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Abstract

A flexible fiber model has been implemented in a general-purpose, open-source computational fluid dynamics code. The
fibers are modeled as chains of cylindrical segments. Each segment is tracked individually and their equations of motion
account for the hydrodynamic forces and torques from the interaction with the fluid, the elastic bending and twisting torques,
and the connectivity forces and moments that ensure the fiber integrity. The segment inertia is taken into account and a
one-way coupling with the fluid phase is considered. The model is applied to the rotational motion of an isolated fiber in a
low segment Reynolds number shear flow. In the case of a stiff, straight fiber, the computed period of rotation is in good
agreement with the one computed using Jeffery's equation for an equivalent spheroid aspect ratio. A qualitative comparison is
made with experimental data for flexible fibers. These results show that the implemented model can reproduce the known

dynamics of rigid and flexible fibers successfully.

Introduction

The dynamics of particles suspended in flowing fluid are
of great interest and importance in many industrial
processes. Particularly, suspensions of fibers and fiber
flocs are processed to produce paper products and fiber
composites. One example is the making of pulp mats for
use in hygiene products. When a fiber suspension is made
to flow, the fibers translate, rotate and deform into
configurations that become locked into the formed product.
These changes in the microstructures of the suspension
affect the macroscopic properties of the produced material,
such as elastic modulus, strength, and thermal and electric
conductivities. In pulp and paper processing, the fiber
dynamics of the sheet forming process are one of the most
important factors that influence the sheet characteristics
(Ross and Klingenberg 1997; Matsuoka and Yamamoto
1995).

To model these industrial processes, including wet
forming of paper and dry forming of pulp mats, it is
necessary to consider large particle systems in high
Reynolds number flow with finite Reynolds number fiber—
flow interactions (Lindstrom 2008). The forming unit
process in water-based papermaking has been previously
modeled at a particle-level with direct numerical
simulation (DNS) under a Stokes flow assumption
(Svenning et al. 2012) and with a microhydrodynamics
approach for finite Reynolds numbers (Lindstrém and
Uesaka 2008; Lindstrom et al. 2009). The characteristics of
dry forming, with large flow geometries and fibers
suspended in air, present a numerically even more
challenging conditions, since air is less dissipative than
water.

This work constitutes a first step toward a complete model
for air-fiber suspensions modeling, and thus considers the
motion of isolated fibers in shear flow.

There has been experimental work on the behavior of
fibers in different flow conditions. Forgacs and Mason
(1959a,b) identified different regimes for fiber motion in
creeping shear flow. They observed that flexible fibers
move in different regimes of motion, stiff, spring-like and
a coiled regime with or without entanglement, depending
on the fiber stiffness, length, and the flow properties such
as shear rate and fluid viscosity.

A number of numerical approaches have been developed
to study particle-laden flows. In the Eulerian—Eulerian
approach the phases are treated as interpenetrating
continua. The Lagrangian—Eulerian approach, on the other
hand, treats particles as moving objects in a fluid medium.
In the DNS approach, the particle geometries are resolved
to a high level of detail, giving excellent predictive
capability for fiber motion in suspension (Qi 2006;
Salahuddin et al. 2012), but at a relatively high
computational cost. In the microhydrodynamics approach,
many particles are combined into a multi-rigid-body
system. The choice of model is always a trade-off between
accuracy and system size, as previously discussed by
Crowe et al. (1998), Lindstrom and Uesaka (2007) and
Hé&méldinen et al. (2011).

Several variants of the microhydrodynamics approach
have been previously developed to simulate flexible fiber
motion in shear and sedimentation flows. Matsuoka and
Yamamoto (1995) developed a particle-level simulation
technique to capture the dynamics of rigid and flexible
fibers in a prescribed flow field. They represented a fiber
by a set of spheres, lined up and connected to each



