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A scalar Wigner distribution function for describing polarized light is proposed in analogy with the treatment of
spin variables in quantum kinetic theory. The formalism is applied to the propagation of circularly polarized light
in nonlinear Kerr media, and an extended phase-space evolution equation is derived along with invariant
quantities. The formalism is additionally used to analyze the modulational instability. © 2013 Optical Society
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1. INTRODUCTION
The field of statistical optics, and its corresponding quantum
statistical version, is a field in which basic science questions
meet applications, the latter in the form of, e.g., optical communication systems. Formalisms developed for the quantum
realm have been transferred to classical problems, and the
strong coupling to kinetic descriptions of plasmas and quantum kinetics of particles has given rise to interesting crossbreeding between seemingly disparate areas of research [1–3].
The description of atomic, molecular, and optical physics, in
particular quantum optical systems, in terms of statistical
quantities lends itself to a multitude of applications, due to
its direct relevance to the interpretation of experimental results (see, e.g., [4]). The goal here is less ambitious; we are
interested in the possibility of formulating and interpreting
a scalar (quasi-)distribution function of polarized light. The
extension of our results to applications will be left for future
studies (something we discuss further in Section 5).
The spin and orbital angular momentum of light has over the
last few years attracted increasing interest, for a number of reasons. One such aspect lies in the possibility to extract more information from light sources, taking the angular momentum of
light into account [5]. There has also been interest in this field
due to the possibility to manipulate material systems through
optical tweezers centered around tailored light sources with
angular momentum [6]. Thus, the dynamics of the polarization
state of light, and its interaction with matter, lie at the heart of
some recent applications. Moreover, spin degrees of freedom
have recently attracted interest in the field of quantum plasmas
[7–10], largely due to the fact that they show potential to lead to
new and important applications (see, e.g., [11–14]). We will
here adopt an approach common to some of these works, in
particular the approach of obtaining a scalar distribution function from vector degrees of freedom using a suitable projection
operator. Since we below will deal with what is essentially a
two-state system, the natural projection operator follows
closely from the spin-1∕2 case.
0740-3224/13/061765-05$15.00/0

The setup in this paper is based on the nonlinear interaction
of light, through a Kerr medium. Thus, the founding description
is given by a coupled set of nonlinear Schrödinger equations
(NLSEs). The NLSE has an enormous breadth of applications,
and can be found essentially whenever a wave system experiences slow modulations [15,16]. Due to its structure, it naturally exhibits soliton formation, self-focusing, and wave
collapse [15]. Thus, it can be used for describing optical [17]
and ocean rogue waves [18], the propagation of light through
a nonlinear quantum vacuum [19,20], solitary waves in optical
fibers [21], atmospheric waves [22], and the formation of structures in plasma waves [23]. Thus, the NLSE allows for a very
encompassing formulation that can be applied to a large variety
of fields.
In this paper, we investigate the statistical dynamics of polarized light in a nonlinear refractive medium, starting from a
two-state system described in terms of two coupled NLSEs. In
particular, we obtain a generalized Wigner–Moyal-type evolution equation for a scalar quasi-distribution function, where
the polarization state is described by an extra independent
variable. Here different polarization states corresponds to distinct positions on the Poincaré sphere for this variable. The
conservation laws for our scalar distribution function are analyzed, and the Vlasov limit is described. We furthermore
study the modulational instability. Finally the applications
and possible generalizations of our results are discussed.

