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SUMMARY

In this report two methods of calculation of the time to fatigue failure of mooring
cables are analysed. The methods are based on the theory of cumulative damage and
they are applied to the fatigue of catenary cables of wire rope caused by fluctuating
axial load. To calculate the cable load a time domain approach is used which includes a
simple model of the viscous damping of the platform heave motion. The cable load
time history is analysed with the rain flow counting algorithm.

One of the analysed methods is based on a narrow band approximation of the cable load
spectrum and the other method makes use of transfer functions from first order wave to
cable load. For some of the studied load cases, the narrow band approximation leads to
an underestimation of the fatigue damage. It is concluded that transfer functions from
first order wave to cable load calculated for one wave—spectrum can be used for other
wave—spectra if the cable configuration, the cable mean—load, and the wave direction

are not changed.

The S—N curve and the effective modulus of elasticity of the cable are found to be the
two most important factors in a calculation of the fatigue damage for a specific load

case.

A sample problem of analysing the mooring cables of a semisubmersible in the North
Sea is solved by use of the method based on the narrow band assumption. The time to
fatigue failure of the most exposed cable was 440 years.
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1. INTRODUCTION

Fatigue is a common failure mode in engineering structures subjected to varying loads
of significant magnitude. Examples of such structures are machines subject to
vibrations, bridges subject to fluctuating live loads, and offshore structures subject to
varying loads from waves. This study concems fatigue in mooring cables for offshore

structures.

There are two ways to analyse fatigue. The first is to use test results in the form of an
S—N curve for the structural member of interest. (S stands for stress or strain, N stands
for number of cycles.) An S—N curve shows how many cycles a material can resist
before failure as a function of the load—cycle range. A comparison between the S—-N
curve and an appropriate description of the load will show whether or not the structural
member will fail. The second way is to apply fracture mechanics. Fracture mechanics
gives information about the progress of failure and involves measures, or estimates, of
the rate of crack propagation. Such an analysis is mainly used to assess the remaining

life of a structural member beeing inspected after some time in service.

In the study, the first of the two methods mentioned above is used for the calculation of
the expected time to fatigue failure of mooring cables for a floating platform. The S—N
curve used to characterise the cable is a curve presented in MTD (1988). The curve is
based on tests of six strand IWRC wire ropes (see Section 2.2 for definition) in the

diameter range 13 mm to 73 mm.

A time domain approach is used to estimate the load. Platform motions are generated
according to a first order potential theory (Faltinsen and Michelsen, 1975) and a FEM
model, MODEX, by Lindah! (Lindahl and Sjoberg, 1983) is used to calculate the cable
load. The platform heave motions are modified by a simple model of viscous damping
and the description of the load in terms of number of cycles of different ranges is
obtained with the Rainflow Cycle counting algorithm.



1.1 Other studies on the subject

In 1987 the Marine Technology Directorate in Britain initiated a joint industry study of
the endurance of large diameter wire ropes used, or proposed for use, in moorings of
offshore structures. In one of the reports from the study results from fatigue tests with
fluctuating axial load from different authors are presented (MTD, 1988, Figure 8). The
results show a large scatter. It is concluded, however, that the scatter is mainly due to
the lack of general and well—defined test specifications. In Figure 2.2.2, the most
reliable of the results have been plotted relative to a consequent definition of static

breaking load. In this figure the scatter is lower.

Corrosion reduces the fatigue life of wire ropes (Zimmerman and Reemsnyder, 19835;
Husain and Cottis, 1986). Wire ropes in a marine environment are susceptible to
corrosion, especially if they are frequently moved in and out of the water, such as the
upper end of a mooring cable. An efficient means of preventing corrosion is zinc

coating (Zimmerman and Reemsnyder, 1985).

In Safe Offshore (1986) it is reported that the major reason for replacement of wire
ropes on semi—submersibles is wear. An examination of 8 wire ropes used by Safe
Offshore during 4 years is reported in Scanrope (1984). A significant reduction of the
core diameter had taken place around the touch down point (i.e. where the rope is
regularly lifted off and laid down on the bottom) and in the catenary sections. A
significant reduction of breaking strength was also noted for samples taken from these
sections. The fairlead section and the section close to the anchor were in better

condition.

The accuracy of the FEM model MODEX of the wire rope is discussed in Lindahl and
Sjoberg (1983), Lindahl (1985) and Bergdahl and Rask (1987). In Lindahl and Sjéberg
(1983) MODEX is compared to a FEM model by Johansson (1976) for a two
dimensional cable with a fixed lower end. Good agreement between the results was
noted. Results from laboratory tests of a model of a chain suspended in a basin are
compared with a corresponding MODEX calculation in Lindahl (1985). The MODEX
model was two—dimensional and included bottom friction. The difference between the
calculated maximum forces and the corresponding measured forces was within the
margin of error, which was judged to be around £16%. The influence of hydrodynamic

coefficients on the computations was low.



Bergdahl and Rask studied a combined chain and wire rope system with a prototype
diameter of 135 mm. They used the three—dimensional version of the MODEX model
and compared the results with laboratory tests performed at SSPA in Géteborg. The
computed maximum tension was between 4% and 12% lower than the measured
maximum tension. They also noted that horizontal platform motions will be

underestimated if second order motions are not taken into account.

1.2 Scope of the report

A wire rope for moorings usually consists of wires of brittle high—strength steel spun
together into strands. Such a structure assures an efficient spreading of the load to all
the wires and the negative effect of a crack in one wire is limited. Cracks do, however,
easily develop in high—strength steel, and large numbers of them reduce the load
carrying capacity of the rope.

In MTD (1988) the loadings which can result in fatigue of a mooring cable are divided
into three types:

— tension—tension fatigue, i.e.

fluctuating line tension owing to platform movements;

— bending—tension fatigue, i.e.
small amplitude motion and bending of a rope over a fairlead pulley in phase
with fluctuating line tensions;

- free bending—tension fatigue, i.e.
change in unsupported rope curvature in phase with fluctuating line tensions

which occur near rope terminations.

It is not clear which of the loading types is most important. The study is focused on the

tension—tension fatigue of the catenary part of a mooring rope.

In Chapter 7 two methods of calculation of fatigue damage are examined. A sample
problem presented in Chapter 2 is used to illustrate and apply the methods. This
problem is to predict the time to fatigue failure for a wire rope used in a mooring
system for a semisubmersible platform. The semisubmersible platform is moored at a
depth of 250 m at Haltenbanken on the Norwegian Shelf.



To determine the cable load a quasi static approach is used and the platform motions
due to the first order wave are obtained by time domain simulations. This approach is
described in Chapters 3 and 4. The spectral analysis necessary to perform a calculation
of the fatigue damage according to the examined methods is presented in Chapter 5.
Chapter 6 is a study of how the fatigue damage and the cable load time history vary
with respect to sea—state characteristica, hydrodynamic parameters, and cable

mean—loads.

The main assumptions in the report are: the first order theory is sufficient to model the
waves and the platform motion; the FEM model of the wire rope gives accurate results;
a well defined S—N curve for wire ropes can be obtained; the frequency table of
significant wave heights and spectral peak periods (OCEANOR, 1987) is a good

representation of the environmental forces.



2 SAMPLE PROBLEM

To illustrate the method of calculation a sample problem is studied. This problem is to
estimate the fatigue life of the catenary mooring cables of a floating platform located

off the Norwegian coast.

2.1 Sample platform, location, and mooring configuration

The sample platform is a semi—submersible of a design called "Pace—Setter". The
platform consists of two parallel pontoons, six circular columns and a deck. The length
over all is 94 m and the height from keel to deck is 30 m. The platform can be operated
at three different draughts: transit, operational and survival. Transit draught means that
the pontoons of the platform are at level with the water surface. Transit draught is used
to move the platform to and from areas of operation. In operational draught the
platform is ballasted to bring the pontoons well under the water surface, and the
movements due to waves are thereby minimized. Survival draught means that the
platform is deballasted to a level between transit draught and operational draught.
Survival draught is used in extreme weather conditions to minimize the risk of storm

waves hitting the deck. Figure 2.1.1 is a side view of the platform.
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Figure 2.1.1 Sideview of the sample platform.



The platform is moored at Haltenbanken (65005’ N 07934' E) off the Norwegian coast at
a water depth of 250 m. The mooring pattern is shown in Figure 2.1.2 and tabulated
below. The platform is moored next to a fixed installation, to which it is connected by a
gangway. In calm weather the distance between the platform and the installation is
about 30 m. This position is called the operational position. When the swaying of the
gangway becomes too great owing to bad weather, the gangway is disconnected, and
the platform is hauled to a distance of about 100 m from the installation. This position
is called the stand—off position. In extreme weather conditions, the platform is also

raised to survival draught.

Some important data for the platform are the following.

Pontoon length: 79.6 m

Pontoon beam: 15.2 m

Pontoon height: 6.1 m

Volume of the immersed part: 20 390 m3  (operational draught)
18 010 m3  (survival draught)

Water plane area: 530 m?  (operational draught)

500 m?  (survival draught)
Area used for the calculation of
viscous damping in heave, A: 2100 m?

Heave damping coefficent, CD3: 1.0
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Table 2.1.1 Fairleads in the coordinate system B (see app. 3).

Fairlead no Horizontal Horizontal Vertical coord (m)
distance from direction (deg) operation survival
origin (m)

I 40.46 43.80 —4.0 —0.2
2 37.80 47.79 " "
3 37.80 132.21 " "
4 40.46 136.20 " "
5 40.46 223.80 " "
6 37.80 227.79 " "
7 37.80 312.21 " "
8 40.46 316.20 " "

Table 2.1.2 Operational position in a coordinate system G (see app. 3) which has
its origin at the operational position, and its x—axis in the NE
direction.

Anchor From Horizontal Direction (deg)

no fairlead no distance (m)

I.1 1 1830 20

2.1 2 1790 55

3.1 3 1790 55

4.1 4 1830 160

5.1 5 1900 210

6.1 6 1900 265

7.1 7 1900 275

8.1 8 1900 330
Table 2.1.3 Stand—off position in a coordinate system G (see app. 3) which has

its origin at the stand off position, and its x—axis in the E direction.

\Anchor From Distance (m) Direction (deg)
no fairlead no

1.1 1 1866.57 22.89

2.1 2 1872.79 56.76

3.1 3 1872.79 122.24

4.1 4 1866.57 157.11

5.1 5 1852.03 207.32

6.1 6 1800.40 264.72

7.1 7 1800.40 275.28

8.1 8 1852.03 332.68




2.2 Cable properties

The studied cable is a six—strand wire rope with an independent wire rope core (IWRC).
A cross section of the rope is shown in Figure 2.2.1. In this kind of rope the outer wires
of an individual strand are helically laid either opposite to (Regular Lay), or in the same
direction as (Lang's Lay) the lay of the strands in the rope. Another important type of
wire rope is the spiral strand, see Figure 2.2.1. The spiral strand is torque balanced but
it cannot resist tension—tension fatigue as well as a six—strand wire rope wich has the

same breaking load.

