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Comparison of Intersymbol Interference Power
Penalties for OOK and 4-PAM in Short-Range
Optical Links
Krzysztof Szczerba, Petter Westbergh, Erik Agrell, Magnus Karlsson, Peter A. Andrekson, Anders Larsson.

Abstract—We present results of experimental and theoretical
investigations of intersymbol interference in 4-PAM transmission
in short-range optical communications links based on the power
penalty. A test link comprised of a directly modulated 850 nm
VCSEL with up to 200 m of multimode fiber and direct detection
was used. The link bandwidth was below 10 GHz and the
maximum achieved data rate with 4-PAM was 44 Gbps over
100 m of fiber. In the same case and at similar sensitivity, only
32 Gbps could be achieved with OOK. If typical forward error
correction could be applied, the sensitivity of the 4-PAM system
was improved by up to 4 dB, reaching –10 dBm at 25 Gbps.
Index Terms—fiber-optical communications, IM/DD, 4-PAM,
OOK, VCSEL, MMF, short-range, 850 nm, data communications,
interconnects intersymbol interference.

I. I NTRODUCTION
HE development of cloud computing, high performance
computing and data centers has created a steady demand
for high-capacity short-range optical communications. So far,
this demand has been largely answered by the development of
fast and low-cost vertical cavity surface emitting lasers (VCSELs) compatible with multi-mode fiber (MMF). Although
modal dispersion is the limiting factor in such links, gradedindex MMF, optimized for the 850 nm wavelength, has been
successfully used to reduce the impact of modal dispersion
induced intersymbol interference (ISI) and extend the reach in
such systems. Currently 10 Gbps links are commercialized and
lasers and photoreceivers (mostly with limiting amplifiers) for
25 Gbps at the wavelength of 850 nm are becoming available.
However, with increased bit-rates and recent development of
VCSELs capable of operating at 44 Gbps at the wavelength
of 850 nm [1] and earlier at the wavelength of 980 nm [2], it
turns out that the transmission distance in MMF at such high
bit-rates is limited by the modal dispersion, if on-off keying
(OOK) modulation is used. One possible method to increase
the transmission distances is to use VCSELs with narrower
spectral width, effectively single or quasi-single mode, for
example as in [3], where 20 Gbps transmission over 1 km
of OM4-type MMF was demonstrated with OOK and a quasisingle mode VCSEL operating at 850 nm.

