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Abstract— A proper control of a system to get a desired
function and increase the system lifetime is a crucial step
towards the sustainable paradigm. In this paper, such a control
is designed for a cyclic pallet system to achieve a minimal
force on its drive unit, meet safety conditions on the system
chain tension force and the momentum of pallets, and fulfill
the desired production rate. The optimal values of the control
parameters, namely number of pallets and conveyor velocity,
are obtained through solving a linear optimization model. The
objective function in the model defines the average force on
the drive unit in a cycle production. In addition, the related
constraints characterize the pallet system properties such as
cyclic and dynamic behavior, buffer size, constant work in
process, and safety specifications. The robustness of the optimal
control is analyzed, using a worst but safe control strategy. The
optimal control and the robustness analysis are applied to some
case studies, and the results are evaluated and discussed.

Key words: One-loop pallet system, Tension force model,
Mixed integer linear programming, Optimal and robust control.

I. INTRODUCTION
Pallet systems are automated material handling mechanisms used in modern production environments to transport, buffer, and locate various part types. To facilitate the
part handling and locating actions, the parts are loaded on
standard carriers, pallets, which are equipped with Radio
Frequency IDentification (RFID) tags. A conveyor chain
transports the pallets to operating positions near to operating
machines. When a pallet reaches to an operation position, the
RFID tag in the pallet is fetched by a tag Reader/Writer, and
the tag value is sent to a control system. Then, the pallet is
fixated by a locating module if the control system specifies
an operation for the part on the pallet. After the operation
is finished, the pallet is released to follow its journey to the
next operating position. At the last position in the handling
path, the on board part is unloaded, and the empty pallet is
directed to the loading section where a new part is loaded
on the pallet. Accordingly, a closed path motion of pallets
takes form.
Control of a one-loop pallet system has been the subject
of interest for numerous studies. A paradigm shift from mass
production to mass customization has reflected a variety of
objectives in these studies. Researchers have devised models
based on optimization frameworks [1], [2], queuing theory
[3], [4], analytical methods [5], [6], [7], and discrete event
formalism [8], [9], [10], [11], [12] to enhance the system
performance [13], [14], [15], [16], minimize the makespan
[17], [18], [19], and reduce the cycle time and work in

process (WIP) [20], [21], [22], [23], [24]. These studies
show the significant impact of the lean philosophy, [25], on
control strategies of pallet systems. The time measurements
and number of resources are the main indicators that express
how effective are control policies, based on this philosophy.
Besides the mentioned indicators, there are other criteria
for a pallet system which affect the performance and are
highly focused in industries but not addressed in the research
field. The sustainable design paradigm demands engineers in
manufacturing sectors to enhance the lifetime of systems and
products, [26]. For pallet systems, engineers in the design
phase are concerned about two crucial criteria, which have
significant impacts on the system lifetime. These are (a) the
amount of the load which can be taken by the system without
damaging the drive unit and (b) the number of pallets which
are allowed to be queued behind a buffering device in a
specific conveyor velocity. In the running phase, the more
these criteria are violated, the more the system lifetime is
decreased.
In practice, the evaluation of a control strategy for fulfillment of these constraints is a big challenge and demands a
lot of time and effort in the acceptance test phase. Specially,
it is more complicated and demanding if besides these
constraints, the desired throughput should be satisfied as
well.
In this paper, a new perspective on control of a one-loop
pallet system is introduced to enhance the system lifetime
and reduce the defects in the test phase, while the desired
production rate is provided. Two indicators chain tension
force and pallet momentum are developed in the phase of the
control design, and the constraints which realize the desired
throughput are addressed. It will be shown that such a control
is obtained by proper tuning of the control parameters the
number of pallets and the chain velocity through devising an
optimization model. The robustness of the control strategy is
furthermore discussed and characterized by using the concept
of a worst but safe control.
II. A SSUMPTIONS AND N OTATIONS
All mathematical models in this paper are developed based
on the following assumptions and notations.
Assumptions:
•
•

The pallet system has only one loading, unloading, and
drive unit.
Pallets are transported by the chain, and wheel type
bends are used to change the orientation of a conveyor

