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On the Performance of MIMO-ARQ Systems with
Channel State Information at the Receiver

Behrooz Makki, Thomas Eriksson

Abstract—This paper investigates the performance of multiple- (partly overlapping) categories. The first group are papers
input-multiple-output (MIMO) systems in the presence of auo-  focusing on precoder design [35]-[39]. Here, considering
matic repeat request (ARQ) feedback. We show that, for a larg jgterent modulations, the optimal linear precoders miainy

range of performance metrics, the data transmission efficiecy of - . . . ;
the ARQ schemes is determined by a set of parameters which are the distortion or the bit error rate have been obtained in the

scheme-dependent and not metric-dependent. Then, the rdgs  Presence of (im)perfect CSI at the transmitter (CSIT).
are used to study different aspects of MIMO-ARQ such as the ~ The second group are the papers that, following the

effect of nonlinear power amplifiers, large-scale MIMO-ARQ  outstanding work by Zheng and Tse [40], have stud-
adaptive power allocation and different data communicati® o4 the diversity-multiplexing-tradeoff (DMT) or divetgi

models. The results, which are valid for various forward and . .
feedback channel models, show the efficiency of the MIMO-ARQ multiplexing-delay-tradeoff (DMDT) of the MIMO-ARQ se-

techniques in different conditions. tups, e.g., [1]-[6]. These metrics establish the necessaalye-
off between reliability and throughput in outage-limitediing
channels. However, DMDT and DMT are metrics mostly for
. INTRODUCTION the high signal-to-noise ratio (SNR) regime and do not ptevi

Multiple-input-multiple-output (MIMO) transmission [4] a complete picture for evaluating the performance of ARQ
[19], combined with the space-time coding (STC) [20]-[23kchemes operating at finite transmission rates and powers.
is among the best approaches for exploiting the spatial di-The last category of the MIMO-ARQ papers are the ones
versity, particularly over rich scattered environmentdM® that have studied the theoretical and practical aspectheof t
has revolutionized the modern wireless communications, deannel at finite SNR. Here, the effect of non-orthogonal
a key part of most current standards such as WiFi (IEEdpace-time block codes (STBCs) [7], Bell-Labs layered spac
802.11) and WiMax (IEEE 802.16) [24], [25], and is expectetime (BLAST) systems [8], bit-interleaved coded modulatio
to be the core technology for the next generation broadb&®d, quadrature amplitude modulation (QAM) [10]-[12] or
wireless communication systems. The performance of thsing adaptive modulation [13] on the throughput [8], the
MIMO channels, however, depends strongly on the amoupit error rate [9]-[11], the packet error rate [7], [12] oreth
of channel state information (CSI) at the transmission engpectral efficiency [13] of the MIMO-ARQ channels have
points. Channel estimation at the receiver is relativetypde been investigated. Studying the high but finite SNR DMDT of
and incurs negligible loss in the transmission rate, paldity multihop MIMO-ARQ relay networks, low-complexity ARQ
when the channel experiences slow variations. On the othechniques in a two-user MIMO broadcast channel, the agerag
hand, due to the signaling load caused by reporting tha&te of MIMO-ARQ schemes utilizing linear dispersion codes
channel information, assuming perfect channel knowledge (&DCs) and adaptive coding by different STCs have been
the transmitter is an overly optimistic assumption. Theref considered by [14]-[17], respectively. Finally, [18] déyged
it is important to study the MIMO channels in the presence parallel ARQ model in correlated MIMO channels and [19]
of limited-feedback schemes. studied the outage minimization problem in MIMO channels

Hybrid automatic repeat request (ARQ) is a well-establishevhen at each ARQ round the data is sent by only a single
approach for wireless networks [1]-[19], [26]-[33]. Frontransmit antenna.
an information-theoretic point of view, the ARQ systems Reviewing [1]-[19], [26]-[33], it is clear that there is g
can be viewed as channels wisequentialfeedback where, diversity in selection of the performance metrics and fgdin
utilizing both forward error correction and error detentithe models. This has led to repeating conceptually similaryisl
system performance is improved by retransmitting the d&tr each performance yardstick individually. Also, a large
which has experienceoid channel conditions. Therefore, theeffort has been undertaken to compare the ARQ schemes
combination of MIMO and ARQ improves the performance offom different points of view and for various fading models.
wireless systems. This is the main motivation for the curremhus, a natural question is whether it is necessary to stugly t
MIMO-ARQ techniques such as [1]-[19] and this paper a&RQ schemes for each fading model/metric individually. The
well. answer this paper establishes is negative.

The performance of ARQ schemes in single-input-single- Here, we show that, for a large range of performance
output (SISO) setups has been studied by, e.g., [27]-[3#]etrics, the data transmission efficiency of the ARQ schemes
The MIMO-ARQ related works can be divided into threds determined by a set of intermediate parameters which

, . are scheme-dependent and not metric-dependent. This, point
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Probability densicy equivalent rate that can be decoded at théh round
of the considered ARQ scheme. As seen in the sequel,
the AMIs are determined based on the encoding/decoding

ARQ schemes Scheme-dependent Performance metrics

(og, bsic, STC tusd s Cn's o roughput, outge probabili, procedure of the ARQ schemes and are random variables
depending on the channel realization(s).

Figure 1. lllustration of the scheme-dependent parameierARQ ap- o A,, represents the event that the codeword is decodable

proaches. at the end of then-th round. Also,4, = () denotes the
empty set.

tion (AMI), from which the data transmission efficiency of ¢ The matrices are represented by bold capital letters.
ARQ schemes can be analyzed. Then, we use this result to Finally, Tr(X), [X|, X and X" represent the trace, the
study different aspects of the MIMO-ARQ techniques such ~determinant, the transpose and the Hermitian of the
as 1) the effect of nonlinear power amplifiers, 2) largewcal ~ Matrix X, respectively.
MIMO-ARQ, 3) temporal and spatial power allocation, 4) General system modelVe study the system performance
unreliable feedback channel, 5) fading channel varigbditd for three different fading conditions:
6) different data transmission models. Also, as side-teswe
present comparisons between different MIMO-ARQ schemes
and show mappings between the MIMO- and SISO-ARQ
setups. The mapping simplifies the performance analysis of,
MIMO-ARQ and makes it possible to extend many theoretical
results of SISO-ARQ setups to MIMO-ARQ. Finally, we
obtain the empirical probability density function (pdf) thfe
received SNR for different data communication models and
investigate the effect of variable-length coding and défe o ) ) )
STCs on the data transmission of the MIMO-ARQ systems'.:""s'['f""d'”9_'S an appropriate assumption for fast-movseysi

It is worth noting that the idea of utilizing intermediate®’ US€rs with long codewords compared to the channel co-

parameters for performance analysis of ARQ schemes hd\@ence time [41]. On the other hand, slow-fading is a good
been implicitly used by, e.g., [1] and [27], [29] where thén_odel for the users Wlth moderate speeds [3]-[6], [36]—[39]
DMDT and the throughput have been studied, respectivefynally, the quasi-static case can properly model the caann
Thus, this paper is the generalization of [1], [27], [29] to &Naracteristics in slow-moving or stationary users, €.,
wider range of performance metrics and for different forvar 14 [16]=_ [17], [19], [28], [30_]_[32]' [39]. ) _ _

and feedback channel conditions. Also, compared to the lite !N Sections l11-Vl, we consider the quasi-static fading €on
ature, we present new analysis on different aspects of Mim@ition, unless otherwise stated. As stated in [1], the gataic
ARQ transmission which, to the best of authors’ knowledg810del makes it possible to decouple the ARQ gain from the
have not been studied before. The results show the efficied@{nPoral interleaving gain. That s, from the diversity Haf

of the MIMO-ARQ techniques in different conditions. view, the quasi-static condition corresponds to the waasec
scenario since no time diversity can be exploited by the ARQ.
IIl. SYSTEM MODEL Also, we note that the quasi-static model is justified in ficac
In this section, we present the definitions and the systesy considering, e.g., time-division multiple access (TDMA
model on which the analytical/numerical analysis is basegystems where the channel is allocated to a transmitteiverc
The following notation is used throughout the paper: pair sporadically and (at least) one packet is sent in eath sl
« Apacket is defined as the transmission of a sub-codewqug; if the channel coherence time is larger than the maximum
along with all its possible retransmission rounds. A maxength of the packet, but it is smaller than the idle time
imum of M ARQ retransmission rounds is consideredhetween two consecutive active times, the quasi-staticeinod
i.e., the data is (re)transmitted a maximum &f + 1  accurately describes the channel. Also, compared to the slo
rounds. and fast-fading models, the quasi-static assumption reatch
e lm (in channel uses) is the length of the sub-codewolsktter with the assumption of perfect CSI at the receiveichvh
(re)transmitted in then-th (re)transmission round andis considered in the paper. Later, in Section VII, we show
limy = >om_y In represents the total channel uses up that 1) many conclusions of the paper are valid independent
the end of then-th (re)transmission round. of the fading model and 2) there are cases where the quasi-
o R(p) (in nats-per-channel-use (npcu)) denotesethaiv- static, slow- and fast-fading conditions can be mapped to
alentdata rate at the end of the-th round, i.e., the ratio each other when studying the performance of ARQ schemes.
of the transmitted information nats and the total channglnally, the simulation results are presented for indepand
uses up to the end of roumd. Thus, denoting the numberand identically distributed (iid) fading conditions. Hoves, as
of information nats considered for a packet@ywe have illustrated in Section IV, the qualitative discussionsoal®ld
Rimy = % Also, to simplify the equations, we definefor the temporally-correlated fading models, unless aties
Rg) = oo and R(yr42) = 0. stated.
« We defineC|,,) as the AMI of the MIMO-ARQ model at  For different fading conditions, the channel coefficients a
the end of then-th round. That is(’,,,) is the maximum assumed to be known at the receiver, in harmony with [1]—-

« Fast-fading. Here, it is assumed that a finite number of

channel realizations are experienced within each ARQ

retransmission round.