neighboring sphere. Ross and Klingenberg (1997)
proposed a similar model, but using a chain of rigid,
prolate spheroids. These numerical studies were in
qualitative agreement with the experimental results of
isolated fiber motion obtained by Forgacs and Mason
(1959a,b) and also predicted some of the rheological
properties of fiber suspensions. Schmid et al. (2000)
developed a particle-level simulation technique to study
flocculation of fibers in sheared suspensions in three
dimensions. They investigated the influence of the shear
rate, fiber shape, fiber flexibility, and frictional
inter-particle forces on flocculation. The fibers were
modeled as chains of massless, rigid cylinder segments
interacting with an imposed flow field through viscous
drag forces and with other fibers through contact forces.
Lindstrom and Uesaka (2007) further developed the model
of Schmid et al. (2000), by taking into account the particle
inertia and the intermediate to long-range hydrodynamic
interactions between the fibers. They derived an
approximation for the non-creeping interaction between
the fiber segments and the surrounding fluid, for finite
segment Reynolds numbers, and took into account the
two-way coupling between the particles and the carrying
fluid. Their simulations successfully reproduced the
different regimes of motion for threadlike particles
(Lindstrédm and Uesaka 2007), and were subsequently used
to study paper forming (Lindstrom and Uesaka 2008;
Lindstrom et al. 2009).

In the present work, a model similar to the flexible fiber
model developed by Lindstrom and Uesaka (2007) is
implemented in the OpenFOAM, open source

computational fluid dynamics (CFD) software (Weller et al.

1998). The model is applied to simulate the motion of an
isolated cylindrical flexible fiber in a low segment
Reynolds number simple shear flow. The simulation
results are compared with experimental and analytical
results available in the literature.

Nomenclature

Roman symbols

diameter (m)
length (m)
mass (kg)
position (m)
velocity (ms™1)

acceleration (ms~2)

orientation vector (—)
inertia tensor (kgm?)

inertia tensor time derivative (kgm?®s™)
force (N)

connectivity force (N)

torque (Nm)

bending and twisting torque (Nm)
resistance tensor (kgs™)

resistance tensor (kgs™)

resistance tensor (kgs™)
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C, drag coefficient (-)

Re Reynolds number (—)
T oscillatory period (s)
At time step ()

Greek symbols

P density (kgm™)

n dynamic viscosity(kgm™s™)
¥ shear rate (s™)

5: Kronecker delta symbol (-)
@ angular velocity (s

5 fluid velocity (ms™)

o) fluid angular velocity (s™)
E strain rate tensor (s™)
Subscripts

i segment index

n time step index

S segment

Superscripts

hydrodynamic
viscous
dynamic

body

bending

twisting

~oQa—C=

Fiber Model

First the fiber geometry and the governing equations for
fiber motion aredescribed. The hydrodynamic forces and
torques, and bending and twisting torques are then
presented. The numerical algorithms to solve the discretized
governing equations and the constraints on the
discretization time step are also discussed.

Fiber Geometry. A fiber is modeled as a chain of N
rigid cylindrical segments (Schmid et al. 2000; Lindstrém
and Uesaka 2007), see Fig. 1. The segments are indexed

i€l,N and their locations are specified with respect to a
global Cartesian coordinate system I'. The axes of this
inertial frame are defined by the base vectors {€,,€,,6,}

and the origin is denoted by O . Asingle fiber segment has

a diameter d,, a length |., a start point P, and a unit

vector 2i , which is aligned with the segment. The position
of each fiber segment's center of mass is thus

-

F=OR+12/2.



Figure 1: Fiber geometry definitions

The fiber equilibrium shape needs to be included in the
geometry description. For this purpose, a local coordinate

system I, is defined for each segment. I is a right-hand
orthogonal coordinate system with axes {X;,¥;,Z;} and
origin Pi. The fiber equilibrium shape is then defined by

fixing a local coordinate system {X;,¥;,Z,} on each
segment | and an equilibrium coordinate system
{X, 979,29} for each segment i on its preceding
segment 1—1. For a given local coordinate system I,
. and 6, of twist and

bend respectively can be determined, so that coordinate

for segment i—1, the angles @
system I can be calculated from I ,. First, I, is

rotated an angle @, about Z;, which gives Fil with

coordinate axes {X',¥;,Z'}. T is then rotated an angle

0, about i and T* is obtained.

