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Abstract— This paper considers a threat assessment problem the lane. We remark that the safe set can be used in the
in a lane guidance application for semi-autonomous vehickée  autonomous driving mode to determine when the control of
In particular, in order to issue an autonomous assisting iner- the vehicle can be released and given back to the driver.
vention, we assess the vehicle’s ability to safely travel @hg a M h f b d h h
path subject to limitations arising from the vehicle’s dynamics oreover, the S_a_e set can be used as a target S_et where t e
and the driver’s ability. autonomous driving system should steer the vehicle state in

We first introduce a set of constraints describing “safe order to let the driver recover the vehicle control and safel
driving”. For the specific lane guidance application consig¢red complete the driving task.
in this paper, the constraints are set by the lane boundaries Similar ideas can be found in [1], [2], [3] in the automotive

and the vehicle’s stability limits. We then formulate the threat d field tivelv. In 111, th th
assessment problem as a constraints satisfaction problemver a and aerospace fields, respectively. In [1], the authorsqz®p

finite time horizon, solved by resorting to reachabililty aralysis @ collision detection method in autonomous driving. In

and invariant set theory. particular, a traffic scenario is considered where the path
Validation with experimental data demonstrates the capa- of an autonomous ego car has to be planned in order to

bility of the proposed threat assessment method of prediatg  \4iq collisions with other traffic participants, whoseufte

vehicle instability or crossing of the lane boundaries. traiect - K A safe pl d path for th
Index Terms— Invariant Set Theory, Semi-Autonomous Ve- rajectory Is unknown. A sale planned path for the €go car

hicles, Threat Assessment, Decision Making, Active Safety is required to not intersect thstochastic reachable sets
computed for each traffic participant, i.e., the future set o
|. INTRODUCTION positions possibly occupied by the other traffic particigan

In this paper, we focus omsemi-autonomousehicles, In [2], a safety analysis of an aircraft autoland system is
i.e., human driven vehicles with autonomous driving Caloéjeveloped based on the calculation of reachable sets. In the
bilities. We consider lane guidance applications, wheee tH2nding phase, the set of the aircraft configurations, englv

driver has to be assisted in maintaining the vehicle withiffithin a safe envelope to the set of acceptable states at

the lane boundaries, through assisting autonomous driwﬁ%s:‘i?honvwwi]ﬁ i[SS]C?SICSLaetgdc?)?n Su?ii;kmzr?efgc:azIeseigt.o ;I'ge

interventions. A challenging aspect of such problems is 890" - ] >
determine when the driver needs assistance sinassisting nonlinear system based on a time-dependent Hamilton-Jacob

autonomous driving intervention should be issued if ang onfPDE.
if a risk of accident is detected, that the driver is not able W& demonstrate the proposed threat assessment method
to avoid The formulation of transition conditions, betweenl & roadway departure application, and validate it through

the different modes of a semi-autonomos vehicle, e.g., froffkPerimental data. The paper is organized as follows. In
Section Il we overview the considered semi-autonomous

a driver-controlled to a fully autonomous assisting mode, i°~* A vy ; - -
not trivial. driving architecture while in Section Ill, we provide basic
In the threat assessment methods considered in this pagiinitions and results on reachability analysis and set in-
we first introduce a set of constraints describing “safev-dri varance theory. In Section IV, we present the modeling used
next, in Section V, where the threat assessment algorithm is

ing, i.e., the constraints satisfaction would result in ania ) k :
dent free driving. Moreover, we assume the road geometersemed' In Section VI, we validate the proposed algorith
dhrough experimental data.

is available over a future finite time horizon and exploit th
vehicle modeling in order to calculate a “safe s@tiis is the Il. SYSTEM OVERVIEW

set of vehicle states at current timefor which a steering . h . . hi
trajectory exists such that, over a finite time horizon, the We consider the accident avoidance architecture presented

vehicle state evolves to a given final set without violatin§! [4] @nd sketched in Figure 1. The architecture is general
constraints Once the safe set is computed, a set membersHijgd €an be used in any accident avoidance or mitigation
test on the current vehicle state is performed. If the cmrreﬁppl'ca,t'on' In E|gure 1, we distinguishthreat a_ssessme_nt
state belongs to the safe set, a steering trajectory exiets s and aninterventionlayer. The two layers share information

that the vehicle can be driven over the considered future tinf20Ut the environment provided by teevironment informa-

horizon without exceeding its stability limits and leavingtion block. o ,
Based on measurements and estimation of the vehicle
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Fig. 1. Overview of the suggested accident prevention ectuire.
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of intervention issued, can then range from merely assgistin N

the driver by slightly correcting his or her control actian t Vg
completely excluding the driver in a completely autonomouy, F, e l
::_ f

mode. The output of the decision making module can thu ¥~
be the choice of a lower level controller implemented in the .
intervention module. A mathematical formulation of such l,

a decision making framework along with an example of & Y

lower level controller that utilizes combined front stewyi (b)
and differential braking in order to follow a safe path is
provided in [4]. In the rest of the paper, we focus on the
threat assessment module of the architecture in Figure 1.

