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1.1 

1. INTRODUCTION 

1. 1 Objectives of the investigation 

In recent years there has been an increasing interest in urban runoff problems. 

The pollutants carried by storm water runoff are, with present views on pollu

tion problems, no longer negligible. Further more, in combined sewer systems, 

untreated domestic waste water is diverted during storm periods. This incon

venience may be avoided by converting the combined system into separate sewer 

systems. However, the large investments connected with such solution makes 

it natural to look at less expensive methods which also can improve the pollution 

situation. For example, overflow reduction may be obtained by furnishing com

bined systems with storage tanks. This technique may under certain conditions 

represent a less expensive alternative to a change from combined to a separate 

sewer system. However, the analysis and optimization of combined networks, 

as well as design of storm drain systems, must be based on mathematical models 

[1. 2, 3, 4]. 

The fast development of digital computer technique enhances the feasibility of 

mathematical modelling of urban runoff. Most of the designed models are deter-
' 

ministic, that is, the model is designed so that when a problem is stated, its 

solution leads to an exact prediction of what will happen (in contrast to a stochas

tic model, in which a statement of a problem leads to a prediction of events 

occurring with certain probabilities). Examples of such deterministic ~IvJdels 

are the NIVA-sewer network model [2], the EPA-storm water management 

model [3], Do~sch Consult- hydrograph volume methodtt, 5], the RRL-method 

for urban runoff [7, 8, 11], and the models presented in [6, 9, 10 4 6} All these 

models include in a more or less approximative way every hydrological component 

needed to describe a runoff situation (precipitation, surface storage, infiltration, 

·surface runoff, channel and conduit rou'i:ing, storage routing). However, we are 

here concerned with channel and pipe routing procedures only, that is, descrip

'tion of storm water runoff in sewer networks. 

As indicated by the title, the present study of unsteady free surface flow in storm 

drains has the primary objective to compare the accuracy of various methods 

for flood routing. To the authors knowledge no such investigation has yet been 

reported. The methods to be compared are, taken from the most simplified to 

the most detailed one from hydrodynamicaf point of view, 

.. ..... , . 
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the flood wave (the routed rain water hydrograph) con

sidered as a kinematic wave [6, 9] 

the RRL approach [7, 8, 11] 

the NIVA model (a modification of the RRL approach) [1, 2] 

the EPA model (routing considering actual flow velocities) [3] 

numerical solution of the complete onedimensional equations 

governing unsteady free-surface flowJ [12] andprobably [s] 

1.2 

"Rational" type methods, which neglect the reservoir retention in the storm 

drains, are not considered. Unit hydrograph methods are also disregarded 

[16, 43]. 

Comparison of the solution of the complete one-dimensional equations by 

numerical methods with observed routed hydrographs show good agreemPnt 

[12, 13, 14, 15]. These solutions may thus be taken as basis for judging the 

accuracy of the other m.ethods. Even for large experimental facilities, the 

observational errors on flood waves, produced in pipes and channels, are large. 

It is therefore very difficult to distinguish computional errors in the numerical 

solution from errors in boundary and initial conditions and in basic assumptions 

underlying the governing equations , on the basis of differences between / b

served and co_mputed waves. 

1.2 Problem to be studied 

The properties of a routing storm water wave (hydrograph) a r e functions of 
' channel geometry, boundary and initial conditions. Even for chematized con-

. ditions a great number of parameters are required for the description of the 

propagation of a wave. It is thus suggested, t~at comparative studies are limit

ed to the comparison of the accuracy of flood routing procedures in the case 

of a pipe of constant bottom. slope and c ircular sec tion . The inflow hydrograph 

is assumed to be composed of a symmetrical triangular time-discharge rela

tion overlying a constant base flow, see fig. 3 . 1, page 3. 

\ 
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1.3 

We consider here only partly filled pipe sections and subcritical conditions. 

Problems concerning sewer systems flowing partly full and simulation of 

backwater conditions will be dealt with in a coming investigation. 

In chapter 2 the two basic equations - the equation of continuity and the 

equation of motion - governing incompressible gradually varied unsteady 

free surface flow are derived. The properties of these two equations are 

analyzed in chapter 3, where also possible wave types (dynamic waves, kine

matic waves, etc) and their properties are discussed. 

In chapter 4, various flood routing models (i.e. more or less approximative 

numerical solutions of the basic equations) are presented and analyzed. Finally, 

in chapter 5, the models are tested against each other for one specific flow 

case. More extensive comparisons will be made when computer programs 

are available. 
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2. BASIC EQUATIONS FOR GUADUALLY VARIED 

UNSTEADY FREE SURFACE FLOW 

2. 1 

This chapter is concerned with the development of the two basic equations 

governing incompressible gradually varied unsteady free surface flow in 

conduits or channels: 

the equation of continuity based on the principle 

of conservation of mass 

the equation of motion. derived from Newton's 

second law 

For gradually varied flow it is assumed that the streamline curvatures are 

small and that the velocity components normal to the direction of motion 

are negligible compared to longitudinal velocities. If the flow is in the x

direction, the pressure distribution in the yz-plane may then be assumed 

to be hydrostatic. This assumption leads to a one-dimensional analysis of 

the fluid motion. 

The one-dimensional equations (generally called the Saint- Venant equations) 

are derived by integrating the general equations of continuity and motion over 

the cross section of flow. The integration is performed under the following 

idealized conditions: 

the slope of the bottom channel is small 

the velocity is parallel to the bottom 

the velocity distribution is uniform over each cross section 

water is a homogeneous incompressible fluid 

' the channel section is stable 

· In free surface flow, \Vater is satisfactorily treated as an incompressible 

fluid, the pressure range involved being small. 

In most cases water may also be treated as a uniform- density fluid. This 

assumption is valid unless there exists a pronounc.ed density stratification 

within the fluid. An example of such a non-negligible density stratification in 

free-surface channel flow is the interfacial layer between fresh water and 

sea-water in river mouths and estuaries . 

... 
' 
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2.2 ' 

In the present flow case, storm water runoff in pipes and tunnels, pronounced 

vertical density stratifications can be obtained by non-uniform distributions 

of suspended material in storm water. However, information concerning the 

concentration of suspended material in storm water runoff in urban areas 

indicates that flow in storm-sewers may be analyzed as a density homogeneous 

flow with sufficient accuracy. 

The equations of continuity and of motion thus derived are, in the case of no 

lateral inflow, given by eq. (2. 1. 10} and eq. (2. 2. 18}, respectively 

aQ + aA = o·, ax ~ 
2 

1 a (~} + a ( _g__} + ay = s _ sf; g 1IT" ~ "dx 2 gA 2 "dx o 

where 

A = channel cross- sectional area 

Q = discharge 
y ::: water depth 

' 
s = 

0 
ch~nnel bottom slope 

sf ::: friction slope 

X ::: distance in the direction of flow 

t = time 

g = acceleration of gravity 

2. 1 Equation of continuity 

The equation of continuity is based on the principle of conservation of mass. , 
It follows from this principle that the net flux of mas8 into the differential 

control volume in fig. 2. 1 must equal the time rate of change of mass within 

the volume. Thus, as 6.x, b.y, 6.z ~ 0, [17] 

(2. 1. 1 a} 

or in an alternative form 

~f + p 'Y.. v = 0; . (2. 1. 1 b) 

where 

, . ... ~ . 
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Fig. 2. 1 Differential control volume for conservation of mass 

y 

-- - Y(x, z,. t+~t) 

Fig. 2. 2 Variable differential control volume 
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p = density of fluid 

t = time 

v = velocity vector (u, v, w)x 

u, v. w = Cartesian velocity components 

\/. = vector differential operator (a 1 ax; a1ay; oloz)x 
\J. pv = p 'V·v+v·'\lp 
V·v = au 1 ax + av 1 ay + aw /a z 

'\}p = ( ap fox, oploy, opfoz)x 
v·'Vp = u apjax + v apjay + w oploz 

Integration of eq. (2. 1. 1 a) over a variable volume of space W, completely 

filled with fluid, gives 

)[if + V· (p\t)] dW = O; (2.1.2) 

w 

2. 4 

The second term is transformed from a volume integral to a surface integral 

by the divergence theorem, which states [18, 19, 20] 
' 

) v. G ctw = ) G . rr cts (2. 1. 3) 

w s 

~ 

where G = a continuous vector with continuous partial derivatives, S = the 

bo1,1nd~ng surface andn = (nx' ny' nz)x = outward unit vector normal to dS. 

Thus eq. {2. 1. 2) becomes 

\ (~·) d\V + 
J 

w 
\ ' .. -p v · n d S = 0; 
I 
s 

After applying the general transport theorem [18, 21] 

- fdW-d ) -
dt 

(of . dW + 
)m- J f (W ·nl dS; 

{2.1.4) 

(2. 1. 5} 

in which f = a continuous scalar or vector function and W = the local velocity 

at the surface, the left hand side of eq. (2. 1. 4) turns into 

,. _, 
··' 
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~ 5 p ct w + 5 p <ir- Wl • ri ct s " o; (2. 1. 6) 

For a homogeneous incompressible flow the density is ihdependant of both 

time and space. Hence it follows from eq. (2. 1. 6) that 

~;" + j <V - Wl · I'i d s " o; (2. 1. 7) 

s 

2.5 

This equation will now be applied to the variable control volume in fig. 2. 2. 

The · open-channel flow in fig. 2. 2 is defined by the waterdepth Y = Y(x, z, t) 

normal to the channel bottom, the cross-sectional area of flow A = A(x, Y, t) 

in the yz -plane and the discharge Q = Q (x, t). A slice of thickness Llx and 

area A at its midsection is chosen as differential control volume to which 

eq. (2. 1.7) will now be applied. Analysing the equation term by term '~.'e ob

tain 

the first term: bPcause the x-coordinate is kept constant 

a A crt· Llx; (2. 1. 8) 

the second term: 

) (~-W) · itdS" f ~.j\ dS + f V ·ridS "~ f --v·ndS= 

s s
2 

s
1 

A (2.1.9) 

= ~ ·Llx· ox • 

which leads to the equation of continuity for uniform density, incompressible 

free- surface flow in case of no lateral inflow 

oQ aA ax + m- = o~ (2.1.10) 

which may be derived also 'from eq. (2. 1. 1b), which in case of an in

compressible fluid takes the form [17), dp/dt = p \/ · v = 0. 