Six—strand rope (IWRC) Spiral strand

Figure 2.2.1 Cross—sections of typical wire ropes.

The wire rope is a redundant structure, i.e. the failure of a few wires does not affect the
overall strength. This fact is due to the close contact of the wires, which results in
friction and a good distribution of forces. The close contact may, however, cause
fretting at points where two wires with different directions meet. Such inter—wire point
contacts are frequent between the outer wires in the strands, and the core of a six strand
wire rope. It is believed that fatigue cracks are initiated at these point contacts within
the rope (Husein and Cottis, 1986). Corrosion accelerates this process and the use of

lubricants slows it down.
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The six strand wire rope studied is modelled with the following properties.

Diameter 76 mm
Breaking load, UBL 4290 kN
Mass per unit length 24.7 kg/m
Effective E-modulus, E 71010 N/m?
Drag coefficient parallel to the rope, Cpr 0.1
Drag coefficient normal to the rope, CDN 1.0
Added mass coefficient parallel

to the rope, CM’I‘ 0.0
Added mass coefficient normal

to the rope, CMN 1.0
Friction coefficient at the bottom, CFR 1.0

In some test reports the breaking load is the minimum breaking load (MBL) catalogued
by the manufacturer for the kind of rope that has been tested. Other test reports refer to
an actual or ultimate breaking load (UBL), measured on samples of the same rope
which has been fatigue tested. The UBL values are usually about 10-15% higher than
the MBL values. In this study the load ranges are expressed as percentage of UBL.

The effective E—modulus consists of two parts. One part can be attributed to the elastic
(bending, torsional, or axial) stiffness of the wires. The other part can be attributed to
the cable geometry, such as the helix angle and the helix radius. The elastic stiffness
decreases with time, while the geometric stiffness increases owing to seating of the
strands and compression of the core. The effective E~modules of an old wire rope of

this type can be 30-40% higher than the value tabulated above.

Correct values of the hydrodynamic parameters are difficult to find, e.g. the drag
coefficient may increase considerably for a stretched cable in a current, due to the

high—frequency shedding of vortices (Palo et al, 1983).

In order to assess the fatigue performance of a wire rope some additional definitions
have to be made. In this study, fatigue failure is defined as a failure that results from
loading the cable with a fluctuating axial load. Internal wear and fretting at point
contacts between wires are thereby included in the definition of fatigue.
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A limited number of fatigue tests have been performed on large diameter wire ropes.
The results differ considerably, which is to some extent due to a lack of detailed,
generally applied test specifications (i.e. how the cable terminations should be socketed,
when a sample is to be considered as failed, etc.). The results from fatigue test results
are described in S—IN diagrams. If a sample fails after N load—cycles of range S, then
the value (S§,N) is plotted on the diagram. A curve fitting is then performed using all the
plotted values, and an S-N curve for the wire rope is obtained. It is often assumed that
the S—N curve follows the equation

log N=1log K —mlog$§5, (2.2.1)

e.g. (DnV, 1985), (Wirsching and Light 1980). In MTD (1988) an S—N curve is derived
from a number of tension—tension fatigue tests of six—strand wire ropes with IWRC.
This S—N curve is chosen as the sample S—N curve. The curve is shown in Figure 2.2.2,
and chosen as the sample S—N curve.
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3 TIME DOMAIN SOLUTION

3.1  Establishing the static equilibrium

The forces considered to be constant within each sea—state are the wind force, the
current force, the wave drift force and the thruster force. These are discussed below and
their combined effect on the cables is expressed as a static cable forces necessary to
keep the system in equilibrium. The tables below show results for a limited number of
sea—states. These sea—states are used to model the environment of the sample problem

(see also Section 7.6). Direction is denoted either by

6 , which indicates direction relative to the heading

of the platform; or

6 , which indicates from which compass direction the

wind or the waves come.
In the sample problem the directions are related by

9::571:/4~8c (3.1.1)

Wind force

The wind force is calculated according to an ordinary drag expression,

_ 2
F==Cp.pA U (3.1.2)

w

N

where

CDw is a shape coefficient determined by windtunnel tests (Consafe, 1982),
Pa is the density of the air,
Aw is a characteristic area,

8] 10 is the velocity of the wind 10 m above the water surface.

Current force

The tidal current is uncorrelated to the wind driven current. Sometimes it acts in the
same direction as the wind driven current, sometimes it acts in the opposite direction.
For this study of the effect of the environmental force over a long period of time, the

tidal current force is set to zero for all weather situations.
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The wind driven current force is calculated with a drag expression corresponding to Eq.
(3.1.2) where the drag coefficients were determined by wind tunnel tests (Consafe,
1982). The direction of the current force is set to 1/4 rad cum sole to the direction of
the wind force, according to the Ekman spiral (Dietrich and Kalle, 1965). The current
speed is set to 3% of the wind speed, which is twice the value given as a rule of thumb
in Dietrich and Kalle (1965).

Wave drift force
Wave drift force coefficients are calculated for regular waves with the diffraction model

(Appendix 1). For each sea—state the wave drift force is calculated as

N
Fd =3 D(fi) S (fi) Af 3.1.3)
i=1
where
D(fi) is the wave drift force coefficient for frequency fi
S(fi) is the value of the spectral density for frequency fi
N is the number of frequencies for which the wave drift force
coefficients are calculated
Af is the interval between two successive'frequencies, fi and fi +1

Thruster force and stand-off position

The platform is equipped with 4 azimuth thrusters, each of the power of 2400 kW
which corresponds to a maximum force of 400 kN. When all the thrusters are run, the

capacity of the power supply results in a reduction of the maximum thruster force to
320 kN.

The thrusters are used when there is a risk that the reaction force in one of the cables
will reach 1/3 of the breaking load. When the platform motion becomes too large for
operation, the platform is moved to the stand—-off position, some 100 metres away from

the installation.

The thrusters are not supposed to be needed for any of the studied sea—states. However,
the platform is taken to the stand—off position for some of the worst sea—states,
according to Table 3.1.5.
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Total environmental force

The total environmental force is calculated as the vector sum of the wind, current, and
wave drift force. The total environmental force is considered to be static within each

sea—state.

Static cable forces

The cable forces needed to keep the platform in equilibrium position are calculated with
STANAFAS (Avedal and Erikson, 1983). The input to these calculations are the total
environmental forces, the geometry (Chapter 2.1), and the cable properties (Chapter
2.2). The results are tabulated below.

Table 3.1.1 Wind force and wind force direction relative to platform associated
with the sea—states.

Sea—state F
w
Hs(m) U 1 O(m/s) Direction Amplitude Direction
Gc(deg.) (kN) 9 (deg)
7.8 24 360 508 225
300 605 285
240 471 345
8.3 24 360 508 225
300 605 285
240 471 345
8.8 25 360 553 225
300 646 285
240 516 345
93 26 360 591 225
300 692 285
240 552 345
9.8 27 255 619 330
10.3 27 255 619 330
10.8 27 255 619 330
11.3 29 240 666 345
11.8 31 270 805 315
12.3 32 270 868 315
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Table 3.1.2 Current force and current force direction relative to platform
associated with the sea—states.

Sea—state Current force
Hs(m) UI 0(m/s) Direction Amplitude Direction
Gc(deg.) (kN) 0 (deg.)
7.8 24 360 144 180
300 248 240
240 263 300
8.3 24 360 144 180
300 248 240
240 263 300
8.8 25 360 154 180
300 261 240
240 278 300
9.3 26 360 164 180
300 300 240
240 304 300
9.8 27 255 364 285
10.3 27 255 364 285
10.8 27 255 364 285
1.3 29 240 380 300
11.8 31 270 475 270
12.3 32 270 501 270
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Table 3.1.3 Wave drift force and wave drift force direction relative to platform
associated with the sea—states.

Sea—state F d
Hs(m) Tp(s) UIO(m/S) Direction Amplitude Direction
Gc(deg.) (kM) 6 (deg.)
1.8 12.0 24 360 70 214
300 113 259
240 57 345
15.0 24 360 44 214
300 71 259
240 35 345
8.3 12.0 24 360 89 214
300 143 259
240 72 {345
16.0 24 360 47 214
300 76 259
240 38 345
8.8 13.0 25 360 89 214
300 144 259
240 72 345
17.0 25 360 52 214
300 84 259
240 42 345
9.3 12.5 26 360 129 214
300 208 259
240 104 345
15.5 360 76 214
300 123 259
240 61 345
9.8 14.0 27 255 97 319
17.0 255 63 319
10.3 16.0 255 69 319
10.8 14.0 255 140 319
17.5 255 83 319
11.3 16.0 29 240 151 345
11.8 16.5 31 270 132 304
12.3 16.5 32 270 161 304
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Table 3.1.4 Total environmental force and force direction relative to platform
associated with the sea—states.

Sea—state Total environmental force
Hs(m) Tp(s) U 1 O(m/s) Direction Amplitude Direction
Gc(deg.) (kN) 0 (deg.)
7.8 12.0 24 360 688 215
300 910 270
240 738 -30
15.0 24 360 662 215
300 869 270
240 717 -30
8.3 12.0 24 360 707 215
300 940 270
240 752 -29
16.0 24 360 665 215
300 874 271
240 719 -30
8.8 13.0 25 360 760 215
300 991 270
240 809 -29
17.0 25 360 723 215
300 933 271
240 780 =30
9.3 12.5 26 360 845 215
300 1132 271
240 897 -29
15.5 26 360 792 215
300 1049 270
240 855 -29
9.8 14.0 27 255 1010 -46
17.0 255 976 -46
10.3 16.0 27 255 982 -46
10.8 14.0 255 1053 —46
17.5 255 996 ~46
11.3 16.0 29 240 1118 -29
11.8 16.5 31 270 1321 -61
12.3 16.5 32 270 1433 -61
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Table 3.1.5 Static cable forces associated with the sea—states.

so = Equilibrium at stand off position

Sea—State Cable No/ Static cable force (kN)
Hs(m Tp(s) Um(m/s) Direction
Gc(deg.) 1 2 3 4 5 6 7 8
7.8 112.0 |24 360 470 680 260 190 210 220 160 290
300 420 520 550 460 90 90 90 160
240 180 570 530 450 630 180 210 170
15.0 360 460 670 260 190 210 230 160 290
300 410 500 530 450 90 90 90 160
240 180 570 520 450 620 180 210 170
8.3 |12.0 360 540 660 270 260 220 240 150 330
300 430 550 570 470 90 80 110 160
240 170 550 520 460 620 160 210 150
16.0 360 500 670 240 220 250 220 160 290
300 400 520 550 460 90 80 120 160
240 170 550 510 440 610 160 210 150
8.8 |13.0 |25 360 430 720 260 180 200 220 160 300
300 450 570 590 500 90 90 110 160
240 180 580 560 490 660 180 210 170
17.0 360 480 700 260 180 200 220 160 290
300 420 540 570 480 90 80 110 160
240 180 580 550 480 650 180 210 170
9.3 |I12.5 |26 360 so | 590 610 590 370 310 120 260 830
300 so | 490 540 890 540 140 110 130 390
240 so | 310 280 690 540 530 260 150 160
15.5 360 520 710 240 220 190 210 160 280
300 370 400 420 430 100 350 390 170
240 160 560 580 470 660 170 190 160
9.8 |14.0 |27 255 so | 240 670 590 590 730 110 130 230
17.0 255 120 730 730 330 660 190 110 120
103 |16.0 255 120 730 740 330 660 190 110 120
10.8 [14.0 255 so | 230 790 580 610 800 130 130 230
17.5 255 120 730 750 330 660 190 110 120
113 [16.0 {29 240 so | 200 490 570 690 770 120 140 210
1.8 |16.5 |31 270 so | 290 660 820 660 460 90 110 190
120 [16.5 {32 270 so | 290 690 880 700 450 90 100 190
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3.2  Motion owing to the first order wave force

In the study, waves are simulated according to the following equation.