2. FUNDAMENTALS
Two circularly polarized modes can be used to form a basis
for a general polarization state. In this paper we consider
propagation of two counterrotating modes of right- and lefthanded circularly polarized light in a guiding nonlinear Kerr
medium, such as an optical fiber. The two modes are assumed to obey the following coupled system of nonlinear
Schrödinger-type evolution equations (cf. [24,25]):
© 2013 Optical Society of America
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The aim of this paper is to introduce a scalar Wigner function and a concomitant evolution equation equivalent to the
system in Eqs. (1) and (2). To this end we define a correlation
matrix Γmn x1 ; x2 ; z  hψ m x1 ; zψ n x2 ; zi and a Wigner
matrix W mn  W mn x; p; z, viz.
1
2π

Z

∞
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Γmn x  ξ∕2; x − ξ∕2; zeipξ dξ;

(4)

where x1  x  ξ∕2 and x2  x − ξ∕2. The angle brackets h…i
denote statistical averaging, which enables both coherent and
partially coherent fields to be considered. The Wigner transform method is frequently used in quantum theory and has
also been successfully applied to the study of partially coherent light propagation in noninstantaneous nonlinear media. In
the quasi-classical limit the formalism is further similar to the
collisionless kinetic theory of plasma physics.
Given the correlation or Wigner matrix, it is easy to construct the Stokes vector S  Sx, which characterizes the
polarization state by its mapping onto the Poincaré sphere.
Introducing the extended set of Pauli matrices σ j (σ 0  I),
we have
Sj x  trΓmn x1 ; x2 σ j jx1 x2 x

(5)

for the correlation matrix, with tr… denoting the trace,
which is equivalent to

∞

trW mn σ j dp

−∞

(6)

using the Wigner matrix. This agrees with the customary definition of the Stokes vector for circularly polarized light
[26,27]. In component form we have

(2)

where we have assumed the propagation direction to be along
the z axis with x representing either the transverse coordinate
or time depending on the situation under study. Correspondingly α represents either the diffraction or dispersion coefficient, while vg represents the group velocity of the
corresponding mode and γ determines the strength of the nonlinearity. The system further includes both linear and nonlinear coupling with coupling coefficients κ and ν, respectively.
For a low birefringence medium we have β  β−  βx  βy
and κ  βx − βy , with βx (βy ) being the linear propagation
constant of the slow (fast) axis.
The system Eqs. (1) and (2) has been extensively studied in
the context of nonlinear pulse propagation in optical fibers
[25]. It is a conservative system and can be shown to have
the following Lagrangian:

W mn x; p; z 

Sj x 

S0 x  hjψ  j2 ix  hjψ − j2 ix;

(7)

S1 x  2hψ  ψ − cosδix;

(8)

S2 x  2hψ  ψ − sinδix;

(9)

S3 x  hjψ  j2 ix − hjψ − j2 ix;

(10)

with δ  ϕ− − ϕ being the phase difference between the
complex fields.

3. SCALAR WIGNER FORMALISM
To construct a scalar Wigner function we assume it to take the
general form of a linear combination of the elements of the
Wigner matrix. Specifically we exploit the analogy with
spin-1∕2 systems in the Wigner formalism of quantum theory
[28] and define the scalar Wigner function as
Wx; p; z; ŝ 

X1
m;n

2

1; ŝj · σ j mn W mn :

(11)

Note that this choice of representation is invertible but not
unique. Another choice for a scalar Wigner function describing polarized light has previously been introduced by Luis in
[29]. The representation Eq. (11) has the advantage of parameterizing the unit Poincaré sphere using the position vector ŝ
and maps the circularly polarized states onto the poles of the
sphere. It should be emphasized that we do not treat the
polarization as a distribution but rather take the vector ŝ to
determine the projection onto a particular state.
Using the definition of the Wigner transform Eq. (4), it is
easily found that the right- and left-handed circular intensities
are given by
Z∞
W x; p; z; ẑdp
(12)
hjψ  j2 i 
−∞

and
hjψ − j2 i 

Z
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(13)

while
Z
2

∞
−∞

W x; p; z; x̂dp  hjψ  j2 i  hjψ − j2 i  2hψ  ψ − cosδi;
(14)