•

•

•
•

•
•
•
•
•

•

chain. This kind of bend nearly introduces zero friction
between the chain and the bend slide.
One pallet can handle only one product at a time, and
the product remains clamped to the pallet during its
entire journey in a pallet system.
Operating times and transportation times are deterministic, and there is no failure in machines and the pallet
system devices.
The conveyor line transports pallets in a horizontal
direction (there is no slope for conveyor lines).
Empty pallets are reloaded with new parts as soon as
possible. Besides, the empty pallet waiting times in the
loading queue are negligible (As a matter of fact, this
can also be assumed as a control objective).
Universal (the same type of) pallets are used for different types of products.
An assigned operation cannot be removed from a module until it is completed.
A single resource can only be used for one operation at
a time.
All parts are removed when they reach the unloading
section (no re-entrance).
All locating modules follow the FIFO (first input first
output) policy for a known schedule of the parts in the
loading section.
The chain is always running, and the acceleration time
of a pallet from zero velocity to the chain velocity is
negligible.

•

Notations:
•

•

•

•
•
•
•

•
•
•

ℓ ∈ M = {1, 2, . . . , m} is the index over locating modules.
Moreover, ℓ = 1 and ℓ = m denote loading and unloading
locating modules, respectively.
N ℓ (t) is the number of pallets at time t in the segment
ℓ
including the module ℓ. In addition, N p = ∑m
ℓ=1 N (t) is
the total number of pallets in the system.
Lℓ denotes the length of the segment related to the
module ℓ, and bℓ is the size of the buffer in this segment
ℓ
(including the locating space). Moreover, L = ∑m
ℓ=1 L is
the overall length of the pallet system.
i ∈ I = {1, . . . , n} is the index over parts and Π =
⟨P1 , P2 , . . . , Pn ⟩ denotes an ordered part set.
τiℓ is the operating time in module ℓ for Pi .
vc [m/s] denotes the conveyor velocity, and Tc = 1/vc is
the transportation time for one pallet passing 1 meter.
k ∈ K = {1, 2, . . . ks , ks + 1, . . . , kUs } is the index over
cycles in transition and steady states. Moreover, K s =
{ks , ks + 1, . . . , kUs } includes all index cycles, in which
the system is in the steady state phase.
Siℓ [k] is the time when Pi is released by module ℓ in
cycle k.
ℓ [k] − Sℓ [k] for i ∈ I \ {n} and C ℓ [k] = Sℓ [k +
Ciℓ [k] = Si+1
n
i
1
ℓ
1] − Sn [k] are defined as interval times.
mc is the mass of one meter chain [kg/m] and m p is
the average mass for a part (including its pallet) in the
pallet system.

•

•

µsc is the friction coefficient between the conveyor slide
and conveyor chain, and µcp is the friction coefficient
between the conveyor chain and a pallet.
N, Z, and R denote the domain of variables for Natural+{0}, Integer, and Real numbers, respectively.
III. O NE - LOOP PALLET SYSTEM

A one-loop pallet system consists of a drive unit, a
conveyor slide, a number of pallets, and a number of locating
modules and buffering (stopping) devices. These equipments
are defined as follows:
Conveyor slide: The conveyor slide is the main bone
for a pallet system. The other devices in the system are
connected or structured by the conveyor slide.
Drive unit: The drive unit includes a conveyor chain,
an electrical motor, and related accessories (motor speed
convertor, electrical driver, etc). The traction force caused by
the electrical motor runs the conveyor chain in the conveyor
slide.
Pallet: A pallet, which is transported by the conveyor
chain with the friction force, carries a part (parts) towards
operating positions. A universal pallet is equipped with an
RFID tag identifying the on board part.
Locating module: A pallet should be located at right
position before a related machine does any operation on its
part. A locating module performs this action by disconnecting the pallet from the chain and fixating it at the position.
Buffering (Stopping) device: A stopping device can
block the passage of pallets by an open-close gate and buffer
them in a segment of the conveyor slide, while the chain is
running under the pallets. This device is used to make a
queue of pallets for a locating module.
One-loop pallet systems are often used in cyclic production lines with multiple part types. A production line is
cyclic if it periodically produces an ordered set of parts
⟨P1 , P2 , . . . , Pn ⟩ in a specific duration denoted cycle time.
One-loop pallet systems for cyclic production lines are from
now called cyclic pallet systems. In a cyclic pallet system,
although all parts pass the same order of modules from
the loading to unloading section, their operating times and
operation sequences can be different with respect to their
types. Fig. 1 shows a cyclic pallet system with the set of
parts {A, B1 , B2 } and the locating modules {M 1 , . . . , M 6 }.
The sequence of operations for these parts are defined as
follows:
• A : M1 → M2 → M6
• B1 : M 1 → M 3 → M 5 → M 6
• B2 : M 1 → M 4 → M 5 → M 6
This means that for instance, part B1 is loaded in M 1 , located
in the modules {M 3 , M 5 } for processing operations, and
unloaded in M 6 .
A. Challenges in control of a cyclic pallet system
Gaining a desired value of the throughput is the main
objective for control of a cyclic pallet system. According
to [27] and [28], the average throughput T H is related to

unit. Fig. 3 shows the maximum tension force versus the
chain velocity and drive unit types for X85. For example,
the tension force should not be higher than 800 [N] for any
velocity value provided that Medium drive unit is selected.
Fig. 1.