§(t) = Re {Ce(®)},

N/2
Co(t) = Z Cei(® (3.2.1)
o

Loi ) = 1 ST V)

where
L) is the wave elevation as a function of time,
N is the amplitude of component no. i,
f; is the frequency of component no. i,
\H is a random phase angle of component no. i,
N/2+1 is the number of components.

The frequencies of the components are defined as

f;=fy + iAf ,1=0,1,2,.... N/2 (3.2.2)
where
fo is the lowest frequency for which the hydrodynamic properties were
calculated in the diffraction model (Appendix 1).
Af = 1/T, where T is the time length of the simulated wave
N/2 = (f,—fo)/Af, where f, is the highest frequency for which the

hydrodynamic properties were calculated in the diffraction model.
(fo=0.0366Hz and f,=0.145Hz in the solution of the sample problem.)

The amplitude 1; is a function of the spectral density or "wave—spectrum”, S(f; ).

ni= (25(F; )An172

(3.2.3)
S(f; ) is defined in Chapter 5.

The phase angles, y; , are samples from a random varjable with the probability density
function p(y;),
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1/2m 0<y;<2r
p(y;) = { 0 (3.2.4)

, othe r wise

The sea surface is generally assumed to be a realization of a Gaussian process. Eq. 3.2.1
represents a Gaussian process only in the limit N - o . Elgar et al (1985) assume that
one thousand components is enough for most applications. In the study 430 components
in the range 0.037 Hz to 0.145 Hz is used. The error that may arise from this limitation

is assumed to be small.

The structure’s response to the wave (Eq. 3.2.1) is computed by use of the principle of

superposition.
N/2
Xplt) = Z Ty Loy (® k=1,2,.6 (3.2.5)
i=0
where
k indicates degree of freedom,
X (1) is the complex motion,
Cei is the i'th complex wave component (see Eq. 3.2.1),
Ti is the transfer function between the i'th wave component and the
platform motion in the k'th degree of freedom:
Ty =Ty e 10k (3.2.6)

To establish the equation of motion, from which the transfer function Ty can be found,
results from calculations with the diffraction model (Appendix 1) are used. The
diffraction model does not take into account the damping effect of viscosity. This effect
has to be included in this study, however, because realistic amplitudes of the transfer
function near eigenfrequencies are needed. Therefore, a simple model of the viscous
damping in heave (3rd degree of freedom) is included by a force, Fy; 2 , proportional to
the relative velocity squared. For each component i the equation of motion has the
following form.

(m+a;)%;+ Qiii+gli=fei%{£+5vi (3.2.7)

where
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m  is the mass matrix for the platform,

a; is the added mass matrix, interpolated from the diffraction model results,
X; is a vector containing the motion in the six degrees of freedom,

b; is the radiation damping matrix, interpolated from diffraction model

results,
Fy; is a vector expressing the effect of viscosity in heave (or 3rd degree of
freedom) motion. The only non—zero component of the vector is the

viscous damping force in heave:

1 , .

Fiiz=5 CD3PWA(Cci-Xi3)|§ci —%i3] (3.2.8)
CDB is a drag coefficient determined by model tests,
Pw is the water density,
A is the platform area normal to the heave direction,
%p  is the platform velocity in heave,
[+ is the stiffness matrix,
F.; is a vector containing the wave exciting forces per unit of wave amplitude

in the six degrees of freedom, calculated with the diffraction model,
H s the significant wave height calculated from the applied wave—spectrum,

" and " indicate the first and second time derivative.

From the solution to Eq. 3.2.7 the transfer function is calculated as

Ta = lgrﬂ/dz , k=126,

i=0,12,.N2 (3.29)
dg = phase angle of x .

The use of a quadratic term, F,; 3 ,when calculating transfer functions for use in the
linear superposition (Eq. 3.2.5), is not mathematically stringent. The solutions to Eq.
3.2.7 near the eigenfrequencies are to be seen as rough estimates that take into
consideration the effect of damping and the varying magnitude of the damping with
respect to the relative water velocity. Figure 3.2.1 is a comparison between calculations
with and without the damping term. The figure also shows model test results reported in
Consafe group (1982).
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Figure 3.2.1

Transfer functions from wave to heave motion.
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33  Calculation of the cable load

The cable load is calculated as a function of time using MODEX. MODEX is a
dynamic model based on a finite element discretization of the cable (see Figure 3.3.1).
The cable is regarded as a long slender structure with negligible shear forces and

moments. The model has been extensively tested (see Section 1.1).

X, (m)
3
300 + Unstreched lencoth 1818 m Fairlead
200 4
Catenary party
100 +
/Element no. 1 % (m)
' | + + + *
-0 500 1000 1500
Figure 3.3.1 Static configuration of cable no. 2 calculated for the sea—state

associated with Hs = 7.8 m, Tp =12.0s, Gc = 3600,

In the solution for the sample problem the load is calculated for the catenary part. The
number of finite elements is 20, which is considered to be an appropriate value with
respect to computer time and accuracy. The influence of the number of finite elements

on the response is analysed in the parameter study.

The cable load is evaluated for the catenary part of the cable. The difference in
mean—ioad between different elements is small. However, the amplitudes of the load
fluctuations may vary. It is believed that the catenary part will experience the largest

load fluctuations.

The platform motion is transformed to fairlead motion according to Appendix 3 with a
timestep of 0.15 s. In MODEX the timestep is required to be about ten times shorter in
order to obtain stable solutions. A cubic spline function is used to interpolate input
values to MODEX from the time history of fairlead motion.
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In MODEX the Morison equation is applied for the calculation of surface forces and
volume forces. The drag coefficients and the added—mass coefficients are assumed to be
constant and the water current is assumed to be stationary. The influence of a variation

of these parameters on the response is low (see Chapter 6).
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4. ENVIRONMENTAL FORCES

Wind, waves and current are the three phenomena to be considered. Their inter-
dependence is complicated and random. However, in this study the variation of the
weather is based only on the distribution of wave—spectra, and simple deterministic

relations are applied between wave—spectrum and wind, as well as between wind and
current. The simplification is motivated by the assumption that the ranges of the
load—cycles generated by the environment are mainly a function of the first order wave

and the cable mean-—load.

4.1  The concept of sea—state

The nature of the wave climate is such that it can be assumed to be a stationary process,
when studied over shorter time periods (e.g. 3 hours). These stationary processes are
called "sea—states" in the report, and they are represented by wave—spectra. In the
present study the wave—spectra are of the JONSWAP form and the input to the
simulations are the significant wave height H,, the spectral peak period T, and the
direction of the wind and the waves 0.. The distribution of sea—states over longer time
periods (e.g. | year) can be represented by historical observations and measurements. At
Haltenbanken, measurements of the wave profiles and the wave directions were made
from 1980 to 1986, at a rate of about one measurement every three hours. Scatter
diagrams for H, T, and 6, evaluated from these measurements, are used in the study as
a representation of the long term distribution of sea—states at the sample location (see
Appendix 4).
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4.2  Choice of wave—spectrum
The wave—spectrum used is the JONSWAP model:
R ] 5 f 4 exp~(f_f"‘)2
S(f) = ag”(2r) T f T exp (— 4 (f;) W 20’2{,“2 4.2.1)

5007, £51,
0.09, f>f,

where
o is the spectral peak frequency,

fa=1/T,

G, o,y relate to the shape of the spectrum.

This spectrum is a modified Pierson Moskowitz spectrum that can take into account the
effect of fetch restrictions and sea—states that have the wave energy concentrated within

a narrow fI@qﬂﬁile range.

The JONSWAP model was developed during the "Joint North Sea Wave Project”, a
major study of the wave climate off the island of Sylt, by Hasselman, K, et al (1973).
Here, the choice of parameter values (Table 4.3.1) is based on the fitting of 115
empirical spectra from measurements off the Norwegian coast at Famita, Utsira
Statfjord, and Halten, to the JONSWAP model (Houmb and Overvik, 1976).

s

A comparison between the JONSWAP model and analyses of wave measurements at
Utsira 1981, performed by Houmb and @yan (1981), shows that the model
underestimates the high frequency tail of the empirical spectra. In their report, Houm
and @yan discuss the parameter Yy, which expresses the peakedness of the spectrum. It is
expected that y tends to unity (PM spectrum) for fully arisen seas. Houmb and @yan
therefore recommend small v values, say less than 3 for extreme sea—states in northem

waters.
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4.3  Relations between wind, waves and current

During the "Joint North Sea Wave Project" the spectral parameters of the JONSWAP
model were related to the physical situation (wind, fetch etc) that generated the
measured waves. From these observations the following equation, that relates the wind
velocity to the spectral parameters, was derived by Houmb and Overvik (1976).

£, = 0.1086 U(l)(')32 H;O'66 43.1)

where
fn  is the frequency of the spectral peak

UIO is the wind velocity 10 m above the sea surface,
Hs is the significant wave height evaluated from the spectral density function.

This equation indicates that the wind velocity is not only associated with the wave
height, but also with the average wave period. However, in the present study the wind
velocities were only determined roughly, by comparing frequency tables from
Haltenbanken of wind velocities and significant wave heights from 1980 to 1986
(OCEANOR 1987). These wind velocities are shown in Table 4.3.1.

The velocity of the wind driven current is set to 3% of the velocity of the wind. The
direction of the wind driven current is set to ®/4 rad cum sole to the wind direction,
according to the Ekman spiral (Dietrich and Kalle, 1965). The tidal current is not taken

into account,
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Table 4.3.1. Values on the JONSWAP parameters and the associated wind velocity.