T

K. Szczerba, P. Westbergh, M. Karlsson, P. A. Andrekson and
A. Larsson are with the Department of Microtechnology and Nanoscience,
Chalmers University of Technology, Göteborg, Sweden (e-mail:
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So far, in all practical applications, OOK modulation is
used. Multilevel modulation, with higher spectral efficiency,
introduces a new degree of freedom in link design, trading
increased required optical power for higher bit rates. Because
of cost, latency and power constraints, intensity modulation
and direct detection (IM/DD) is appealing in short-range
optical networks.
The two main approaches investigated for the purpose of
increasing the spectral efficiency in IM/DD links are subcarrier modulation (SCM) and pulse amplitude modulation
(PAM). In SCM, a single microwave subcarrier, or multiple
subcarriers are first modulated with e.g. quadrature amplitude
modulation (QAM) or phase shift keying modulation (PSK).
Single-cycle sub-carrier modulation with 16-QAM has been
demonstrated in links using VCSELs and multi-mode fibers
[4], with the transmitter operating in real-time and the digital
processing on the receiver side being implemented off-line.
Discrete multi-tone modulation, which is a multiple subcarrier
scheme, has been demonstrated at 30 Gbps for the same
type of link [5] with off-line processing both in the receiver
and in the transmitter. The main advantages of the multiple
subcarrier approaches are easier electronic equalization and
increased robustness to effects of modal dispersion due to
reduced symbol rates. This comes at a cost of worse sensitivity
compared to PAM, in terms of optical received power [6], [7]
as well as increased complexity and power consumption of
the signal processing electronics, whether implemented using
analog electronics or digital signal processing.
The complexity of the signal processing electronics is an
important limitation in the design of short-range data communication links. Higher complexity of electronics implies
increased power consumption and heat generation, which in
densely packed data centers increases the cooling difficulties. Therefore, it is difficult to justify the use of subcarrier
modulation in such an environment. On the other hand, the
PAM is probably the format with the lowest implementation
complexity of all multilevel modulation formats. Electronic
CMOS circuits for 4-PAM transceivers operating in real-time
at bit-rates up to 22 Gbps have already been developed [8],
[9]. Multilevel intensity modulation formats, including PAM
in particular, were investigated for increasing the reach of
10 Gbps links operating at 1550 nm wavelength and using
standard single-mode fiber in [10]. Electronic pre-distortion
was analyzed for extension of the reach of 4-PAM in MMF and
demonstrated at 10 Gbps in [11]. In [12], eye diagrams from
real-time operation at 32 Gbps with electronic pre-distortion
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were demonstrated. In [13], 4-PAM and OOK were compared
in short-range optical links with VCSELs and MMF, with
promising results for 4-PAM.
In [14], we have demonstrated 30 Gbps error-free 4-PAM
transmission over 200 m of OM3+ MMF, with a 850 nm
VCSEL. The 4-PAM signal was generated and the bit-error
rate (BER) measured, all in real-time. No equalization was
used in the receiver, nor was any pre-distortion used in the
transmitter in that work. Effects of the ISI for OOK and 4PAM for varying fiber length and fixed data rate were studied
theoretically and experimentally in [15]. A similar study of
OOK and 4-PAM in electrical on-board interconnects was
presented in [16], with a conclusion that OOK with equalization would be a preferred choice. The optical interconnects
tend to have different type of frequency response from the
microwave transmission lines and thus we do not arrive at the
same conclusion as in [16], at least from the point of view of
power penalties.
In this work we further study the effects of ISI on 4-PAM
data transmission in short-range optical links using VCSELs,
MMF and direct detection. In [15], the ISI effects were studied
for fixed data rate and increasing fiber length. Conversely,
in this work the ISI is studied with fixed length (and thus
constant frequency response of the system) but with varied
data rates. This gives a clearer comparison to the theoretical
results and allows us to evaluate the maximum throughput for
each modulation format. The term ”throughput” is used, rather
than capacity, because channel capacity in the strict meaning
is the tight upper bound on the amount of information that
can be transmitted reliably through a given channel with any
modulation format and any coding. We demonstrate also that
the simple model based on Gaussian impulse response and
pulse shape, used for the ISI calculation presented in [15],
gives a reasonable estimate of the ISI for 4-PAM, but is not
without shortcomings. We also look briefly into effects of the
forward error correction (FEC) on the sensitivity.
This paper is organized as follows. In Sec. II, basic theory
for analytic bit error rate (BER) and ISI penalties is presented.
In Sec. III, the experimental setup is described. In Sec. IV, the
experimental results are presented and discussed and finally,
Sec. V contains concluding remarks.
II. T HEORETICAL PERFORMANCE
A. Sensitivity
Multilevel PAM requires increased average received optical
power, both at the same bit rate as OOK and at the same
symbol rate to reach the same BER. Under assumptions that
the noise is additive, white, and stationary (e.g. when the
thermal noise is dominating), the optical power penalty for
using M -level PAM, compared to OOK at the same symbol
rate, is
Pps = 10log10 (M − 1),
(1)
where M is the number of PAM levels [17]. This means that
4.8 dB more received optical power is needed for 4-PAM at the
same symbol rate as OOK. The penalty is less when the bitrate is kept fixed, because of reduced bandwidth. The optical
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power penalty for M-PAM, relative to OOK at the same bitrate Ppb , is expressed in dB as
)
(
M −1
,
(2)
Ppb = 10 log10 √
log2 (M )
according to [10]. In case of 4-PAM, this gives that 3.3 dB
more optical power is required compared to OOK signal at
the same bit-rate to reach the same BER. In general, the BER
can be expressed as
BER =

M −1 M −1
dij
1 ∑ ∑
Pij ,
M i=0
log2 (M )