One closed loop pallet system

the number of pallets N p and the average flow time FT , the
duration in which a pallet runs the loop one time, by
Np
(1)
FT
Furthermore, T H is calculated by the size of the part set (n)
divided by the cycle time (C). Thus, (1) is modified to
TH =

N p C = n FT (N p , vc )

(2)

in which the flow time is expressed as a function of the
configurable parameters N p and the chain velocity vc . In
fact, a control problem of a cyclic pallet system demands
a proper tuning of N p and vc to satisfy the equation (2) for
the desired cycle time C. This is a great challenge because
many dynamic and static parameters of the pallet system are
involved in the adjustment of FT , which can not explicitly
be formulated as a function of these parameters.
Besides the fulfillment of the desired throughput (cycle
time), the other challenge is to safely run the pallet system
without damaging its related resources. To make a realization
of this control problem, we use data of an industrial pallet
system.
X85 is one type of the pallet systems, which are designed
and constructed by FlexLink company, [29]. To safely run
X85, the designers should consider two crucial criteria. The
first one puts a limitation on the momentum of pallets to be
buffered behind a stopping device as illustrated in Fig. 2. In

Fig. 3.

Chain permissible tension force versus its velocity

These criteria on the momentum of pallets and the tension
force can be generalized for any type of pallet systems.
Hence, devising a control strategy to meet (2) and the
safety conditions is a great challenge, but an important
step towards the enhancement of the system lifetime and
the sustainable paradigm. Furthermore, the strategy is more
appreciated if the control parameters can be tuned such that
the minimum force is applied on the drive unit. This means
that a sustainable control of a cyclic pallet system can be
addressed as follows.
Control problem: An optimal control of a cyclic pallet
system is desired to have a minimal force on the drive unit,
while the control fulfills the specified production rate and the
criteria over the momentum and the tension force. The given
parameters are system data, and the control parameters are
N p and vc .
IV. O PTIMIZATION MODEL OF THE CONTROL PROBLEM
An optimization model of the control problem can be
formulated as
min F(N p , vc )
subject to
Design constraints

Fig. 2. Momentum is the product of mass and velocity. In this figure,
the allowed momentum for a number of pallets buffered behind the stoping
device is specified by the white color.

this figure, the safe domain is specified with the white color.
For example, the stopping device can not take the average
momentum higher than 3.33 [kg m/s]. The second criterion
introduces a constraint on the maximum tension force of the
conveyor chain. The largest tension force, which varies in
time, appears in the part of the chain connected to the shaft
of the motor. Hence, it is crucial to bound this force lower
than the maximum level which can be tolerated by the drive

(3)

Here, F(N p , vc ) determines the average tension force as a
function of N p and vc , as well as the design constraints
characterize (2) and the safety conditions. In [30], the authors
have developed the mathematical models for the tension
force and the design constraints without considering the
safety conditions. In this section, these models are readdressed, and the novel constraints which characterize the
safety conditions are introduced.
A. Mathematical model for the mean value tension force
A conveyor slide of a cyclic pallet system can be partitioned into m segments such that each segment ℓ ∈ {1, . . . , m}

includes one locating module, one stopping device, and the
part of the slide buffering pallets for the segment. According
to [30], the largest tension force in the chain appears in the
segment ℓ = m and obtained by
m

F m (t) = (N p m p + Lmc )gµsc + m p gµcp ∑ Nsℓ (t)
ℓ=1

m

− m p g(µsc + µcp ) ∑ N ℓf (t)

(4)

ℓ=1

where, Nsℓ (t) is the number of the pallets standing in the
segment ℓ (not moving) at t,
{
1 a pallet is located in the module ℓ at t
N ℓf (t) = 0 a pallet is not located in the module ℓ at t
and the other parameters have been defined in Section II.
An upper band value of F m (t), F u , is estimated by setting
m
ℓ
ℓ
∑m
ℓ=1 N f (t) = 0 and ∑ℓ=1 Ns (t) = N p . Accordingly,
F u = N p m p g(µsc + µcp ) + Lmc gµsc

