zio%(fel;(m) )Z<1ferf(K*“1))
messagen € {1,...,N} into a lengthf codewordz,, € = V2
{z1,...,zN} satisfying the power constraint Q,, = —erf(—R“")\}él("‘)) 7 For high SNRs

1 2 .
— . < o _ 7r2
7 lla > < P, (6) 1 taen (eJ—m e b) . For all SNRs

o A decoderA : C s {1,..., N} satisfying the maximum R

error probability constraint where erf.) represents the error functioti,, = < “;?*1 and

rréaXPr(A(y) #J|J=7)<0o (7) Lon) P2
j

CQR(m) 1

b'rn =




Proof. At medium/high signal-to-noise ratios
(SNRs), (1)) is approximated by Q,, =
1T e *Q(y/I(m)(log(1 + zP) — R,)))dz  which leads to

! M
T e’y

_te B(m)
(a) P
2 27T e Fm)
Q l("”) / t—le—$(log t)zdtf
V 21 —R(m)
l(m 1 i e i Ym)
tzflef 5
V 271' Z /*R(m

- l( R(m) RV l(m
2

,eR(m

(log )* 4t

—erf(—

1 ,eR(m)

1 i K—-i-1

Here, (a) is obtained by partial integration, variable transfor

t= (1+Px)e—R<m> and the definition of the Gaussignfunction

with Q(o0) =0, dQ(z(*)) —L djj(;) -5~ Then, (b) follows

Q'rnZ/ _JIQ( m( - rn))dm
0
e o0 —e Z 2 2
0 2m

where(e) comes from partial integration angl, given in (16) is
found by some manipulations and the definition of error figmct
The upper bound is found by

)] oo Lo (g »
Oy <1—em +% [ e e (log(14+Pz)— 25—

< 5 dm
O
(9) —6m —Ym (18)
< _ e +e
<1 L2 +
eK‘JrA?ﬂl oo —el —x
S Jp. (L + Pz)=me "dr = up,.
Here, (f) is obtained by (12), using the inequality
Q) < 1, if £ <0 (19)
. %e’%, if x>0
Mnd removing the denominator in (12) whern> 6,,. Then,(g)

follows from (a — b)? > max{0,2ea — 2be — €?},Va > b, e >
0, and some manipulations. Finally, the last equality is given

from the Taylor expansion of the first exponentlal term, amel tby the definition of the incomplete Gamma functibin, x) =

last equality is obtained by some manlpulatlons and the itiefin
of the error function effr) = \/_ Jo et

For the second apprOX|mat|on approach, we implement

oLy 7
T (t=pP)2

1 <6, — /2b2
Zm () (é) % \I;_%T(m —On) T E Om 2b2 s O + 2(,2"
0 X Z om + ngn

(14)

which results in

oo
Q= / e " Zy(x)dx @ 1-
0

=

(15)

’HL

Nz

_(F

Here,(c) is obtained by using the linearization technique for the

. o (1 2P)—R,,
functionQ | ¥ <7">(°1g(1+” )=R(m))

) atx = 6,, and(d) follows

1
(1+zP)2

from (14) and some manipulations. O
Lemma 2. The probabilitiex?,,,, vm, are bounded by
U <y < um,Vm €e>0,
1-20mb 7n
vm = (1 —erf(=gl=) — e 2 (1 — erf(=— b, pln))),
U =1 — M +3 eamp el(,,L)F( El(m) Ym + _>a
. e(R(’HL)+%)_1 l(m)e
¢m:f,04m*p+K€+ .
(16)

Proof. Q(x) is a decreasing function and¥V,(x)

V) (log(142P)— R(1my )
E=o

bound on(,, is obtained if W, (x) is replaced by its first-

is concave inz. Thus, from (11), a lower

f = 1 7tdt

Dependlng on the SNR/the sub-codewords length, the approx
mations/bounds in Lemmas 1-2 are useful in different caooraist
Finally, to enjoy the benefits of the INR HARQ the channel code
should satisfy the following requirements: 1) A parent ctlut
can be punctured into rate-optimized sub-codewords and 2)
decoder with performance close to (11) for all retransroissi
There exist several practical finite-length code desigmgs, 2],
[13], that satisfy these requirements.