gives the intensity of the total field, including the beating term.
The scalar Wigner function W x; p; z; ŝ can be seen as describing an instantaneous state of the system in an extended
phase space. The evolution equation for this state is obtained
by applying the Wigner transform to Eqs. (1) and (2), and then
using the definition Eq. (11). The particulars of similar derivations have previously been presented elsewhere [30,31]; thus
we will only present the result of the calculation, which is
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ẑ · ∇ŝ W
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where we have introduced the difference between the propagation constants, Δβ  β − β− , and the intensities are provided by the relations Eqs. (12) and (13). Note that the
trigonometric functions in Eq. (15) should be interpreted as
operators defined by their respective series expansions, with
the arrows indicating the direction of application of the
derivatives.
Since the right- and left-handed circularly polarized intensities do not figure independently in Eq. (15), but only in the
combination of sum and difference intensities, it is convenient
to write these in shorthand form as
2

−∞
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I 3  hjψ  j2 i − hjψ − j2 i  2

∞
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Z
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ẑ · ∇ŝ W dp:

(17)

The evolution Eq. (15) together with the relations for the
sum and difference intensities thus constitute a closed system
of partial integrodifferential equations. Although this system
appears quite complicated, it can directly furnish projections
onto a relevant evolution equation for arbitrary polarization
states ŝ. Additionally, the formalism highlights the role played
by unequal group velocities vg ≠ vg− and unequal mode intensities I 3 ≠ 0, which may not be obvious from Eqs. (1) and (2).
The system can in general be shown to possess three invariants associated with the conservation of energy, of momentum, and of the Hamiltonian, viz.
Z∞Z∞
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z-translation symmetries of the system in Eqs. (1) and (2)
by application of Noether’s theorem. The evolution Eq. (15)
is not known to have additional invariants, except in certain
limits of the parameters; cf. [32].
In the Vlasov limit the arguments of the trigonometric operators are small, i.e., ∂∕∂x; ∂∕∂p ≪ 1. Keeping only the
lowest-order contribution in an expansion, it turns out that
W is conserved along the orbits in the extended phase space.
As a consequence Eq. (15) can be written as

2
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Z∞
Z
2
W x; p; z; 0dp  2

p2 1− ŝ·∇ŝ W dp
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These invariants are independent of the polarization
direction and correspond to the constant phase, x- and
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Since both ∂2 f ∕∂x∂p  0 and ∇ŝ · χ̂  0, we may alternatively write Eq. (21) as a continuity equation in the extended
phase space, viz.




∂W
∂ ∂f
∂ ∂f
 ∇ŝ · χ̂W  
W −
W  0;
∂z
∂x ∂p
∂p ∂x

(25)

which is an immediate consequence of the absence of photon
creation and annihilation mechanisms. See also [33,34].

4. MODULATIONAL INSTABILITY
It is well known that stationary monochromatic solutions of
the system in Eqs. (1) and (2) can experience modulation instability both in the anomalous (αγ < 0) and normal (αγ > 0)
dispersion regimes. However, the stability analysis is complicated due to the general stationary continuous-wave (CW)
solution of Eqs. (1) and (2) being given in terms of Jacobian
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elliptic functions [25]. Here, the Wigner transform method offers a convenient shorthand for obtaining a general dispersion
relation, which illustrates many features of the polarization
dependence, without the need to actually specify the background solution. For simplicity we consider the equal group
velocity case vg ≡ vg  vg− throughout.
To study the modulational instability associated with
Eq. (15) (cf. [35]), we linearize the evolution equations of the
Wigner matrix elements using the ansatz W mn  W 0mn 
εW 1mn expikx − ωz and consider the first-order perturbation of the stationary CW background solution W 0mn as
ε → 0. To cast the resulting dispersion relation in a form suitable for the chosen Wigner distribution function, we make the
simplifying assumption of low birefringence, i.e., Δβ  0.
After some calculations it is then found that the dispersion
relation can be written as