(5)

e c ) as the permissible tension force for the
Denoting F(v
e c)
conveyor chain at vc (see Fig. 3), the condition F u ≤ F(v
guarantees a safe running of the drive unit. Furthermore, as
derived in [30], the average tension force F m (t) in one cycle
production leads to
nLm p gµcp
Tc
C
m p g(µsc + µcp )τ
+ Lmc gµsc −
C

F(N p , Tc ) = m p g(µsc + µcp )Np −

(6)

ℓ
for τ = ∑ni=1 ∑m
ℓ=1 τi and Tc = 1/vc .
In (6), N p and Tc can not take arbitrary values. To fulfill
the cycle time C, these parameters should be set from the
domains specified by the pallet system design constraints. In
the next subsection, these constraints are introduced.

B. Design constraint models

i, j ∈ I, ℓ ∈ M
n

j=1

k ∈ Ks, ℓ ∈ M
ℓ
Si+1
[k] − Siℓ [k] = Ciℓ

:

S1ℓ [k + 1] − Snℓ [k] = Cnℓ :

i ∈ I \ {n}
k ∈ K s \ {kUs }

(8)

n

∑ Ciℓ = C

i=1

Safety constraints: The design conditions on the chain
velocity, the chain tension force, and the pallets momentum
define the safety constraints (9). The first constraint limits
the velocity to be always lower than the maximum allowed
velocity Ve for the system. The second one and the third
e c ) ≥ F u discussed in (IV-A).
one realize the condition F(v
e c)
In these constraints, F u is defined based on (5), and F(v
e F2,
e F2
e + λ (Tc − T )}, where
is approximated by min{F1,
e F2,
e λ , and T are constant parameters. Except F1,
e the
F1,
other parameters are estimated from the data given for the
permissible tension force. For example, for Medium drive
m
e = 800, λ = 35, and
unit in Fig. 3 and 0 ≤ vc ≤ 30 min
, F2
e is given according to the conveyor
T = 12. The parameter F1
length.
1
(9)
e
V
e F2}
e ≥ N p m p g(µsc + µcp ) + Lmc gµsc
min{F1,
e + λ (Tc − T ) ≥ Np m p g(µsc + µcp ) + Lmc gµsc
F2
Tc ≥

n

A controlled pallet system should fulfill design properties
categorized as control and plant constraints. The control
constraints demand a proper coordination of the operations
to satisfy the queuing and loading policies, desired cycle
time, and safety specifications. The plant constraints, on
the other hand, emphasize on the flow shop model of the
production plant, closed queuing network form of the pallet
system, and limited size of the buffers. These constraints
are now modeled based on the assumptions and notations in
Section II.
1) Control constraints:
Scheduling constraints: Let ∆n×n be a known permutation matrix in which its elements [∆]i, j = δi, j satisfy the
relations ∑ni=1 δi, j = 1 and ∑nj=1 δi, j = 1. This matrix characterizes a loading schedule of the ordered parts ⟨P1 , P2 , . . . Pn ⟩.
Hence, based on FIFO policy, the scheduled operation time
part i in the module ℓ, Tiℓ , is calculated by

∑ δi, j τ ℓj = Tiℓ

Cyclic and periodic constraints: These constraints demand two crucial properties for a controlled cyclic pallet
system. The first and second constraints in (8) provide the
periodic manner of releasing actions in a locating module
(Ciℓ [k] = Ciℓ ). On the other hand, the last constraint, which
forces these periodic actions to be performed in the exact
duration of the cycle time, imposes the cyclic property of
the releasing actions.

(7)

bC ≥ ∑ (Siℓ [k] − Siℓ−1 [k]) : ℓ ∈ M \ {1}, k ∈ K s
i=1

Ie Tc ≥ (b − 1)m p
Using the Little law [27], the forth constraint introduces the
upper bound b for the average number of pallets buffered in
a segment (including a locating module). The last constraint,
furthermore, limits the momentum of (b − 1) pallets standing
e the permissible momentum
in the buffer to be lower than I,
for the stopping device (see Fig. 2).
2) Plant constraints:
Dynamic constraints: These constraints introduce a
relation among the part release times Siℓ [k], the transportation
times Lℓ Tc , and the mapped operating times Tiℓ . The open
flow shop model of the production plant demands that each
part goes to all processing machines with a unique order of
the modules from the loading section to the unloading one.
The first constraint in (10) characterizes such a dynamic behavior by neglecting the dynamic behavior of empty pallets.
The rest of the constraints indicate the fact that Ciℓ [k] ≥ Tiℓ ,

due to blocking and starving times.