Slow-fading. In this model, the channel is supposed to

change between two successive retransmission rounds,

while it is fixed for the duration of each sub-codeword.

o Quasi-static The channel is assumed to remain fixed
within a packet period.



[6], [30]-[33], [41]. The ARQ feedback bits are sequential « Repetition time diversity (RTD) protocols. Using the
signals increasing the CSI at the transmitter; using AR@, th  RTD, the same data is repeated in the (re)transmission
transmitter considers some initial transmission rate sowdep rounds and, in each round, the receiver performs maxi-
with no pre-knowledge about the channel quality. Then, with mum ratio combining (MRC) of all received signals (Type
the help of ARQ, the transmitter CSI is refined based on the Il hybrid ARQ).

message decoding status, and the transmission ratesfppowes STC-based protocols With STC, a permuted version
are adapted. Finally, although not considered in the péiper, of the initial sub-codeword is sent in the retransmis-
same procedure as in [27], [42] (with optimistic assumpion  sions. That is, the original STC, which is produced by
on the feedback delay) can be used for sending quantized CSI combining the permutations of an initial sub-codeword,
at the beginning of each ARQ packet, and all theory developed is divided into a number of sub-codewords. The sub-
here is still valid since the channel with quantized CSIT can codewords are then sent in the retransmissions, until the
be modeled as a channel with no CSIT and a modified fading message is successfully decoded or the maximum number
pdf, e.g., [30]. Moreover, with a slow-fading condition 43 of retransmissions is reached. Here, we study the system
studies the combination of ARQ and delayed CSI feedback performance for the Alamouti, the cyclic delay diversity
schemes where, as it also deals with the maximum achievable (CDD), the spatial multiplexing with repetition (SMR) or

rates in different conditions, our analysis can be usefuihat the antenna switching (AS) kinds of STCs.

case as well. In the literature, it is common to use an isotropic Gaussian
The ARQ feedback bits are initially supposed to be receivegput distribution over all transmit antennas, i.e.,

delay- and error-free, while we later investigate the sygter-

formance for erroneous feedback signals as well (Sectidn VI K,y = ﬁm, Vm, 2)

Also, we initially consider thebursty communication model Ly

[28], [31], [32] where there is an idle period between twavhereK,, denotes the input covariance matrix in theth
successive packet transmissions. However, in Section &V tfbund,¢ is the total transmission poweziz is the transmission
results are compared with the ones achieved with continuquswer per transmit antenna ang, represents thdy; x L
communication, where the data is sent continuously. identity matrix. This is because the problem of finding the
MIMO-ARQ modelThe MIMO-ARQ setup is representedoptimal covariance matrix that maximizes the capacity with
as follows. LetH € c<It denote the channel matrix whereno CSIT is still open. In all simulations, except Figs. 8 and
Ly and L, are the number of transmit and receive antel®, we use (2) as the input covariance matrix. Section VI,
nas, respectively. Selecting a messagdrom a set of uni- however, investigates the effect of power allocation on the
formly distributed messaged’, the encoder of a MIMO-ARQ system performance, and the corresponding simulatioritsesu
scheme produces mother codewordX(w) € CE*lm+1.  are presented in Figs. 8 and 9.
Then, the codeword is divided intd/ + 1 sub-codewords
Xy, € Ch<tm, with length of I, channel uses, such that ||| pErEORMANCE ANALYSIS AS A FUNCTION OFAMI S
X(w) = [X1...Xpr41]. At the m-th (re)transmission round, ) S o ) o
the sub-codewor,, is sent by the transmitter. Thus, defining TNiS Section is devoted to clarifying the relationship in

X(m) = [X1...X.] as the total signal transmitted up to th ig. 1. The final conclusion of the section is that to analyze
end of them-th round, we have many performance metrics in ARQ protocols it is enough to
study their AMIs, which are scheme-dependent and not metric

Y (m) = HX (1) + Z(m)s Z(m) € CE¥om, (1) dependent. Along with simplifying the mathematical anislys

this point leads to a number of outcomes such as:

whereY () = [Y1...Y.] is the total signal received up 1o |t aj10ws us to compare the ARQ schemes based on their

the end of then-th round andZ,,,, denotes the iid complex AMiIs and not for a specific metric.

Gaussian noise matrix whose elements follai/ (0, 1). « As the system performance depends only on the AMIs,

The ARQ schemes are normally divided into three cate- many closed-form/approximate expressions previously
gories, Types I-lll [43]. Type | is the simplest version of  gerived for MIMO and SISO setups can be applied in
hybrid ARQ, where both the error-detecting and the forward  the MIMO-ARQ channels directly. As some examples,
error correction information are added to each messagehendt e study the effect of nonlinear power amplifiers and
receiver disregards the previous messages, if receivedan e large-scale MIMO on the performance of MIMO-ARQ
In Types Il and Ill, however, the successive retransmissare protocols (For more details, see Examples 1 and 2).
combined to improve the system performance. The difference, The performance of ARQ protocols with different tem-
between Types Il and Ill protocols is in what is retransnditte  ora| fading variations, such as quasi-static, slow- and
in each retransmission. In this work, we consider the folhgv fast-fading, can be mapped to each other (See Section
examples of hybrid ARQ: VII).

o Incremental redundancy (INR) protocols. Here, new « Finally, we can elaborate on the properties of an opti-
sub-codewords are transmitted in the (re)transmissions mal ARQ protocol which outperforms every other ARQ
and in each round the receiver combines all signals scheme, for all studied performance metrics. Then, as a
received up to the end of that round (Type Il hybrid side-result, we show that there is no ARQ protocol that
ARQ). can reach the channel ergodic capacity with bursty data



communication in quasi-static channels (See Section IWtuitively, (6) is based on the fact that theth retransmission

for more details). round, with length,,,, is used if the data has not been decoded
before. In this way, using,, = R(Q) - R( —. (3)-(6)
A. On the definition of performance metrics and Pr(Ay, ..., Ayi1) = Pr(Ciriny < Riaryn), the LT

Here, we study a number of performance metrics that ahroughput and the outage probability are rephrased as

commonly used for evaluating ARQ protocols and show that 11— PI“(C(M+1) < Riag1)) e
they can be expressed as functions of the AMIs. Note that the'! ~ SIMAL (1 ) Pr(C, <R )
. . o . m=1 \R,, R(,,L D (m—1) (m—1)
considered metrics are only examples for clarifying thermai
conclusion, and we concentrate on no specific metric througind
out the paper. Also, the metrics are obtained independehtl
bap P y Pr(Outagé = Pr (Ciary1) < Rarin)) » ®)

the ARQ protocol and the fading channel.
Let us first find the long-term (LT) throughput (in npcu)espectively. Also, for ARQ protocols with fixed- Iengthmgl
which, based on the renewal-reward theorem, is defined\@s havel,, = [,V¥m, which Ieads toR

[271-[32], [44] Pr(Outagé = Pr(C(MH ) and

(G
_ B} @3) _ p 1= PrCarsy < 3751) 9
1 + Zm:l PI‘(C(m) < E)
7 is the initial sub-codeword rate aridis the
length of the sub-codewords.
With the same procedure as in (6), the expected num-

Outage occurs if the data is decodable in norRer of ARQ-based retransmission rounds, which is of in-

of the (re)transmission rounds. Thus, according #§'ESt in terms of complexity [30], is found as = 1 +
the definition of A,, (see Section 1), we have > -1 Pr(Cim) < Rim)). Moreover, the feedback load de-
Pr(Outagg = Pr(4,; Aps1). If the data is decoded atfined as the expected number of feedback bits transmitted in

a packet period is obtained by

m) ml m’

IVI+1

Here,Q and L represent the number of successfully decoded
information nats and the number of channel uses during’"@ere & =
packet period, respectively, and E denotes the expectation

operator. The LT throughput is found as follows.

any (re)transmission round, all information nats are resubi
by the receiver. Hence, the expected number of received M—1
information nats in each packet is b=1+ Z Pr(C(my < R(my) (in bits per packet) (10)
E{Q} =Q (1 - Pr(Outage) = Q (1 — Pr(A;,..., A :
{@r =0l K 99) = ( (A MH)()A') which is based on (6) and the fact that no ARQ feedback is
sent at the end of the packet. Finally, as another metric of

If the data is decoded at the end of theth rOUnd, the total interest, the average rate [16], [31] of an ARQ approach is
number of channel uses ig,,). Also, the total number of gptained by

channel uses would bg,;, if an outage occurs, where

m=1

M+1

all possible retransmission rounds are used. Therefoee, th
expected number of channel uses is obtained by Z Rim) Pr(Ay, ., A1, Am)
M+1 M+1
E{L} = Z l (m) Pr( A07 S Am 1, Am) = Z R(m) PI“(C(m,l) < R(m—l); C(m) > R(m))
m=1 m=1
+l(1\/[+1) PI'(Ao,.. -;AI\/I-&-l)- (5) M+1 .
- = . - = Z (R(m) — R(m+1))Pr(C(m) > R(m)) (in npcu)
Here,Pr(44,..., A1, A,,) is the probability that the data =
is decoded at the end of the-th (re)transmission round while (11)

it was not decoded before.