A. On the Effect of Feedback Cost

With no HARQ (open-loop setup), the parent codeword of
length [,y is sent inone shot. Thus, with uniform power
allocation, on which we focus, the outage probability(lg,,
.the same as in the HARQ-based scheme. Also, as there is r
feedback, the throughput of the non-HARQ scheme is found as
l£ Ray(1 = Q). (20)

(M)

From (5), (20), the intuition behind the HARQ protocols is as
follows. If the channel quality is low, all possible transsions of
the HARQ are used and the system performance will be the san
as in the case with no HARQ (except for the additional feekbac
delays). But, if the channel quality is high, the message brmay
correctly decoded at the end of theth, m < M round, and the
channel uses for rounds +1, ..., M are saved. The cost of this
gambling is the cost for feedback, i.e., the teerZf\ntll Q1
in (3). Hence, depending on the feedback delay and the chann
conditions, using HARQ may or may not improve the throughput

To find the acceptable range of feedback delays, we cal
maximize (20) for a given power and then sweep on different
values of relative feedback delay, i.e)’ in (5), to find the
maximum value oD for which the HARQ-based approach leads
to higher throughput, compared to non-HARQ scheme. Sufficie
conditions for the usefulness of the HARQ, i.e., lower baiod

O

joPen-oop_ (1 — Pr(Outage) =

order Taylor expansion at any point. Using the Taylor exmans the acceptable range of feedback delays such that the tipatig

of Wi, (z) atx = 6,,,, we have

is improved by the HARQ, are obtained as follows.



For every given value of power and information nats, optemiz
l(ary in terms of the open-loop throughput (20). Consider the san

packet length ), and fixed-length coding, i.el,, = l%) ,Vm,
for HARQ, which is not necessarily optimal for HARQ-based
scheme, in terms of throughput. Then, as the HARQ and the nc
HARQ schemes have the same outage probability, the thraugh|
is increased by HARQ if it results in less expected delay.déen
from (3), a sufficient condition for the usefulness of HARQ is
given by T < [(5) leading toD' < r with

r— 1— %A/I 15\7{21 Qm—l '

Zm:l Q1

Using Lemma 2,0 1 and because (21) is a decreasing
function of Q,,,, Vm, we have

M—1-YM 1y, M—1-YMlty,
M1+ 3027 um) M1+ 35 vm)
with u,, andwv,, derived in (16). Note that, while (21) provides
sufficient conditions for the HARQ feedback delay with fixed-
length coding, variable-length HARQ indeed does betted ar

larger range of feedback delays are tolerated in the varilgth
coding scheme. The numerical results are presented in tueke

(21)

<r<

(22)

IV. NUMERICAL RESULTS AND CONCLUSIONS

Figure 1.
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(a): Throughput, (b): throughput gain and (c):eatable relative

feedback delay vs SNRY/ = 2. In subplot (a), both the number of information
According to [10], [11], the approximations in (9) and (1@33 nats and the sub-codewords’ length are optimized in termthifughput. In

very tight for sufficiently long sub-codewords, and the tigdss

subplots (b) and (c)K = 600 and K = 300, 600 nats, respectively.

increases with the sub-codewords’ length. For the numlerisa SNRs while its effect is relaxed at low and high SNRs. Finally
sults, we consider the cases with > 100, ¥m, channel uses, for the acceptable range of feedback delay decreases Aitfo
which the approximation is tight enough, and we do not carsigsummarize, using INR HARQ with finite-length codes results

shorter sub-codewords. Our choicelgf > 100 as the minimum in

throughput increment for a large range of feedback delays

possible length is motivated by [11, Fig. 2] where the retati particularly when the SNR increases.

difference of the exact and the approximate achievables rigte
less than2% for the cases with codewords of length 100.

length by reports such as [5], which suggest the practicdéso [
of interest for, e.g., vehicle-to-vehicle communicatiorbe in the
range of100 — 300 channel uses.

Shown in Fig. 1a is the throughput achieved by the variable[a]

and the fixed-length coding INR HARQ and’ = 0. Here, the
results are obtained for the cases with a maximum\bf= 2

transmissions, both the number of information nats and tibe s [5]

codewords’ length are optimized in terms of throughput, tored

simulation results are compared with the ones obtainedhea t [6]

approximation techniques of Lemma 1. Settiig= 600 nats,
Fig. 1b demonstratesothtl-:- throughput gain of the variabigtte
__,,Open-loop

HARQ, i.e., A = %W% with n being the throughput in
variable-length HARQ. Finally, using fixed-length codirgig.

(1]
We are further motivated for our choice of the sub-codewords Cy O\ € 11
2] L. Szczecinski, C. Correa, and L. Ahumada, “Variableeraansmission for

(3]

(7]
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