I1l. BACKGROUND ON SET INVARIANCE THEORY AND Definition 2 (Maximal Control Invariant Sef..): The
REACHABILILTY ANALYSIS setCuo is said to be the maximal control invariant set for

This section adopts the notation used in [5], [6], [7] andhe system (1) subject to the constraints (2), if it is cantro

provides the basic definitions of invariant and reachaktie Semvarlant and contains all control invariant sets contdire

for constrained systems. A comprehensive survey of pap€ers

on set invariance theory can be found in [8]. We will denote For all states contained in the maximal control invariant se
the set of all real numbers and positive integérRl dN+ C there exists a control law, such that the system constraints

are never violated.

Fig. 2. Vehicle modeling notation.

respectively.
Denote byf the state update function of the discrete-time IV. MODELING
system with inputs In this section, we present the vehicle mathematical model
x(t+1) = flo(t), u(t), w(t)), (1) used in Section V, as basis of the threat assessment algo-
thm.

where z(t), u(t) and w(t) denote the state, input and "

disturbance vectors, respectively. System (1) is subject & Vehicle Modeling

the constraints Consider the vehicle model sketched in Figure 2. The
2(t) € X, u(t) €U, w(t) € W. @) vehicle motion within the lane, subject to the lateral and/ ya

dynamics, is described by the following set of differential
The set of states which can be driven into the targetSset equations

in one time step is defined as

. miy, = —mugth + 2 [Fy, + F,, ], (4a)

Pref(S.) £ {x eX | Juel S:t. f(z,u) €S} (3) T = Al F,, — 1 Fy ). (4b)
[1;?6 following definitions are derived from [8], [9], [10], éw = o — oy, (4c)
Definition 1 (Control Invariant Set)A setC C X is said Cy = Vy T Valy, (4d)
to be a control invariant set for the system (1) subject to the 0 =u, (4e)

constraints (2), if wherem and J, denote the vehicle mass and yaw inertia,

z(t)eC = Ju(t)elU : f(z(t),u(t)) €C, Vt e NT  respectively/; andl, are the distances of the vehicle center



of gravity from the front and rear axles, respectively,
and v, are the longitudinal and lateral velocities, respec-
tively, in the vehicle body framey is the turning rate,
where ¢ denotes the vehicle orientation w.r.t. the fixed
global frame(X,Y’) in Figure 2(a).F,,, F,, are the lateral
tire forces at the front and rear axles, respectively. In) (4c
and (4d),e, and e, denote the vehicle orientation and
position errors, respectively, w.r.t. the road centerind

is the desired vehicle orientation, i.e., the slope of timgeest

to the curvel'y in the pointO. § denotes the front steering
angle as depicted in Figure 2(b) ands the external input
signal. The choice of input signal is commented next, in

Section IV-B. (@) (b)

The lateral tire forces in (4a) and (4b) are generated at thgy 3. Two pre-crash scenarios that might lead to unwantetiway
tire contact patch and are, in general, nonlinear functafns departures. In (a) the vehicle leaves the road while tragetin a straight,
the vehicle states. Accurate physical modeling of tire dgrc POssibly due to drowsiness or distraction, while in (b) tiehivle loses
. L . control while negotiating a curve. The latter might typigabccur due to
is quite involving and several models have been proposgQessive speed.
in the literature over the past two decades. An exhaustive
review of existing tire models can be found in [12]. In this

paper, we compute the lateral tire forces as from the lane centerline. By assuming small orientation
] errors,
Fy,i - _Ciaia 1€ {f,T}, (5) c c
. . . L. Ey; = €y T 5+ aey, Cy;,. = €y — 5 T aey, (8a)
where C; are the tire cornering stiffness coefficients at the 2 2
. . . C C
two axles andw; are the tire slip angles which, for small €y, =€y + 3~ bey, ey, =ey— 3~ bey,  (8b)

values, can be approximated as ] ) ] .
wherec is the vehicle widthg andb are the distances of the