Equations of Motion. The equations of motion comprise
Euler's first and second law for each fiber segment i, as
formulated by Schmid et al. 2000; Lindstrom and Uesaka
2007 , yielding

1_Xi 1)

ot i i+1 i E i i+1
-1 -
(?Zin(—Xi) (2)
In Eq. (1), M, is the mass of the segment 1, Ifih is the
hydrodynamic force acting on the segment i and )Zi is
the connectivity force exerted on segment 1—-1 by

segment i . For the end segments )Zl = XN+1 =0.InEq.
(2), I_i is the tensor of inertia of segment | with respect

to I, CBi is the angular velocity, T"

i is the hydrodynamic
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—

torque and Y, is the sum of the bending and twisting

[
torques exerted on segment i—1 by segment i. For the
end segments Y, =Y,,, =0 . It is required that the
end-points of adjacent fiber segments coincide, i.e.

O A i1 s
ri—i_zzi:rﬁl_I?lzi-#l' (3)

A connectivity equation is then obtained by taking the time
derivative of Eq. (3), yielding

[l

O A .,

Elwi X Z, +'7+la)i+1 X7 4
Hydrodynamic Forces. First, we define the segment
Reynolds number as Re, = pdAv/7, where p is the

density of the fluid, 77 is its dynamic viscosity, d isthe
fiber diameter and Av is the characteristic velocity
difference between the fibers and the fluid. Here, we choose
Av =1y, where y is the characteristic shear rate of the
flow. The hydrodynamic forces are dominated by viscous
effects at small segment Reynolds numbers Res <<1, and
by inertia effects for large segment Reynolds numbers
Re, >>1. Lindstrém and Uesaka (2007) numerically

investigated the consequence of expressing viscous and
inertia drag as a sum of two separable components, and
found a fair agreement between the model, theory and
experiments for a cylinder in cross-flow in the viscous flow

regime, Re, < 107", as well as in the regime dominated

by dynamic effects, 10% < Re, < 3x10° . The maximum
error in drag coefficient C, is 42% , found in the
intermediate interval of Reynolds numbers at Re, =~ 5.4

( Re, was based on the cross-flow velocity in those

numerical experiments) . The total force and torque exerted
on fiber segment i by the fluid are then given by

Eh = Eho 4 EM 5)
Th=Tre L Tn ©)

The viscous drag force of a fiber segment is here
approximated with that of a prolate spheroid. An analytical
solution described by Kim and Karilla (1991) is available
for the viscous drag force on an isolated spheroidal particle
under laminar conditions. According to the semi-empirical
formula of Cox (1971), a prolate spheroid is
hydrodynamically equivalent to a finite circular cylinder in
the sense that their orbiting behavior in shear flow is the
same if

:— =1.24(Inr, )™, %



where I, is the equivalent aspect ratio of the prolate

spheroid and I, is the cylinder aspect ratio. For fiber

segment i with aspect ratio I, =1./d,, We choose the
major axis of the hydrodynamically equivalent prolate
spheroid to be @, = |, Its minor axis, D, is then obtained

by inserting I, = a/b, into Cox's formula as

l.
b, ——d In—. 8
' 124 o} ®)

I
Cox's formula is wvalid for isolated particles and a
slender-body approximation. None of these assumptions are
true for fiber segments. However, Lindstrom and Uesaka
(2007) performed numerical experiments, which have
shown that the error in the model predictions of orbit period
of rigid fibers in shear flow is less than 3.4% compared to

Eq. (7) for >10 when a two-way coupling is
considered. Thus, for a given velocity field v of the fluid,

the viscous hydrodynamic force lfih'“ and torque fih’“

are defined by

Fho =AY -(5(ﬁ)—ﬁ) 9)
C JiE(). (10)

Here, Q =V x5/2 is the angular velocity of the fluid

and E =V5+(V5)"/2 is the strain rate tensor, with

T the transpose. The operators V and V x denote the
gradient and the curl, respectively. The hydrodynamic

resistance tensors Kiv, av and H,' are defined as
A =3l (V.5 + (XA =Y A)2.2.) (11)
CY=mlP(Y o +(XC -Y.°)2.2.) (12)
ﬁ :_mliaYiH(E'zi)zil (13)

where 0 and & are the unit and the permutation tensor,

respectively. The hydrodynamic coefficients XiA, YiA,

XS, YS and Y," depend on the eccentricity
g = (1—b,2/af )UZ and are according to  Kim and Karilla
(1991) defined as