Considering a prismatic channel, the cross-sectional area A can be expressed 

as a unique function of Y (if the free-surface is horizontal in the yz-plane) 

·:.·· 
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A = ~ b (y) dy = A (Y); 

0 

(2.1.11) 

where b(y) is the width of the section at level y above the channel bottom, 

fig. 2. 3. Thus 

oA = Bay. 
0x ax· 

where B = top width of flow, V = average velocity. 

(2.1.12) 

The equation of continuity may then be written in the alternative forms 

(2. 1. 13a) 

~Q BoY- O· 
0 + w - ) ax 

(2.1.13b) 

A av ' + v B ay + B ~t = o·, ax 0x aT. 
(2.1.13c) 

In case of lateral inflow q per unit channel length .0.x, (2. 1. 13a) takes the 

form · 

aQ aA ax- + -at = q; (2. 1. 14) 

2. 6 
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Fig. 2. 3 Geometric elements of .a cross-sectional area of flow. 

ar 
----..;:-'y'-x- • l:!. y ay 

Fig. 2. 4 Tangential and normal stresses in the x-direction on 

a differential control volume l:!.x l:!.y l:!. z. 
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2. 2 The equation of motion 

The equation of motion is derived from Newton· s second law, which states -that the vector sum F of all forces acting on a mass element equals the 

time rate of change of the momentum vector 

- d F = - (.6m · v) · dt , 

where .6m is the mass of a fluid element. This leads to the equation of motion 

(the momentum equation), which component in the x- direction is (17, 19] 

where 

a~- at: a'l 
~ + v· \1 u = g - .!:_ ~ + .!. (~ + yx + zx ) . 
ot X p ox p ox ay- (h • 

u = x-component of velocity 

gx = x-component of acceleration of gravity 

p = pressure 

~- ~ = deviation of the normal stress - u 
X X 

from the pressure p; ( f'x = - p + r~) 

Tyx , ?;x = tangential stresses defined in fig. 2. 4 

(2.2 . 1) 

The equation is assumed to be averaged over a long time in comparison to 

the actual time scale of turbulence. 

Integration with respect to an arbitrary control volume filled with fluid gives 

for a uniform density, incompressible fluid 

aq-' aT ar 
n ~ 1 (ap x _E zx~dW-o· v · uv - g + - ax - ---ax - ov- - --crz-- - , 

X p X ,x y Z 
(2.2 . 2) 

noting that v · \/ u = \/ • uv - u \/· v = "V · u"V by virtue of the continuity equation 

for incompressible fluids,dp/dt = pu 'V · v"' 0. Application of the general trans

port theorem, eq. (2. 1. 5), to the first term and the divergence theorem, eq. 

(2. 1. 3), to the second and the fourth term gives 
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d } udW + ) u(\l'-W) ·"it dS - ~ g dW + df X 

w s w 
(2.2.3) 

+! J (pnx - V' n ) dS - ! ) ( z;,x ny + t n ) dS = O· p X X p zx z • 

s s 

This equation will now be applied to the variable cont rol volume in fig. 2. 2 

taking the x -axis as the longitudinal axis of the channel parallel to the channel 

bottom. Analyzing eq. (2. 2. 3} term by term, we obtain: 

the first term: 

Because the x-coordinate is kept constant we may write 

~t ~ udW = ~ ) udW = ~ 6x; (2.2.4) 

w w 

the second term: 

(2. 2. 5} 

with 

2 
u dS; 

A 

where (3 = 1 if the velocity distribution is uniform over each cross- section . 

the third term: 

-} gxdW~-gAdx·sinQ=-gAS06x; 
w 

where Q = angle inclination of the channel bottom, g = accele.ration of gravity 

and S0 = channel bottom slope. 
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the fourth term: 

The pressure p = p (x, y, z, t) is composed of a hydrostatic portion, due to 

submergence of the point below the free surface, and dynamic components 

related to streamline curvature, spatial variation in turbulence parameters, 

etc. and may be obtained by integrating they- and z-components of the 

equations of motion, which considers the pattern of the mean turbulente 

motion. Reynolds converted the equations of motion for an incompressible 

fluid into a form which does that [17] . These equations may be written: 

where 

F yp 

F 
yt 

F 
zp 

F zt 

gy 

F + F t + pg ; yp y y 

= F + F + pg · 
zp zt . z' 

ov ov - - p (m-+ uax + ov 
v-ay 

ov \}2 + w az ) + ;«- v; 

(au'v' ov'v 
, 

+ ov'w' )· - - p --ax- + ay -az- , 

= ow ow ow ow 
p (lrt + u dX + v 7fY + w dZ) + )A- \J2w; 

- - ( ou'w' p-ax + ov\v' + ow'w' )· ---ay- az , 

= -g cosQ; g == O· z , 
T 

(2. 2. 6) 

u = 1 
T I 

0 

u (t) dt etc for p, v, w with T being a long time in comparison 

with the time 'scale of turbulence 

u' = u(t) - u = turbulent fluctuating compor:tent of u; etc. for v, w. 

T 

u' = ~ ) u' dt = 0; 

0 

u'w' = time mean value of (u'w') 

2 o2v a2v a2v \1 v = ~ + --:---2 + -:::-2 ; 
ax ay oz 

,!A = JJ / p = dynamic viscosity of the fluid. 
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Integration in the yz-plane with respect toy and z, respectively, gives 

(see also fig. 2. 5} \ 
y 

p(x, Y, z, t) - p(x, y, z, t) = f 
y 

z 

p (x,Y,z,t)- p(x,Y,O,t) = ~ 
0 

l 
(F + F t} dy - pg (Y -y) cos g; yp y 

(2. 2. 7) 

(F + F ) dz· zp zt ' 

and we finally obtain 

where, 

p = p (x, y, z, t) = pg (Y- y) cos Q + Ct + C ; 
. p 

(2.2.8) 

[22j 
y 
( 

c = t - } 
y 

y 

c = - ~ p 

y 

z 

F yt dy + .~ 
0 

z 

F yp dy + ~ 
0 

F zt dz; 

F dz· zp , 

(turbulence correction) 

(.correction for nonuniformity 
and . unsteadiness) 

p(x, Y, 0, t) = atmospheric pressure = 0; 

The second part of the fourth term rx' is by definition (17) 

f":" ' 2 au - ,-, 
"x = :l'crx - pu u ; 

, (2. 2. 9) 

2. 11 

To be able to integrate the fourth term over a cross section of flow in a use

ful form, we have to assume Ct + Cp - v~ = 0. The underlying assumptions 

follow from the discussion below. 

For gradually varied flow it is generally assumed that the streamline curva

tures are small and that the veloc ity components normal to the direction of 

flow, in this case the x-axis, are n egligible. Thus all terms in eq . (2. 28) 

and eq. (2. 2 . 9) which a re functions of v a.nd w are dis regarded. Moreover, 

assuming turbulent flow, v iscous stresses (_p.ov /ox; )A-av / oy; etc. ) are much 
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--- (Y, z) 

Sketch of definition 

b 

Hydrosta tic forces in the x-direction 
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2. 13 

smaller than the Reynolds stresse (pu 'v '; pv 'w '; pu 'w ') and may also be 

neglected. The correction term C for nonuniformity and unsteadiness may 
p ' 

thus be assumed zero. 1 

As regards Ct' we may assume that the turbulent shear stresses are only 

weak functions of x. Cancelling the derivatives with respect to x we then 

have 

y z 

ct (x,y, z, t) = ~ p <a;;~v·> dy - ~ p <a'a~w·> dz = 

y 0 
(2.2.9) 

-,-; -; -; 

=-pvv - pww; 

if we assume that pv"v" vanishes at the free surface and that pw'w" equals 

zero at the wall. 

Moreover, ~uremcnts indicate (23, 24, 25], that pv'v'~ pw'w' and 

pu 'u' ~ 2 pv 'v ', from which it follows that 

ct ~ -2pv'v' ~-pu 'u"; (2.2 . 10) 

Now, the second part of the fourth term is by definition, assuming turbulent 

flow, 

f' =·-pu"u" = C · 
X t' 

Thus, with C = 0 we have p 

f
, 

p -
X 

u X = p g (Y- y) cos Q; 

(2. 2. 11) 

(2.2.12) 

which indicates that for gradually varied flow, the normal stress distribution 

in planes perpendicular to the flow direction is approximately hydrostatic. 

However, as f' is small, this statement also holds for t he pressure distri-x 
bution. Thus 

p ~ p g (Y - y) cos Q; (2.2.13) 

We also note from eq . (2. 2. 13) that opjoz = 0, which implies that the water 

surface is horizontal. For this condition. the fourth term becomes (see fig. 

2. 6) 
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If~ ) nx dS = ~ g (Y - y) 

s 
y 

cos Q• n dS = 
X 

= (F 2- F l) - (F 3 + F 4) = :X ~ g (Y- y) b cos g · dy L>x 

0 
y 

- { g (Y- y) ~ cos Q • dy L>x = gA ~: • L>x • cos G; 

0 

\ 
\ 

(2. 2. 14) 

2. 14 

As it is seen from eq. (2 . 2 . 14). the influence of a nonhydrostatic pressure 

distribution on the one-dimensional equations of motion is felt from section to 

section only through the variation in Q" ', C , Ct. However, as pointed out in 
X p 

[12], there has apparently been no attempt to quantify the effects of the above 

assumptions on computed waves along the fl~w channel. The term "gradually 

varied flow" may then be subjected to different interpretations by various in

vestigators. 