(3)

j=0,j̸=i

where Pij is the probability of receiving symbol j when
symbol i was transmitted and dij is the Hamming distance
between the labels of symbols i and j [18, Ch. 4.2]. Assuming
Gaussian noise, this probability is found as
(
(
)
)
1
Ith,j − Ii
1
Ith,j+1 − Ii
√
√
Pij = erfc
− erfc
. (4)
2
2
σi 2
σi 2
Here Ii denotes the photocurrent at symbol i, Ith,j is the
threshold current, where Ith,0 = −∞, and Ith,M = +∞.
The remaining decision thresholds are located between the
subsequent symbols. The root mean square (RMS) value of
the noise current at symbol i is denoted by σi .
In this work, we consider equally spaced symbol levels Ii
and decision thresholds Ith,j , so that Ii = 2iIavg /(M − 1) for
i = 0, . . . , M − 1 and Ith,j = (2j − 1)Iavg /(M − 1) for j =
1, . . . , M − 1, where Iavg is the average photodetector current.
Furthermore, the RMS noise currents σi = σ are assumed
to be the same for all symbols i. Substituted into (4), these
assumptions yield
(
)
1
(2j − 2i − 1)Iavg
√
Pij = erfc
2
(M − 1)σ 2
)
(
1
(2j − 2i + 1)Iavg
√
− erfc
.
(5)
2
(M − 1)σ 2
A common approximation at high signal-to-noise ratios and
when the noise has a Gaussian distribution around the mean
power level is to neglect all errors except those at minimum
distance.
Thus, setting erfc(x) ≈ 0 if x ≥ 3Iavg /((M −
√
1)σ 2) in (5) yields
(
)
{
Iavg
1
√
, |i − j| = 1,
erfc
(M −1)σ 2
Pij ≈ 2
(6)
0,
|i − j| ≥ 2.
From (3) and (6) we finally obtain
BER ≈

M − 1 davg
erfc
M log2 M

(

Iavg
√
(M − 1)σ 2

)
(7)

where
davg

M
−2
∑
1
=
di,i+1
M − 1 i=0

(8)

is the average Hamming distance between the labels of adjacent symbols [15]. A comparison between the exact and approximate BER results was presented in [15] and the difference
was shown to be negligible at low BER.
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Fig. 1. Simulated 4-PAM eye diagram in a channel with Gaussian impulse
response with decision thresholds in the middle between adjacent levels.
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Fig. 2. Theoretical performance of Reed Solomon FEC with 255 symbols
long codewords, 239 data symbols, eight-bit symbols, capable of correcting
eight symbol errors. Approximate and exact result are show.

It was shown in [15] that the performance difference between Gray and natural labeling is negligibly small in the low
BER regime, which is of the most interest.

C. Theoretical performance of Reed-Solomon FEC

B. Intersymbol Interference
The ISI penalty due to the modal dispersion is well understood for OOK systems. The basic ISI penalty calculation
methods were outlined in [19]. The worst case ISI penalty
(expressed in dB),
(
)
1
PISI = 10 log10
,
(10)
1 − Em
where Em is the worst case relative eye closure. In case of
OOK, it can be approximated with
(
( )2 )
T
Em,OOK = 1.425 exp −1.28
.
(11)
TC
The bit period is denoted as T and the channel 10–90% risetime is denoted as TC . This ISI penalty calculation method,
which is valid under assumption of Gaussian channel response
and rectangular input pulse, was given with derivations in [20].
It is used in the IEEE 802.3 link budget spreadsheet [21].
Methods of calculation of the 10–90% rise-time for a given
system are described in [20].
We can now extend the ISI penalty estimates to 4-PAM,
assuming that it contains 3 stacked OOK eye diagrams.
Assuming that the channel response is Gaussian, it is easy
to observe that for the same system rise-time and symbol rate,
the eye closure in case of 4-PAM is twice as large as in the
case of OOK,
(
( )2 )
T
Em,4−PAM = 2.85 exp −1.28
.
(12)
TC
For the considered channel response, the eye closures on all
levels is the same, but the top and bottom eyes are asymmetric
as shown in Fig. 1.