Sea—state JONSWAP U 10(m/s)
H_(m) T, 0 Y
7.8 12.0 0.0082 4.58 24
15.0 0.0046 2.21 24
8.3 12.0 0.0091 4.82 24
16.0 0.0042 2.10 24
8.8 13.0 0.0077 451 25
17.0 0.0041 1.52 25
93 12.5 0.0099 4.94 26
15.5 0.0053 2.98 26
9.8 14.0 0.0072 4.35 27
17.0 0.0044 2.34 27
10.3 16.0 0.0049 334 27
10.8 14.0 0.0085 4.69 27
17.5 0.0047 2.40 27
11.3 16.0 0.0058 3.75 29
11.8 16.5 0.0058 3.75 31
12.3 16.5 0.0063 4.02 32
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5 SPECTRAL ANALYSIS

In this report spectral analysis is used for two purposes. The first is to simulate the
platform motion from wave—spectra. The second is to analyse the resulting cable load
time histories. The description below of how the spectral parameters are defined in this

report follows a description of spectral methods given in Press et al (1986).

Fourier transform
A complex signal h(t) in the time domain may be represented in the frequency domain

by a Fourier transform. Define a function of frequency H(f) by

oo

H() = f h(t)e ZMiftg (5.1)

then h(t) can be found from H(f) by

h(t) = f H(fe ™ 2Miftge (5.2)

)

H(f) is the Fourier transform of h(t).
From a finite number of sampled points of h(t),

hy = h(ty), (5.3)
where

te = kAt, k=0,1,2,..N-I,

At is the time increment,

N is an even integer;

an approximation of the Fourier transform (Eq. 5.1) can be found by a discrete surm;

N-1
H(f,) ~ At Z hye 2N B n= 8.2 (5.4)
k=0

or,
H(f,) = AtH,, (5.5)
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where
N-1

H, = Z nelZmN I,},_,_g. (5.6)
k=0

H, is called the discrete Fourier transform of the N points hy.

Eq. 5.6 is periodic in n, with period N (H_n = HN—n’ n=1,2,..). It is therefore

convenient to let the n in H, vary from 0 to N—1 (one complete period). This

convention, which is followed in many numerical solution routines, means that

f=0 corresponds to n=0,

O<f<f, corresponds to 1 €£ns(N/2)-1,
—f<f<0  corresponds to (N/2)+1 £ n < N—1 and
f=d2f, corresponds to n = N/2.

f. is the Nyquist critical frequency, given by

_ 1

If the series hy is real then the Fourier transform coefficients H, have the following
symmetrical properties

Re (Hy_ ) =Re (H ), n=12 .5
Im (Hy, }=—TIm(H ], n=1,2, .. ,51 (5.8)
N-—n n'’ vE s g o

Im (Hy) = Im (Hy;)) =0

The formula which recovers the series hy exactly from the Fourier transform
coefficients H,, is called the inverse Fourier transform. The inverse Fourier transform
can be written

N-1

hk = %’ z Pln e-—lZﬂ:kn/N (59)
n=0
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Spectral density
The total energy in a signal h(t) can be computed in either the time domain or the
frequency domain;

Total energy = f |n()| 2dt = f | H(f) | %df. (5.10)

A function that shows the distribution of energy over frequency is called a spectral
density function. In the report a one sided (i.e. defined only for positive frequencies)
spectral density function, with the following definition, is used.

Py = [H(D|% + [HD|?, £20 (5.11)
or, when h(t) is a real function,
Po() = 2 [H(®H) |2, £20 (5.12)

The total energy is then the integral of P (f) from f = 0 to f = «. The total energy and
the spectral density will, in general, be infinite ( there are no limits of t in Equation
(5.1) ). It is therefore practical to use the spectral density per unit time, which is found
by computing the spectral density from a finite representative stretch of h(t) and then
dividing the result by the lenght of the stretch.

A discrete estimate of the spectral density of a real function h(t) per unit time using

values hy , sampled according to Equation 5.3,is

;?‘anz’ n =0 and N/2

S = (5.13)
iz |H,|%, n=1.2,.(N/2)-1,
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The relation between S, the mean squared amplitude of h(t) and the mean squared
amplitude of hy is

T N-1 N/2
%f |h()| 2de = & 2 Ihy|? = Z Su (5.14)
0 k=0 n=0

In the present report the frequency increment, Af, is constant and a continuous spectral
density of h(t), S(f), is defined from the discrete spectral density, S,, for the frequencies
fo:

S() =S+ 53 (5.15)

where

The moments, m;, of the spectral density S(f,) are defined

N/2 .
m; = 2 S(£,)F, A (5.16)
k=0
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Spectral Filtering
Consider a real time series

hy, k=0, I,...., N-1,
translated in such a way that

hO =0, and hN—l =0.

From the Fourier transform H,, of this series a transform H,)', filtered at ftff, is defined

as

H,, for components that correspond to frequencies f<fy,
H,'= (Re(H,), 0), for the component that corresponds to f=f¢,

(0, 0), for components that correspond to £>fg.

An inverse Fourier transform hy' of H,' will then be a filtered version of hy. This way
to filter is recommended in Press et al. (1987). For more details, see for example
Brigham (1974).

The parameter study in Chapter 6 shows that the contribution to the fatigue damage
from frequency components higher than 2-f,, where f, is the highest first order wave
frequency (see Equation 3.2.2), is negligible. The filter frequency f; is therefore chosen
to 2- fz.
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6 PARAMETER STUDY

This chapter is a study of how the "output”, i. e. the cable load time history, changes
with respect to variations of the "input” and the "model". The sea—state, defined by a
first order wave—spectrum, together with an incoming wave direction, a current
velocity, and a cable configuration, corresponding to a static cable force, is regarded as
the "input". The "model" consists of the mathematical models of the platform and the
cable. The "output" is characterized by a fatigue damage value and a spectrum
calculated from the cable load time history. The following "input” and "model"

parameters are studied.

Table 6.1 The "input" parameters and their basic values.
"Input" parameter Basic value
Significant wave height, H, 93 m
Spectral peak period, T, 14.3 s
Incoming wave direction relative to

platform, 6 270 deg
Cable mean—load, P 915 kN
Current velocity, v, 1.0 m/s
Table 6.2 The "model" parameters and their basic values.
"Model" parameter Basic value

Viscous damping coefficient for platform

motion in heave, CDB 1.0

Viscous damping coefficient for cable motion

in normal direction, CDN 1.0
No. of finite elements in cable model, n.; 20
Studied finite element no. 15
Effective E—modulus for cable, E 7.0- 1010 N/m2
Ultimate breaking load, UBL 4290 kN

S—N curve (Fig. 2.2.2)
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Only one "input" or "model" parameter is varied at a time. For each variation three one
hour (real time) simulations are performed. The characteristics of the cable load
spectrum are calculated as averages from these three simulations. However, the only
characteristic that shows any significant difference from simulation to simulation

(within each variation) is the fatigue damage (see Table 7.2.1).

Different H, and T, are modelled by altering the f,, o and 7y values, the shape
parameters of the JONSWAP spectrum, according to Houm and Overvik (1977, Table
23). The wave—spectra are truncated (see Equation 3.2.2). The significant wave height
evaluated after truncation is called H in the Table 6.3. The truncated wave spectrum is

characterized by a variance, mg,, a zero up—crossing period, T, and a spectral width,

Eu;
b = }1 - Hrz%%ﬁw (6.1)

Tow = | moy/my, (6.2)

m;, is the i—th moment of the spectrum.

The corresponding characteristics are also calculated for the resulting cable load
spectrum, i. e. mo,, Ty, €. The fatigue damage is obtained by direct counting of the
cable force time history as is described in Section 7.1. The used S—N curve is the curve
given in Figure 2.2.2.
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Table 6.3 Characteristic values of the input wave—spectra.
Hy(m) Ty (s) fu(s™) o Y Hy (m) Ty (5) Ew
7.8 14.3 0.0699 0.0049 2711 7.4 12.2 0.46
8.8 14.3 0.0699 0.0058 3.73 8.6 124 0.45
9.3 12.0 0.0833 0.0115 5.20 9.1 11.0 0.36
" 13.7 0.0730 0.0072 431 9.1 12.1 0.43
h! 14.3 0.0699 0.0063 4.00 9.1 12.5 0.45
14.9 0.0671 0.0057 3.52 9.2 12.8 0.47
" 15.8 0.0633 0.0050 2.73 9.2 12.8 0.50
" 16.6 0.0602 0.0045 2.10 9.1 13.6 0.52
17.5 0.0571 0.0040 1.61 9.1 14.0 0.54
9.8 14.3 0.0699 0.0068 4.22 9.6 12.5 0.45
12.3 14.3 0.0699 0.0098 4.97 12.0 12.6 0.44

1y Basic values

By comparing the spectral width, €, the zero up—crossing period, Typ. and the variance,
myp,, of the cable load spectrum with the corresponding values of the wave spectrum
(8w, Tay, and m,) an assessment is obtained of how the transfer of variance varies

when the "input" and "model" parameters are changed.

An increase in wave height results in a decrease of the transfer of variance between the
wave and the heave motion due to the non-linear damping term of the equation of
motion in heave. The transfer of variance from the platform motion to the cable load

will, however, increase due to the non-linear relationship between motion and cable

load. The latter effect dominates, as is seen in Table 6.4 and Figure 6.1.

Table 6.4 Results for different significant wave height of input spectrum.
H, (m) £/, Top/Tow Mg/ Mgy d (10-4/h)
4 4 (NFm?-109)

7.8 0.74 1.12 451 0.041

8.8 0.71 1.11 4.80 0.155

9.3 0.69 1.10 4.92 0.234

9.8 0.69 1.10 497 0.332

12.3 0.66 1.10 5.24 1.248
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Figure 6.1 Transfer of variance for different H,.

The eigenperiod of the platform heave motion is about 19 s. It is therefore natural that
there is an increase in the transfer of variance when the dominating period, Tp, of the
generating wave—spectrum approaches 19 s: This can be seen in Table 6.5 and Figure
6.2. However, there is also an important influence from the motion in other degrees of
freedom, which might explain the decrease for the highest period, Tp = [7.5. The
importance of the eigenmodes of the cable, the first three of which lie within 6.7 s and
11.1 s (as calculated with MODEX), are not studied explicitly.

Table 6.5 Results for different peak period of input spectrum.
T, (s) £,/Eq Top/Toy Mgp/M gy d (104/h)
’ v 4 (NZ/m2"109)

12.0 0.78 1.10 3.42 0.051
13.7 0.70 1.12 4.57 0.199
143 0.69 1.10 4.92 0.234
14.9 0.70 1.11 5.02 0.246
15.8 0.72 1.10 5.08 0.230
16.6 0.75 1.11 5.09 0.211
17.5 0.78 1.10 4.98 0.195
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Figure 6.2 Transfer of variance for different Tp,.

Tangential motions of the cable result in larger cable load fluctuations than
corresponding motions in the normal direction of the cable. It would therefore have
been expected that the maximum of the transfer of variance would occur when the
incoming wave direction coincides with the direction of the cable. However, the
maximum occurs for 6 = 215 degrees whereas the cable direction is 255 degrees, as can

be seen in Table 6.6 and Figure 6.3.