The data is decoded at the end of theth round (and not
before) iff 1) all previous equivalent data rates are highan
the maximum decodable rates, i.€,) < R(,),Vn < m,

) - 6).
and 2) using then-th retransmission round, the data can b@S in (
decoded, i.e.(,n) > R(m). Thus, with some manipulations Note that in (6)-(11) we have considered no specific ARQ

on the probabilities, we haver(Ay,. .., A,,) = Pr(Cimy < E\rstocol tForlth(;:h perfo(rjmance an?lysw(,j ?f glffet_rentVMlMO-
R(m)) and (5) can be rewritten as Q protocols, the readers are referred to Section V.

which follows from the fact that the achievable ratéis,,) if
the data is decoded at the-th round (and not before). Also,
the last equality in (11) is obtained with the same procedure

E{L} _ Mirjllm Pr(Ao, ..., A1) B. On the effect of AMIs
m=1 Let us start the discussions on the AMIs with the following
M+1 lemma which has been implicitly used by, e.g., [1], [27],][29
= Z L Pr(Clim—1) < Rim—1))- (6) Lemma 1:If a performance metric of an ARQ protocol

m=1 is a monotonically increasing function of the probabitie



Pr(Cny < Rgmy), Ym, the dominance of the cumulativeschemes and temporal variations of the fading channel are
distribution functions (cdf) of the AMIs is a sufficient (but discussed). In the following, we provide various exampihes t
not necessary) condition for increasing the metric. demonstrate the importance of the arguments.

. p p i
Proof. Let G, andcgm), m=1,....M+1, be two sets of Remark 1:LetC, ., Vm, andd be, respectively, the AMIs

i 7 (m) ,
AMIs and defined(Pr(C,y < x),¥m) as a metric which and a utility function, e.g., (6)-(11), for the ARQ protocpl’.

inepd < gP
is a monotonically increasing function of the probabiﬁtieAlSO’ defined” < 6% asscheme p outperforms the ;;?e:]e 9
)) ) 1

. iof). a<erif cd < CP
Pr(Cipny < 2), Yo, m. With F¢ () < Foy (x),Vz,m, we Inht_eLm_S (:)f metl’lg -g]pen’e ;9 i S(rf)) E’qC(m s
have Pr(C(,,) < z) < Pr(C{m) < z) and, as stated in the WNICh 1S becaus r( (m) < (m)) < Pr( < Bim))

(m)
N D . ; e
lemma,0(Pr(C) < x),¥m) §9(Pr(C(’m) < x),Ym). if C(m) < C(m),Vm,H, i.e., with the same transmission

parameters there is higher chance for scheme p, compared to
Considering (6)-(11), it is found that many performancscheme g, to decode the message in the earlier rounds. Thus,
metrics of ARQ protocols are monotonic functions of the prolto compare two ARQ protocols we can verify if the AMIs
abilities Pr(C(,,,) < R(y)), Vm. This is because the systemof one of them exceeds the AMIs of the other one for every
performancé depends on the retransmission round in whichossible channel realization (sufficient condition), éast of
the codewords are correctly decoded. Moreover, the irtteges deriving the cdfs; this is usually much simpler.
point is that the probability’r(C,,) < z) is directly linked  Examples of sorting the ARQ schemes based on their AMIs
to the AMI C(,,,) which is a random variable and function ofare given in Section V. Note that 1) the remark introduces a
the fading realizations experienced in rounds= 1,...,m. sufficient (but not necessary) condition for comparing ARQ
That is, as soon as the AMIE,,),m = 1,...,M + 1, protocols and 2) it is useful when all AMIs of a protocol
are determined as functions of channel realization(s)ir thexceed the corresponding AMIs of the other scheme for
corresponding pdfgc,,,,,m = 1,..., M +1, are found, from every channel realization(s), which is the case for all ARQ

which the probabilitiesr(C(,,,) < R()) and, consequently, comparisons that we tested (see Section V). Also, 3) the
the considered performance metrics are obtained. Thexefaemark is of interest as it frees us from the necessity of

instead of concentrating on different performance metricgalculating the pdf#qm),Vm-
we can study the data transmission efficiency of the ARQ pefinition 1: (Optimal ARQ protocol)As we know, the
protocols via analyzing the AMIs. In other words, as illaséd  jecodable rate of any communication channel is limited éo th
in Fig. 1, the performance of the ARQ protocols can bgaximum achievable mutual information accumulated during
determined by a set of intermediate parameters which &§ta transmission. Thus, for a given set of (re)transmissio
scheme-dependent and not metric-dependent. rates and powers, we havg,,) < C(,.) max ¥m, H, where
Note that the relations of the AMIs to the fading chann@(m%maX is the maximum achievable AMI up to the end
are determined based on the encoding/decoding procedur@Pfound m, maximized over all possible encoding/decoding
the considered ARQ protocol. Also, the AMIs are not knowprocedures and input pdfs. Therefore, following Remark
by the transmitter, because there is no CSI at the transmitie e refer to an ARQ protocol asptimal, if C,,, =
except the ARQ feedback bits. Moreover, since we are alw. ), maso Vm, H. For instance, with an input covariance matrix
dealing with the probabilitie®r(C,,) < R(n)), the distri- K the maximum achievable mutual information of a MIMO
butions of C(,,,)’s are of interest and not their instantaneou§etup experiencing fading realizatioh is log |l -, + HKH h|,
realizations. However, determining the AMIs as functiors Quherel , is the L, x L, identity matrix [47]. Thus, a MIMO-
the channel realization(s) we can find their correspondimqu protocol is optimal ifC',,y = log |l , +HKH h|, vm, H.
pdfs and the probabilitieBr(C(,,) < R(x)). This conclusion As seen in the sequel, the INR and some STC-based MIMO-
which is in harmony with intuition, indicates that 1) theARQ prOtOCOIS are opt|ma| AlSO, examp|es of non-optimaj
only difference in performance between the different ARQRQ schemes are seen in Section V. Finally, note that in the
protocols is in their AMIs and 2) for every given set of dat@efinition the optimality condition is on th€(,,,,’s via proper
rates, the system performance is independent of the selecglection of the encoding/decoding procedure and the input
ARQ protocol if the distributions of AMIs are given. Finally pdf. Meanwhile, as seen in the following, we can still im-
note that 1) the conclusion is derived for the set of meti6ds ( prove the system performance by optimizing the transmissio
(11) and it is not proved for every possible utility functionrates/powers, in terms of the considered metric.
However, the arguments on the effect of the AMIs hold for gyample 1: (Nonlinear power amplifiers in MIMO-ARQ
every other metric that we have checked, e.g., the expecigdiocols)in [48], the effect of nonlinear power amplifiers on
transmission energy per packet [46, eq. 4], the transmmissie performance of the open-loop systems is studied where,
throughput [1, eq. 11] and the diversity gain [1, q. 14].0NS tor 3 given channel realizatiohl, the maximum decodable

2) up to now, the results are general in the sense that they gig of 4 multiple-input-single-output (MISO) channel jsper
independent of the ARQ protocol and the fading model (F&r
Lt
robenius norm operator and.) is a function representing

1The pdf and the cdf of a random variahleare represented by (.) and the amplitude-to-amplitude mapping of a nonlinear power
Fa(.), respectively. The random variabl dominates the random variable gmplifier.
A if Fo(z) < Fa(z), Va [45]. . : .

2Throughout the paper, by the performance we mean any of thdcme Now, accordlr_lg to the above discussions, the resglts of
obtained in (6)-(11), unless otherwise specified. [48] can be applied to the MIMO-ARQ schemes. Specifically,

2 .9 ¢ :
more details see Sections V and VIl where different AR ounded bylog (1 + 1l ¢ (\/ )) Here, ||.|| is the



we can use the same procedure as in [48, Section 111.D] t
show that the AMIs of a MISO setup using an optimal ARQ

M=2
protocol, such as the INR, are bounded by 3 4 ---M=0
Q.
c
Com <log [ 14+ HIZ2 (L)), vm. @2 e
(m) > F Ly ’ . %7 33  Linearmodel«=& >’ — _..
>
In this way, from (9), the LT throughput of the fixed-length E 2.5
MISO-INR is bounded by E o
T 1 il 5
1— Fr (& 1— e 1o
v (G L%>) g :
n<R = (23) 1r " INR ARQ protocol,
1 +ZM71 Fu( em —1 y MISO channel =4
e * | 20

10
) Input SNR (dB)
whereFy is the cdf of the random variablg = ||H||%. Also,
(13) is based on (9) and the fact that the LT throughput isFagure 2. LT throughput in different power amplifier mode$lSO channel
decreasing function ®r(C,, < R ,Vm. Hence, an upper Ly = 4, opnma! (INR) ARQ prqtocol, isotropic input distributioK ,,, =
bound (reg a lower bo(ur;réi) of t(r@ )LT throughput is otr:gin g 1- Y. The input SNR is defined a9 logyq (¢) dB. For each SNR, the
. . p. . ghp ial rate R is optimized, to maximize the LT throughput.
if Cy) is replaced by its upper bound (resp. lower bound).
Finally, note that with a linear power amplifiéfz) = = we

2 . ..
haveC(,) = log (1 + £ ”H”F) ,¥m, as in Definition 1. scale MIMO-ARQ into an equivalent SISO-ARQ setup, which
Considering a solid-state power amplifier (SSPA) witBimplifies the performance analysis considerably.