For gradually varied flow, as rainfall runoff in storm drains, the effect of 

the above assumptions are so small, that they are practically impossible to 

investigate even for controlled laboratory conditions with a conduit or channel, 

the experimental error be:ing too large. 

The fifth term: 

The fifth term is expressed as 

( l n + yx y 

'T 
f n ) d S = - ~ • PAx· zx z p , 

r.-
where "t = mean wall shear stress and P = wetted perimeter. 

0 

(2. 2. 15) 

?" has to be determined from empirical or semi-empirical relations such 
0 

as the Chezy and the Manning formulas and the Darcy equation [17]. In these 

formulas, established for uniform flow, '1: is expressed as a function of 
0 

local velocity, geometric conditions and a friction factor, w hich in its tu r n 

is a fun c tion of Reynolds number, geometric conditions and wall roughness. 
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3. 15 

For lack of sufficient information it is customary to assume that in gradually 

varied flow the friction factors defined for uniform flow are not affected by 
• I 

the unsteadiness and nonuniformity of the flow. I 

§'l.!..~.IE~!!~n_C2!'_!£~£i.~~!_e_E~~ finally gives the one-dimensional form of the 

equation of motion. 

oQ a 11. Q2 ay -at +ox (,.,A)+ gA ox cos Q = gAS
0 

'[ p 
0 (2. 2. 16) p 

whic:Il may also be written 

1 a Q a 13 Q2 ay g err (A) +ox {2gA 2) +ax cos Q = so - sf -

(2.2.17) 

where 

sf = '[ op I p g A = friction slope 

The velocity coefficient !3 has for turbulent uniform flow a value very close 

to 1. 0. Data presented in [2 6] indicate, that for pipe flow, !3 has a value of 

approximate)~· 1. 01 at water depths greater than half the pipe diameter. The 

data also show a very slight increase in 13 as depth decreases. 

Usually, 13 is assumed constant and equal to 1. 0. Moreover, the channel 

slope is normally small, why cos Q ~ 1. Eq. (2. 2. 17) then becomes 

1 a Q 1 - . ~ (--,.- ) + -g ot ..n. 2g 
a ( Q )2 + ay = 
Tx x ,ax (2. 2. 18} 

which is the most frequently used form of the one-dimensional equation of 

gradually varied, un~teady free surface flow with no lateral inflow. 

In the case of a lateral inflow q > 0 per unit channel length the quantity ( -qu
1
}, 

where u1 = the x-component of the inflow-velocity vector, must be added to 

eq . (2. 2. 5}. Accounting for the corresponding continuity equation, eq. (2. 1. 14), 

the term 

(2. 2. 19) 
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has to be added on the rig~t hand side of eq. (2. 2. 18). For lateral outflow, 

q < 0, of zero-velocity components (seepage outflow) the correction term is 

(-qQ/gA2). I 
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3.1 

PROPERTIES OF THE BASIC EQUATIONS. 

DYNAMIC AND KINEMATIC WAVES 

Nondimensional representation of the basic eguation 

\ 

In case of no lateral inflow the one-dimensional form of the equations, (the 

continuity equation (2. 1. 10) and the equation of motion (2. 2. 18).). may be 

written 

where 

aQ 
+ 

a A O· Ox ~ = 
' 

1 a Q 1 a Q - 8£ <A) + 2 g · Fx" 'x ) g 

Q - discharge 

Y = •vater depth 

2 
+ ay = s o - Sf; dx 

A = area of flow (unique function of Y) 

x = distance in the direction of flow 

t = time 

g = acceleration of gravity 

S
0 

= channel bottom slope 

sf = friction slope 

Q/A = cross sec tional average velocity V 

(3.1.1) 

These equations, which are usually named the Saint- Venant equation after 

A J C Barre de Saint-Venant [19], form a pair of quasi-linear hyperbolic 

(The significance of this definition appears from section 3. 2) partial diffe

rential equations in terms of two independant variables x and t, and two , 
dependant variables Q and Y. As dependant variables may also be us ed Q 

and A, V and A or V and Y. 

Unfortunately, solutions of these equations must be obtained by numerical 

procedures. Analytical solutions have been obtained only for restricted 

siroplified ca.ses. 

A complete formulC~,tion of the problem requires definition of boundary and 

initial conditions. Thus geometric conditions, inflow hydrograph, etc . have 

to be define d by their c haracteristic quantiti es as conduit diameter, peak 

3. 1 
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discharge, etc . Due to th_e very large number of characteristic quantities 

necessary to describe generally formulated boundary conditions, an investi

gation has to be restricted to schematized conditions, for example to those 

shown in fig. 3 . 1: 

Geometric conditions: 

Circular conduit of constant 

diameter D 

wall roughness k 

bottom slope S
0 

~_£~n_d~:ry-c:_o_E~~~~~: 

Symmetric triangular inflow hydrograph defined by 

constant base Dow Qb 

pe<:!.k flow Qp 

hydrograph duration tb 

Initial conditions: 

Steady discharge equal to the base flow Qb of the inflow ·hydrograph. 

For the discussion of properties of the equations and for the graphical 

representation of ~omputed results, it is often advantageous to write 

equations and boundary conditions in non-dimensional form. This can be 

done by introducing normalizing quantities. Let 

Q
0 

= Q (D . S
0

, k, V ) (3. 1. 2} 

' be the capacity of the conduit flowing full. v = the kinematic viscosity of 

the fluid. Using the Darcy-Wiesbach equation 17 

f v2 
f Q2 

Sf = 4R . 2g = 4R :---:2 ; (3 . 1. 3) 
2gA 

where R = the hydraulic radius A/P and f = friction coefficient being a function 

of Reynolds number Re = VR/JJ and the relative roughness k/R . Q
0 

is then 

defined by the relation Sr = S
0 

and we obtain .· 
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where 

7T'D
2 2g S D 1/ 2 

Q = ( 0 ) 
0 -r f 

0 · 

(3. 1. 4) 

f = friction coefficient being a function of the Reynolds 
0 

number Re = V D/ and the relative roughness k/D. 
0 0 2 

V 
0 

= the average velocity 4 Q
0

j1rD 

Using these normalizing quantities (Q , D, f
0

) the following dimensionless 
, 0 I variables can be defined 

~ = Q/Qo; Ax = ~A/7rD2; yx =. y /D; 

x = x/D; 
X 

fx = f /f · o• 

where V = t!1e average velocity 4 Q /1rD
2

. 
0 0 

(3.1.5) 

If these dimensionless variables ~re substituted into eq. (3. 1. 1) the result 

is 

where 

F = 
0 

s ::: 
fx 

2 ay 
1 X (-) . ax-= 

Fo x 

the Froude number 

fx ~2 
4R A 2 

X X 

(3.1.6) 

The boundary and initial conditions expressed in the same normalizing 

quantities give 

3.3 
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(3. 1. 7) 

It follows from the above equations that a description of the outflow hydro

graph in the section xx = x/D requires seven dimensionless paramete rs, 

3.4 

even for the schematized conditions shown in fig . 3. 1. The dependant variables 

Q (x , t ) and Y (x , tx) defining the outflow ·hydro graph are thus functions 

I X X X X X 

of the parameters 
I 

(3. 1. 8} 

As no general analytical solution exists, a general picture of the outflow hydro

graph can only be found by a systematic variation of the parameters involved 

(within the range of variation of each parameter) in the computional or the ex

perimental investigations . 

It is evident that a graphical or analytical representation of the effects of all 

these parameters would be rather complicated ev en if some of the param e te rs 

are less important. This stresses the need for further simplification of the 

boundary conditions, leading to a reduced number of governing parameters. 

Hence, the following inflow hydrograhp is suggested, 

where 

tb vo 
~ (xx .= 0) =· Qx (CX.; a; ----n-; tx); 

ex. = Qb/Q
0 

= 0, 05; 

0 = QP/Q
0 

= 0, 95; 

(3 . 1. 9) 

This simplification, implies a study of the effects of one special type of hydro

graphs , the limitation justified from practic al considerations. Thus, it seems 

logical to a ssume the inflow hydrograph (the design storm) having a p eak dis

charge close to the full capacity Q of the conduit . The C<. -value 0 . 05 is on 
0 

the other hand, chosen more a rbitrarily. Moreover, if the flow is assumed 

to b e turbulent the de pendenc e of Reynolds num be r on the fric tion co effi c ient 

is eliminated . 
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The simplification introduced above leads to a reduction from seven to the 

following four governing parameters 

(3. 1. 10} 

3. 6 

Before closing this discussion concerning governing dimensionless para

meters, we note that for large values of the channel bottom slope S0 eq. (3. 1. 6) 

tends towards the form 

(3.1. 11) 

(large values of S means large values of S /F. 2 as F
0 

is normally ~ rela-o 0 0 

tively small quantity}. The above equations define the so called "kinematic 

wave 11 which is the most simplified model described in this study. For titese 

conditions the three terms accounting for nonuniformity and unsteadiness (in 

the following called sec.ondary slope terms) on the left hand side of the equation 

of motion are small compared with ·the> bottom slope S
0

. This fact is more evi

dent if the equation is arranged in the form [27]. 

ay 1 a Q2 1 a Q 
sf = so - Tx - 2g ax (A!) - g m- (x) · (3.1.1?.~ 

stead 
uniform flow 

steady nonuniform flow 

unsteady nonuniform flow 

3. 2 The method of characteristics 

The equation of motion and continuity form a pair of quasi-linear hyperbolic 

partial differential equations with no general analytical solution. Important 

informa tion about the properties of these equations is, ho\vever, obtained if 

they are converted into an equivalent pair of ordinary differential equations 

by the method of c haracteristics [28] . 

, . .., , . . 
··' .. 