1+e,

L(e;) =1In

XiA (&)= gels (—2&; +(1+ eiz)L(ei N

YAe) = %g (28, + (32 ~1)L(e,) !
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XE(e) = Sel-ed)(2e, ~(-ef)LEe))* (14)

YE(e) = Set(2-ef)(-2e, ~(L+elILE)

V() = Se(2e + (L ef)Le))

In the range 10? < Re, < 3x10° of segment Reynolds

numbers, the inertia drag force of a cylinder in cross-flow is
dominant as compared to the viscous drag in the axial or

cross-direction. If 2i is the cylinder orientation, then only
the flow components in the plane perpendicular to Z; need
to be considered. The drag coefficient for cross flow over a
circular cylinder is, according to Tritton (1988), CE) =1,
for 10% < Re, [ 3x10°. The total drag force and torque

on a cylindrical fiber segment are obtained through
integration over the infinitesimal cylinder slices. The

dynamic drag force and torque are then given by

' @(F)-1) (15)

gl

h,I
F"' =

T <C'-(@F)-a)+R :ER). (1)

where the dynamic drag resistance tensors are

A'=ZChmlw, (- 22) (17
G = -Chpdliv, (- 22) (18)
= 1

Hi _zCDmllll)Ll(g Z)Z (19)

and v, ; =| (5—2,2,)(5(?,)—?,” is the cross-flow
velocity of the fluid relative to the fiber segment.

Bending and twisting torques. The bending and
twisting torque exerted by segment 1—1 on segment i

are denoted by YT and Y , respectively, and taken into

account in Eq. (2) as Y, = Yi +Y?. Bending and twisting

1
torques act to restore the fiber shape when it is deformed out
of its equilibrium. The bending torque exerted by segment

I—1 onsegment i is

Yib = K, i, i€ - (20)
Here, kb i is a bending constant,
= arccos( q) is the bending angle, and



€. = (2i x 2 )/| Z;xZ"| is the bending torque
direction. The bending constant kb’i is related to the
bending  stiffness of an elastic cylinder as
k, =E,(1_ + Ii)/(|i71+|i), where E, is the Young's
modulus of the fiber material, and 1, = zd,/64 is the
area moment of inertia of a circular cylinder with diameter
di. The twisting torque exerted by segment 1—1 on
segment | is

= =k e, G- (21)
Here |(t'i is the twisting constant,
= arccos()?i . qu’l) is the twisting angle, and
1
Yi
where € = (F, r )/|(FI F,)| . The twisting

constant k, = G(J,_, +J, (I, +1.), where G is the

shear modulus of the material and J, = zd.*/32 is the
corresponding area moment of inertia.

Discretized Fiber Equations of Motion. The fiber
equations of motion are discretized in time with a time step

At . Subscripts N—1 and N denote the previous and the
current time step, respectively. An implicit numerical
scheme is used for calculating the segment velocity and
angular velocity to enhance numerical stability. In all the
equations presented in this section, the connectivity forces
X, and X, are treated as unknowns. Using the
expression for the hydrodynamic force, Eq. (1) can be
discretized as

%( in i n—l) ( 'fjn—l + Ki,ln—l)'
(E(ﬁ,n—l) )+ X|+1 n_ Xl,n' (22)

In the angular momentum equation (2), the time differential
term can be discretized as

Olips -3y
1-= - -
I ', + Z Ii,n—l ’ (wi,n _a)i,n—l) (23)

Using the expression for the hydrodynamic force, Eq. (2)
yields

€9 i '(C_[)i,n _C?)i,n—l):

i,n-1 |,n+At i,n-1
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(E +C|n1) ( (lnl) (T)in)_'_
A, 1) E(rln 1)+Y|+1n1

i Z\i,n—l (X|+1n + X ) (24)

i+1 —
i,n X 2i,n—l + 2 C0i+l,n X 2i+1,n—1'

The momentum equation (22), the angular momentum
equation (24) and the connectivity equation (25) form a
system of equations, which can be solved for the unknown
connectivity forces, velocities and angular velocities at time
N . Since these variables have different physical units, the
coefficients of the linear system will differ by many orders
of magnitude and make the system ill-conditioned. Thus, a

system of dimensionless equations should be considered.