((z) = m [48] and typical constantsles = 5 Consider a MIMO transmission scheme utilizing an optimal,
andr = 1, Fig_ 2 demonstrates the effect of nonlinear powdd-, INR, ARQ protocol. We can use the results of [51, Sectio
amplifiers on the LT throughput of x 1 MISO-INR setup [l.A] to show that the random variabl€',,) = log|l., +
with Rayleigh-fading channelsHere, the SNR is defined as%HHhI, Vm, i.e., the AMIs of the ARQ protocol, convergesin
10log;,(¢) in dB. Note that, according to [48, Fig. 6] anddistribution to a Gaussian random variaplevhich, depending
the considered parameter setting, the bound is very tight fon the number of transmit/receive antennas, has the folipwi
the AMIs and, consequently, the LT throughput. As seen @haracteristics

the figure, the performance of the MIMO-ARQ protocols is

substantially affected by the efficiency of the amplifiersewh N(Lilog(1 + £2), 24) if large L, fixed L,
the input SNR increases. However, the numerical results of N (L log(1 + ¢), #ﬁ)z) if large Ly, fixed L,
. t

the e_xample should not b_e overempha5|_zed because we _h_ave N (L, %éz) if large L& Ly, smallp
considered no compensation for the nonlinear power amplifie oot .

X N (i1, 5%) if large Li& Ly, large
(of course, we can apply the same mathematical procedureJor ¢ ° I log( L) 4 [ (S~Ema—Lmn 1
the cases with compensation of the nonlinear power amplifier = Zmin (igl?(ftz + Lmin(22; 27 i)
Finally, as a side-result, the figure indicates that, comgao + 20 Lo’ | 0.5772... )
the open-loop communication setup, considerable throutghp 52 = Y fmn—t T Loz T Lmin(G — S fma ! ),
increment is achieved by a limited number of ARQ-based Lmax = max(Ly, Ly), Lmin = min(Lg, Ly).
retransmissions. (14)

Example 2: (Large-scale MIMO-ARQ)Recently, the im-

plementation of very large antenna arrays at the transmitte Usin :
) g (14), we hav@r(C(,,,) < R(m)) — Fy(R(n)) which
and/or receivers, referred to as large-scale MIMO, hasmeco,; ;s 1o investigate the performance of large-scale MIMO-

a hot resge_lr_ch t0p|g, because it offers "”?fg_e degrees akineg ARQ protocols with very high accuratyFor instance, setting
the possibility for simultaneous transmission to sevesars, Ly = 1, Fig. 3 shows the LT throughput and the average rate
. r — Ll .
etc. [49.]’ [50]. One of th? main bottlgnecks of the Iargete_scaof an optimal ARQ approach which is obtained via (14) and
MIMO is the CSI acquisition, specially at the transmlttercompares the results with exact ones obtainedChy, =
which has limited the large-scale MIMO to an academll%g“Lr + HKH h|7 Vm. The figure indicates the accuracy of

research topic [49]. This is the place where ARQ is of gre Lo L .
value, leading to substantial feedback load reductionsThu ﬁjgisggrhogrzr:;go?hg d(;':la) t r;rr]gﬁifg%nas;ifiglr?gylg IRaﬁlilg

is expected to see many works dealing with large-scale MIM fIMO-ARQ can be studied via a SISO-ARQ setup following

ARQ in the future. This example is devoted to provide so : : :
hints for studying the large-scale MIMO-ARQ. Specificallggjl);[gozr] which many results have been previously derived

it is seen that the properties of the AMIs let us map a larg

3All simulation results are given for iid Rayleigh-fading arinels where 4According to [51], the approximations in (14) are very aetereven for
each element of the channel mattikfollows CN (0, 1). moderate values oft and Ly.



Also, for an optimal MIMO-ARQ with non-adaptive input
= covariance matriX we haveCMMO = log |1, +HKH "|, ¥m.
On the other hand, the AMIs of the optimal ARQ scheme
in a SISO channel isC33° = log(1 + T) where T is
_________ the channel SNR random variable. Therefore, the perfor-
mance of the MIMO and the SISO setups are the same if
Isotropic input distribution, input Fy(z) = F||Lr+HKH h|_1($),vma which leads tOPI"(CPf,lL'\)AO <

o
o

Long-term throughput

Long-term throughput (npcu)
= o°

; St il ) = Pr(CE® < a).Ye (Note that|ly, + HKH'| > 1)

0.3 In simple words, using optimal ARQ it is possible to map

0. a MIMO channel to a SISO setup, in the sense that the
---Approximation via (14) same performance is obtained in these schemes. Finally, the

0.2 —Exact value via numerical analysjs discussions were presented for the optimal ARQ schemes.

02, m 20 20 20 = Howevgr, as also seen i_n the following, the same arguments
Number of transmit antennas, L are valid for the non-optimal ARQ protocols, e.g., the RTD.

In contrast to Example 2 on large-scale MIMO-ARQ,
antennas, MISO channel with an isotropic input distributld = %ILU there. IS no approximation in Examp_le 3. Also, it should be
transmission SNRl10log,, ¢ = 0 dB, an optimal ARQ protocol with a ment'oned that the concept of mapping the open-loop MIMO
maximum of M = 1 retransmission. For each number of transmit antenna@without feedback) to a SISO channel has been previously
the initial rate ? is optimized, to maximize the LT throughput/average ratejndicated by, e.g., [54]. In Example 3, however, the maimpoi
is that the performance of the ARQ-based approach is fully
characterized by(,,)’s which lets us derive the conclusion
for the MIMO-ARQ protocols. Moreover, the example has

ARQ protocols are normally studied in two different datiteresting outcomes such as:
communication models, namely, bursty [27], [28], [31] and
continuous [30], [31]. In contrast to the bursty model where Recently, several theoretical analysis/comparisongier t
there is an idle period between two successive packet trans- ARQ protocols have been presented in SISO systems
missions, the continuous model is based on the assumption where the assertions are valid independent of the channel
that a new packet transmission starts as soon as the previous distribution [27], [30], [31]. In this way, Example 3 shows
packet transmission ends. Continuous communication is an that all results previously proved by, e.g., [27], [30], [31
appropriate model for the cases where there is a large pool for the SISO channels also hold for the MIMO setups, as
of information nats to be sent to the receivers. On the other they can be mapped to an equivalent SISO model.
hand, the bursty communication model is more accurate fore The example helps us to 1) analyze different power allo-
cases where the spectrum is used sporadically, for insiance ~ cation methods, 2) discuss about the optimal equivalent
random access, cognitive radio, spectrum sharing or TDMA- data rates of the ARQ protocols and also 3) find the
based networks [27], [28], [31], [52], [53]. Particularlthe empirical pdf of the channel quality in a MIMO-ARQ
bursty model is of interest when we remember that, according Setup. The first item is covered in Section VI. The two
to Federal Communications Commission (FCC), temporal last items are studied here as follows.
and geographical variations in the utilization of the assi
spectrum range from5% to 85% with a high variance intime ~ The key difference between the bursty and continuous
[53]. models returns back to the way the fading channel is observed
From the discussions of the previous section, the goal & the transmission endpoints. Clearly, the empirical okan
this part is to evaluate the effect of bursty communicatidifStribution matches the true one under the continuous com-
on the performance of the MIMO-ARQ setup. Along witnunication m_qdel. This is because a_lll (_:hannel uses of adgadin
deriving the empirical fading pdf, two interesting conctus block are uFlllzed for data transmission. Under the bursty
of the section are 1) a MIMO-ARQ setup can be mappé@mmunlcgnpn_mode!, however, the c_hannel_ is seewarse
to an equivalent SISO-ARQ model, in the sense that tftlgan what it is in reallty_. The reason is the_lt if the chann_el is
same performance is achieved in the two schemes, andQQ)?’d the packet transmission ends at the flrst_ (re)transmlss!on
depending on the fading condition, there may be no AR@und(s). However, many channel uses are utilized for ssrgndl
protocol that can reach the channel ergodic capacity in@aPacket when the channel kad Hence, a large portion
bursty communication model. Also, as a side-result, we Sh&/(,the_ data (re)transmlssmn_ls carried out Whe_n the channel
that to maximize the LT throughput and for large, the €Xxperiences low q_uallty, while the transmitter is mostly of
equivalent data rates of an optimal ARQ protocol shoulyhen the channelis good.
follow a geometric sequence. To be more specific, we find the empirical channel quality
Let us first illustrate the following example. distribution in the bursty model; Assuming non-adaptive/po
Example 3: (Equivalent ARQ models)s explained before, allocation, let fy(v) be the true channel quality pdf as
the performance of an ARQ protocol is independent of trexplained in Example 3. With the same procedure as in (5),
fading model as soon as the pdfs of the AMIs are givethe number of channel uses for different channel qualises i

Figure 3. LT Throughput and the average rate versus the nuafili|nsmit

IV. ON THE EFFECT OF BURSTY COMMUNICATION



, if eRem) — 1 < Rim-1) _ =1....