For the variable N p , the nonlinear relation 11 can be
projected to the linear relations

i ∈ I, k ∈ K, ℓ ∈ M
Siℓ [k] − Siℓ−1 [k] ≥ Tiℓ + Lℓ Tc :

ℓ ∈ M \ {1}

ℓ
Siℓ [k] − Si−1
[k] ≥ Tiℓ

i ∈ I \ {1}

S1ℓ [k + 1] − Snℓ [k] ≥ T1ℓ
S11 [1] ≥ T11

:
:

k

(10)

i ∈ I, e ∈ I, k ∈ K s
C N1 + ri = Sim [k] − Si1 [k] + Ti1 + L1 Tc
n

ri =

∈ K \ {kUs }

∑ di,e

e=1

m
Cg(i,e)
≥ di,e

Definition (Starving and Blocking times): Starving time
is the duration in which a module is in an idle state before
receiving a pallet. The blocking time is the duration in which
a pallet is blocked by a module (the operation has been
finished, but the pallet is still located) due to the lack of
space in the downstream buffer.
Pallet constraints: The following proposition introduces
a relation between the number of pallets NP , unloading
interval times Cim , and flow time of Pi , FTi = Sim [k] − Si1 [k] +
Ti1 + L1 Tc for the steady state phase (k ∈ K s ).
Proposition (Pallet constraint): In a cyclic pallet system
FTi for i ∈ I = {1, . . . , n} is obtained by
Np

m
m
1
1
1
∑ Cg(i,
e) = Si [k] − Si [k] + Ti + L Tc :

i∈I

(11)

e=1

(16)

m
di,e ≥ Cg(i,e)
− (1 − xi,e )C
C xi,e ≥ di,e
xi,e ≥ xi,e+1 : e ∈ I \ {n}
n

N p = N1 n + ∑ xi,e
e=1

In (16), ri and di,e are real variables, N1 is an integer variable,
and xi,e is a binary decision variable.
Buffer constraints: Siℓ [k] − Siℓ−1 [k] specifies the duration
in which part i stays in the segment ℓ. According to (11), the
ℓ
ℓ−1
ℓ
ℓ
ℓ
constraint ∑be=1 Cg(i,
e) = Si [k] − Si [k] always demands b
number of pallets in the buffer. To let the number of pallets
in the buffer not be higher than bℓ , this constraint is modified
to
i ∈ I, ℓ ∈ M \ {1}, k ∈ K s
bℓ

ℓ
ℓ
ℓ−1
∑ Cg(i,
e) ≥ Si [k] − Si [k]

where
{
g(i, e) =

n:
(i − e) mod n :

i − e = n k, k ∈ Z
i − e ̸= n k, k ∈ Z

Variable constraints: For the design constraints, the set
of variables with the following domains are defined .

Proof: Let Pxi be the part, which is now being unloaded,
and the empty pallet of this part is loaded by Pi . Because
all modules locate and release the parts according to FIFO
policy, any unloading order of the part set is the same as the
loading order of this set. Hence, the relation between indices
of Pi and Pxi can be shown by
i = (xi + N p ) mod n

(12)

Now we observe that FTi is equal to the sum of the interval
times for all pallets in the system to pass the unloading
module m after releasing Pxi . In mathematical expression
Np

m
= Sim [k] − Si1 [k] + Ti1 + L1 Tc :
∑ Cy(x
i ,e)

i, xi ∈ I

(13)

e=1

where
{
y(xi , e) =

n:
xi + e − 1 = n k, k ∈ Z
(xi + e − 1) mod n :
otherwise

(14)

Defining ê = N p − e + 1, we have g(i, ê) = y(xi , e) according
to (12). This implies
Np

Np

Np

e=1

e=1

ê=1

m
m
m
= ∑ Cg(i,N
= ∑ Cg(i,
∑ Cy(x
ê)
p −e+1)
i ,e)

which gives (11) regarding (13).