Table 6.6 Results for different incoming wave direction relative to platform.
0 (deg) E,/Ew T2 2 Mg/ Mgy d (10’4/h)
i T )

180 0.73 1.10 2.45 0.019

215 0.67 1.10 6.94 0.606

258 0.67 1.11 5.10 0.253

270 0.69 1.10 4.92 0.234

282 0.71 1.10 3.30 0.067

331 0.82 1.08 1.15 0.000
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Figure 6.3 Transfer of variance for different 0.

What was said above about the non—linear relationship between cable motion and cable
load is clearly underlined by Table 6.7 and Figure 6.4, which shows the increase in the

transfer of variance as the cable mean—load increases.

Table 6.7 Results for different cable mean—load.
P (kN) €./ Top/Tow Mg ,/Mgy d (104/h)
o/ 4 (r\?ﬁ/mz 109)
107 1.56 0.97 0.04 0.0
298 1.16 1.06 0.79 0.0
598 0.80 1.10 3.20 0.086
663 0.78 1.10 3.64 0.119
735 0.73 1.10 4.10 0.151
835 0.69 1.11 4.63 0.203
909 0.69 1.11 4.92 0.234
985 0.69 1.11 5.20 0.267
1396 0.64 1.11 6.21 0.409
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Table 6.8 shows that if the viscous heave damping is ignored the fatigue damage will
be overestimated. Some model of viscous heave damping should therefore be included

in the calculation of the platform motion.

Table 6.8 Results for different viscous heave damping.

Cphs Ep/Ey Top/T2w Mg p/M gy, d(107%/h)
(N2/m2 - 109)

0.0 0.91 1.27 9.56 1.08

1.0 0.69 L.11 4.92 0.234

The effective elasticity modulus of the cable, E, is an important parameter, as can be
seen in Table 6.9. E increases with time owing to seating of the wires within the cable.

A correct value of E may be hard to find.



Table 6.9 Results for different E—~modula.

E(1010N/m?2) Ep/Ey Top/Tow Mop/My d(10™4/h)
(NZ/m2. 109)

5.0 0.69 1.11 2.59 .023

7.0 0.69 1.10 492 234

As the tension—tension fatigue is a function of both the mean load (indirectly) and the
range of the load—cycles, it is not obvious which element of the cable is most affected.
Elements close to the fairlead experience larger mean loads than elements further down,
but the cable load fluctuations close to the fairlead are smaller. Three different finite
elements, nos 13, 15, and 18, are analysed in the parameter study. The results are shown
in Table 6.10. Element no. 13, which is the lowest positioned of the three, is the most
affected.

Table 6.10 Results for different finite elements.
Element £,/€, Ton/Tow mop/M gy

v/ 4 (N¥/m?2- 109)
13 0.69 1.10 495
15 0.69 1.11 4.92
18 0.69 1.10 4.86

No significant difference in the results is obtained when the number of elements in the

cable model, n.;, is varied between 16, 20, and 24.
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7. METHODS OF FATIGUE CALCULATION

A statistical way of studying the fatigue of a structural component is to consider the
load to which the component is subjected and the strenght of the component as two
random variables that vary with time. A failure occurs when the load exceeds the
strength. The time to such an exceedance is called the time to fatigue failure. In this
chapter two different methods of calculation of the expected value of the time to fatigue
failure are studied. The calculation of the risk of failure before the expected time is,
however, not within the scope of the present report.

The methods are a method of using narrow band approximations presented by
Wirsching (1980) and a method of using transfer functions between wave—spectra and
cable load. Both methods are based on the concept of fatigue damage (see section 7.1)

and motivated by the aim of reducing the need for simulations.

7.1 Load—cycle counting

Fatigue tests are usually performed with a fluctuating load that can be characterized by
a load range, S, a mean value, P, and a number of load—cycles to failure, N (Figure
7.1.1). Results from such tests are plotted on diagrams and curves are fitted to the
plotted points (Figure 2.2.2). The curves are called S-N curves and show N as a
function of S.

load

no. of cycles

time

Figure 7.1.1 Definitions of fatigue load.
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A cyclic load applied to a structure will change its material properties; cracks may be
initiated or continue to propagate, the material may harden at crack ends due to high
local stresses, etc. These changes, which may ultimately lead to failure, can be
quantified using the concept of fatigue damage. The changes caused by a load (S;, P;,
n; ) are then expressed as a fatigue damage d; :

d;=d;(S;, P;, ny).

It is also believed that the fatigue damage is permanent and that the fatigue damages
from a sequence of different loads can be accumulated. A simple and widely accepted
way of assessing the accumulated fatigue damage is to apply the linear damage rule by
Palmgren and Miner. According to this rule the fatigue damage d; , incurred by n;
cycles of the load (S;, P;), is linearly proportional to the maximum number of cycles
N; of the same load that the material can resist before failure:

n;

di= - (7.1.1)

The rule assumes that the frequency of loading (i.e. the number of cycles per time unit)
and the order in which different loads are applied can be ignored. Failure is predicted to
occur if

Zdiz i (7.1.2)

i
If an S-N curve can be obtained for the material and if the linear damage rule is
applied, the problem of assessing the time to fatigue failure is reduced to a counting or
a prediction of the number of cycles n; of different loads (S;, P;) to which the material
is subjected. For a load process that has a narrow banded frequency spectrum, the
number of cycles is obvious (Figure 7.1.2a). For a load process that has a wide banded
frequency spectrum, the irregular load history has to be transformed to a sequence of
load—cycles by the use of an algorithm of some kind (Figure 7.1.2b). One way of
defining cycles from irregular load histories is the rain flow algorithm. The method of
using narrow band approximations presented by Wirsching (1980) is based on the rain
flow algorithm. The algorithm can be described as follows (see also Figure 7.1.3).
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1. Reduce the load time history to local minima and maxima and let the time axis

point downwards.

2 Draw lines between the minima and maxima and regard these lines as roofs.

3. Let flows of rain start at the inside of each minima and maxima (1,2,3,...) and

then flow along the roofs.

4. Stop a flow of rain that started at a minimum when another flow falls down on it
(3a and 5a) or when a minimum is encountered that is smaller than the minimum
from which the flow started (1a).

5. Stop a flow of rain that started at a maximum when another flow falls down on
it or when a maximum is encountered that is greater than the maximum from
which the flow started (2a and 4a).

6. Define half-cycles from each flow path and let two half-cycles form a complete
cycle if the amplitude at the starting point of one of them has the same value as
the amplitude at the stopping point of the other, and vice versa (2—2a + 3-3a,
and 4-4a + 5-5a).

The algorithm used to implement the rain flow method in this study is "Rainflow
algorithm 1", presented by Downing and Socie (1982).
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load
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vV vV

Figure 7.1.2 Samples from random processes. From Wirsching and Light (1980).

load

Tla

time

Figure 7.1.3 Rain—flow counting.
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7.2 A method of using transfer functions

A method of using transfer functions has been tried for assessing the fatigue. This
method is based on the assumption that the transfer function from wave-—spectrum to
cable load changes moderately with respect to significant wave height, H; , and spectral
peak period, Tp, and that the change with respect to cable mean—load, P, can be
modelled by the variance of the cable load time history, Mgy Transfer functions
calculated for one set of values of H, T, and P can then be applied to situations where
the values of Hy , T, and P are different. No attempt has been made to model the
change of the transfer function with respect to incoming wave direction, 6, and different

sets of random phase angles, Y , of the generating wave (see Section 3.2).
The Fourier transform of the simulated cable load is written
A iA .

Ci:(:iep”x (7.2.1)
where

/\ . .

C;  is the amplitude, and

A;  is the phase angle of component i

and the transfer function from wave—spectrum, S;, to the Fourier transform of the cable
load is defined

Vi= ¥ efM (722)
where

A A
V;=C;/S; , when V; is to be applied to sea—states associated
with different H, and Tp. (7.2.3)
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Different cable mean—forces, P, result in quite different values of the cable load
variance, and consequently quite different values of the fatigue damage. It is observed
that if the amplitude of the transfer function is divided by the standard deviation of the
cable load, it can be applied to load cases within a limited interval of cable mean—load
around the cable mean—load for which the transfer function was calculated. The

amplitude of the transfer function is therefore defined

‘<\7i = éi /(S;| mgp ), when V; is to be applied to cable configurations

associated with different P. (7.2.4)

As is mentioned in Chapter 6 the standard deviation of the cable load doesn’t vary
much from simulation to simulation. Actually, one short simulation of half an hour (real

time) is enough to get a correct value.

The transfer function V; models a transfer from a real parameter, S;, to a complex
parameter, C; . The phase angles of V; are set equal to the phase angles of the Fourier
transform of the simulated cable load, A;. Each simulation, i.e. each choice of random

phase angles, . , of the generating wave will give different values of A;.

The basic assumption stated above, is that the transfer function can be regarded as
independent of H,, T, and P ie.

Vi=V;(6, ¥y (7.2.5)

In Table 7.2.1, fatigue damage, d, calculated with the rain flow algorithm from
simulated cable load time histories, is shown. The results vary a great deal from
simulation to simulation. Therefore, in the following check of the applicability of the
method of using transfer functions (Section 7.3), three different sets of phase angles of
the generating wave, Wy, are used and the fatigue damage is calculated as average
values obtained from these three sets.



Table 7.2.1 Fatigue damage calculated from simulated time series for Hy = 9.3 m,
T, = 14.3 5, 6 = 2700, P =915 kN.

Simulation Fatigue damage d (10-4/h)
1 0.28
2 0.14
3 0.22
4 0.21
5 0.18
6 0.12
7 0.18
8 0.16
9 0.30

7.3  Applicability of transfer functions
To check the applicability of transfer functions, results from complete simulations were
compared with results obtained by transfer functions. The transfer functions were

calculated from simulated cable load time histories according to Table 7.3.1.

Table 7.3.1 Calculation of transfer functions.
Transfer H, (m) Tp () 0 (deg.) P (kN) Set of
function phase angles
1 93 14.3 270 915 a
2 " " ” " b
3 " ”n " " C
4 " 17.5 " " a
5 " " " 1" b
6 " " " " C

In the figures below the following notation is used; d is an average value of the fatigue
damage calculated from three complete simulations with the set of phase angles a, b
and c, respectively and the values of H,, Tp 0, and P listed in the figures. (These
simulations are also analysed in Chapter 6.) d; is an average value from calculations
with transfer functions 1, 2 and 3. d4 is an average value from calculations with

transfer functions 4, 5 and 6.
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Figure 7.3.1 shows that if transfer functions are calculated for H, = 9.3 m, they can be
applied within the interval H, = 7.8 m to Hy = 12.3 m with good accuracy. Figure 7.3.2
shows that if transfer functions are calculated for T, = 17.3 s, they can be applied to
lower values of TP’ at least down to Tp = [3.8 s. However, no accurate results are
obtained when transfer functions are used for larger values of Tp. Figure 7.3.3 shows
that if transfer functions are calculated for P = 909 kN, they can be applied within the
interval 740 kN < P < 1000 kN. However, in order to use transfer functions for other
values of P than the value for which the transfer functions were calculated, the variance
of the cable load have to be known.

d,/d
A ‘J'p=14.3$, 6=270deg.
P=915kN
Tl == = = - — .
@ @
@
®
0.94 = —@ — — — — — — .
H_(m)
i 1 1 i ] S».
{ T T T T -
8 9 10 11 12
Figure 7.3.1 Ratios between damages calculated with transfer functions and
calculated with complete time simulations. The transfer functions
were calculated for Hy = 9.3 m.
d,/d
A H =9.3m, 0=270deg.
S
P=915kN
Tl e e
@ @ ®
@ @ o
0.9 ——7"—— ——— — — = = — —
e
T (s)
t t } } t —&
12 13 14 15 16 17
Figure 7.3.2 Ratios between damages calculated with transfer functions and

calculated with complete time simulations. The transfer functions
were calculated for T, = 17.5 s.
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: | i ; ; -
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Figure 7.3.3 Ratios between damages calculated with transfer functions and

calculated with complete time simulations. The transfer functions
were calculated for P = 915 kN.