Dimensionless Connectivity Force Linear System.
The dimensionless system of equations for the unknown
connectivity forces, where (*) denotes dimensionless
quantities, reads

— %

in i " Nisn +Ti : X|+2n V (26)
The corresponding dimensionless tensors are known for the

previous time step and the subscript N —1 is omitted for
convenience. These tensors read

*

a* = (L N
At r,
_I n-1 _V*+Kil*)7l+
AL+AD?
* 3 *

:V* e 3 —
+Ail+l) l+4TCz i+l

p

i,n—1 =- *
At

V= _(§i +r (b +b|+1))

*

|+l

*

+(A”+A")-5(R))

x =x 1 T* I —_|* 1 =x *
b =l +—1. +C"+C'") - (=1 -& +
1 ((I At I 1 1 ) (At 1 wl

€ +C")- & @)+ (A" +H"):E"(F)



where C is a second-order tensor and is a function of

Zi

-1
* 1 :* =~ 3 =~ *
the tensor (Ii +— 1, +C” +C/' j and the
At
orientation vector 2i .After applying Tikhonov regularization
(see Andri¢ (2012)), this system can be solved for the
dimensionless

unknown connectivity forces X.

I,n
2<i<N, with X;, =X},

the dimensionless velocities and scaling them back to their
dimensional form, new segment positions and orientations
can be computed as

=0. After computing

FL=F .+, 27)
:2,n1+41t(w x24) (28)

N)

A correction of the segment positions is done at each time
step to preclude the accumulation of errors. As in the
algorithm implemented by Lindstrom and Uesaka (2007),
the middle fiber segment is fixed in space and all the other
segments are translated to maintain the exact original fiber
length.

Numerical Stability and Time Step Constraints.
Assuming the worst case from the point of stability—that
the inertia terms are zero—and using expressions (9) and
(11), the hydrodynamic force on segment 1, flowing in a
stationary fluid, can be estimated as

| F" |~ ndav, (29)
so that
m % |~ |7 |. (30)

Denoting the speed of the segment by V, Eqg. (30) is
essentially a first-order, ordinary differential equation,
which can be written in the form

v+C,v~0, (31)
_ 1k - - )
where C1 = — . The stability condition for this type of

i
equation imposes the time step constraint

1 m,
At <<—=—, (32)
C, nl
From Eq. (20), the bending torque for fiber segment i can

be estimated as |Y"|~ELA8/L ,  where
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A6, = arccos( Aeq) is the deviation angle from the

1
equilibrium shape. From expressions (10) and (12), the
hydrodynamic torque on segment i is estimated as

|'I:ih |~ 771> | @, |, when inertia terms are neglected. The

magnitude of the hydrodynamic torque |Tih| must be

comparable to the magnitude of the bending torque |Y#,b [,
i.e.

~ E, 1,46,
77Ii3 | & |~ YI—, (33)
which yields
|*|~77Y|4'A6’ (34)

Since |, |[= d(46)/dt,
first-order differential equation

Eq.(34) also represents a

d (46,)/dt+C,40, ~0 (35)

and C, = E L./nl*. The time step constraint is again
given as

4
At <<i:i_
C, El

Results and Validation

In this section, the results of the numerical simulations using
the implemented model are compared to three different
experiments available in the literature. The implementation
of the fiber inertia was validated by Andri¢ (2012) for the
period of a two-segment physical pendulum. The simulated
period was in excellent agreement with the analytical
solution.