' 
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Written in the form (transformation of eq. (3. 1. 1) by use of eq. (2. 1. 12) and 

the continuity equation) 

oQ aA ax + crt = o; 

aQ 2Q aA Q
2 

1ft -x crt- {A2 

(3. 2. 1) 

the equations of continuity and of motion are quasi-linear in the linear variables 

Q and A. (They are called quasi-linear though they are non-linear because they 

may be converted into ordinary differential equations). 

We now suppose that Q and A are prescribed at all points along a curve C
0 

in the xt

plane and that their partial derivatives exist. By definition the partial derivatives 

must satisfy the equations 

dQ _ oQ dx oQ. err - Tx err + 1ft " 
(3.2.2) 

dA = oA . dx + oA err ax Cit crt ; 

Eq. (3. 2. 1) and (3. 2. 2) constitute a system of four linear equations in the 

four partial derivatives which may be written in the form 

1 0 0 1 oQ/ox 0 

0 1 
A Q 2 2Q oQjot gA(S

0
- Sf) g-- (-) -A B _A 

= (3.2.3) 

dx dt 0 oAjox dQ 

t 

0 0 dx dt oA/ot dA 

We will now trv to find out if there exists a curve C or a set of curves in the 
v 0 

xt-plane along which eq (3 _ 2. 3) does not give us a unique solution of the four 

partial derivatives. 

A unique solution is assured unless the determinant of coefficients vanishes, 

that is, unless 
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1 0 

0 1 

dx dt 

0 0 

0 1 

A Q 2 2Q 
gB- (:Ki - A 

0 1 

dx dt 

= 0; 

I By expansion, .this equation can be written 

dx 
2 

2Q dx 1 A Q 
2
] ( dt ) - ---p;- di. - g B - (A) = O; 

from which we obtain the two solutions 

dx - Q + CA'. 
d[ - A - VgB, 

I 

\ 

I 
(3.2.4) 

(3.2.5) 

3.8 

(3.2.6a, b) 

The two solutions define two curve:s along which eq (3. 2. 3) cannot hav e a unique 

solution and hence no solution exists (which we have assumed) unless the nume

rator determinant of Cramer's rul e vanishes. Thus, if anyone of the columns 

of the coefficient matrix is replaced by the right hand side of eq (3. 2. 3) the 

new matrix must also vanish. That is , if the first column is replaced, 

0 0 0 1 

gA(S 0 -Sf) 1 
A Q 2 2Q = 0; gB- (A) -x (3.2.7) 

dQ dt 0 0 

dA 0 dx dt 

or, after expanding 

[ 2 A]dA dt 
gA (8

0 
- Sf); dQ - ($i - gB dt · - = 

dt A dx 
(3.2.8) 

Thus, along the curve (3 . 2. 6 a) we have the equation 

dQ Q [A. dA { valid for 
dt - (A - vg n) err = g A (so- sr) ; d Q CA 

d~ =A.+ ~gB 
(3 . 2 . 9a) 
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and along the curve (3. 2. 6 b) 
\ 

dQ Q ~ dA --(-+ g-)-::r.:= dt A B ut 
(3.f.9b) 

If either eq. (3. 2. 6 a) or (3. 2. 6 b) are satisfied, we will have infinitely many 

solutions of the partial derivatives, all corresponding to the same prescribed 

value of Q and A along the curve C . The two equations define the so called 
0 I characteristics of the simultaneous equations (3. 2. 1) 

the forward characteristic, c+: (eq. (3 . 2 . 9a) 

the backward characteristic, c-: eq. (3. 2. 9b) 

The system of partical equations has now been converted into a system of 

ordinary differential equations valid along certain curves; the characteristics, 

in the xt-plane. Since the partial equations have two characteristics, they are 

called hyperbolic.Equations possessing only one characteristic are called para

bolic, while elliptic equations have no real characteristics, that is, any possible 

curve will satisfy the condition for a unique solution of the derivatives. 

Analytical solutions of the equations (3 . 2. 9) along the characteristics cannot 

be obtained. However, the characteristics may be used to find approximate 

values of Q and A in additional points (x, t), [29]. 

Consider ~wo points 1 and 2 on the x -axis a small distance ~x apart, fig. 3. 2. 

At these points Q, A, B,SrandS0 are known. From the points straight lines 

dx:/dt = Q/ A "!' JgA/B are drawn until they intersect at point 3. If ~x is chosen 
I 

sufficiently small it is reasonable to expect that the position of the point 3 is 

a good approximation to the intersecti~n 3'. of the c+ - and c- - characteristics 

issuing from 1 and 2 respectively, since we are only replacing a short segment 

of these curves by their tangents. The coordinates of point 3 are defined by 

dt 
t3 = (dx) (x3 - xl); 

1 
(3. 2. 10) 

and the values of Q and A in thi~ point are given by eq. (3. 2. 9 a and b) with 

dQ = Q 3 - Q 1 a nd Q3 - Q 2, and dA = A 3- .A 1 and A 3 - A 2, respectively. 
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In the same manner the coordinates and the values of Q and A may be deter

mined at points 6, 7 and so on. T.he characteristic equations are thus of a 

form that can be solved by digital computers. {For further discussions, see 
I 

Section 4. 2). 

It follows from the discussion above that values of Q and A in the bounded 

region below point P in fig. 3. 3 a are completely determined by the initial 

values on the line KL, or, which is equivalent, conditions at the point P is 

uniquely determined by the initial conditions on the line KL. The region KPL 

are called the domain of dependence of point P or the domain of deterrnincay 

of the segment KL. 

Correspondingly we may define the range of influence of a point P as a region 

of the xt-plane were the solution of the differential equations are influenced 

, by the initial values in P, see fig. 3. 3 b. Thus, only disturbances created 

j. between K and L on the x-axis may influence the solution in the region bounded 

by the two curves C- and c+ in fig. 3. 3 a. Since these curves satisfy eq. {3. 2. 6) 

where Q/ A is the avero.ge flow ·velocity, j gAjB' must represent the speed rela

·tive the flowing stream at which a disturbance propagates. The quantity cd · = 

= J gAjB' therefore represents the propagation velocity of small disturbances, 

that is small in the sence that only discontinuities in derivatives occur at the 

front of a disturbance [29] (infinitely many solutions of the partial derivatives). 

_If we consider a channel having a rectangular section of constant width the 

relative propagation speed of a small disturbance is 

(3. 2. 11) 

which we recognize as the speed of a long wave in water of depth Y. Thus if 

the Froude number F = V < 1· 
JgAjB , 

(3. 2. 12) 

a disturbance will propagate in both the upstream and downstream directions, 

the flow is subcritical. If F > 1, a disturbance will propagate only in the down

stream direction and we have supercritical flow. The characteristics con·e

sponding to the conditions F < 1, F = 1 and F > 1 are shown in fig. 3. 4. 

Disturbances which propagate with the relative velocity cd = j gA /B are called 

dynamic waves. 



ll 

n 

D 
D 
0 
l J 

n 

1 

I 
~ 

c 
D 

t 

I 
I 

t 

domain of dependence of 
point P or domain of deter-

p minacy of 

t 

the segment 
KL 

range of influence 
of point P 

c 

Fig. 3. 3 Domain of dependence,· dete·rrnincay and range 

of influence 

t t 

X F = 1 X 

I 
\ 

F > 1 

3. 11 

p 

X F < 1 

Subcritical flow Critical flow Supercritical flow 

Fig. 3. 4 

Fig. 3. 5 

Characteristics corresponding to different values of the 

Fro.ude number V /)gA/B. 

--

X 

Front of a small disturbance 



J 

l 
n 
D 
0 
D 

I 
LJ 

D 

I 

3.3 Damping of dynamic waves I 
\ 

3 . 12 

It may be shown [27], that if bed slope S and channel fric tion Sf are neglec-
o ' 

ted any positive wave, such as an increasing discharge, however, gentle, 

must eventually form a surge with an abrupt wave fron t . However, if S
0 

and 

Sf are taken into account, a positive wave will attenuate as it moves down

stream if certain .conditions, corresponding to normal values of flow para

meters, are fullfilled. This can be demonstrated by use of the method of 

characteristics [2 7] or from purely algebraic a_rguments [30], see also [31]. 

We consider a small positive wave introduced in a stream of uniform depth Y 0 

and uniform velocity V in a rectangular channel. The wave front, which is the 0 . 

first disturbance, then propagates downstream, with the velocity V 
0 

+ j gY ~ 
and it will have the locus at C = t - x/(V 

0
+ /iYo). Expansions of V andY 

about the w:wefront give 

(3.3 . 1) 

-
where v 1, y 1 etc are functions of t alone representing discontinuities 

in the partial derivatives at the wave front . Particularly, ay I ot = y (t) 
. 1 

and ay I ox = -y 1 (t) I (V 
0 

+ ../g Y~). Consider.ing only positive waves, y 
1 

(t) is 

initially positive. 

Substituting eq (3. 3. 1) into eq (3. 1. 1) written in the form 

(' 

V ay + Y av + ay = 0 . 
FJC ~ m- ' 

2 
1 av + _1_ av + ay = 
g -m: 2g Tx ax so 

(3. 3. 2) 

valid for a rectangula r section of constant width, and by using the Darcy-Weiss-

bach equation assuming a b road channel and that the friction coefficient f
0 

is 

constant. 
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(3. ,3.3) 

?' = 0 
' 

(3.3.4) 

where dy 1 , /dt is the growth rate of the discontinuity at the wave front. 

It follows from eq (3. 3. 4) that, ifF 
0 

> 2, y 
1 

increases without limit. Since 

y 1 is proportionaJ to oY /ax, this means that the wave front becomes vertical 

and the wave breaks in a bore. 