vy + lfq/} 5 6 center of gravity from the front and rear vehicle bumpers,
ar= vy (62) respectively. The constraints on the vehicle position dipd s
— 1,4 angles then read
o = =¥ (6b)
Uz eym,in S eyij S eym,am’ (ga)
Remark 1:The simplified linear tire model (5) well ap- Qi < <o, 1€ {f,r}, je{l,r}, (9b)

proximates more complex nonlinear tire characteristi [1 where and set the maximum allowed deviation
. . . (& . e
for small tire slip angles, i.eq; € [«;,,..., @i,,...]- HOwWever, Ymin Ymaz
from the lane centerline.

e e ey ™" 10" etk 2:The model ()9, sbject (0 consants 9,

' describes the stable vehicle motion within the lane. In such
operating conditions the small orientation errors assionpt
is deemed reasonable.

In Figure 3, an illustration of two different scenarios,constraints on the steering angieare set by mechanical
targeted by the threat assessment method presented in {{{sitations while the steering raté is constrained by the
paper, is provided. In Figure 3(a) the roadway departuigivers ability to change the steering angle. Hence, we
occurs because of a vehicle drift, while in Figure 3(b) thegnsider the steering rateas input signal and impose the

B. System Constraints

vehicle instead operates beyond its stability limits. following constraints,
Next we define a set of operating conditions, in the space
of the states and inputs of system (4), corresponding tdestab —6maz <6 < dmax, (10a)
driving within the lane boundaries and the system physical §sw §sw
_ _max S m S TTLU,J/7 (10b)

limitations. In order to avoid possible vehicle instalyildue
to the effects of the tire nonlinearities (see Remark 1), the ) _ _ _
vehicle can be forced to operate in a region of the state spa¢8ered, ;. denotes the maximally attainable steering angle

9

corresponding to limited values of the tire slip angles rate at the steering wheel agds the gear ratio between the
steering wheel and the tires.
Qi < < ., 1 €S} (7) The model (4)-(6), along with the constraints (9), (10) can

. ) » be compactly written as
Furthermore, constraints on vehicle position are set by the

limited lane width. In order to formulate the constraints on (t) = Ax(t)+ Bu(t) + Ew(t) (11a)
the vehicle position within the lane, we denotedyy,, i € . H, 0 T ha
{f,r}, 7 € {l,r}, the distances of the four vehicle corners subj. to [ 0 H, } < u ) = [ huy ] (11b)



. T . . . .
wherex = |v,, 1, ey, ey, (;] ,u =6 andw = i)y are Where, for the sake of simple notation, we have denoted the

the state, the input and the disturbance vectors, respéctiv state, the input, the disturbance and the time index with the
The definition of matricest, B, E, H,, H,, h, and h, Same symbols as in the continuogs _time model (11).
is straightforward and omitted due to lack of space. Denote byXy..s the set of admissible states

_ 5.
V. SET BASED THREAT ASSESSMENT Xfeas = {w € R : Hyw < hy}. (13)

In this section we propose a threat assessment methodEVvery time instant, we consider a terminal target’5et
based on the vehicle model presented in Section IV.The idéaress- Further details about the choice of are pro-
underlying the proposed method is to first introduce a set ¢fded next in Section V-A. Moreover, denote By; =
constraints that the vehicle state and input trajectormgh (Wi, Wit1, ..., wirn-1], the sequence of disturbance sam-
to satisfy in order to “drive safely”. The constraints aré sePles over the time horizor,¢ + N — 1] and by W,; =
by the lane boundaries and the stability limits the vehicl&+i,---,wi+n—1] any sequence extracted fromi;.
should not exceed, i.e., the inequality (11b). Constrainid/e compute the sequence of states safs(W;) =
satisfaction implies that the vehicle is traveling withimet [Xt, Xit1, ..., Xipn—1] @s:
lane boundaries in a stable operating region. The threat
assessment problem is then reﬂormulgtedgas a constraints i (Wea) = XfeasﬂPref(XHiH’wHi)’ (142)
satisfaction problem over a future time horizon, solved i=N-1,...,0,
through the predictive model based method described next. Xeon =T, (14b)

Based on the same underlying ideas, a threat assessmeﬂ

t . .
algorithm is presented in [16]. In [16], the steering anglgv ere, f denotes the right hand side of the (12a). We call