Ly if o < effan —1. I MISOL=3 ™
15 - A
X /! -~ MIMO L=L =2
. . . ford / g 4 tor o
Considering the number of fading blocké — oo, the total &, 0.8
number of channel uses in which the channel SNR= v  § MIMOLEL =3
is observed isNI(v)fr(v). Moreover, the total number of £ 08
channel uses itV fading blocks isN )y, I(v) fr(v). Hence, & !
the empirical channel quality pdf and cdf in the bursty mode £ Isotropic input distribution,
are respectively found as § 0.4 input SNR=0dB
emp v _ _L(w)fr(v) =
T (V) = S () g
. fvEJ’) a 0.2 —Bursty communication
% if eftor) —1 <w 5 ---Continuous communication
— <eflm-v 1, m=1,...,.M 0 ‘ ‘ ‘ ‘ ‘
Ly fr(v) R - 0 2 4 6 8 10 12
=T if v<efran —1 X

v
emp _ emp
FT (U) - E{fT (m)dx Figure 4. Empirical cdf of the received SNR, isotropic inglistribution,
Rinry _ _ RM—n)_1y_ R(p41-n)_qy fransmission SNR&dB, M = 1. For the continuous communication model
Prle WD —1) st Fr(e D—Fr(e Y the empirical cdf matches the true one.

Rin1)© n=1 Rinmy1-n)S2
FT(U),FT(SR(M+17m),1)
+ R Q
- (]W#:lf'rri%
- if eft1-m) — 1 <o 1.4
< eR(M—m) — 1, m = 1, R M ---(éont:nuous COn".Iml.:.nlcatIOI’] e ...
. [ —bBursty communication K h
RFT(U)Q if v<effan —1, 1.2 y .
(D MIMO, L=L =3
P M+1 R R R(ns TTtoTr
0= E{L} _ Z Fy (e (m=1) _1)— Fy(e"(m) —1) + Fy (e "(M+1) 1) 1+
Q ot} R(m) Rnry1
(16)

With R,y = %, R =1 and Rayleigh-fading condition, Fig.
4 compares the empirical channel quality cdf with the tru
one when implementing a fixed-length optimal ARQ protoco
e.g., fixed-length INR. Again, note that the empirical SNF
cdf matches the true channel SNR cdf in the continuot 9%
communication model (black dashed curves in the figure). ‘ ‘ ‘
harmony with the discussions, we observe that the empiric 0 O'5|nitia| tranm1ission ate Flz.S 2
cdf is worse in the bursty model (the curve has shifted t. '
the left). Moreover, with0dB input SNR andM =L F.Ig._5 Figure 5. LT Throughput vs the initial transmission rdtein different data
demonstrates the throughput versus the initial transomnssite  communication models, isotropic input distribution, SN, M = 1.
in different data communication modelsAs it can be seen,
there is a gap between the LT throughput of the two models at
moderate values aR. Importantly, the maximum throughputergodic capacityF{C'} = fOOO fr(v)log(l + v)dv if the data
achieved in these models is considerably different. With lois transmitted continuously [31, lemma®2However, using
(resp. high) rates, however, the two models lead to the sa(ié) and because of the worse fading distribution, it can be
LT throughput, because the data is always decoded at the fegatily proved that there is no ARQ scheme that can reach the
round (resp. it is almost never decoded and the LT throughmiitannel ergodic capacity, if the data is transmitted in atyur
converges to zero.). Finally, how much the cdf curve is elift fashion and the channel is quasi-static. This point, which i
to the left and the LT throughput decreases due to burdigcause the good channels are not fully utilized with thetyur
communication depends on the number of transmit/receiredel, is further elaborated in Example 4.
antennas, equivalent data rates, number of retransmissitm Example 4: (Feedback load versus LT throughpushown

To further clarify the differences between the bursty and Fig. 6 is the feedback load (10) versus the LT throughput
continuous models, we study their asymptotic behavior ) for the2 x 2 and3 x 3 MIMO setups utilizing an optimal
follows. ARQ and bursty communication. The results are obtained for

With M — oo retransmissions and a quasi-static fadingifferent number of retransmissions when the initial r&te
channel, Shen, et. al, have shown that the LT throughputeof toes from zero to infinity. Also, the pointsnax2 and 7max3
variable-length coding INR protocol converges to the clennshow the maximum LT throughput with, = L, = 2 andL; =

s ) ) ) L, = 3, respectively, and a maximum 6 = 1 retransmission
The LT throughput is obtained by (7) in the bursty model. Unde

continuous communication model, however, [30], [31] shadvtleat the LT

throughput (3) degenerates to the average rate (11)pi.e.,r. That is, the 6In [31], the SISO model is considered. But, the same argumenm [31,
solid lines (resp. dashed lines) of Fig. 5 are obtained by(ré&9p. (11)). lemma 2] is valid for the MIMO setup too.

o
@

o©
L

Long—term throughput (npcu)
o
o]

Isotropic input distribution,
input SNR=0dB




channel is temporally-independent slow-fading. The redso
that an independent channel realization is experienceddh e

3.5 'sotropic input distribution, .-ng sub-codeword transmissi_on, independently of the ARQ_gmce
= input SNR=0dB | | =2 and the message decoding status. However, the empirical and
s the true channel quality pdfs differ in the practical cases
§ N of temporally-correlated fast- and slow-fading channéds,

g X instance, in the indoor ultra wideband (UWB) channels [41],
S g [56], where the channel quality varies slowly and smoothly
5 in successive fading blocks. This is because of the ARQ ran-
§ Zpo L=L=2 ““““““ L=L=3 “““““ - dom packet length which, with temporally-dependent fading

r LI condition, affects the total number of channel uses in which

1y different fading realizations are observed.
Rincreases toma®e » " Mmaxz ¢ Imax.3
5 o2 o024 o056 o8 1 %2 14 V. EXAMPLES OF MIMO-ARQ PROTOCOLS

Long-term throughput (npcu) The goal of the section is to provide more insight into the

Figure 6. Feedback load (in bit per slot (bps)) vs LT throughjsotropic effect of AMIs on the performa_nce of MIMO_'_A‘RQ setups.

input distributionK = 17, transmission SNRO log, ¢ = 0dB. Thus, we show how the encoding and decoding procedures
change the AMIs of the RTD, INR and STC-based MIMO-
ARQ schemes. Also, the results are used to sort ARQ schemes

round, for which the feedback load #s= 1, VR. Considering based on their AMIs.

the maximum LT throughput in each curve of the case with,

e.g., Ly = Ly = 3, it is found that increasing the numbera. RTD MIMO-ARQ protocol

of retransmissions leads to marginal LT throughput mcrrezlme. Utilizing RTD, we haveX,, = X,,

at the cost of considerable feedback load increment. This s ¢/ s MRC of the received signals. In other words, each
one of consequences of the bursty communication model; Wit - o¢ RTD is equivalent to adding .antennas at the1 re-
r

the bursty model, the system performance is more affecteg o 111 [12], [16], [17]. Therefore, the equivalentartnel
by the bad channel qualities i/ increases. Thus, there iS4 ot the end of the.-th round. ie. (1), is rephrased as
a tradeoff between increasing the number of retransmission s

Vm, and the receiver

and deteriorating the empirical channel quality and, asalte YO = HEOX1 + 2805,
the maximum achievable LT throughput increases with Hf‘;? = [HT...HT]", Y?;E)J7Zl(?;? c ombix1 (17)

marginally. Finally, as a side-result, Fig. 6 shows thathwvet
given feedback load increasing the number of transmitivece
antennas results in substantial LT throughput increment.

mtimes

which is anm/L; x Ly MIMO channel. Thus, according to
rt@e capacity of the MIMO channels [47], the AMI, i.e., the
maximum decodable rate, at the end of theh round of the

given with a maximum ofd/ = 1 retransmission round, i.e, . .
ggD protocol is obtained by

a maximum of two (re)transmission rounds, unless otherwi
f_tated. Also, we do not C(_)ns,lder tht_a continuous communica- C(RWTLEJ _ 1 10g |1z, + H?L?K(H?;rn?)h . (18)
ion model any further. Finally, talking about large number m
of retransmissions, we use the results of Example 3, on tRere, the term% is due to that as the data is repeated
equivalence of SISO- and MIMO-ARQ models, to determingmes the maximum decodable rate is dividedhy29]-[31].
the equivalent data rates of an optimal ARQ protocol, wheminally, note that, as the RTD is a fixed-length coding ARQ
M increases. The result, which is presented in Theorem 1 sigheme, we have,,) = %_
interesting when we remember that depending on the fading
pdf and number of retransmissions there is no general closed |NR ARQ protocol
form solution for the equivalent data rates maximizing tfie L
throughput [27], [31], [32], [55].