1
1
1 − ŝ · ∇ŝ W 0  I 0 δp; ẑ · ∇ŝ W 0  I 3 δp;
2
2

where both I 0 and I 3 are constant since the mode energies are
now individually conserved.
In this case the dispersion relation Eq. (28) can be evaluated explicitly with the result
r
q
k jαkj
2γ
2γ
1  ν2 I 20 − 4νI 23 :
ω 
k2  1 − νI 0 
vg
2
α
α
(31)
Equation (31) clearly shows that modulational instability
can also occur in the normal dispersion regime due to nonlinear cross-phase modulation, since for 0 ≤ I 3 ≤ I 0 , we have
that 1  ν2 I 20 ≥ 1  ν2 I 20 − 4νI 23 ≥ 1 − ν2 I 20 . The instability
growth rate is given by

!
"
#
Δ1 − ŝ · ∇ŝ W 0
Δ1 − ŝ · ∇ŝ W 0
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 0;
η
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η − 4κ

where the overlines indicates integration with respect to p,
Δf p  f p  k∕2 − f p − k∕2, Σf p  f pk∕2f p−k∕2,
and η  k1∕vg   αp − ω.
Although the general CW solution of the system Eqs. (1)
and (2) is given in terms of elliptic functions, it is also possible
to obtain solutions in terms of elementary functions when the
light is polarized along either the fast or the slow axis [36]. The
solution of Eq. (15) then takes the following simple form:
W  I 0 1∓sx δp;

(27)

which is seen to be independent of sy and sz .
Another simplification is obtained for a purely incoherent
interaction when the linear coupling term is neglected (κ  0).
The dispersion relation Eq. (26) then reduces to
Δ1 − ŝ · ∇ŝ W 0
1 − 2γ1 − ν
η
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cf. the corresponding expression for the partially coherent
case in [34]. In the anomalous dispersion regime, the instability growth rate analogously becomes
jαkj
Ω
2


s

q
2γ
2
2
2
2
1 − νI 0  1  ν I 0 − 4νI 3 − k ;
α

(33)

In either case, the maximum region of instability and the
maximum growth rate are obtained when the mode intensities
are equal, i.e., I 3  0.

5. CONCLUSIONS

(28)

Considering now a general coherent CW background
solution of the form
1
W 0  jψ  j2  jψ − j2   sx ψ − ψ   ψ  ψ − 
2
 isy ψ − ψ  − ψ  ψ −   sz jψ  j2 − jψ − j2 δp;

(30)

(29)

it is seen that the modulational instability depends only on
the total of the sum and difference intensities, regardless of
the composition of the fields, since

We have proposed a scalar Wigner distribution function for
describing polarized light propagating in a nonlinear Kerr
medium. By employing a circular polarization basis, the
polarization state is included in a manner similar to the spin
state in the quantum kinetic theory of spin-1∕2 particles. The
approach has been applied to optical propagation in a Kerr
medium governed by a coupled system of NLSEs, and an extended phase-space evolution equation has been derived
along with invariant quantities. We have further considered
the problem of modulational instability and derived a
dispersion relation valid for general background distributions,
which in particular is shown to agree with the expected result
in the limit of low birefringence and no linear coupling.
Future development of the above results could be in the
direction of a 3D theory, as well as allowing for structurally
different types of interactions (i.e., leaving the limitations of

Hansson et al.

Kerr media). Such developments could prove of interest in,
e.g., magnetization studies through short laser pulses, where
the statistical properties of the incoming light, and its interaction with the matter target, can give rise to interesting new
dynamics of spin structures. Thus, the coupling between different degrees of freedom in light and matter would be able to
capture a large set of fast dynamics. Moreover, such generalizations could also include a more generic description of the
invariants of the field. Such a development would allow for a
less than ad hoc formulation of the spin and angular momentum properties of light in terms of a scalar distribution function. It is well known that the angular moment of light can
readily affect the dynamics of matter structures; it would
be of interest to see how such a formulation could highlight
the interaction between partial coherence [37], spin/angular
momentum, and matter dynamics induced by light.
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