Individual Fiber Motion in Shear Flow. Jeffery
(1922) studied the motion of isolated prolate spheroids in
simple shear flow. He showed that a prolate spheroid with

an aspect ratio Iy undergoes periodic motion, so-called

Jeffery orbits, and it spends most of the time aligned with
the flow direction. The period of revolution is

T =27(r,+1/r)/y and increases with I, . This

S
relation can use an effective aspect ratio for non-spheroidal
particles. Bretherton (1962) showed that any axisymmetric
particle in a linear flow gradient rotates with a period
T =27z(r,+1r)y, where T, is an equivalent aspect
ratio that depends on the particle shape. The equivalent
aspect ratio for a circular cylinder is given by Eq. (7).
Forgacs and Mason (1959a) theoretically studied the
deformation of cylindrical particles rotating in shear flow.
They derived the equations to calculate the critical value of
yn at which the axial compression due to shear will cause



the fiber to buckle. Schmid et al. (2000) used the
dimensionless group, named bending ratio (BR), to predict
the bending of a cylindrical fiber in the flow-gradient plane,
where

— (In(2.re) —41.50)
(7 )er;

37)

with r, = L./d, where L, isthe fiber lengthand d is
its diameter.

Regimes of Fiber Motion in Shear Flow. Forgacs
and Mason (1959b) experimentally studied the orbiting
behavior of flexible fibers in shear flow, varying fiber length,
fiber stiffness, shear rate and fluid viscosity. In this work,
we chose three experimental instances, which correspond to
rigid, springy and snake-like regime, respectively, to make
qualitative comparison with the numerical simulations. The
geometrical characteristics of the fibers and the flow
parameters are summarized in Tablel.

Li[mm] dum] F¢[-1 pn [Pas] Orbit type
1.40 7.8 180 469 Rigid
2.42 7.8 310 445 Springy
3.23 7.8 414 440 Snake-like

Tablel: The parameter settings for three experimental
samples described by Forgacs and Mason (1959b) and
numerically studied by Lindstrom and Uesaka (2007). The

fiber material is Dacron with Young's modulus E, =2GPa.

Comparison with Experiments. We carried out the
simulations of an isolated fibers in simple shear flow using
the implemented model. The computational domain is a box
of side 0.01 m and it is discretized into a rectangular mesh
with ten cells in each direction. The number of cells is
chosen to make sure that interpolation of the prescribed flow
field at the segment centers is taking place in non-boundary
cells only, preserving a second-order interpolation of the
linear velocity distribution. The time series of images from
the separate simulations for the corresponding orbit types
are shown in Fig. 2. The fibers are initially aligned with the
flow. In the case of a rigid orbit, the equilibrium shape of
the fiber is straight. For springy and snake-like orbits the
equilibrium fiber shape is a U-shape with an intrinsic radius

of curvature R, =100L; , to mimic the geometrical

imperfection of the physical fibers. The evolution of the
fiber shapes reproduce those observed by Forgacs and
Mason (1959b). We compare the simulated orbit period of
the rigid fiber with the one computed using Jeffery's
equation in conjunction with Cox's equation for the
equivalent aspect ratio of a circular cylinder. The simulated
orbiting period is overestimated by 20%. This discrepancy is
due to the one-way coupling between the fiber and the fluid
phase (Lindstrom and Uesaka 2007). For the rigid, springy
and snakelike regime, we find that the simulated orbits are
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in qualitative agreement with the experimental observations
for each orbit type.

——— ———
\ /
e e

_— ~—_

_—

(b)

- c

\

/—‘ /""-
(c)

Figure 2: The time series of images show the simulation
results for the fiber shape development in a simple shear
flow for half of a period of revolution. Each case
corresponds to an actual experiment by Forgacs and Mason
(1959b). Three different orbit types a)rigid, b)springy, and
c)snake-like are observed. The fiber diameters are
exaggerated for the purpose of visualization.

Conclusions

A particle-level fiber model has been integrated into a



general-purpose CFD code. The fibers are modeled as
chains of cylindrical segments and their motion is described
by Euler's first and second law for each segment. All the
degrees of freedom necessary to realistically reproduce the
dynamics of real fibers, are taken into account. The
implemented model was validated against known analytical
and experimental results for fiber motion in shear flow. It
was found that the model reproduces the known orbiting
behavior for rigid and flexible fibers in low segment
Reynolds number shear flow.
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