Each transfer function represents only one estimate of fatigue damage. As the estimates
vary a great deal from simulation to simulation (see Table 7.2.1), it is necessary to
calculate at least four or five transfer functions to get a good average value of the
fatigue damage. In addition to this, shorter simulations have to be carried out in order to

calculate the variance of the cable load.

74  Narrow-—band approximation

Simulations of load time history and subsequent load—cycle counting according to the
rainflow algorithm are tedious procedures. It would be more practical to use some kind
of closed form expression that relates a force (or stress) spectral density function to

fatigue damage.

On the assumption that the linear damage rule (see Section 7.1) is applicable and that
the S—N curve for the structural member considered has the form NS” =K (Eq. 2.2.1),
it can be shown that the fatigue damage d, in a stationary gaussian narrow band process

(i.e. a process which has a spectral density function which is narrow—banded) is

d=%(2/?0’)’“1’(%+1) (74.1)
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where
n is the fotal number of cycles,
4] is the standard deviation of the process and
I'x) is the gamma function of x.

The distribution of load—cycle ranges counted according to the rain flow algorithm from
a time series generated by a stationary Gaussian narrow band process is the Rayleigh
distribution:

Fg(s) = 1 —exp(~1/2 (5—)?) (74.2)

Wirsching and Light (1980) also suggest the use of Equation 7.4.1 for wide band

processes with the number of cycles, n, defined by
n = fyT (7.4.3)
where

fo  is the rate of zero up—crossing,

T  is the analysed time.

Introducing (7.4.3) into equation (7.4.1) gives a narrow band approximation of fatigue

damage:
foT
dB=% (2\/2 o)™ I (% +1). (7.4.4)

When narrow band approximations are used in this study (section 7.6), the rate of zero
up—crossing and the standard deviation are calculated from the spectral moments of the
cable load (see Chapter 5):

f():\/—ﬁj][-n—ﬂ,

o = mg
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7.5  Comparing narrow band approximations and simulations

There are two purposes of this comparison. The first is to see how accurate the narrow
band approximation is for the cable load processes studied in this report, and the second
is to find an S-N curve defined by Equation 2.2.1 which can be used as a representation

of the sample S—N curve (Figure 2.2.2) in the narrow band approximation .

Five sets of nine one—hour (real time) simulations are performed. For each simulation
the cable mean—load P and the number and ranges of load—cycles are calculated
directly from the cable load time histories. The standard deviation, ¢, the rate of zero
up—crossing, f,, and the spectral width, €, are calculated from cable load spectra as
described in section 7.4. Table 7.1 shows the input to the simulations and average
values over each set of simulations of E, G, f, and €. UBL is the breaking load, which is
set to 4290 kIN (see Section 2.2).

Table 7.5.1. Simulated one—hour long cable load time histories.

No Sea—state
H (m) Tp(s) 6(deg) | P(kN) o(%UBL) fo(Hz) €

1-9 7.8 12.0 285 520 1.3 0.085 0.36
10-18 | 12.3 16.5 315 630 1.6 0.068 0.47
19-27 | 123 16.5 295 630 2.4 0.067 0.42
28-36 9.3 14.3 270 909 3.7 0.072 0.33
3745 | 123 16.5 255 630 4.7 0.065 0.38

The fatigue damage is calculated from the simulations either by a method of direct
counting of the time series and subsequent averaging over each set or by the use of
average values over each set of the spectral parameters (¢ and f,) and the narrow band
approximation. Three different S—N curves are used (see Table 7.5.2 and Figure 7.5.1).
Curve no. 1 is the sample S—N curve, curves nos. 2 and 3 are S—N curves defined by

Equation 2.2.1 and fitted to curve no. 1. Curve no. 4 is used in Section 7.6.
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56

S—N curves
Curve no. Form Parameter values
1 Figure 2.2.2 Fatigue limit at $=0.14 UBL
2 NS"=K m=4.96 K=509.7 UBL"
3 NS"=K m=9.08 K=1.765 UBL"
4 NS"=K m=3.75 K=841 UBL"
S(% of UBL)
Y.
16 +
(M curve no. -~
N — @
g L @curve no. 2 -
® curve no. 3 -~
4+ @ curve no. 4 - ~®
@Curve J~J from Fig. 8 in MTD(1988) ™~
2+ (® Curve D-D from Fig. 8 in MTD(1988) ~®
N (no)
104 10° 10° 10 108
Figure 7.5.1 S—N curves.

The accuracy of the narrow band approximation when applied to the studied cable load
processes can be assessed from Table 7.5.3. The values of the fatigue damage obtained
with the narrow band approximation are between 8% and 28% lower than the values

obtained by direct counting.
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Table 7.5.3 Fatigue damage calculated directly and by the narrow band

approximation using curve no. 2.

Simula— | Fatigue damage d(1077/h)
tion
Calculated directly Narrow band approximation
1-9 2.04 1.53
10-18 [4.47 3.25
19-27 |37 28.3
28-36 |272 250
37-45 | 850 740

Table 7.5.4 shows values of the fatigue damage obtained with direct counting and curve
no. 1 compared to narrow band approximations calculated using either curve no. 2 or
curve no. 3. For cases where the standard deviation ¢ is within 2.4% — 4.7% of the
breaking load (simulation nos. 19—45) curve no. 2 seems to be a good representation of
curve no. 1. For cases where o is less than 1.6 % of the breaking load the fatigue

damage is negligible if the fatigue properties of the studied cable follows curve no. L.

Table 7.5.4 Fatigue damage calculated directly using curve no. 1, narrow band

approximated using curve no.2, and narrow band approximated using

curve no. 3.

Simula— Fatigue damage d(10/h)
tion

Calculated Narrow band approximation

directly using calculated using

curve no.1 curve no. 2 curve no. 3
1-9 0.0 1.53 0.01
10-18 0.08 3.25 0.04
19-27 12.0 28.3 2.5
28-36 249 250 115
37-45 862 740 910
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The distribution of load—cycle ranges is analysed for five of the simulations and the
distributions are compared with the Rayleigh distribution (Equation 7.4.2) which is the
distribution of ranges which would arise from a narrow band process. Table 7.5.5 shows
the results. The distributions obtained from the simulations deviate significantly from
the Rayleigh distribution. For ranges greater than S.gs3 (see Table 7.5.5, note 2) the
simulated distributions show larger values than the Rayleigh distribution. It is this
deviation from the Rayleigh distribution that explains the finding that the narrow band

approximation is not conservative for the processes studied here.

Table 7.5.5 Cumulative distribution of load—cycle ranges counted by the rain
flow algorithm and the Rayleigh distribution (Eq. 7.4.2).

Simula— | Ranges divided by ¢
tion S o2? S o5 S 20 S 50 S 953 S 903 Smax
1 0.020 0.165 0.934 2.11 5.08 6.07 9.91
10 0.030 0.140 0.721 1.83 5.27 6.86 9.65
27 0.039 0.121 0.831 1.88 5.18 6.49 7.85
28 0.023 0.162 0.924 2.09 4.99 6.75 8.80
45 0.049 0.130 0.740 1.96 5.21 641 6.64
Rayleigh{0.400 0.640 1.340 2.35 495 6.30 6.823
dist.

Notes: 1) Each simulated time history consists of about 300 cycles.
2) The probability that S<S, is x.
3) F{ (6.82) =1-1/309

7.6  Solving the sample problem by using narrow band approximations

The calculation of the time to fatigue failure is performed for cables nos. 1—4 of the
sample platform and sea—states with H>7.5 m using observations of the wave climate
at Haltenbanken from the years 1980-1986 and the narrow band approximation. The
sample S—N curve is approximated by curves no 2 (defined in Section 7.5). For
comparison a calculation is also carried out with curve no.4, which is an S—N curve
representing a wire cable of another type and/or worse quality than a normal six strand
wire rope. It is assumed that the fatigue damage can be ignored for cases where the
standard deviation of the cable load time history is smaller than 2.4 % of the breaking
load.
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Curve no. 4 is defined by equation 2.2.1 and fitted to an S—N curve derived from test
results obtained by Fleming which is presented in Figure 9 in MTD (1988). It should be
observed that the use of curve no. 4 in the calculations is only a way of illustrating how

sensitive the results is with respect to the S—IN curve.

The relative frequencies of occurrence of the sea—states for which simulations are
performed, are derived from two scatter diagrams in OCEANOR (1987). The scatter
diagrams cover the observation period 1980—1986 for a position at Haltenbanken off
the Norwegian coast (65°05' N07°34' E). The first scatter diagram shows the number of
observations in terms of significant wave height and spectral peak period. The second
scatter diagram shows the number of observations in terms of significant wave height
and wave direction. The observations were carried out for 17 minutes out of every 3
hours and cover about 70% of the observation period. The scatter diagrams are found in
Appendix 4. The relative frequencies of the simulated sea—states are interpreted from

the scatter diagrams, as shown in Table 7.6.1.
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Table 7.6.1. Relative frequencies of sea—states

Sea-state Data from OCEANOR (1987) Relative
frequency
H(m) | Ty® | 0deg) [Ty [ &1 _ | Ocldeg) g e
(1072 (10 %)
7.8 12.0 360 «<i3.5 | 0.33 330- 45 0.06 0.020
300 270-330 0.14 0.046
240 195-270 0.80 0.264
15.0 360 >13.5 | 0.13 330~ 45 0.06 0.008
300 270-330 0.14 0.018
240 195-270 0.80 0.104
8.3 12.0 360 <i4.0 | 0.28 330- 45 0.08 0.022
300 270-330 0.16 0.045
240 195-270 0.76 0.213
16.0 360 >14.0 | 0.13 330- 45 0.08 0.010
300 270-330 0.16 0.021
240 195-270 0.76 0.099
8.8 13.0 360 <15.0 | 0.22 330- 45 0.15 0.033
300 270-330 0.24 0.053
240 195-270 0.61 0.134
17.0 360 >15.0 | 0.050 |330-45 0.15 0.008
300 270-330 0.24 0.012
240 195-270 0.61 0.030
9.3 12.5 360 <14.0 |0.10 330- 45 0.27 0.027
300 270-330 0.15 0.015
240 195-270 0.58 0.058
15.5 360 >14.0 | 0.045 | 330-45 0.27 0.012
300 270-330 0.15 0.007
240 195-270 0.58 0.026
9.8 14.0 255 <155 |0.022 |} 0.022
17.0 255 >15.5 | 0.052 0.052
10.3 16.0 255 0.052 0.052
10.8 14.0 255 <16.0 | 0.030 0.030
17.5 255 >16.0 | 0.022 0.022
113 16.0 240 0.030 0.030
11.8 16.5 270 0.007 0.007
123 16.5 270 0.007 0.007
hX 1.507 1.507
Notes: gy — frequency relative to the total number of observations.