If F 
0 

< 2, we have two possibilities. If y 1 (O) > k, that is ay /8t (t"' 0) > K, 

where 
g y s 

K = ( 0 0 
) (2 - F ) (1 + F ) ; 

3 v 0 0 
0 

(3.3.5) 

again a bore will form. If y 
1 

(O) = y 
0 

< K then y 
1 

tends to zero. Integration 

of eq (3. 3. 4) ~ives 

y Ke -t/b 

yl (t) = 
0 

t/b ; (3 3 6) 
K-y

0
(l-e- ) · · 

where 1 /b = gS
0

(2 - F 
0

) /2V 
0

• Dynamic waves are thus r a pidly damped out 

if F 
0 

< 2, y 
0 

< K. 

The damping mechanism is governed by the magnitude of 

tg S (2 - F ) 
0 0 

2 v 
0 

t = b (3.3.7) 

Substitution of the dime nsionless time variable tx = tV 
0

/ Y 
0 

shows that the 

decay of the dynamic wave will be governed by the parameter 

(3.3. 8) 
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which is a combination of ·the two governing parameters S0 and F 
0 

obtained 

in section 3. 1 by writing the equations of motion and of continuity in non-

dimensional form. 1 

It should be emphasized that the discussion above is limited to small distur

bances close to the wave front. However, the result obtained may be used 

as an indicator of the behavior of a positive wave and as an aid for testing 

of experimental data . 

3. 4 Kinematic waves 

Of most interest from engineering point of view is the behaviour of the wave 

as a whole. The understanding of the complete wave phenomenon has been 

very much improved by the studies of Lighthill and Whitham [30], which provi

ded better im.ight into possible wave types and their properties . 

If secondary slope terms, that is terms accounting for non-uniformity and . 

unsteadiness on the right hand side of the equation of motion (3. 1. 12) are 

small compared to the bottom slope S
0

, the discharge Q is a function of Y 

alone. Using the Darcy-Weissbach equation, we obtain for a given value of 8
0 

/8gS
0

R' 
Sf = S

0 
~ Q = A ~ f = Q (Y); (3. 4. 1) 

assuming f to be a function of Y alone. The equation of continuity 

oQ + B ~y = O· 
11x at ' 

may then be written 

If we note that by d e finition 

(3.4.2) 

dY _ ay dx ay 
. df- ax. ar +OI; (3.4 . 3) 

a comparison of the two realtions (3 . 4."2) and .{3. 4. 3) shows, that if 

dx = 1 dQ-"{~~ = O; (3 . 4. 4) 
df B dY ~ dY = O·, 

dt 
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This means that Q and Y appear to have constant values by an observer 

moving with the velocity dx/dt given by eq (3. 4. 4). We have thus demon

strated the existance of a wave, the properties of which follow from the 

equation of continuity. Accordingly, Lighthill and Whitham described this 

wave as "kinematic" in contrast to dynamic waves, depending on the complete 

equations of continuity and motion. 

As the secondary slope terms are never totally negligible, dynamic waves 

always occur and we always have a "competition between kinematic and 

/ dynamic waves'.' [30]. This competition may be described as in fig . 3. 6. 
I 

In a wide rectangular channel with constant friction coefficient, the kinema-

tic wave ~e:o:i:: :• d [ J8gSoY' ]- 3 }8 gSoY'- 3 . 
c - B dY - B dY BY f - 2 f - 2 V, (3.4.5) 

where V is the average velocity, while the speed of a dynamic wave is 

+ + G' 
V - cd = V - -/gY (3 . 4. 6) 

Thus, ifF = V / j'iY' < 2, a condition which will normally be fullfilled, the 

speed of the kinematic wave is less than the speed of the dynamic wave and 

the dynamic wave acts as forerunner of the main wave. However, as found in 

section 3. 3, the decay of the dynamic wave is exponential unless the initial 

rate of growth exceeds the value K, given by eq (3. 3. 5). The main body of the 

wave therefore moves primarily as a kinematic wave, even if the kinematic 

character will be modified by the influence of secondary slope terms. Thi s 

kinematic character has also been indicated by Lighthill and Whitham, using 

a linear theory of small disturbances [~o]. 

As a purely kinematic wav e moves downstream, the wave front becomes 

steeper because the wave velocity increases with depth, fig. 3. 7. The wave 

is thus distorted but it maintains its maximum depth and maximum discharge. 

Under certain conditions, the steepe ning of the wave front will lead to the 

formation of a surge, that is, the wave will break. 

Howeve r , as the wq.ve front becomes steeper the wave can no longer be r e

garded as a purely kinematic wav e but also dynamic properties (seconda ry 

slope term) h a v e to be conside r e d. The effe c t of the seconda ry slop e t e rms 

is a flatte ning of the wave . The steepe n in g of the wave fron t w ill b e r e ta rded 
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and the formation of a surge will eventually be prevented. If the flattening 

effect equals the kinematic steepening a steady profile may be obtained. Such 

a wave, normally called "monoclinical'' was in ref. [30] given the name "kine

matic shock''. 

The possibility of occurence of kinematic and monoclinical type waves in 

nature is discussed in (27]. According to this study, monoclinical waves are 

not likely to occur unless in very long rivers. 

Kinematic waves may occur if the bottom slope is large compared to other 

slope terms. However, the secondary slope terms will always modify the wave. 

The velocity of the cr~st may then differ from the kinematic value and the wave 

crest will subside, see section 3 . 5. 

3. 5 Subsidence of the flood crest. The speed of a subsiding flood wave. 

The subsidence of a kinematic wave is a function of the relative influence of 

the secondary slope terms in the equation of motion 

BgY 1/2 oY 1 ov2 1 ov l/2 
v = <-r ) <so -ax - 2g ax - g at ) ; (3 . 5.1) 

in proportion to the influence of the bottom slope S
0

• This has been discussed 

by Henderson [27, 32] , who conside red a wide rectangular channel and a 

given inflow hydro graph q = q (t). 

For a ·kinematic wave profile we have by definition 

dY oY oY err = m- + c ~ = o; 

The magnitude of oY fox relative S is then 
0 

oY fox = 
s 

0 

1 
cs 

' 0 

oY = at 
2 oY . at ex 

(3 . 5 . 2) 

(3. 5. 3) 
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3/2 1/2 2/3 . as q ex Y · S . The term (oq/ot)q depends on the mflow hydrograph 
0 

alone, why the term (oY fox)/S must become small asS increases. 
0 0 

We also find that 

1 av2
1 ay = 2 

2g ax C1x O(F ); ; 

~ ~~~ = ~ ~1¥x = 4
3
g ¥xl¥x = 0 (F

2
); 

{3. 5. 4) 

where F is the Froude number and 0 ( )' is the Ordo symbol which means 

"is of order of magnitude of 11
• 

This order of magnitude analysis leads to the definition of three classes of 

flood waves: 

1 av 1/2 
g "Bt) 

- !}~~c!_~~v~~_9~~!_e~E~!_o_p~~ channels with steep 

slopes, excluding the case of torrential (torrential = 
F

2 >> 1) 

(kinematic wave, non subsiding) 

The subsidence of the first two classes of waves has been discussed in(27, 32] 

assuming the wave crest defined by a parabola. The main conclusions ; which 

are true only for long waves, are 

- The peak of discharge at a particular section occ1;.rs earlier 

than the peak of depth. The wave crest should then be defined 

as the point B in fig. 3. 8. Thi~ definition corresponds to the 

maximum level reached at any particular section. 
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- The subsidence o.f the local wave crest B is given by 

Y a2y . F12 
0 

. -- . (1 - -4 ); 
3 s c2 at2 

0 0 

(3.5.5) 

where index "1" refers to the local wave crest B. 

- The speed of the subsiding wave differs only in second order 

terms from the kinematic wave speed .. 

The assumptions involved imply that the t\vo last statements are true only 

for mild, slow-rising waves. However, substitution of the dimensionless 

variables defined by eq (3. 1. 4) exchanging D for Y , again gives the two 
0 

governing parameters S and F found in section 3. 1 and 3. 3. 
0 0 

Equation (3. 5. 5) may be written (kc = a 2 y I at2 ) 
0 

2 
dY l kY0 F 1 
~=-38(1---r); 

0 

(3. 5. 6) 

3 . 19 

where k is a function of time alone (k::>O).defining the parabola AB in fig. 3. 8, 

kx2 
Y: = Yo - 2; (3. 5. 7) 

If k and F 1 as a first approximation are assumed constant and equal 

F 
0

, respectively, integ.!'at~on of eq (3. ~· 6) gives 

F2 

k(O) and 

0 
-~ 

(3.5.8) y 1 = yo (O) e 

suggesting an exponential decay or the c'Test depth with distance. This is true, 

certainly, only if xk(l - F 2
1 /4) increases with x. However, it is believed that 

k and F 
1 

are weak functions oft, i.e. they vary slowly as the wave progresses. 
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3. 6 Diffusion of kinematic waves 

2 For flood waves on gentle bottom slopes (F' << 1) the decay of a kinematic 

wave may be described by a diffusion type of equatio? obtained by trans

formation of the relations presented in the foregoing sections, valid for a 

wide rectangular channel. 

Q = BY j BgY (S - ~)· 
f 0 ox 

c = 3 V = ~ J§.~ (S - 2_1-; 
2 2 f 0 ox (3. 6. 1) 

aQ + Bay= o ax dT 

Differentiating the first relation and substituting the second, we have 

oQ _ Bay 
~- ax • c -

The third relation then leads to the result 

where K __ Y_c_......,..,.-
- 3(S - ~) 

0 ox 

As c = dx/dt, eq. (3. 6. 3) may be written 

2 
dY =K~ 
dt ax2 

' 

(3. 6. 2) 

(3. 6. 3) 

(3.~.4) 

which has the same form as the diffusion equation with constant diffusion 

coefficient K. Eq. (3. 6. 4) may also be considered as the standard wave 

e~uation, containing an extra diffusion term K a2yjax2. [27]. 

3.20 

If K and ck are assumed constant, eq (3. 6. 4) can be solved explicitly. For a 

unit rise b.y 1 and a duration t 1 - t 2 = t
0 

of the rise Hayami[3 3, 27] obtained 
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2 

f2 

f. [ ex 2 ex 2 J c: 
exp 2K - f - (4K5} d.:r (3.6.5) 

fl 

where ~y 2 is the rise at section x, f 1 = x/2 ./Kt, and f 2 = x/2 ./Kt2 . 