Theorem 1:Consider non-adaptive power allocation ov
the retransmission¥,, = K,Vm, in an optimal MIMO-

Using INR, new sub-codewords are (re)transmitted in the
eg,re)transmissions and in each round the receiver combines
all signals received up to the end of that round. Following

ARQ model defined in Definition 1. For high values of, the discussions in [57, chapter 18], [58, chapter 7], [59],

) : ) the maximum decodable data rate of the INR protocol with
the optimal (in terms of LT throughput) equivalent data sate . . )
. , . -different sub-codewords of lengthls, and input covariance
i.e., the set ofR?(,,)’s, can be approximated by the geometric___. . . X
2 matricesK,,, is obtained by the TDMA-type equation
sequenceR(m) = Rm—1)Rim+1)-

INR _ Qomer Inlog|Ir, + HK, H"|

Proof. See the appendix. O Cum= S
n=1""
Note that the conclusion of the theorem is independent of m 1 1
the fading pdf and the total transmission power. = Rimy Y _ (R -5 ) log |I., + HK,, H"|.
Finally, it is worth noting that, with the bursty communi- n=1 (n) (n—1)

cation model, the empirical pdf matches the true one if the (19)
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C. STC-based MIMO-ARQ protocols

Different kinds of STCs are normally used in MIMO-ARQ
protocols, e.g., [16], [17]. Here, setting = 1, we obtain the
AMIs when the Alamouti, the CDD, the SMR or the AS codes
are utilized in a2 x 1 MISO-ARQ channel. Our reasons for
selecting the2 x 1 MISO setup are 1) the analytical results
are tractable and 2) many STCs, such as the Alamouti code
[20], were first designed for th2 x 1 MISO channel.

While the AMIs of the considered STCs are summarized
in Table 1, because of the mathematical similarity, we only
explain the procedure for deriving the AMIs of the CDD code;

with a 2 x 1 MISO setup, the mother code of the CDD is
T X2

2.5 ---Variable-length coding
—Fixed-length coding

INR ARQ protocol, M=1,
Isotropic input distribution

N

15

Long-term throughput (npcu)

L=3,L=1
t r

-3 0 3 5 6 X = . In the original CDD, the codeword is sent
Input SNR (dB) T2 T1 ) )

to the receiver via two channel uses. Using ARQ, however,
Figure 7. Effect of variable- and fixed-length coding on tiethroughput, the data is sent in two rounds as follows. In the first round,
isotropic input distributiork = 11, INR ARQ protocol with a maximum X1 = [21 x5]" is sent via one channel use. Thus, the received
of M = 1 retransmission round. The rate parameters are optimized dgnal |5Y(1 [hth] [71 xg] +Z 1) and the AMI is obtained
maximize the LT throughput. b CDD

\ C 10g(1 + 5 [hl hg] [hl hg] ) 10g(1 + 2)(2) Here,

the Iast equality i |s for Rayleigh-fading channels, on whiah

Specifically, with non-adaptive input covariance mattiy, = OCUS, andyy, = _Zz:; |hi |2. is a random variable following the

K, Vm, (19) is simplified to Chi-square distribution witk degrees of freedom. If the data
is not decoded at the end of the first round, one more channel

C'NR log Iz, + HKH"|, Vm. (20) use is used to send, = [z 1] and the receiver combines

the two received signals. Hence, the equivalent channel is
Thus, from (19)-(20) and as stated before, the INR is an op-

timal ARQ protocol (review Definition 1 introducing opt|maIY(2) [h1 ho) { T1 T2 } +2Zo = [ hy o ] [ ] +2Z).
ARQ protocol). L2 L1 T2

Although having high LT throughput and low outage prob-
ability, variable-length coding INR results in highacketing In simple words, using CDD in two channel uses is equivalent
complexity [27], [30], [31]. In order to reduce the compligxi to transmitting the codeword; = [z1 x2]" in the2x2 MIMO

fixed-length coding INR scheme can be considered wWhefg, channel matrix hy ha . Thus, the AMI of the second

settingl,, = [, Vm, in (19) leads to . ha hy
round is
('R fixed-length _ log |17, +HKth|- (21) cop 1 @ | hi hs hy ho h
o L,; Cor =gl pyn || he i
Shown in Fig. 7 is the LT throughput of the MIMO- 1 ® | x2 2Re{h1h3}

INR protocol for fixed- and variable-length coding schemes. =3 log (12 + 5 [ 2Re{h1h3} xo ]
According to the figure, variable-length coding is of less
interest in the cases with small input SNR or number of = %10g((1+ §X2)2 — ¢*Re{mh3}?).  (25)

transmit/receive antennas. However, sizable performanee

provement is achieved by variable-length coding when tfide results for the other STCs considered in Table 1 are

transmission power or the number of antennas increases. obtained with the same procedure. The effect of power allo-
The superiority of the INR over the RTD has been showgation on the performance of STC-based MIMO-ARQ setups

by [16], [27], [30], [31] for different performance metrics iS Studied in Section VI.

and can be proved by comparing the AMIs as well. However, Finally, it is worth noting that with/ x 1 MISO channel

setting R(,,) = £ and non-adaptive input covariance matri! = [/1... /1] and Rayleigh-fading condition the AMis of

m

K, = eK’, ¥m, wheree — 0, (20) is rephrased as the RTD and INR protocols, i.e., (18) and (20) are rephrased
as
lim Clys = Tr(HK'H") (22)
e—
o . . o = log( +Z I XLt XL = Z |hal?, (26)
which is the same as in the RTD, where using (17) and (18)
it can be written and
. 1
limy CFLY = —eTH(HEPK(HE)") = €Tr(HKHY). (23) CIN = log(1+ Lixm, (27)
Thus, from Remark 1, the RTD and fixed-length INR lead teespectively, wher¢, , (z) = L )IL “le=7 gz >0, andl'(.)
. >

the same performance at low SNRs. is the Gamma function. Here, (26) follows from (18) gdhgh+-
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Table |
THE EQUIVALENT CHANNEL MODELS AND THE AMI S OF DIFFERENTSTC-BASEDARQ SCHEMES

Mother STC method Codeword in round# 1 | Equivalent channel mode AMI of round # 1
0
AS: go“w 51 [h1 0] CfF) =log(1+ ¢x1)
1
SMR: 2 z; z; [h1 ha] CUR = log(1 + $x2)
Alamouti: :; _zf2 ";; [h1 ha) Cf‘ﬁm”““ = log(1 + £x2)
1
CDD: :; ;”j ;”; [h1 hal CERP = log(1 + $x2)
Mother STC method Codeword in round# 2 Equivalent channel mode AMI of round # 2
) 0 P O
AS: glx glz [h1 ha] CfS) = Llog(1+ ¢x2)
1 1
. T, Ty T1 T1 hi ha SMR 1 . ;
SMR: . s s hy o Ca) = 5 log(1+ ¢x2)
| o — 2 1 —x) hi  ha Alamouti __ 1 @
Alamouti: v o v o B - b Cy™" = log(1+ £x2)
coD: | Fr*2 1 &2 ha he Eg. (25)
ZTo T T2 T ha hiy

xJ,| = 1+nx whered,, is then x n ones matrix. Interestingly, (re)transmissions (temporal power allocation), betwelea t
(26) indicates that the same performance is achieved by #r@ennas (spatial power allocation) or both. We presenesom

MISO-RTD and a SISO-RTD model with fading pdf . . discussions on the two first cases. As demonstrated, the dis-
Remark 2: (Sorting the ARQ protocold)sing Table 1, we cussions on the AMIs are useful for deriving the (sub)optima
can write power allocation strategies.

1) (1) (1) .
CRTD _ (3SMR < (DD < CAIamoutl _ CINRflxed length vy A. Temporal power allocation

{CRTD C'SMR _ (CDD _ CAIamoutl CET;?,fixed-length VvH
(2) (2) (2)

@ (28) Let the input power in then-th (re)transmission round be

om. If the data is decoded at the end of theth round, and

not before, the total consumed energy s,y = an: Ly dn.

Also, the consumed energy is found@g; 1) = Zn 1 lntdn

with < defined in Remark 1 (Clearlyg/NRfrecength if an outage occ.:urjs. In this way,EEg? can be used to find the
gINRvariable-lengty - However, lettings — 0 (low SNRs) in Table 2Verage transmission power = é [271-[31], [59], i.e.,

1, (29) is simplified to the ratio of the expected consumed energy and the expected
number of channel uses, by

which, according to Remark 1, leads to
QRTD _ GSMR = GCDD ) 9Alam0uti _ GINR,fixed-Iength (29)

eRTD _ GSMR _ HCDD — HAIamouti _ 9INR,fixed-Iength (30)

M+1 m
1 _ _
The remark demonstrates the usefulness of the STC teéh= ﬁ< DO nbn)Pr(Ao, ., A1, A)
nigues; as also seen in Table 1, the developed STC methods {L}

m=1 n=1

are mainly based on repeating a permuted version of thaliniti M+l _ _
sub-codeword. Thus, their encoding and decoding complexit + (Z In¢n) Pr(Ao, .., AM+1)>
is comparable with the ones in the RTD protocol, and less n=1

than the complexity in the INR. On the other hand, proper () St m(mes — %)Pr(c(m—l) < Rin-1))
selection of the STC approach (for instance, the Alamouti — M+1, 1 :
code) results in appropriate performance of the MIMO-ARQ Lom=1 (7 ~ R<m T ) Pr(Con) < Bem))
scheme, comparable with performance in the INR protocol. (31)

Finally, the simulation results for different MIMO-ARQ Here, (a) is obtained with the same procedure as in (6).
techniques are presented later in Section VI, where thesystConsidering (31), an average power constréint ¢ and (6)-
performance is obtained for both adaptive and non-adaptiel), we can optimize different metrics, e.g., outage pbiliig
power allocation approaches. The results, which are ptederand LT throughput, via power allocation.

in Fig. 8, emphasize the validity of Remark 2. More specifically, the equivalent channel matrix of
the RTD protocol in (17) is rephrased adf) =
. ON THE EFFECT OF POWER ALLOCATION [VéiH" ... /éH']T, if the input signal is scaled in the

With |mperfect CSIT, the optimal power allocation for thg€transmissions. For instance, with a temporally adaptiv
MIMO channels is still an open problem. For the MIMO-{sotropic Gaussian |nput distributiok,,, = %=1, the AMI
ARQ systems power allocation can be done within th@8) is found asoR™® = - Llog [lnr, +Om ®HHh|where for

(m) n
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discussions are helpful for numerical solution of the peofl
as follows.