The Reed-Solomon (RS) codes, introduced in 1960 [22],
are one of the most popular classes of error correcting codes,
used in many communication technologies. Hardware implementations of RS codes have been studied and optimized over
many years. The performance of RS FEC was investigated e.g.
in [23].
The RS code with n-symbol-long codewords, each symbol
of length q bits, can correct t = (n − k)/2 symbol errors,
where k is the number of payload data symbols. The code
rate is k/n. For the common RS(255,239) code, n = 255,
k = 239, t = 8 and q = 8. The rate is 239/255 = 0.94
and the overhead is 16/239 = 6.7%. The error rate at the
output of the decoder can be calculated as a function of the
bit-error rate at the input of the decoder. Assuming that the
error probability at the input BERin is independent over all
the bits in the FEC codeword, the incoming symbol error rate
is
SER in = 1 − (1 − BER in )q .

(13)

Under assumptions that the decoder corrects all errors up to
t symbols and detects all errors above t symbols, the symbol
error rate at the output of the decoder is [24, Ch. 8]
SER out

( )
n
1 ∑
n
=
i
SER iin (1 − SER in )n−i .
n i=t+1 i

I NPUT VS .

OUTPUT

(14)

TABLE I
BER

FOR RS(255,239), SELECTED CASES OF
INTEREST.

Input BER

Output BER

1 × 10−3

1.1 × 10−6

4.1 × 10−4

1 × 10−9

10−4

1 × 10−12

1.8 ×
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The output bit-error rate can can be calculated from the output
symbol error rate by inverting the step in (13),
BER out ≈ 1 − (1 − SER out )1/q .

(15)

The last step is an approximation, the exact approach was
given in [23]. In the Appendix we provide a simplified method
of calculation of the exact BER, based on the results presented
in [23].
The relation of the decoder output BER to the input BER
for the RS(255,239) code is illustrated in Fig. 2, showing
both the approximate results (15) and the exact results (26)
obtained using method outlined in the Appendix. It is clear
from Fig. 2 that the RS(255,239) starts providing a significant
improvement when input BER falls below 2 × 10−3 . Some of
the interesting points of the relations between the input and
output BER are listed in Table I. The difference between the
exact and approximate output BER is less than 1%. While
the RS(255,239) is not the most powerful code available, it is
used here as a benchmark, because of the popularity of the
RS codes and well understood hardware implementations.
III. E XPERIMENTAL SETUP
The experiments were conducted with a directly modulated
VCSEL with around 16 GHz modulation bandwidth, OM4
MMF and an integrated photoreceiver with 10 GHz −3 dB
bandwidth. The laser spectrum at 8 mA bias current, which

was kept constant for all experiments, is shown in Fig. 3.
The RMS spectral width was 0.40 nm, which is less than
the e.g. 0.65 nm requirement in [25, Sec. 6]. The light from
the laser was coupled into a fiber through a lens package,
with coupling optimized for maximum coupling efficiency.
The launch conditions were set once at kept constant for all
measurements. The following fiber lengths were tested: back
to back (B2B), 100 m, and 200 m. A variable attenuator was
placed before the photoreceiver to vary the received optical
power. An overview of the setup is presented in Fig. 4. The
4-PAM signal was generated in real-time, by combination of
two OOK signals, one of 900 mV amplitude and the other of
450 mV. The OOK signals were offset in time to decorrelate
them and achieve all transitions in the 4-PAM signal. This
method of 4-PAM signal generation gives natural labeling
of the symbols and was described in more detail in [26].
In all cases, the OOK bit streams were PRBS patterns of
length 27 − 1, which is often reported for high-speed VCSEL
demonstrations [2], [12], [27], [28]. While longer patterns
would certainly be interesting, the VCSEL in this experiment
was driven through a Bias-T with 20 kHz lower frequency
cut-off, which has AC-coupled the modulation signal. A DCblock with 10 kHz lower frequency cut-off was used after the
photoreciever. In practical applications various line codes are
used to provide adequate clock recovery and bias neutrality
[29], [30]. The BER was measured in real-time using an error
analyzer. The pattern generator and error analyzer were driven
from the same external clock source, as shown in Fig. 4. The
real-time BER measurement method for 4-PAM was described