g, — frequency relative to the number of observations of the actual H,

g= 8122
1) distribution with respect to direction is only considered for H«<9.8m
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In Table 7.6.2 the fatigue damage as calculated with narrow band approximations is
shown for each sea—state, mooring cable and S—-N curve. Also shown are expected

values of the fatigue damage which are obtained as weighted sums,

dcxp = Z'gidi
1
where
dexp is the expected value of the fatigue damage per hour of exposure ,
g; is the relative frequency of occurrence of sea—state i, given in Table
54.1.

d; is the fatigue damage after one hour of exposure to sea—state i.
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Table 7.6.2. Weighted fatigue damage, g; d; , calculated with narrow band
approximations using S—N curve no. 2.
Sea-state d (10-19/h)
H(m) Ty(s) O.(deg)| cable no. 1 cable no. 2 cable no. 3 cable no. 4
1.8 12.0 360 14
300
240
15.0 360 1t
300
240 29
8.3 12.0 360 20
300
240
16.0 360 4 26
300 8
240 43 119
8.8 13.0 360 11 95
300 24
240 80 161
17.0 360 4 30
300 9
240 26 42
9.3 12.5 360 24 38
300 29
240 17 110
15.5 360 13 71
300
240 42
9.8 14.0 255 81 125
17.0 255 490 16
10.3 16.0 255 500 21
10.8 14.0 255 240 360
17.5 255 400 14
11.3 16.0 240 96 540
11.8 16.5 270 180 77
12.3 16.5 270 300 140
2 56 305 2594 1725

Fatigue failure, by definition (see section 7.1), occurs when the accumulated fatigue

damage reaches the value of 1. Thus, the expected time to fatigue failure is found by

inverting the expected value of fatigue damage. The expected times to fatigue failure

are shown in Table 7.6.3.
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Table 7.6.3. Expected time to fatigue failure.

Cable no. Expected time to fatigue failure (years)
Curve no. 2 Curve no. 4
1 20 000 3 600
2 3 700 890
3 440 130
4 660 210




8. CONCLUSIONS

It is concluded that, for a specific sea—state, the fatigue damage is highly dependent on
the cable mean—force and on the direction of the cable relative to the wave direction. A
proper analysis of the time to fatigue failure should therefore include many load—cases

with different cables, wind directions, and cable mean—forces.

The sample problem was formulated with quite a few load—cases and the most
appropriate method of analysis, of the two methods considered in this study, was the
narrow band method. A similar analysis with the method of using transfer functions
would have required more computer time. The analysis of the sample problem with the
narrow band method resulted in an expected time to fatigue failure of the mooring

cables of 440 years.

The narrow band method is derived for gaussian processes. When applied to the
non—gaussian cable force processes studied here, the narrow band method sometimes
underestimates the fatigue damage. For the load—cases studied in Section 7.5 the fatigue
damages are underestimated by 8% to 28%.

It is concluded that transfer functions from first order wave to cable force, calculated
for one wave spectrum, can be used for other wave spectra if the cable configuration,

the cable mean force, and the wave direction are not changed.

Some kind of model of the viscous damping of heave motion should be included in the
calculation of the platform motion if realistic values of the fatigue damage are to be
obtained. In this study, the inclusion of a model of the viscous damping of heave
motion resulted in values of the fatigue damage that were about one order of magnitude

smaller than values calculated without any viscous damping of heave motion.

The calculation of the fatigue damage is sensitive to the choice of S—N curve. When a
"worst case” S—N curve was used instead of the sample S—N curve the time to fatigue
failure was reduced by 75%. Another important cable property is the effective modulus
of elasticity, E. The use of E = 5-1010 N/mz, which is a very low value, instead of a
more normal value, E = 7. 1010 N/mz, reduced the fatigue damage by one order of
magnitude. Design values of E are usually larger than 9- 1010 N/m2 for the type of wire
rope studied here.
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LIST OF SYMBOLS

2, 6 x 6 added mass matrix of wave component no. i (Eq. 3.2.7)

A characteristic area of platform normal to the heave direction

AW characteristic area used to calculate the wind force on the platform
b, 6 x 6 radiation damping matrix of wave component no. i (Eq. 3.2.7)
< celerity of a longitudinal tension wave in the cable

6 x 6 stiffness matrix (Eq. 3.2.7)

1

drag coefficient in the heave direction of the platform

Cp3

CDN drag coefficient in the normal direction of the cable

CDT drag coefficient in the tangential direction of the cable

CDw drag coefficient for the calculation of wind force on the platform
CFR friction coefficient at the sea bottom

Ci Fourier transform of cable load time history

éi amplitude of Ci

CM added mass coefficient

CMN added mass coefficient in the normal direction of the cable
CMT added mass coefficient in the tangential direction of the cable
d fatigue damage

dexp weighted fatigue damage

dNB narrow band approximated fatigue damage

d average value of fatigue damage

D(fi) wave drift force coefficient of wave component no. i

E effective modulus of elasticity
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£ frequency

f, discrete frequency

fn discrete frequency

fO lowest frequency of truncated wave spectrum or rate of zero up—crossing
f2 highest frequency of truncated wave spectrum

fc Nyquist critical frequency

ff filter frequency

n peak frequency of JONSW AP spectrum

Fd wave drift force

i3 viscous damping force in heave of wave component no. i

F wind force on platform

Fﬁi 6 x I vector containing the wave exciting forces of wave component

no. i{Eq. 3.2.7)

Eji 6 x 1 vector containing the viscous damping forces of wave
component no. i
FS(S) cumulative distribution function of load—ranges
acceleration of gravity
relative frequency of occurrence
g relative frequency of occurrence
2y frequency relative to the total number of observations of the actual HS
h(t) complex signal
hk sampled time series, k=0,1,2,...N-1
hl'( filtered time series, k=0,1,2,.. N—1
H() Fourier transform of h(f)
Hn discrete Fourier transform of hk ,n=0,1,2,. .N-1
HS significant wave height
' H_ reduced
n n
H significant wave height of truncated wave spectrum
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PV,
PL(D

S(f)

n
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constant used in Equation (2.2.1) or cable stiffness (Eq. 3.3.1)

length of the finite elements of the cable
constant used in Equation (2.2.1)

i—th moment of spectrum

i—th moment of cable load spectrum

i—th moment of truncated wave spectrum
6 x 6 mass matrix (Eq. 3.2.7)

number of finite elements

number of load—cycles or number of componerits

probability density function of Vi
spectral density

mean value of cable load
load range
spectral density

discrete spectral density at frequency fn

value of the cumulative distribution function of load—ranges at the
probability x

time

time length of simulated wave

zero up—crossing period of cable load time series
zero up—crossing period of truncated wave spectrum
transfer function from the i-th wave component to the platform motion in

the k—th degree of freedom
spectral peak period

amplitude of Ty
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U, 0 velocity of the wind 10 m above the water surface

UBL actual or ultimate breaking load

Ve current velocity

Vi transfer function from wave to cable load

A

A amplitude of Vi

Xy horizontal coordinate of cable (Fig. 3.3.1)

Xy vertical coordinate of cable (Fig. 3.3.1)

xk(t) complex motion of the platform in the k—th degree of freedom

X platform motion in k—th degree of freedom of wave component no. i
X 6 x 1 vector containing the platform motions of wave component no. i
o shape parameter of JONSWAP spectrum

Y shape parameter of JONSWAP spectrum

Yo cable mass per unit length

Af frequency interval

At time interval

Ep spectral width of cable load spectrum

€y spectral width of truncated wave spectrum

v phase angle of wave component no. i

by phase angle of T,

?xi phase angle of C; and V,

Pa density of air

P density of water

¢ shape parameter of JONSWAP spectrum (Eq. 4.2.1) or standard deviation
n, amplitude of wave component no. i

6 direction relative to the heading of the platform (Eq. 3.1.1)

BC compass direction (Eq. 3.1.1)

40 wave elevation as a function of time

Qc(t) complex wave elevation as a function of time

Cci ®) complex wave elevation of wave component no. i
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APPENDIX 1
Hydrodynamic coefficients and wave exciting forces

A computer program, WADIF, developed by Det norske Veritas (VERITEC, 1983) is
used to com.pute the hydrodynamic coefficients and the wave exciting forces. The
structure/fluid problem is formulated according to first order potential theory and the
model uses a sink source technique to solve the Laplace equation. The model is
described briefly below, and in detail by Faltinsen and Michelsen (1975).

The fluid is assumed to be ideal and the flow to be irrotational. It is then possible to use
the velocity potential ¢ (x,t) as a description of the flow. The waterdepth is assumed to
be finite and constant, and the extension of the free surface is assumed to be infinite in
all directions. The motions of the structure and of the free surface of the fluid are
assumed to be small, which justifies a linearization of the boundary conditions at the
structure and at the free surface.

The structure is assumed to be rigid, and therefore any motion of the structure can be
described by motions in six degrees of freedom, i.e. three translations and three
rotations. A Cartesian coordinate system Oxyz is defined with its origin in the free
mean water surface and its z—axis positive upwards and oriented through the centre of

gravity. The vector of motion is denoted by x and contains the following elements:

x; = translation in the x—direction = surge motion
X5 = translation in the y—direction = sway motion
x3 = translation in the z—direction = heave motion
X4 = rotation about the x—axis = roll motion
x5 = rotation about the y—axis = pitch motion
Xg = rotation about the z—axis = yaw motion

For stationary conditions the potential can be written as a sum of the contributions from

the incoming wave, the scattered wave and the radiated wave respectively:
¢=¢I+¢S+¢R (ALD)

The potentials can be factorized into one space—independent part and one
time—independent part. Further, the potential for the radiated wave can be split into

contributions from each mode of motion.
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Gy =doe (AL.2)

bg=¢dre ot (A1.3)
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bg :'21 i %; (AL4)
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where

¢oe—iwt={&§ﬁ.@1’§—(ﬁm ik cos B+ ky sin B =00 (5 )

0] Ccos

¢ is the time—independent potential, k=0,1,2,...7
€. is the wave amplitude
is the direction of propagation

[ a.]

is the wave number
is the wave frequency

%;  is the time derivative of displacement in mode i

It can be shown that ¢y, k=0,....,7 must satisfy the Laplace equation,

?y_g az% (AL6)

the free surface boundary condition,

— 029y + g 3k = 0 at 220, (ALT)

and the boundary condition at the bottom

ggi =0 at z=—h. (A1.8)

Further the potential for the scattered wave and the potential for the radiated wave are
assumed to fulfill a radiation condition and finally the following boundary conditions

must be satisfied at the surface of the structure.

gig_lsm k=1,.6 (A1.9)
d g
% __ 9, (AL.10)

where
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d/on is the normal derivate in the direction of the outward normal to the
surface of the structure

n= (ny, 0y, n3)
rxn= (04, ns, ng)
n is the outward normal to the surface of the structure

(e

is the position vector.