This solution indicates again an exponential decaying amplitude - the classical 

solution to the diffusion problem. 

The evolution of the integral in eq (3. 6. 5), which is valid only for a wide rec

tangular channel, has to be carried out numerically. Furthermore, as the 

"diffusion coefficient" K and the kinematic velocity c will be functions of x 

and t, the integration has to be carried out stepwise in the downstream direc

tion. 

For a circular cross section eq (~. 6. 4) has no explicit solution. A solution can 

thus be obtained only by numerical methods. However, as eq (3. 6. 4) does not 

take into account the last two secondary slope terms of eq (3. 5. 1) it is of less 

practical interest. A numerical solution can as easily be obta ined for the 

complete governing equations. 
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4. D~yCRIPTION OF METHODS FOR FLOOD ROUTING 

IN!STORM DRAINS 

' 4. 1 
J ' 

Introduction 

Flood routing models presented in literature, applicable to storm drains, 

may be d~vided in two groups 

(a) models, which give an adequat simulation of unsteady free surface 

flow, including simulation of transient backwater conditions. 

(b) models, where hydrographs are routed independently of 

downstream conditions . 

4. 1 

An accurate simulation of transient backwater conditions is not possible with

out an exact solution of the Saint- Venant equations simultaneously throughout 

the sewer system. The only storm drain model, which to the writers knowledge 

might have such a routing routine, is the Dorsch-model (5]. However, available 

information does not make it possible to draw any definitive conclusions about 

the properties of this model. 

Examples of the second type (type b) of models are the EPA-model[3].. the !\IVA

model [1, 2), the RRL-method [7, 11] and models built on the kinematic wave 

theory · (6, 9]. In all these models the hydrograph is routed step-\vise through 

the sewer system independently of downstream conditions, that is independently 

of backwater effects due to ponding as a result of flow control structures or 

lateral inflow in junction boxes. 

The advantage of this procedure is that it is less complicated and that it permits 

a succesive design of the drainage system. It is thus possible to introduce in 

the type b model a subroutine which finds the smallest necessary pipe dimension 

for given values of slope and length of the sewer line. 

Neglecting backwater effects may under certain conditions be a serious draw

back. However, certain bac kwa ter effects may be simulated in an approximate 

way by built in storage routines . 



ll 
D 

D 

0 
0 
D 
D 
D 

D 
n 
[J 

D 
D 

u 

u 

I I 
j 
j 

4. 2 Numerical solutions of the Saint Venant equations 

4.2 

An accurJ~e simulation of ·transient backwater conditions requires a solution 

of the complete Saint- Venant ~quations or the characteristic equations simul

taneously throughout the sewer system. Unfortunately, solutions must be 

obtained by numerical procedures. 

Present-day numerical solutions appear, by and large, to fall into one of the 

following categories: 

computation along characteristics 

computation with explicit scheme 

computation with implicit scheme 

These three techniques will be presented briefly below. The discussion is 

based on the Saint- Venants equations written in the form 

oQ aA ax + or = o; 

oQ 2Q aA Q2 A aA 
crt - A -m- - (A 2 - g B) Tx = gA(So - Sf) 

(4. 2. 1) 

and the characteristic equations 

(4. 2. 2a} 

(4.2.2b) 

4. 2. 1 

This procedure has already been discussed in chapter 3. 2 where we have 

shown, see fig. 3. 2, that it is necessary to calculate not only the values of 

the unknown functions Q and A, but also the values of the coordinates (x, t) 

of the points themselves in the xt-plane . The results are thus obtained for 

odd times and distances and some interpolation of the result is required. 

It would be more convenient to use a fixed rectangular net in the x, t-plane 

requireing the calculation of Q and A only, and having the advantage of 

furnishing these values at a convenient set of points. This can be arrived at 

by using the so called method of characteristics with specified intervals, 
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see for instance [15, 34, 35] . In this method, Q and A at point P in the 

x, t-plane/ bf fig. 4. 1 are ~omputed from known values at points M, R and 

L using ~he characteristic equations {4. 2. 2) under the assumption that ~t 
is sufficiently small so that the characteristics PE and PF are considered 

straight lines and that E and F fall within the interval ML. Hence, the 

value of ~t must satisfy the so called Courant condition 

~t ~ ~X 
....., -v-+'jg;=A=...j_B (4. 2. 3) 

The coordinates of E and F are first determined from the relations 

(4. 2. 4) 

The values of QE and QF are, assuming subcritical flow, evaluated by linear 

interpolation within the intervals MR and RL, respectively (the same for A E 

and AF} 
QR- QM 

QE = QM + Ax (xE - xM) 
(4. 2. 5) 

Then, with the derivatives written as 

(4. 2. 6) 

and correspondingly for A, we have after substitution in eq. (4. 2 . 2) if Sf is 

expressed in the known values QE, i\E and QF, AF, respectively, two equations, 

which can be solved for the two unknowns Qp and Ap. Thus, if Q and A are 

known for all x at time t new values of Q and A can be obtained at time t + ~t 

for the same x-points . 
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The values of Q

0 
and Ap are derived 

from those at pcnnts M, R and L 
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Computation by the Method of Characteristics 

with Specified Intervals 

.+1 .+1 
The values of QJk and P~ are derived 

from those at points (k-1, j), (k, j) and (k+l, j) 

k+l, j 

~X ~X ~X 
~--~--~=---+---~~--~---==---~------~x 

Fig. 4. 2 Computation with explicit scheme. 

4.4 
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To solve for the upstream and downstream boundary the boundary conditions 

have to be introduced. The upstream boundary condition is the inflow hydro

graph Q = Q(t), which after substitution in eq. (4. 2. 2b) gives the unknown 

variable A. The downstream boundary condition may for instance be the 

depth-discharge relation given by the critical depth at a free outfall which 

together with eq. (4. 2. 2a) determines the two unknowns. 

4. 2. 2 _ _g~IEE~~~<?_n_~~~~~.!~.!_t_s~_!!~~~ 

The numerical technique presented below consists in replacing the partial 

derivatives in the Saint- Venant equations or in the characteristic equations 

by finite difference quotients in a fixed rectangular net of the xt-plane . With 

reference to fig. 4. 2 a first order approximation of the space derivatives in 

the neighbourhood of point (xk, tj) is [36]. 

i i i i 
aQ Qk+ 1 - Qk Qk - Qk- 1 ax ~ ~x ~ Ax ~ 

Qi i 
k+l - Qk-1 

2~x ;etc. (4. 2. 7) 

and of the time derivatives 

Qj+l Qj 
k - k 

~t 

Qj+l Q j-1 
k - k 

2~t ; etc. (4. 2. 8) 

and of the coefficients 

etc. (4. 2. 9) 

The way in which the partial derivatives and the coefficients are evaluated 

determines the type of difference scheme. It also determines whether a 

scheme will be conditionally stable, unconditionally stable, or always un-

stable. A stable finite-difference scheme means , a scheme, in which small 

numerical errors of truncation and round-off are not amplified during successive 

applications of the procedure. Investigations of the stability of a numerical 

scheme may be made using the von Neumann technique (3 6, 37) or the matrix 

method [38]. However, as the stability investigation has to be carried out for 

a simplified version of the given system of equations, for example a linearized 

form, this investigation can serve only as a quide and it has to be completed 

with computational trials [39) . 
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In the situation of fig. 4. 2, we assume that Q and A are known for all x on 

line tj. The values of Q and A for (k, j+l) can then be calculated using the 

Saint- Venant equations, eq. (4. 2. 1). The derivatives are then replaced 

by the following differences 

aQ 
"' Qtl Qj . a A 

"' 
Aj+l Aj 

(ff k ' -at k - k 

Qi+l- Qi-1 
Aj -Aj 

(4.2.10) 

aQ a A k+1 k-1 
ax = 2 ~X dX = 2 ~X 

4.6 

If the coefficients are evaluated in point (k, j) substitution of the finite diffe

rences in eq. (4. 2.1) again give two equations from which the unknowns Q1;1 

and A j:
1 

can be solved explicit ely. Thus, if Q and A are known for all x on 

line tj, values of Q and A on line ~j+l can be calculated by successive appli

cation of these equations. (The procedure described in section 4. 2. 1, which 

also leads to an explicit solution of Q and A in point (k, j+1). may also be 

characterized as computation with explicit scheme). Boundary conditions are 

introduced as in section 4. 2. 1. 

- - -• I 

Explicit schemes can also be based on the characteristic equations [29, 3 6]. 

The partical derivatives may be evaluated in a more or less approximative 

way leading to different numerical algorithms, for example the diffusing scheme 

and the Lax-Wendroff scheme [34]. 

The stability of an explicit scheme is - if the scheme is at all stable - always 

governed by the Courant condition. That is, once ~x is chosen, ~t must satis-

fy eq. (4. 2. 3). Stable explicite schemes based on staggered nets in the xt

plane are reported in ref. [3 6, 48]. 

Though the explicit schemes imply a determination of the unknowns in only 

one point at a time, this technique gives a simultaneous solution throughout 

the system due to the introduction of the Courant condition. This condition 

limits the time step so that the point (k, j+l) is always within the domain of 

determinacy of the segment (k-1, j) - (k+l, j), see fig. 3. 3a. 
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4.2. 3 

In explicit schemes partiai x-derivatives are evaluated on the "known'' time line 

tj. In implicit schemes these derivatives are evaluated on line tj+1· For example 

Qj+1 - Qj+l 
8Q - k+l k-1 
ax - 2 ~x (4. 2. 11) 

Partial time derivatives are approximated as before. These leads to pair of 

resulting algebraic equations at each k-point containing six unknowns. on the 

line jj+l; Qk-1' Ak_ 1·, Qk, Ak, Qk+ 1, Ak+l (thus the designation "implicit"). 