M EASURED −3 D B

TABLE II
BANDWIDTH FOR THE TESTED FIBER LENGTHS .

length [m]

−3 dB BW [GHz]

0

9.5

100

9.4

200

8.3
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Measured BER for OOK in B2B configuration.

in detail also in [26]. In short, the total BER was derived
from the error rates measured between the adjacent 4-PAM
signal levels. If the error rates measured at these thresholds
are denoted ER1 , ER2 , ER3 , then the total BER is given by
[26]
1
1
BER = ER1 + ER2 + ER3 .
(16)
2
2
It is assumed, similarly to Sec. II-C, that the error probabilities
are independent over all the bits. The threshold levels were
optimized individually for each eye, since the experimental
setup did not include an automatic gain control (AGC) circuit.
The sampling time for all thresholds was the same and
optimized from the center eye. The BER was measured only
at the optimal timing and timing jitter is not analyzed in this
work.
The magnitude of the frequency response of the system was
measured for each tested fiber length with a vector network
analyzer and the results are presented in Fig. 5, together with
Gaussian fits. The measured phase responses were linear for
all cases. All fiber lengths were compared at the same launch
conditions. The measured −3 dB bandwidths are illustrated
in Table II. It is evident from Fig. 5 that the Gaussian
fits correspond well to the measured frequency responses up
around 16 GHz, but they underestimate the roll-off at higher
frequencies. The signal loss at 16 GHz is around -10 dB, and
thus the amount of signal power in the frequency range where
the Gaussian model is not adequate is small.
IV. E XPERIMENTAL RESULTS
A. BER results
In order to investigate the ISI performance of 4-PAM, and
to compare it with OOK, for each fiber length and modulation
format, a range of data rates were tested. The BER was
measured down to roughly 10−12 . The BER results for OOK
and 4-PAM are illustrated in Figs. 6–11. The BER is plotted
against average received optical power, uncorrected for the
10 dB extinction ratio. Apparently, at lower data rates, the
measured points follow better the fit lines. This is probably
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because the optimization of the decision point was more
difficult at higher data rates and with larger ISI effects.
The experimental BER was used to extract the receiver
sensitivity at BER of 10−12 for each fiber length. To investigate a hypothetical use of FEC, we took the RS(255,239)
code with 7% overhead, described in II-C. A BER threshold
of 1.8 × 10−4 was assumed, because it would yield output
BER of 10−12 (see Table I), for comparison with the uncoded
sensitivity. The extracted sensitivities at various data rates
are illustrated in Figs. 12–14 for the fiber lengths from B2B
to 200 m, respectively. The figures include also theoretical
sensitivity at BER of 10−12 , with ISI penalties for each case.
The theoretical sensitivity was calculated using the theoretical
BER expressions outlined in section II-A and the ISI penalties,
using expressions outlined in section II-B.
Example eye
diagrams for high data rate OOK and 4-PAM are included
as insets in Figs. 12–14. Fiber bending was not investigated
rigorously, but it did not seem to have noticeable impact on
system performance.

6

−2

−2

−3

−3
log10 (BER)

log10 (BER)
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BER=10−9 and measured sensitivity at BER=1.8 × 10−4 , with data rates
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B. Discussion
The fastest achieved data rate with BER down to 10−12 in
the presented experiments is 44 Gbps, over 100 m of OM4type MMF with 4-PAM modulation. This is comparable to
the state of the art result with OOK presented in [31], where
44 Gbps transmission over 50 m of the same type OM4
MMF was demonstrated, using a high speed VCSEL and a
photoreceiver. The sensitivity at this bit rate was around 0
dBm. For comparison, in [1], OOK was demonstrated at 44
Gbps in BTB configuration with similar sensitivity, using a
high speed VCSEL with 28 GHz bandwidth; however, in that
work a photodetector without matched integrated amplifier was
used. In general, the maximum ISI-limited data rates obtained
with 4-PAM were around 4 times the –3 dB bandwidth of
the system. It is clear from the eye diagrams in the inserts in
Figs. 12–14 that the highest data rate results offer no margins,
as the eyes are almost closed. Thus, they present the limiting
data rates for the tested system.
It is clear from the sensitivity plots in Figs. 12–14 that
the ISI model works very well for OOK, with very small