Lemma 2 Consider two possible input covariance matrices
K andK’. The matrixK outperformsK’, in terms of AMIs
and, consequently, in performance metrics such as (6)-ifL1)
Fy(z) < Fy/(x), Yz > 0. Here, T and Y’ are the equivalent
SISO channel SNR random variables, defined in Example 3,
that are obtained frork andK’, respectively.

©

Alamouti code INR

o
© o9

o
4]

Proof. Lemma 2 is a consequence of Lemma 1; for simplicity,
the proof is given for an optimal ARQ protocol, e.g., INR, lwit
Cimy = log|lz, + HKH"[, ¥m = 1,...,M + 1, while the

Long-term throughput (npcu)

0. , _
2 lTempo.’a' power allocation same arguments hold for non-optimal ARQ protocols as well.
P2 —Isotropic Gaussian input distribution i
0.3% 2 ‘ : : . 5 With Py (z) < Fy/(z), Yo > 0, we havePr (C,,) = log(1 +

Y) < Rm)) < Pr(C(,, = log(L +Y') < Rmy), VR(m)-

Therefore, since the performance of the ARQ schemes is a

Figure 8. The LT throughput for different STCs. MISO chanhel= 2, M =  decreasing function d?r(C(m) < R(m)), the lemma is proved
1. With temporal (resp. isotropic input distribution) we ke, = %'Lt immediately. O

(resp.Ky, = %IL“ m = 1,2). The terms¢,,,m = 1,2, are optimized

based on the average power constraint (31). The same LTgipou as in According to Example 3 on equivalent SISO- and MIMO-

the Alamouti code (resp. SMR code) is achieved by the MIS@-I{kesp. ; ; imizati _

MISO-RTD) with A7 — 1. ARQ models. and Lemma 2, the |tera}t_|ve opt|m|zat|o_n algo
rithm stated in Algorithm 1 can be utilized to determine the
sub-optimal covariance matrix optimizing the system perfo

the L; x 1 RTD-based MISO setup we ha 7;')3 = Llog(1+ mance. The algorithm, which roots from machine learning
1

2 3 4
Input SNR (dB)

m SN concepts [30], is simple and very efficient compared to ex-
:(i%glgldgb;rzéggtf?eefrﬁrg&é]r)produftz.%Z’j ™ haustive search. Also, although it has been described for a
For INR we have CINR _ constant covariance matrix, it can be adapted in a greedy
m . 1 b (m) .. fashion for the cases with different covariance matriceth@
Rim) 2on=1 (ey = mp, ) log 1o, + o HHT if (re)transmissions. Finally, the sub-optimality of the ided

. - . —1 . . . . . -
adaptive  isotropic Gaussian input  distribution  igegyits is due to structure of the considered covarianceaat

considered in  (19). ~ Moreover,  considering  t@see Step | of the algorithm) and the fact that Lemma 2 pro-
Lt”\“? 1 MISO-INR s;l/stem tlhe AMI is rephrased asjjges a sufficient but not necessary constraint for optingzi
Comy = Bom) Xnzr (g5 — w5 log(L+ Tixe). AlSO,  the input covariance matrix.
we can scale the columns o% the mother codes of Table 1
with terms v/¢,, and use the same procedure as before Mgorithm 1 Sub-optimal power allocation
determine the AMIs of the considered STCs in the presencg gor a given power constraint () = ¢, consider.J,
of temporal power allocation. Finally, note that many résul e.g. J = 20, randomly generated covariance matrices
such as [60, eq. (23)] and [61, eq. (16),(18)] can be extended K7, Tr(K’) = ¢, K7 (n,m) = 0,n # m, whereK? (n, m)
to bound the AMIs of the MIMO-ARQ and, consequently, s the (n,m)-th element of.
the system performance, in the presence of temporal pow§l For each matrix, find the cdf of the AMIs, e'@(j'rn) _
tht);i?stlon. However, due to space limits, we do not go into log |1, + HK7H"|, denoted byF,.,

. . . . (m) .

Fig. 8 demonstrates the LT throughput of different misolll: Find the _covan:?mce matrix which results in th‘e best
ARQ techniques in the presence of temporally-adaptive and AM! cdf, i.e., K where ey (z) < Fi (2), V) =
non-adaptive power allocation. The results emphasize the 1.---,J,z. Keep the best cdf of the previous iteration, if
validity of Remark 2 where, for each SNR, we hayt® < such a matrix is not found.
ySMR < COD < Alamout and the difference between the LTV: K' K. _
throughput of different schemes decreases at low SNR. Alsd/. Generateb < J, e.g.,b = 5, matricesK”™", j =

adaptive power allocation is observed to be effective fer th  1,---» b.aroundKl. These matrices, WhiICh are generated
Alamouti and CDD codes while its effect is negligible in the by adding small random numbers %, should also
SMR and AS codes. satisfy the constraints introduced in I. Theg/™! «

KInew i —1,...,b.
. . VI. Regenerate the remaining matricés, j = b+2,...,J
B. Spatial power allocation randomly such that the constraints in | are satisfied.

Instead of power allocation over time, the adaptation c¥H- GO to Il and continue until convergence (when no im-
be between the antennas where, while the overall transmit Provementis observed after many, el);, iterations).
power is constant in different retransmissions, in eachdou
the antennas experience different transmit powers. Theslis  Setting R = 1, Fig. 9 shows the effect of power allocation
a difficult problem to solve analytically. However, the AMlon the LT throughput of MIMO-INR scheme. For temporal
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1 optimal (INR) ARQ protocol as
’8\0'97 INR, fast-fading 1 & - h
g Comy = S Y loglin, +HEHKLH®)".
=08 n=1t=(n—1)T+1
o7 (32)
50& | Also, note that settingl’ = 1 (resp. H(t) = H,vt =
=7 Fixed length INR ARO 1,...,(M + 1)T,) in (32) provides the results with slow-
Eos protocol, MIMO =L =2, R=1 | fading (resp. quasi-static) channel condition (see Sedtip
i Here, the important point is that the discussions of Sedtion
§ 0.4 ) . are independent of the fading model. In other words, the only
/- —e—Temporal power allocation, K, = 91y, .
0.3 /" _spatio-temporal power allocation, Tr(Ky) — ¢,m — 1,2 parameters that are affected by the fading model are the AMIs
i o  -=-Isotropic input distribution K, = I, while the performance metrics, e.g., (6)-(11), are indelpen
R — -2 6 of the fading model as soon as the pdfs of the AMIs are

0 2
Input SNR (dB) given. Thus, the discussions on using the AMIs as internedia

scheme-dependent parameters for the analysis of MIMO-AR
Figure 9. LT throughput vs the input SNR. MIMO-ARQ setuip = P p. y . Q
Lr = 2, M — 1, fixed-length INR ARQ protocolR — 1. With temporal Protocols are also valid for the slow- and fast-fading medel
(resp. isotropic input distribution) we haué,, = ‘i’"; Iz, (resp.Ky, = It is well-known that with the same fading pdf the perfor-

L
%I L, m = 1,2) and é,,,’s are related together via (31). With sub-optimaimance of ARQ protocols improves as the channel temporal
SpatiO-Femporﬁl pOV\tl)er al:%cgtigig \évr?afmiﬁings: ¢,m T%,i;ggéé)mzd variation increases, because more time diversity is etqaoi
toﬁrlofg{{ ,I&Iegi’c):itﬁnful v?ﬁen it is a%lapted ina greég;/ ?asﬁic;ne Tésults are by the ARQ. In the followmg,_ however’ We_ compar_e_ the
for fixed (non-optimized) initial rate? = 1. performance of ARQ protocols in different fading condigon
The results are of interest because they provide connection
between the papers considering one of the quasi-statie; slo
power allocation, we hav&,, = ‘f’L’?ILt where ¢,,'s are or fast-fading models.
related together through (31). For the sub-optimal spatio-Theorem 2 Assume non-adaptive power allocation. The
temporal power allocation we have adapted Algorithm 1 iperformance of an optimal (INR) ARQ scheme in the fast-
a greedy fashion such that (K,,) = ¢,m = 1,2. Com- fading channel wittl’ fading realizations in a (re)transmission
pared to isotropic Gaussian input distribution, substnfi round is worse than the performance in a slow-fading channel
throughput increment is achieved by temporal power allocwhich follows the average characteristic of the fast-fgdin
tion at low SNRs. With Rayleigh-fading and the considerechannel in each round. However, the difference between the
parameters, however, the sub-optimal spatio-temporalepowwo cases diminishes at low SNRs.
allocation of Algorithm 1 is only marginally useful. At high