0 is computed through a driver model which is restricte&he\"lvset‘);t the St"’:et?ﬁm tllmelt.t_ tih KeE) i
to the class of linear state feedback control laws. In this ' ¢ OPS€fvenat the cajcuiation ot the sequ cem:) is

paper, instead, we remove this restriction and base t}[‘)grformed every time step, based on the updated disturbance

threat assessment on the existencarf steering trajectory sequencelV;. Moreover, in (14), with a slight abuse of

subject to constraints (10) and guaranteeing a stable IeehigOtatlon’ as second argument a vector is used instead of a

motion within the lane boundaries. As a consequence of tht " the set operatdtre. (-, -). o
In summary, the proposed threat assessment algorithm is

relaxation, the threat assessment algorithm presentdusin t i .

paper is less restrictive than in [16]. made of three main _steps to be performed every time step
Based on the vehicle model, every time step we calculate 1) Select the terminal target sgt

a “safe set”.This is the set of vehicle states at current 2) Pased on the future disturbance sequefice and

time ¢ for which a steering trajectory exists such that, over ~ the setT, perform the backward calculation of the

a finite time horizon, the vehicle state evolves to a given _ Seduence of safe sefs,; according to (14),

final set without violating constraints (11bJhe safe setis ~ 3) check whether the current statg) belongs to the safe

updated in receding horizon, as new information about the ~ €t in order to assess the driver's ability in safely

surrounding environment are available, e.g., the comiag ro driving the vehicle from t_he current state to the target

curvature in our lane guidance application. Once the safe se  Set7 over the future horizon oV steps.

is computed, a set membership test on the current vehicleThe steps of the method are detailed next in Algorithm 5.1.

state is performed. If the current state belongs to the sdfe s Remark 4:By construction, if the state of the system (12)

a steering trajectory exists such that the vehicle can venlri at the current timef belongs to the safe set; (Step 10

over the considered future time horizon without exceedin@f Algorithm 5.1), a steering trajectory exists such tha th

its stability limits and leaving the lane. vehicle can be driven over the neX time steps, while
We introduce the following assumptions on the disturbanc@Perating within its stability limits and without leavinge
signalw (i.e., the road curvature) lane. That is, over the futur®’ time steps, the vehicle can
Assumption 1aw(t) € W, V ¢ > 0, whereW C R? is a be driven within the lane boundaries, while operating in a
polyhedron that contains the origin in its interior. region of the system states and inputs space where the driver
Assumption 2:Every time instant, the disturbancey(t) is deemed capable of driving without loosing vehicle stgbil
is known over a finite time horizon oV steps. (see Remark 1).

Remark 3:The sensing technologies used in e.g. [17], Rémark 5:The advantage of formulating the threat as-
[18], [19] can be used in order to obtain the road geomet§€SSMent problem as a constraint satisfaction problem is
information over a finite time horizon. the existence of several efficient methods for solving such

We discretize the model (11a) with a sampling tiffie to problems [20]. An advantage of Algorithm 5.1 is that it

obtain the discrete time constrained system with distuzean Provides a polyhedral representation of safe sets ratlaer th
just a boolean answer. As pointed out in Section I, a

polyhedral representation of the safe set can be exploited
w(t+1) = A%(t) + B u(t) + Ew(t) (12a) for both control and verification purposes.
. H, 0 x ha As last remark of this section, we observe that the Algo-
subj. to [ 0 H, } ( U > = [ hy ] (12b) rithm 5.1 checks the existence of a steering trajectoryldapa



Algorithm 5.1: VI. REsSULTS
Input: Current statec(¢), target set7, sequence of distur-
banceslV;, state update mappingj = (A%, B¢, E4), the

constraints matrice6H,,, H,, hz, hy)
Output: The safe sef; at the current time, safe flagSafe

Experiments on a test track have been performed in
order to validate the threat assessment method described in
Section V. The test vehicle has been driven several laps with
different test drivers. The drivers adopted different hgy