deviations between the experimental and theoretical results.
The matters look similar in case of 4-PAM. The ISI penalty
increases with increased ratio of the bit rate to the channel
bandwidth in a similar manner as in the case of OOK, however
the theoretical and experimental results agree less. The theoretical sensitivity degradation by the ISI effects is uniformly
underestimated at low bit rates and overestimated at high bit
rates. Simple simulations have shown that in case of 4-PAM,
the observed level of discrepancy (up to 2 dB) can be caused
by deviations of the pulse shape of from the ideal Gaussian
shape. Accurate calculation of the ISI penalties in case of
4-PAM would require use of exact pulse shape and channel
impulse response, but a rough investigation could be done with
the simple theoretical expression given in Section II-B.
The experiments and theory show that there are cases
when 4-PAM offers advantages over OOK, at least from the
perspective of power penalties. When the received optical
power was above –5 dBm, 4-PAM yielded higher throughput
than OOK, in the case without FEC. Theoretically, with
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V. C ONCLUSIONS
application of FEC, 4-PAM becomes better than OOK when
the received optical power is above –10 dBm. A theoretical
application of FEC to the experimental BER results shows that
the FEC can increase the link throughput at a given receiver
power level, or improve the sensitivity at a given bit rate. The
sensitivity improvement can be as large as 4 dB, which is quite
substantial. It brings the sensitivity of 4-PAM at 25 Gbps down
to −10 dBm in the B2B case. It must be noted here that the
theoretical FEC performance given in Sec. II-C is valid only
for independent bit errors. This is not the case when ISI is
introduced. Therefore, when the ISI penalty is introduced, the
theoretical prediction of the FEC performance becomes less
accurate.
The link budget foreseen in the IEEE 802.3ba standard is
8.3 dBm. With input power into the link of around 0 dBm,
4-PAM with FEC becomes comparable with OOK at 25 Gbps,
while still having a considerable margin for ISI, while OOK
reaches its limits in the presented system. On the other hand,
cost, power consumption of the electronics, and latency due
to the FEC would have to be thoroughly investigated. When it
comes to complexity of the 4-PAM circuits, some insight can
be gained from results presented in [32]. The highest available
system throughput could be achieved if the link was managed
in a best-effort fashion, when the modulation format would
be adapted to the received optical power. On the other hand,
many standards links (e.g. IEEE 802.3ba or FibreChannel) use
fixed data rate links. In this case, the modulation format has
to be chosen to accommodate the worst-case scenario for the
link budget.
The experimental results suggest that for data rates comparable to the channel bandwidth, OOK is the best choice, since
it offers the best sensitivity and simplicity. If higher spectral
efficiency is needed, 4-PAM with FEC would be a good choice
from the sensitivity point of view, since it can double the data
rates, with only small increase in required received optical
power.

The –3 dB bandwidth of the tested link was below 10 GHz,
limited by the photoreceiver. The maximum achieved data rate
with 4-PAM was 44 Gbps, over 100 m of OM4-type MMF at
0 dBm received optical power. Maximum achieved data rate
with OOK was 32 Gbps over the same distance.
We have compared OOK and 4-PAM at increasing data rates
in a system with fixed bandwidth. As expected, 4-PAM yielded
higher maximum data throughput than OOK, at the cost of
higher required received power.
It was also confirmed that the Gaussian model of the
impulse response and signal pulse shape gives very good
results for OOK, but deviations of up to 2 dB were present
in case of 4-PAM and that if more accurate calculation of ISI
penalties for 4-PAM is needed, actual pulse shape should be
used.
The use of FEC with 4-PAM could yield up to 4 dB
improvement in sensitivity at a given bit rate, bringing the
sensitivity of 25 Gbps 4-PAM down to −10 dBm, in a link
with almost 10 GHz bandwidth. This sensitivity would be
acceptable in practical applications, given the power budgets
in today’s standards defining short-range optical links. If other
aspects like power consumption of the FEC electronics and
added latency would not turn out to be limiting factors,
introduction of FEC could enable application of the 4-PAM
in short-range optical communication.
If a faster photoreceiver was used, the frequency response
of the system, at least in the BTB case would be dominated by
the shape of the frequency response of the VCSEL. We expect,
that if that response was flat up to the resonance frequency,
and then had a fast roll-off the relative performance of 4PAM and OOK would be similar as in the case of Gaussian
frequency response. Another aspect of comparison, which was
not addressed here is comparison of timing margins for 4-PAM
and OOK with the types of frequency response observed in
VCSEL based optical links. Some jitter measurement results
for 4-PAM transmission are presented in [33].
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A PPENDIX
C ALCULATION OF THE OUTPUT BER