With two equations for each interior point k = 2 to k = N -1, see fig. 4. 3, we 

then have a system of 2N - 2 equations in 2N unknowns. If the system is com

pleted with the two known boundary conditions and a finite difference form of 

the backward characteristic equation at the left boundary (k = 1) and of the fore

ward characteristic equation at the right boundary (k = N), the 2N unknowns may 

be solved simultaneously on line tj+1. 

The obtained system of algebraic equations will be linear if the coefficients in 

the original equations are evaluated on line tj. According to [3 6], such a scheme, 

based on the Saint- Venant equations (4 . 2. 1}, are unconditionally stable if the 

friction slope Sf is taken on the line tj+l· This can be done, without spoiling the 

linearity of the system, by local linearization of Sf (3 6], which may be wt'itten 

Q2 
sf = K2 (4.2.12) 

in which the conveyance K = 8gA2R/f for a given pipe is a function of A alone. 

Thus 

(4. 2. 13) 

Another stable implicit scheme is presented and exemplified in ref. [40]. 

The unconditional stability of the implicit schemes means that the numerical 

procedure is stable for all sizes of time increment. The number of time in

crements used to cover a hydrograph of interest can thus be reduced. This is 

done, however, at the expense of solving large systems of linear algebraic 

equations. 
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Each pair of resulting algebraic equations contain 6 unknowns. 

For N x-points a system of 2N equations has to be solved. 

---/ 

I k-1, j+1 

' k-1,. ' k, j 

- ' k+1' jtl 

k+2j 

4 . 8 

AX 
~--------~--~~---d--------~~------~~--------~----------~~~ X 

1 k-1 k xk+1 xk+2 N-1 xN 

Fig. 4. 3 Computation with implicit scheme. 
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Fig. 4. 4 The centered box-scheme. 
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If also the other coefficients in the original equations are taken on the line 

tj+l, the system of equations will be non-linear in Q and A [41], and the 

solution technique will be more complicated and timeconsuming. However, 

this might be compensated for by a reduction of the time increment due to 

better approximation of coefficients. 

4.2 . 4 

The method of characteristics with specified intervals and computation with 

an explicit scheme are characterized by the solution of a large number of 

simple equations. Each time, the unknowns are determined at only one point 

in the x, t-plane. The time step .6.t is restricted by the Courant condition, 

eq. (4. 2. 3). 

Computation with an implicit scheme is characterized by the solution of a 

smaller number of more complex equations. For certain implicit schemes 

stability of the numerical process is at hand regardless of the time step .6.t. 

However, the values of .6.t and .6.x cannot be chosen arbitrarily. Too large 

values may lead to deviations between the solution of the resulting algebraic 

equations and the solution following the· original differential equations. Rela

tively small time steps and length steps are thus required to obtain a good 

reproduction of steep hydrographs . Special studies have to be undertaken to 

obtain criteria for the choice of .6.x and .6.t. 

Usually, difference-schemes are based on equal steps .6.x, which may be in

convenient for sewer networks. For the implicit method this can be dealt with 

by using the so called box-scheme (41] presented in section 4. 3 or by a schema

tization of the system in branches and ~odes [42, 47] . 

Almost all numerical methods presented in literature concern problems related 

to rivers and canals with, compared to those occurring in storm drains, rela

tively small and gentle hydrographs. Computational experience shows that the 

three methods presented above, all give the same accuracy, provided that time 

steps and length steps are properly chosen. Predicted and observed hydrographs 

or flood waves have been found to be in good agreement [13, 14, 15, 41, 44]. 

It is not possible to predict in advance which of the models that will give the 

most economic computa tion . This has to be investigated separately for each 

··, 
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specific problem. However, some authors [36, 41] claim that explicit 

methods in many instances result in uneconomic computation due to the 

large number of timesteps required to ensure numerical stability of the 

procedure. 

4. 10 

The only detailed report concerning flow in storm drains seems to be ref. [12] 

based on the method of charcteristic with specified intervals. Calculated and 

measured hydrographs were found to be in good agreement. 

If the drainage system is initially dry· a special starting method must be used 

for all procedures described above, except for the non-linear implicit scheme. 

This is due to the fact that all coefficients in the equations equal zero. How

ever, it is often justified to use a constant base flow as starting condition. 

A simultaneous solution of the complete Saint- Venant equations throughout 

the sewer system is the only way to obtain an accurate simulation of unsteady 

free-surface flow in storm drains in case of backwater effects. However, 

complete boundary conditions, for instance multi-juPctions, makes the pro

gramming difficult and the computing costs high. This is probably the reason 

why all urban runoff models known to the author (with reservation for ref [5]) 

are based on a '1type b 11 routing technique described in the following sections. 

It is believed by the author that "exact11 solutions obtained l>y the method of 

characteristics or by computation with explicit or implicit schemes may serve 

as a basis of ·comparison of the '1type b' 1 models. 

4. 3 The EPA-transport model and the CTH-transport model 

In the EPA (U.S. Environmental Protection Agency)-transport model [31 as 

well as in the other routing models presented below, the hydrograhps are 

routed independently of downstream conditions. 

The EPA-model is based on the box-scheme [41], even if this fact is not 

mentioned in the report. In this scheme a centered approximation of spatial 

and time derivatives are used, see fig. 4. 4. 
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(4.3.1) 

-
where wt and wx are weighting factors [38, 40, 42] which, to ensure stability 

of the finite difference scheme, have to be chosen somewhat greater than 0. 5. 

The equation of continuity is then (for sim.plicity wt = wx = 0 . 5) 

+ 

(4.3.2) 

+ = 0; 

As Q and A in the points (k-1, j}, (k, j) and (k-1, j+1) are supposed to be known, 

eq. (4 . 3 . 2) may be written 

(4. 3. 3) 

where c
1 

is a known constant. 

If the derivatives in the equation of motion written in the form 

(4. 3. 4) 

are approximated in the same way and if 

s = .! [sj+l + sj + sj+ 1 + sj J 
fM 4 f k f k- 1 f k- 1 f k- 1 ; 

(4. 3 .. 5) 

where Sr is defined by eq. (3. 1. 3) or by the Manning formula, the equation of 

motion may be written 

(4. 3. 6) 

as V = Q/ A and Y = unique fun ction of A. 
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The eqs. (4. 3. 3) and (4. 3. 6) fo.rm a pair of nonlinear algebraic equations 

in the unknowns Q~+1 and At1, which can be solved by an iterative proce

dure, for instance the Newton-Raphson method. Thus, with known values of 

Q and A on line xk_ 1, those on line xk can be determined by successive appli

cation of the eqs (4. 3. 3) and (4. 3. 6). The starting conditions at the upstream 

boundary are obtained from the initial conditions and by using the backward 

characteristic equation together with the boundary condition (the inflow hydro

graph). 

The calculation scheme described above (in the following called the CTH

transport model) implies a more complete box - scheme formulation of Saint

Venant equations than the EPA-model, which neglects the term 3V fat and 

which does not use the complete box-scheme for the approximation of the 

equation of motion . However, there does not seem to be any computational 

reason not to use the full box-scheme in the CTH-transport model. 

.The EPA-model was proved to be unconditi~nally stabel (i.e. for any choke 

of ..6.x and ~t) for v:t and wx both greater than 0. 5. A value of 0 . 55 was chosen 

since it resulted in the best attentuation of the hydrograph peaks. 

It is readely seen that neither the EPA- nor the CTH-transport model consider 

backwater effects, as the unknowns on line xk are calculated disregarding the 

conditions on line xk+l' However, as mentioned earlier, the box-scheme may 

be used also in implicit schemes (41]. 

It has to be pointed out that the EPA storm wate-r runoff model, besides the 

transport model, contains routines accounting for infiltration, overland flow, 

storage and routing of hydrographs and pollutographs through the receiving 

waters . 

4.4 The kinematic wave approach 

The most simplified routing routine is obtained if the routed hydrograph is 

considered as a kinematic wave. However, it appears from section 3 . 4 that 

this is a good approximation only on steep slopes, that is, H secondary slope 

terms in the equation of motion are small compared to the bottom slope S . 
0 

Although this is certainly not always the case, some authors claime that the 

kinematic wave provides a good approximation to a wide range of flows. 
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The kinematic wave is defined by the equation of continuity and the equation 

of motion in the form, see section 3. 4. 

aQ + aA = 0 ax m-

Q = A(8gS
0

R/f) 1 / 2 = Q(A); 

(4. 4. la) 

(4. 4. lb) 

..Analyzing this equations by the method of characteristic or following the 

discussion in section 3. 4 we obtain 

dQ 
" 0; } 

valid for Of 

dA 
dx dQ. c = 

<it 
= 0; dt - a::l\• 

(4. 4. 2) 

where c is the kinematic wave velocity. Th1s means that Q and A appear to 

have constant values by an observer moving with the velocity dx/dt = c. Thus, 

Q and A, and consequently also dQ/d.A, have constant values along the charac

teristic dx / dt = dQ/ d./\.. 

If the inflow hydrograph at point x 1 = x is Q = Q(t1) the routed hydrograph 

at point x 2 = x + ~x is given by 

where fl.t is obtained by integration of the characteristic. 

x+fl.x 

f dx= [~1Q=Q(tl). 
X 

.6-t 

t+fl.t 

f dt; • 

t 

(4. 4. 3} 

(4.4.4) 

As fl.t is a function of dQ/d..A.., the hydrograph is distorted but it maintains 

its maximum discharge and depth, see fig. 3. 7. 
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The integration performed above, does not give the values of discharge at 

the same time at point x 2 as at point x 1. However, values for fixed intervals 

of 6t may be obtained by interpolation between the computed values. 