The potentials ¢y, k=1,..,7, may be expressed in terms of surface distributions of

sources,

b xy2) = [[ Qe ENDGyzENLds (ALLL)
S

where
S is the average wetted surface of the structure,
Q, is the unknown source density function. (§1,0), are the coordinates of a
point on S,
G is the Green function (source potential) that satisfies the boundary
conditions (A1.7), (A1.8), and the radiation condition.

The source densities are found by satisfying the structure boundary conditions (A1.9)
and (A1.10). This results in the following two—dimensional Fredholm integral equations
of the second kind over the surface S

- 2nQy (x,y,z) + f f Qx (€10 gr—,(G(x,y,z;i.‘f\,O) ds =
S

Ny N k = 1,..,6
S (AL.12)

Equation (A1.12) is solved by approximating the structure surface by a large number of
plane quadrilateral elements, over each of which the source density is assumed to be
constant. This transforms the integral equation into a set of linear algebraic equations in
the unknown source densities on the elements. When the source densities Qy have been
computed from this set of equations the normalized potentials ¢y, k=1,..,7, may be
obtained from Equation (A1.11), using a similar integration procedure. The added mass

and damping coefficients are then, by definition,
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ag = —p Re( ff«bkn,ds) (AL.13)
S

by = —polm ( f f dends) (Al.14)
S

i=1,.6, k=1,.6

The wave exciting forces are obtained from the potentials (bl and ¢S by using the

linearized Bernoulli's equation to obtain the dynamic pressure
P = po j(do + B7) e IO, (AL.15)
and then integrating this pressure over the surface S,

Foj= — f f pngds, k=1,2,..,6 (A1.16)
S



APPENDIX 2
The dynamic cable model MODEX.

The dynamic cable model used in this study was developed by Lindahl (Lindahl and
Sjoberg, 1983). The model has been thoroughly tested (see Chapter 1). A short
description of the model is given below. See Lindahl and Sjoberg (1983) and Lindahl
and Bergdahl (1987) for further information.

The cable is regarded as a long slender structure, i.e. the only internal force considered
is the tangential tension T. T is related to the stiffness of the cable by the constitutive
relation Eq. A2.1. Hydrodynamic forces acting on the cable are analysed by use of the
Morison equation. The basic analysis results in non—linear partial differential equations
of motion (equations A2.2). These equations are transformed to a system of ordinary
time—dependent differential equations (equations AZ2.3) hsing a finite element
formulation. Positions, displacements and velocities are assumed to have a linear
variation over each finite element while accelerations are piece—wise constant in order
to obtain an easiliy invertible mass matrix. The equations A2.3 are solved by means of
an explicit integration method. The sea bottom is modelled as stiff and energy
absorbing and a frictional force (equation A2.4) is added at the nodes which are at the
sea bottom.

The cable is modelled in a cartesian coordinate system using a reference configuration
(R) and an actual configuration (A). The position vector of the reference configuration
Xo is a function of the unstretched length sy of the cable;  xg=xo(sg). The actual
configuration is a function of time t and its position vector x is defined x=x(sg,t). The
displacement from R to A is denoted by the vector u, u=u(sg,t), u=x—%xg. The stretched
lenght in the actual configuration is denoted by s.

The constitutive relation between tangential tension and stiffness is
T=Kg(1+€) + ct (A2.1)
where
is the tangential tension,
is the stiffness,
and €  express the elongation;

is the rate of strain

O m- MR -]

is the coefficient of internal damping
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The basic equations of motion are

P ~
Yo il + Ca(l+0)i — Al BIE' — 35 (Kive {53 )x) — £=0 (A22)

where

Yo is the cable mass per unit of unstretched length,

R

i implies 'é—t‘z(g),
°

_x‘l

implies E x),
f is a vector containing the gravity forces, the hydrostatic forces and the drag

forces acting on the cable, f = f(s,,t),

2
nd
Co=Cyn 7" b

where

CMN is the hydrodynamic mass coefficient

d, is the diameter of the unstretched cable

- is the water mass density.

The equations of motion of the discretized system are

[

p=R-F (A2.3)
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where
g is the mass matrix, M is a function of displacemenits,
is a vector which contains the nodal displacements,

P
R  is a vector derived from the gravity forces, the hydrostatic forces and the
drag forces, R is a function of both displacements and velocities.

ligs|

is a vector that represents the internal force of the cable, F is a function of
displacements.

The frictional force F; which is added to a node, k, that lies on the sea bottom has the
opposite direction to the displacement velocity of the node and the absolute value

2 1y, -
Fel =y P [RaglPeser (A24)
1 .
RIRGI! bazes
where

Pa is the velocity of node k,
cy is a constant,
i is the coefficient of friciton beteween the cable and the bottom,
_&8{; is the resultant of gravity forces and lift forces at node k.

The upper limit of the time step for the explicit integration method is
At < 1j min/Ch (A2.5)

where
Linin is the length of the shortest finite element,

cy is the celerity of the longitudinal tension,






APPENDIX 3

Geometrical transformations

Coordinate systems

The Cartesian coordinate systems are called the global (or G), equilibrium (or E), bedy
(or B), and anchor system (or A) respectively.They are used to transform the motion of
the platform to the motion of the upper end (fairlead) of the mooring cable.

The global system is an earth—fixed system with its origin in the free mean water
surface and oriented through either the operational position, i.e. adjacent to the fixed
installation, or the stand—off position, i.e. about one hundred meter away from the fixed

installation. The z—axis is positive upwards (see Figure 1).

The equilibrium system is an earth—fixed system defined by the equilibrium position of
the platform. The equilibrium system has its origin in the free mean water surface and
is oriented through the center of the platform. The x—axis is positive in the forward

direction of the platform.

The body system coincides with the equilibrium system when the platform is at rest and
then follows the platform in its motion.

The anchor system is earth fixed with its origin at the anchor of the studied mooring
cable. It is oriented in such a way that ,when the platform is in its equilibrium position,

the fairlead is in the xz—plane of the system (see Figure 2).

Z
Z 4 A
' [
1
X
X ! P
] Vd
y Ve e b . L
fixed operational stand off
installation position position
i 1 !
C ~40m | ~100 m i
- T e—— 2

Figure A3.1 The global coordinate system.



Figure A3.2 The anchor system relative to the equilibrium system.
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Coordinate transformation

The aim of the coordinate transformations is to express the motion of the upper end of
the cable (i.e. the fairlead) in the coordinate system that is used in the dynamic cable
model. This chapter describes a procedure for coordinate transformations and then the
procedure is applied to the actual problem.

2
Zo yi rfl’
¢ — P
£01 Xl

.YO f"

To

~ %o
Figure A3.3 Relation between two reciprocally translated coordinate system.

Consider two Cartersian coordinate systems, 0 and 1, that are originally coincident (see
Figure 3). System 1 is rotated successively around the x, y, and z—axis of system 0 with
the angles «, B, and y respectively. Thereafter, system 1 is translated relative to system
0 so that the origin of system [ will have the position vector 5}, in system 0. The

position vectors EE, in system 0, and g?, in system 1, for a point P will then be related

in the following way.

zf = 5}3 + Ro1 5[1) (i)
P -1, P 1 .
£1=§o% (fo—1o) (i)
where
Ro1 =R, Ry Ry (iif)
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1 0 0
Ry=10 cosa —sin oz]
- 0 sina cos ¢,
cos B O sin B]
R, = 0 1 0
= |-sin § O cos B
"cos Y —sin Y 0
R,=]siny cosy 0 (iv)
-0 0 1

The actual problem is to find the position vector 5121 for the fairlead, fl, in the anchor
system, A. From the static calculations with STANAFAS (Avedal and Ericson, 1983)

and the chosen mooring pattern the following are known.

EE the position vector in the global system, G, for the origin of the equilib-

rium system, E;

I the position vector in the global system for the origin of the anchor system;

gg the position vector in the equilibrium system for the origin of the body

system. gg is a function of time

{él the position vector in the body system for the fairlead
aGB’ﬁGB’YGB the rotation of the equilibrium system around the x—, y—, and z—axes,

respectively, of the global system (OLGB=BGB=0).

O"EB’BEB’YEB the rotation of the body system around the x—, y—, and z-axis,
respectively, of the equilibrium system. Opp BEB’ and Ygg are

functions of time.



First, the position vector in the equilibrium system for the fairlead, rfl is calculated

I
using Eq. (i),

fl_ B £1
Ig =Ig+Rpp Iy W)

where

EEB = &z ('Y:YEB) Biy (BzﬁEB) l}_;x (a:aEB)

and
R, Ry, R, are defined in Eq. (iv)

As it is known that OLGE:BGEf:O the matrix for transformation from the global system

to the equilibrium system is readily found,;
g:GE = I;z (Yz'YGE)

Now it is possible to relate the anchor system to the equilibrium system. The position

vector in the equilibrium system of the origin of the anchor system, g‘g‘, is found by

using Eq. (ii)
g =R (1~ 1g) &

To establish the matrix for transformation from the equilibrium system to the anchor

system, EE A the rotation of the anchor system around the equilibrium system has to be

defined. This is done by using the first value (t=0) of the time history of the fairlead

position:
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A
YA
YE
&
S A
/
e
/
FL
/
& ~ > xg
‘g ¥ TEA
Figure A3.4 Determination of the rotation of the anchor system.
fl A
’E-JE (vid)
Y 4 = arctan vii
EA XEN_ XKE
where
xg and yél are the first and second element, respectively, of gél(t-_:())
x‘é and y‘g are the first and second element, respectively, of E‘é'
Then

Rpp =R:(r="54) Re(@=73)

and the position vector 5};1 in the anchor system for the fairlead can be calculated using
Eq. (ii)

r ,f,l =Rp i (}:él - ;;;p (viii)



APPENDIX 4

Sea state scatter diagrams

The two scatter diagrams below are used in the present study as is described in Section
7.6. They are taken form OCEANOR (1987). The first diagram, Figure A.00.01, shows
the number of observations in terms of significant wave height, which in OCEANOR
(1987) is called HMO, and spectral peak period, TP. The second diagram, Figure
A.00.21, shows the number of observations in terms of significant wave height, HMO,
and the wave direction for the waves at the spectral peak, THTP. The wave direction

definition is as for winds, i.e. THTP=270° means that the wave travels towards the east.
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