8

Thus, (19) becomes
OF

R EED -S OLOMON

CODE

BER out =

An accurate way of calculation of the output BER as a
function of the input BER for a RS FEC was outlined in
[23]. Here, we present a simplified method of the output
BER calculation, suitable for a computer implementation. The
output BER is given by
qj
n
∑
∑

BER out =

P (ϵ|wi , W, j)P (Wj |wi )P (wi ),

(17)

j=t+1 i=j

where wi denotes the event of i bit errors in the received
codeword, Wj denotes the event of j symbol errors in the
received codeword and ϵ denotes a bit error in the received
codeword. The factors of (17) were given in [23] and it can
be represented as
BER out =

( )∑
qj
n
∑
n
i
BERin i (1 − BERin )qn−i
j
qn
j=t+1
i=j
⌊j−i/q⌋

∑

(−1)m

m=0

( )(
)
j
q(j − m)
, (18)
m
i

where BERin is the input BER. This equation can be expressed
in a simpler form as
BER out =

qj
n
∑
∑

Cij

j=t+1 i=j

i
BERin i (1 − BERin )qn−i , (19)
qn

where
Cij =

( ) j−⌈i/q⌉
( )(
)
∑
n
j
q(j − m)
(−1)m
j
m
i
m=0

(20)

The Cij coefficients are integers, and do not depend on BERin
or t. They can be tabulated offline for given n and q. The
calculations can be further simplified by using the relation
∑

(

min(n,i)

Cij =

j=⌈i/q⌉

)
qn
,
i

(21)

for i = 1, . . . , qn, and because, with the definition of
P (Wj |wi ) given in [23]
∑

min(n,i)

P (Wj |wi ) = 1.

(22)

j=⌈i/q⌉

We can interchange the order of summation in (19),
t + 1 ≤ j ≤ n ∧ j ≤ i ≤ qj ⇐⇒ jo ≤ j ≤ j1 ,
where


 j ≡ max(t + 1, ⌈ i ⌉)
0
q
 j ≡ max(n, i)
1

(23)

(24)

From jo ≤ j1 follows
t + 1 ≤ i ≤ qn.

(25)

qn
∑
i=t+1

Et (i)

i
BERin i (1 − BERin )qn−i ,
qn

where
Et (i) ≡

j1
∑

Cij

(26)

(27)

j=j0

depends on t but not p. From (21) follows

 Et (i) = (qn)
if i > qt
i
(
)
∑
t
 Et (i) = qn −
if i ≤ qt
j=⌈ i ⌉ Cij
i

(28)

q

because t + 1 ≤ ⌈i/q⌉ ⇐⇒ i ≥ qt + 1. The final strategy to
evaluate PE is thus:
1) for given n and q, tabulate Cij from (20), offline with
high accuracy, for j = 1, . . . , t and i = j, . . . , qj.
2) For a given t, tabulate Et (i) from (28) for i = t +
1, . . . , qn.
With the definition in (27), the Et (i) has the following
properties:
• Et (i) = 0 if 1 ≤ i ≤ t,
(qn)
• Et (i) = i
if qt ≤ i ≤ qn.
Thus, it is sufficient to tabulate Et (i) for i = t + 1, . . . , qt.
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