; :,(e)tr Z_ng : Z—'Eo 0 styles, r_anging from_normal_ driving to rqugh driving. Th(_a
3 ot Ao — RS - . <h _test vehlcle was equipped W!th a differential GPS with touil
et Aivip1 ={z €R”: l“f < hisa} in Inertial Measurement Unit (IMU) and a digital map of
4 Prep(Xiriv, weps) ={r €R7:JuecR st the test track. Through this sensors set, estimates of the fu
[ H;i 1 A Hi,B? ] ( x ) < state and disturbance vectors were available (see Remark 3
0 H, u )= for alternative sensor setups).
hiv1 — Hig1 By In Figure 4(a) we illustrate the scenario considered next
{ ha }}’ for experimental validation. In the considered scenafie, t
5 if Pres(Xitit1,wi;) =0 then Safe=0,EXIT driver is negotiating a curve at a constant speed of approx-
6 else let Pres(Xyyip1, wiri) = imately 90 km/h. Con_sid(_er the vehicle positions 1 and 2
(2 € R® : Hprot < hpro} on the trz_ick, shown in figure 4(_a). I_Der_mte bly_and to
the time instants, when the vehicle is in positions 1 and
7 Xipi Wei) = {z € R 2, respectively. The dashed lines starting from the vehicle
Hpre ] T < { hpre ]} end denote the horizon oWV steps, over which the disturbance is
. He B ha assumed to be known. In the two vehicle positions we have
8 if Xy (Wei)=0then Safe =0, EXIT end computed the safe sef§, and;,, respectively, according
9 end to the threat assessment algorithm in Section V, where we
10 if z(t) € &; then Safe =1, have set] = X;.,.. as terminal set and used the following
11 elseSafe =0, end parameters
12 EXIT.
Cfmaz = Ormae = " Xfpin = " Orpin = 407

6maz = 100 (Séw = 3000/8, N = 39, T, = 0.01s,

max

—ey,.., = 1.56m.

eym,am -

of driving the vehicle, modeled by (11a), from the current
statex(t) to the target sef. Hence, such trajectory is not
guaranteed to exist after the time- N. In the next section
we comment the choice of the target sEtand propose

In Figures 4(b) and 4(c) the polyhedis’* and X" are
shown, where

a method for guaranteeing persistent constraint satigfgct 100 0 0 2 (t)
i.e., that the driver will be capable of maintaining the iy — x, {z€R%: | 0 1 0 0 0 |z= | 2(t) |}
within 7, for ¢t > ¢+ N. 000 0 1 25(t)

_ (15)
A. Terminal Set and the superscript in z'(t) denote thei-th component

of the current vehicle state vectof(t). The statese(t;)
The choice of the terminal séf in the threat assessmentandm(b) are marked with a circle in Figures 4(b) and 4(c),

Algorithm 5.1 affects theeffectivenesmand theconserva- respectively. We observe that(t;) € X>! and x(ty) ¢
tivenessof the algonthm Indeed the SlmpleSt choice |S‘X’34 Hence accord|ng to the proposed threat assessment
setting7 = Xcqs. In this case, Algorithm 5.1 can be usedalgonthm from the initial state (), it is possibly to safely
to assess the driver’s ability of safely driving only oveeth grive the vehicle over a horizon 6f steps without violating
future N time steps. As alternative, the setcould be chosen any of the state and input constraints. From the initial
asT = Co, WhereCo © Xyeqs is the maximal robust states(t,), on the other hand, the vehicle state trajectory is
control invariant set for the system with inputs (12a) sabje predicted to violate the constraints (13). The measured sta
to the constraints (12b). We recall that in this case, trajectories are also reported in Figures 4(b) and (c) with

dashed lines. We observe that in Figure 4(b), starting from

N the initial statex(t1), the state trajectory entirely evolves

z(t+N) € Coo = z(t+N+k) € Coo, Yw(t) e W, k € NT| " t1+N-1

(t+N) € Coo ( ) € Coo, Vu(t) within the set7; = U T34, where the setg>* are
that is, the vehicle will be kept within the lane and its sliibi  obtained by replacmglft "with T in (15). In Figure 4(c),
limits, despite all admissible lane curvature beyond tlkio instead, we observe that the state trajectory leaves the
ahead point. Nevertheless, setting the final set equal to the t2f N—1 34 _ .
maximal robust positive invariant set might lead to hlgh ety = U 7°7, i.e., the vehicle violates the bounds
conservativeness of the threat assessment algorithm. on the Iateral “deviation from the lane centerline.



VIl. CONCLUSION AND FUTURE WORKS
We have presented a model based threat assessment

20l ; ] method for semi-autonomous vehicles. The algorithm is
. Q 1 based on reachability analysis tools and set invarianagyhe
1or ; 1 The method has been validated offline using experimental

data. The obtained results demonstrate that the proposed
method can effectively predict lane crossing and vehicle
e instability over a future, finite time horizon, allowing the
activation of an autonomous intervention.
1 The preliminary results presented in this manuscript moti-
vate further investigations aiming at analyzing the impact
of measurements errors and model uncertainties on the
1 performance of the proposed threat assessment method and
J } proposing approaches in order to compensate for them.
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