A numerical solution of eq. (4. 4. 1) may be obtained by application of the 

finite box-scheme approximation, which gives 

(4. 4. 5} 

Also in this case Q and A at the points (k-1, j). (k, j} and (k-1, j+1) are supposed 

t b k Q j+ 1 and Aj+ 1 th l d b th d · o e nown. k k are us so ve y e same proce ure as m 

section 4. 3. 

Routing routines based on the kinematic wave equations are used in the runoff 

models described in ref. [6) and [9). 

4.5 The Road Research Laboratory (RRL) storage-routing routine 

The RRL-method [7, 8] was developed to overcome the drawbacks in rational 

type methods [43] (peak flow methods), which neglect the reservoir retention 

in the storm drains. 

The RRL-method considers the variation of rainfall intensity with time and 

calculates the whole outflow hydrogra~h taking into account only paved sur

faces.directly connected to the sewer system. 

The storage- routing routine used for routing of the inflow hydrograph is as 

follows: 

Let the inflow hydrograph be given by the curve P and the outflow hydrograph 

by the curve Q in fig. 4, 5. If W n and W n- 1 are the total storage at times tn 

and t 1, r espectively, between the inlet a nd the outlet sections, we then have 
n-

with tn - t
11

_ 1 = 6t, 

\ 
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W -W 
n n-1 

Q .6.t 
W +-n- = n 2 

4.15 

.6.t 
-2 (P + p 1 - Q 1} + W 1; n n- n- n- (4. 5. 1} 

In eq. (4. 5. 1} the right hand side is always known from the previous compu

tation and from the inflow hydrograph. 

To solve for Q and W , we need a relation between the storage W and the n n . . 
discharge Q. It is thus assumed in the method, that the relative depth Y /D 

is the same everywhere in the system and that the discharge-depth relation 

follows eq. (4. 4. 1 b). For a pipe segment .6.x of constant diameter and bottom 

slope we then have 

{

w == A · .6.x n n 

Qn = Q(An) 

(4. 5. 2} 

where An is the wet area at the outlet. Both Qn and W n can now be found from 

eqs. (4. 5. 1} and (4. 5. 2). This step-by-step solution developes the entire out

flow hydrograph. 

The original .RRL-method considered the whole drainage system in one opera

tion. In a more recent version [44] the storage- rout~ng routine is applied 

successively to pipe by pipe, starting from the upstream end. 

A comparison of the RRL-method with the kinematic wave approach shows 

clearly the features of the RRL -methocl. It is readely seen that, using the 

notations of eq. (4. 4. 5), eq. (4. 5. 1) and eq. (4. 5. 2) take the form 

(Qj- Qj ) + (Qj+l- Qj+1) 
k k-1 k k-1 

.6.x = 0; 

(4. 5. 3) 

.. 
""<. • 

' 
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Outflow and inflow to the pipe element Ax are thus correctly considered in 

the equation of continuity while the storage volume is determined from the 

downstream condition At1 and AL, only (the proportional depth approach). 

The only difference between the RRL storage-routing routine and the kine

matic wave is the poor approximation of the storage volume in the RRL

method. It may thus be stated that the RRL-routine is basically a kinematic 

wave approach. 

The RRL-routine leads to subsidence of the flood crest, see fig.4.5. However, 

this "realistic" behaviour of the routing wave arises from an "unrealistic" 

approximation of the continuity equation . it will be shown in chapter 5 that 

the subsidence of the wave depends on the magnitude of the length increment 

Ax and that the RRL-routine passes into the kinematic wave approach as 

Ax--. 0. 

4. 6 The NIVA sewer network model 

The NIVA network model may be characteri.zed as a modified RRL storage-
, 

routing routine. However, it will b~ shown that the introduced modification 

implies an impairment of the RRL-method, which i tself is relatively weak. 

Following ref. [2] the NIVA model is as follows : 

The inflow hydrograph is routed through each sewer line Ax by a translatation 

procedure ana a storage procedure . 

In the translatation procedure each discharge Dn on the inflow hydrograph 

is translatated the amount of time Atn given by 

1 
At = Ax I (D I A ) n n n 

D = D(A ) according to eq. (4. 4. lb) n n 

(4. 6. 1) 

the procedure implying only a distortion of the· hydrograph, which maintains 

its peak discharge and depth. The translatated hydrograph is calle_d P. 

In the storage procedure, the translatated hydrograph P is manipulated by the 

RRL routine, eq. (4. 5. 1) and the outflow Q is found by the previous described 

step-by step calculation. 

.·, 
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The actual meaning of this two step procedure is that the inflow hydrograph 

is routed two times through each sewer line, which roughly estimated leads 

to a doubling of the time of routing of the hydrograph. 

Discussions between the author and the NIVA have led to the decision of re

placing the actual routing procedure by a routin based on the EPA- or the 

CTH-transport model. 

The NIVA network model is one of the submodels in a complete $ewer system 

model including also treatment plant models and economical models. 

, 

- ~· 
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5. COMPARATIVE TEST OF METHODS FOR FLOOD ROUTING 

IN STORM DRAINS 
1 

5. 1 

At present the author has only a very limited amount of data available which 

can be used for comparison of hydrographs predicted by the models described 

in chapter 4. However, some results reported in ref. [3] can be used as a 

basis for exemplification of the features of the routing routines. 

In ref. [3), the EPA transport model is tested against an 11 exact" solution. The 

exact solution _was attained numerically by the method of characteristics. The 

test was performed for a pipe of constant _diameter and bottom slope 

diameter D :::: 1,82 m 

bottom slope S 
0 

= 1o-3 

full capacity Q
0 

:::: 4.15m3fs 
length = 9150 m 

The inflow hydrograph consisted of a triangular hydrograph superimposed on 

a constant base flow, see fig. 5. 1. 

The results from the EPA-test are presented in fig. 5. 2 and 5.3 for different 

time steps and distance increments. The outflow hydrographs predicted using 

the EPA-transport model show good agreement with those obtained by the 

method of characteristics. The characteristics solution was tested against 

the measureq depth hydrographs of ref. [12] and found to be in very good agree

ment. 

The tests indicate the EPA transport model to be an reliable tool for flow 

routing in pipes in case of no backwater effects. 

The p~oposed CTH-transport model, which is a complete box-scheme formu

lation of the governing equations, has not yet been tested. However, this model 

should be at least as good as the EPA-model. 

As pointed out in section 4. 5, using the RRL-routine, the subsidence of the 

wave depends on the magnitude of the length increment ~x. This fa~t is evident 

from fig. 5. 4, which also shows that the RRL-routine passes into the kinema

tic wave approach as .6x~o. 
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The effect of the adding of a translatation procedure to the RRL storage- routing 

routine, as made in the NIVA network model, appears from fig. 5. 5. Thus, 

the time of routing is roughly doubled. It is also shown that the RRL-method 

may give an approximately correct outflow hydrograph, if ~x is properly cho

sen. However, as we have no basis for this choice, any agreement is acciden

tal. 

Good agreement between the kinematic wave velocity and the actual wave speed 

is also demonstrated. This agreement is due partly to the small variation of 

dQ/ dA within the actual interval of Q, partly to the fact that the speed of a sub

siding wave differs only in second order terms ·from the kinematic wave speed, 

see section 3. 5. 

In order to complete this comparative test we have also included the outflow 

hydrograph calculated by the routing procedure proposed in ref[46], the Uni

versity of Cincinnati urban runoff model (UCUR). In this model, the avel~age 

velocity with which the total inflow volume moves downstream is consid.:..red to 

be the weighted average of all the partial velocities with respect to the corre

sponding volumes. The, inflow hydrograph is thus shifted in time without changin1 

in shape and the hydrograph maintains its peak discharge. The UCUR-method 

thus corresponds to a "kinematic shock" approach, see section 3. 4. 

, . .... ~ . 
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6. CONCLUSIONS AND RECOMMENDATIONS 

Flood routing models applicable to storm drains may be divided in .two groups 

(a) models which give an adequate simulation of unsteady free surface 

flow, including simulation of transient backwater conditions 

(b) models which give only an approximate simulation c::>f flow conditions 

Type (a) models are based on exact solutions of the Saint- Venant equations 

simultaneously throughout the sewer sys~em. However, the complete boundary 

conditions, including multijunctions, manholes_ etc make the programming diffi

cult and the computaUonal costs high. The urban runoff model presented briefly 

in ref [5] is probably of this type. 

In type (b) models, storm water hydrographs are routed independently of down

stream conditions. Thus, simulation of transient backwater effects is not poss

ible. These models are less complicated 8ild require a reduced number of geo

metrical input data. Only conduit lengts, diameters and slopes are requil•ed. 

Urban runoff models developed in the United States as well as the RRL-model 

and the NIVA -model use routing submodels based on type (b) flow models. The 

authors of these methods claim that, considering the great uncertainties in 

inputdata (precipitation, infiltration rates, surface storage and surface runoff 

etc), the accuracy of their models are suff1cient for practical purposes and 

that computational costs should be too high for a type (a) model. The most accu

rate existing type (b) model is the so called EPA-transport model. 

Considering the remarques given above, the author suggests the following plan

ning of the continued studies: 

1. Development of a complete routing routine based on the EPA- or 

the CTH-transport models. This work has in faCt already started 

in cooperation with the Norwegian Institute for Water Research 

(NIVA). This routing routine will thus replace the present routine 

in the complete sewer network model developed by NIVA. The 

model will give an approximate picture of backwater effects and 

overflow conditions. 
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2. Development of a preliminary routing routine based on a .type (a) 

model in order to investigate programming difficulties and 

computational costs and for studies of the degree of approximation 

of the type (b) model. For the development of the type (a) model, 

which most likely will be of the implicit - non linear type, use of 

the experience obtained within the work with the model presented 

in ref [ 47], will be made. The reason for using a nonlinear system 

is the problems concerning linearization of complexe boundary 

conditions. 

3. Test of mathematical models in a hydraulic laboratory model. The 

hydraulic model should also render possible studies of junction 

problems. 

' ' 

.. , .... _ 
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