SNRs, an isotropic Gaussian input distribution is optinnal,
harmony with the literature. Finally, the gain of adaptieaer | practice the channel does not remain constant, even at low
allocation decreases if, along with the powers, the fats gpeeds, although it is approximated to be fixed. The theorem
optimized as well. shows that such theoretical approximations overestiniae t
data transmission efficiency of practical schemes. Finally
while Theorem 2 connects the fast- and slow-fading models,
VIl. RELAXING THE SYSTEM MODEL ASSUMPTIONS we close the discussions with Theorem 3 that deals with quasi
static and slow-fading models.
Throughout the paper, the results were obtained for a noiseThegrem 3 A MIMO-ARQ protocol with a slow-fading
free feedback channel and under the quasi-static chanpghnnelleads to the same performance as the one with a quasi-
assumption where the fading coefficients remain fixed duriRgatic channel using random power allocation and a difteren

a packet period. In this section, we relax these assumptioggerage power which is found by averaging on the random
We illustrate that the techniques developed previouslylman power allocation.

used in many cases with different forward/feedback channel
models. Also, it is shown that the performance of MIMOProof. See the appendix. O
ARQ protocols with different temporal fading variationsnca
be mapped to each other, under certain conditions.

Proof. See the appendix. O

In words, the theorem means that, although the channel
remains fixed during a packet period of the quasi-static
channel, we can use random power allocation to provide the
same randomness as the one which is experienced in each
(re)transmission round of the slow-fading channel. Howeve
the average transmission power should be scaled appmrlgriat

A. On temporal variations of the fading coefficients

Suppose the fast-fading condition whéredifferent fading
realizationsH (¢),t = (m—1)T+1,...,mT, are experienced
during them-th_ (re)transmission round. In th_ls case, the samerg, simplicity, the results are given mainly for an optiméNR) ARQ
procedure as in (21) can be used to obtain the AMIs of afotocol, while they can be extended for many other scheraesetl.
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B. ARQ with an unreliable feedback channel

Suppose an unreliable feedback channel where the error 10';
probability for decoding the ARQ feedback bits ypg. With
the same procedure as in, e.g., (3)-(8), the outage prdatyabil 2|

— pb=0.02
--p,=0

and the LT throughput are obtained as E Isotropic inp_)lIJ_t distribution,
= =
M 810°
PY(OUtage = Db Z (1 - pb>m_1 Pr(C(m) < R(m)) ;5;
m=1 g ~
+ (1= po) Pr(Ciarsry < Rivsny)s  (33) 310%

1 M . 107
n=— (1 - {Pb (1=pp)™ " Pr(Ciny < Rimy)
am

m=1 5
10°

10

M -3 2 2 4 6
+(1 = pp)™ Pr(Ciar41y < R(Z\/I-‘rl))}>v Input SNR (dB)
M m—1 M ) o .
o (1 - pb)pb + Py Figure 10. Outage probability vs input SNR. MIMO chgmiel: Ly =2,
M = g 1 fived- _ _ & _
— R(m) R(M+1) M =1, fixed-length INR ARQ protocolR = 1, Ky, = 2=lp,, m = 1,2.

For the fast-fading scenario, the results are obtained Wite 2 different
1 channel realizations in each sub-codeword transmission.

)PI‘(C(M) < R(M))

1
F (1 —p)M 2y — 1)(—— —
(1 —=pp)™ " (2pp )(R(M) Rores

m— VIIl. CONCLUSION
+(2pp—1) ) ((1 = o)™ Pr(Clmy < R(m))%

m=1 ' We showed that the data transmission efficiency of the

( 1 ( f: (1 —po)pl, "D pMm }) MIMO-ARQ protocols can be computed as a function of
- + : i i ic-
Rim) e R Ry parameters which are scheme-dependent, and not metric

(34) dependent. Then, the results were used to study various
aspects of the MIMO-ARQ in different forward/feedback
Here, to derive (33)-(34) we have used the fact that the datachannel models. We showed that the empirical pdf of the
correctly decoded at the end of theth round (and not before) channel SNR may be different from the true one and no
if 1) all previous feedback bits have been correctly decdnled ARQ protocol reaches the channel ergodic capacity, if the
the transmitter (with probabilityl — pp)™~1), 2) the receiver data is transmitted in a bursty fashion and the channel is
has not decoded the data before, i€.,) < R(,),Vn < m, quasi-static. The performance of ARQ protocols can be dorte
and 3) (re)transmitting the data in the-th slot, the receiver based on their AMIs and MIMO-ARQ can be mapped to an
can decode the codeword, i.€l,,) > R(,,. Also, the data equivalent SISO-ARQ setup. Better system performance and
(re)transmission is, either successfully or not, stoppeth@ less robustness to feedback channel noise is observed when

m-th round with probability the fading channel temporal variability increases. Aldte t
m performance of MIMO-ARQ protocols with different temporal
Pr(Sy,) = Z (1 —po)"pp " Pr(As,..., Ap_1, Ay) fading variations can be mapped to each other, under certain
n=1 conditions.
+Pr(Ay, ..., An)p(l—pp)™ tm=1,.... M Along with studying the effect of feedback delay, the
MA+1 following points would be interesting extensions of the grap
Pr(Sai1) = Z (1 —po)" ' pM T " Pr(Ay,..., A, 1, A,) 1) data transmission with partial CSIT is still an open-peai
n=1 for large-scale MIMO. Therefore, further analysis on large
+Pr(Ay,..., Ayl fpb)M’ (35) scale MIMO-ARQ is a topic which is expected to result in

o outstanding outcomes. 2) Many optimization problems of the
and the number of channel usesljs,) in that casé Thus, MIMO-ARQ setup are nonconvex problems. Thus, lineariza-
as shown in, e.g., (33)-(34), the main conclusions of thg, techniques and AMIs approximations can be used to make
paper are valid for noisy ARQ schemes as well, becaugg proplem convex. Here, the results of, e.g., [60], [61] ba
for a given set of rates and powers the system performang€yreat help. 3) Compensating the effect of nonlinear power
is only dependent to thé€',,,)’s. Finally, Fig. 10 shows the 4 piifiers in MIMO-ARQ is an attractive problem for which
outage probability for different feedback and forward am@in ne results of [48], [62] can be supportive. 4) Finally, we
conditions. Better system performance and less robustoessgy,gwed the variable-length coding to be an efficient teariq
feedback channel noise is observed when the fading Chani’ﬁ%roving the performance of the MIMO-ARQ setups at high
temporal variability increases. Also, although not seeth#  gNRs/number of antennas. Therefore, DMDT analysis in the
figure, the sensitivity tq feedpack channel noise increasts presence of variable-length coding ARQ techniques is an
the number of transmit/receive antennas. interesting issue which, to the best of authors’ knowledge,

8The other metrics are obtained with the same procedure @8jr(@4). has not been studied yet.
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IX. APPENDIX C. Proof of Theorem 3

A. Proof of Theorem 1 For simplicity, we prove the theorem for an optimal MIMO-
Defining F(z) = Pr(Cm < a),Clm = logll, + ARQ protocol with non-adaptive power allocation in the slow
INRfadmg channel case; the only difference between the two

HKH " as the cdf of the AMIs in an optimal, e.g., _ > . . .
| ¥m, as s - 9 I;fonS|dered cases is in their AMIs which are obtained by

or the Alamouti STC, ARQ model, the LT throughput (7) cal

be rewritten as C(srlz\;v-fading, non-adaptive power 1 Z log |1, +H,KH"| (38)
m

n=1

1 — F(R41))

n= .
St iy (F(Rny) = F(Rm)) + S (s satcrandom power L i log |l , + HK,H".  (39)
Therefore, settin% — 0, we have M
Thus, the performance of the two cases is the same if the ran-
PR ) FRam-n) _ f(RIj“”)')) ’;%((RTB)) =0 dom powerskK,, in (39)) are selected via a specific distribution
g —R(m—(T)) 1 o . 2 m_ F¢ such thatm|L,+Hr,fKHz|(x)_: FW\IL,frHKth|(x)7vxv i.e., the
RZ. + Rimin) 0= R(m) = Rin—1) R(m+1)- same randomness is experienced in the channel quality of the

(36) two cases. Here, the only point is that, representing theepow

term associated witK,, in (39) by ¢,,, the average power in
Thus, for highm's, the optimal equivalent data rates Caha second case is found (as) Y n gep

be approximated by a geometric sequence. Note that M
fO||0WS from the apprOXIm&thf@F(R(m)) — F(R(mfl))) — ¢quasi-static’ random power_ E Z‘rn:l m Pr(C(’n’L—l) < R(m—l))
_ i va- e M+1
J(R(m))(R(m) — Rim—1y) whenm increases and the equiva M P (Cln_1) < Rim—1))
lent data rates?(,,,) = % decrease. Then, from (36), the (40)
equivalent ratest,,,) can be used to approximate the optima
in terms of LT throughput, values @f, and the transmission
rate in each rouritd

Which is different from the transmission power in the firstea
i.e., @slow-fading, non-adaptive poweL. Tr(K ), |n (40), E. denotes the
expectation or¥.
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