(17)

e=1

(15)


i ∈ I, j ∈ I, e ∈ I, ℓ ∈ M, k ∈ K
N p , N1 , b ∈ N
Tiℓ , Siℓ [k], Tc , Ciℓ , ri , di,e ∈ R
δi, j , xi,e ∈ {0, 1}

(18)

Remark: Except the dynamic constraints, the other
design constraints are valid when a pallet system is in the
steady state phase. Hence, to reduce the number of the
releasing time variables Siℓ [k] in the constraints, we can select
ks = 1, which results in elimination of transition states for the
part releasing times in the design constraints. On the other
hand, the number of the part set in a pallet system is always
lower than ⌊N p /n⌋ + 1. Accordingly, the term ks + ⌊N p /n⌋
may be considered as an upper bound value of kUs . When N p
is variable, one estimated parameter larger than N p should be
ℓ
substituted in the term (for example, kUs = ⌊ 1n ∑m
ℓ=1 b ⌋ + 1).
C. Optimal control
The addressed mathematical models realize the control
problem (3) as follows.
F ∗ (N p , vc ) = min F(N p , Tc )
subject to
(7), (8), (9), (10), (16), (17), (18)

(19)

Solving (19), the plant control set point (N p∗ , Tc∗ ), which
gives the desired cycle time and the minimal tension force,
is obtained.

V. ROBUSTNESS ANALYSIS OF THE CONTROL DESIGN
In practice machines are prone to failures, and operation
times are not certainly deterministic. For a cyclic pallet
system, these variations often lead to the deviation of the
cycle time from the desired level. In this paper we are not
going to introduce a framework for the stochastic analysis of
the pallet system (this can be considered for future work).
However, it is important to characterize the robustness of
the control and the system design regarding the mentioned
variations.
Let W T = ∑ni=1 (Sim [k] − Si1 [k]) − τ be the overall waiting
times of a part set in the system buffers. According to (11),
the optimal control set point (N p∗ , Tc∗ ), the solution of (19),
should satisfy the equation
N p∗C = τ + nLTc∗ +W T

(20)

ℓ
Based on (20), an average variation on τ = ∑ni=1 ∑m
ℓ=1 τi , ∆τ ,
may impose the average deviation of the cycle time, ∆C, and
the waiting time, ∆W T (∆τ ). We say the control is robust if

∆τ + ∆W T (∆τ )
∆C
=
C
τ + nLTc∗ +W T

(21)

is in an acceptable rage. However, W T and ∆W T (∆τ ) are not
defined as explicit functions of the system parameters, while
∆C can simply be measured during the production phase.
Hence, we characterize a robust control such that with the
minimum changes in its set point (N p∗ , Tc∗ ), the term ∆C can
be eliminated or significantly be reduced in the running phase
of the pallet system.
Over production with ∆C < 0 is not problematic because
a cancelation of ∆C can then be achieved by increasing Tc∗
or decreasing N p∗ , resulting in the force reduction according
to (6). The dilemma occurs when a trade off between the
rise of the force value and the reduction of ∆C > 0 should
be made. Keeping the discrete parameter N p∗ unchanged, this
leads to the reduction Tc∗ − |∆Tc |, where ∆Tc < 0 and
nL|∆Tc | = ∆τ + ∆W T (∆τ ) + ∆W T (∆Tc )

(22)

and ∆W T (∆Tc ) ≥ 0 is a W T deviation due to this reduction
(regarding (20), W T is a decreasing function of Tc for given
N p and C). On the other hand, (20) and (21) imply that
∆τ + ∆W T (∆τ ) = N p∗C ∆C
C . Therefore, the condition

ε N pC
(23)
nL
realizes a criterion for the robust control to cancel the aimed
error ε > ∆C
C .
To verify the optimal control robustness based on (23),
we develop the concept of the worst but safe control that is
defined as follows.
|∆Tc | ≥

F ws (N p , Tc ) = max F(Np , Tc )
subject to
(7), (8), (9), (10), (16), (17), (18)

constraint
∆F ws |Np∗ = F ws (Tc )|Np∗ − F ∗ (Tc )|Np∗ ≥ ε gm p µcp N p∗

(25)

ε N p∗C

is a necessary condition for (N p∗ , Tc∗ − nL ) to meet the error
cancelation. If (25) is not held, then (N p∗ , Tc∗ ) is not robust
and we should search for |∆N p | by which both (19) and (25)
are realized for N p = N p∗ + ∆N p .
VI. I LLUSTRATIVE EXAMPLES
In this section we apply the optimal control to 8 case
studies. To do so, first we consider two cyclic pallet system
benchmarks based on X85 technology. One has 6 modules
and 4 part types (A,..,D), and the other includes 20 modules
and 9 part types (A,...,I). These benchmarks present small
and big size of cyclic pallet systems in practice. The related
data for the X85 pallet system are shown in Table I.

DATA FOR

X85

WITH

mc [ kg
m ]
1.5
2

SYS
Small
Big

TABLE I
µcp = 0.3, µcs = 0.1, AND mP = 10[ K G ]

Ve [ ms ]
0.5
0.5

e
F1[N]
1250
1250

e
F2[N]
800
1250

λ
35
26

T
12
12

e kg m ]
I[
s
3.33
3.33

Furthermore, we randomly generate system data for the cases
as follows.
I = {1, 2, . . . , n}, M = {1, 2, . . . , m}, Ḿ = {2, . . . , m − 1}
0 ≤ pℓi ≤ 80[s] : i ∈ I, ℓ ∈ Ḿ
τiℓ = max{0, pℓi − 20}[s] : i ∈ I, ℓ ∈ Ḿ
5 ≤ τiℓ = τ ℓj ≤ 12 [s] : i, j ∈ I, ℓ ∈ {1, m}
n

n

i=1

i=1

max{ ∑ τiℓ : ℓ ∈ M} ≤ C ≤ 1.2 max{ ∑ τiℓ : ℓ ∈ M} [s]
2 ≤ bℓ ≤ 4
Lℓ = 0.5bℓ + 0.1 [m] : ℓ ∈ M \ {1}
L1 = 0.5b1 + 1.1 [m]
The cases 1 to 4 are related to the small benchmark, and
the cases 5 to 8 are considered for the big benchmark. For
example, Table II depicts the data for Case 1, and Table III
includes the data regarding Case 5.
S YSTEM

DATA FOR

Mℓ
M1
M2
M3
M4
M5
M6

C ASE 1

TA
[s]
5
17
40
24
41
7

TB
[s]
5
53
0
51
0
7

TABLE II
= 142 AND

WITH C

TC
[s]
5
47
0
0
0
7

TD
[s]
5
11
44
25
54
7

Lℓ
[m]
2.6
1.6
1.1
1.1
1.1
2.1

SCHEDULE

DBAC

bℓ
3
3
2
2
2
4

(24)

Denoting F ws (Tc )|Np∗ = F ws (N p∗ , Tc ), which means that (24)
is parameterized by N p = N p∗ , and substituting (23) in (6), the

We solve the optimization model (19) for the cases, using
GLPK software, [31]. The derived minimal tension force F,
the upper bound force F u , the optimal control parameters,
and the computation time CT are illustrated in Table IV.

TABLE III
S YSTEM DATA FOR C ASE 5 WITH C = 370 AND SCHEDULE AGFCDEIHB

TBℓ
[s]
5
56
31
0
38
12
42
60
0
55
39
0
0
55
24
52
45
0
44
5

TCℓ
[s]
5
31
34
0
0
0
21
13
0
25
0
55
56
31
0
53
38
0
60
5

TDℓ
[s]
5
22
31
23
29
0
31
0
21
28
22
48
60
58
42
0
0
0
30
5

TEℓ
[s]
5
35
52
0
0
0
27
47
11
245
21
29
59
38
58
0
53
0
0
5

TFℓ
[s]
5
12
46
11
33
22
0
48
30
0
0
0
29
0
24
41
57
43
0
5

TGℓ
[s]
5
32
57
13
53
0
24
0
12
0
32
36
14
0
0
0
0
0
58
5

THℓ
[s]
5
0
0
0
53
58
60
14
0
0
42
40
0
20
0
36
45
50
45
5

TIℓ
[s]
5
0
47
0
0
0
56
37
17
50
37
33
21
57
48
0
0
24
31
5

Lℓ
[m]
2.1
2.1
1.1
2.1
1.1
1.1
1.1
1.1
2.1
2.1
1.1
1.6
1.1
2.1
1.1
1.6
1.1
1.6
1.1
1.1

bℓ
2
4
2
4
2
2
2
2
4
4
2
3
2
4
2
3
2
3
2
2

The results show that the optimal control in average puts
a small force on the drive unit and significantly limits the
maximum tension force.
TABLE IV
T HE OPTIMAL CONTROL SCENARIO FOR C ASES 1

CASE
1
2
3
4
5
6
7
8

Np
6
6
5
6
21
21
17
16

Tc [ sm ]
8.54
9.78
4.3
6.8
4.34
4.52
2.25
2.7

F[N]
64.5
60
64.3
72.5
363.1
343.2
245.2
215

F u [N]
254.4
253.7
220.4
256
899
897
743
694

TO

8

CT [s]
1.5
0.6
0.2
0.2
8.4
20
15
25

For the robust analysis, we only consider Cases 1 and 5.
Regarding Case 1, Fig. 4 depicts the optimal control and
worst but safe control for N p ∈ [5, 14]. The vertical solid
(black) lines in this figure determine the range of forces on
the drive unit, satisfying the safety conditions and the cycle
time C = 142[s]. It is interesting to see that the domain of
safe control policies corresponds to a wide range of forces
(64.5[N] ≤ F ≤ 333.1[N]). This gives more credits to the
optimal control which provides the minimal force 64.5[N] for
the set point (N p∗ = 6, Tc∗ = 8.54). Setting this optimal point,
the error with magnitude ε = 0.2 can be canceled by only
changing Tc . This implies that the optimal control is robust
for the average cycle time deviation ∆C ≤ ε C = 28.4[s].
Rising N p and following the optimal control path (the light
green line), the robustness of the control increases until the
set point (N p = 10, Tc = 20), which provides the maximum
robustness (ε = 0.4), although it does not sustain the minimal
force (F = 124).
Another, interesting point in the figure is (Np = 5, Tc =
2.19). This point presents the minimal work in process,
proposed by the lean philosophy as the optimal set point.
Although the force in this point is very close to the minimal
force, this control set point is not robust and not advised

400

Tension Force (N)

M1
M2
M3
M4
M5
M6
M7
M8
M9
M 10
M 11
M 12
M 13
M 14
M 15
M 16
M 17
M 18
M 19
M 20

TAℓ
[s]
5
0
0
17
49
0
55
58
16
59
0
43
31
33
24
0
0
34
46
5

Worst but Safe
Control
Optimal Control

300

Minimal WIP
F=70, Tc =2

200

100

Most Robust Control
F=124, Tc =20

Minimal Force
F=64.5, Tc =8.54
0
5

6

7

8

9

10

11

12

13

Pallet
Fig. 4.

Robustness analysis for Case 1

A similar robust analysis can be applied for Case 5.
This results in Fig. 5. Assume that the request is to cancel
error with ε = 0.15. Based on this assumption, the optimal
control set point (N p = 5, Tc = 4.34) is not robust enough
(ε = 0.083). Interestingly, adding one more pallet decreases
the control robustness. As a matter of fact, the required error
cancelation can only be obtained for N p = 24. Consequently,
the optimal control is set for (N p = 24, Tc = 8.46).
700

Tension Force (N)

Mℓ

for the system. Only the small deviation ∆C ≥ 1.42[s] can
violate the desired production rate.

Worst but Safe
Control
Optimal Control

600

500

400

300

Most Robust Control
F=394.3, Tc =8.46

Minimal WIP & Force
F=363.1, Tc =4.34

200
21

22

23

24

25

26

27

28

Pallet
Fig. 5.

Robustness analysis for Case 5

VII. C ONCLUSION AND FUTURE WORKS
This paper provided a formal tool to design and characterize a sustainable and robust control for cyclic pallet systems.
The designed control is optimal such that it minimizes the
force load on the drive unit, satisfies the safety conditions
on the system resources, and fulfills a desired production
rate. This tool was applied to some case studies based on
small and big one-loop pallet systems. The achieved results
showed that a significant amount of the force was reduced,
while safely running the systems to meet their desired cycle
times. Furthermore, the domain of set points realizing a
robust control was derived for one small and one big case.

This formal tool was developed according to the assumptions denoted in Section II. One-loop pallet system, chain
based drive unit, and the horizontal movement are those
which can be relaxed with minimal impact on the tool
framework. This tool can be applied to a multiple-loop pallet
system, loop by loop with assuming a constant work in
process (WIP) in each loop. For roller based drive units and
a slope for the conveyor line, only the constant coefficients in
(6) should be modified. However, the other assumptions are
essential to define a classical deterministic permutation flow
shop, [32]. Introduction of a variable schedule dramatically
increases the model computation time due to the binary
decision variables δi, j . Dealing with this time complexity,
a heuristic approach based on the FIFO policy has been
developed in [33]. Still, a continuation of this work can be
considered for a general queuing policy.
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