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Abstract

Recent advances in automated concrete production make it possible to produce geomet-
rically complex concrete structures. The purpose of this paper is to review reinforcement
alternatives suitable for such structures and to analyse the problems associated with the
geometrical complexity, not only in the reinforcement itself, but also in design. A re-
view of the literature on reinforcement alternatives and governing standards shows that
conventional steel reinforcement load bearing structures cannot easily be set aside. Any
deviation from the standard structural elements, e.g. beams, walls and slabs, introduces
design problems for most structural engineers. Approaches to problems of this complex
nature are discussed here. Further developments needed are indicated: being able to choose
the reinforcement direction, and optimization with regard to parameters other than the
reinforcement amount, e.g. feasibility of production. Furthermore, the need for a ratio-
nal design process is discussed and some key issues, such as software incompatibilities are
raised.

Keywords: Complex shaped concrete, Alternative reinforcement, Reinforcement design,
Concrete shell design

1. Introduction

The formability of concrete is a greatly appreciated feature used in modern architec-
ture. By automation of the production process, this formability could be more widely
used. However, the automated production of concrete elements is a general expression
covering everything from machinery performing single production steps to advanced fully
automated systems, for example producing fagade elements or concrete bricks. Most of the
automated production seen today is developed for large production series. Each machine
is designed and programmed to perform a few steps in the production, e.g. reinforcement
bending or welding. Generally, these machines only produce one type of element with very
limited variations between series. A European project, TailorCrete (www.tailorcrete.com),
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targets the general automation of all steps from a 3D model to finalized concrete struc-
tures. Such a general solution would allow unique elements to be produced while retaining
the economic benefits of large scale automated production; hence, tailor-made concrete
structures could be used more commonly than they are today, instead of being limited to
prestigious projects.

When discussing complex shape in modern construction, shells are often of interest. The
ideal shell is shaped in such a way that the concrete acts in pure compression, utilizing the
strength fully. The project TailorCrete aims to construct load-bearing structures in any
geometry, i.e. not only the perfect shell; hence, reinforcement is needed in order to enhance
the tensile strength of the concrete composite. In the first part of this paper a variety of
reinforcement alternatives are described and discussed from the viewpoint of automated
production of tailor-made concrete structures.

Furthermore, the geometrical complexity of the tailor-made concrete structures will
introduce a design challenge for the structural engineer in almost every single case. Hence,
there is a need for a rational, at least semi-automatic, design procedure. In Sections |3|and
the necessity of a rational design process is discussed and a theoretical background for
reinforcement design is given, respectively.

2. Reinforcement in tailor-made concrete structures

The relatively high compressive stress capacity of concrete is well-known and is the
main reason for the wide use of concrete as a building material. However, tensile stress
and shrinkage tend to cause cracks in the unreinforced material. Therefore, reinforcement
is used to provide structural integrity after cracking. In this study four reinforcement
alternatives were investigated in order to evaluate which ones are suitable for automated
production of geometrically complex structures. Conventional steel reinforcement has been
widely used during the past century. In recent decades many alternatives or complements
have been developed, e.g. fibre reinforcement, fibre reinforced polymer bars and textile
reinforcement.

Conventional reinforcement provides a concrete element with high loading capacity and
a well-established design procedure. Thereby, the use of conventional steel reinforcement
simplifies the implementation of tailor-made concrete elements with regard to regulations
and standards. It is, however, important to stress that the need for development of the
production method is pressing. To fulfil the project aims, the reinforcement bars must be
formed, in an automated fashion, in arbitrary geometries and assembled with sufficient pre-
cision and robustness. Such aspects are currently researched at the University of Southern
Denmark and the results so far seem promising [I].

Fibre reinforcement is often described as short discontinuous fibres of varying length,
thickness and material. Reinforcing fibres can be made of steel, glass, various synthetic
materials (such as coal or polymer) or organic materials. Steel fibres can be used as
primary reinforcement and they have good durability with regard to corrosion. Glass
fibres are most commonly used in thin, non-structural, concrete elements, e.g. facade
elements. The tensile strength of glass fibres is very high; however, it is greatly affected



by deterioration [2]. Synthetic fibres can be produced from several materials with widely
differing properties e.g. polyethylene, polypropylene, coal and aramid. The main benefit
of using fibre reinforcement is that it offers a simple and rational production process well
suited for application in concrete elements of complex shape. Fibre reinforcement is mainly
used as secondary reinforcement. However, in some applications it has been used as a
primary reinforcement with good results [3]. Further research is needed for such use to be
extended. Furthermore, it is desirable to distribute and orient the fibres throughout the
concrete structure in order to improve and optimize the reinforcing effect.

Bars made of fibre reinforced polymers (FRP bars) can be a good alternative in tailor-
made concrete structures, especially in thin parts where the concrete cover required for
conventional reinforcement cannot be fulfilled. The FRP bars are made by continuous
aramid, coal or glass fibres incorporated in a polymer matrix (e.g. polyester, epoxy or
vinyl ester). The properties of the composite are affected by the fibre and matrix materials;
they are generally characterized by lower weight, lower elastic modulus and higher tensile
strength than conventional steel reinforcement. Although FRP does not corrode, other
deteriorating mechanisms affect the composite. Sea salt, de-icing salt, freeze-thaw cycles,
UV light and fresh water can all influence the durability, as reported by Dejke [4]. The
coefficient of thermal expansion is, in contrast to conventional steel reinforcement, differing
from that of concrete. This can lead to restraint forces in the composite structure [5]. In
general the fracture is brittle; however, a more ductile material behaviour can be obtained
by combining several fibre materials within the matrix [5]. The composite behaviour under
fire needs to be carefully considered in design as FRP systems are sensitive to fire [6].
Furthermore, a major disadvantage of FRP bars is the generally limited formability, i.e.
the composite cannot be reshaped.

Textile reinforcement is made of continuous fibres arranged in several directions (e.g.
nets). In these textiles, the fibre material is more effectively utilized than if the same
material is scattered randomly in the concrete, as is common for fibre reinforced concrete
[7]. However, the production and application processes are very complex. Common fibre
materials are AR glass, coal and aramid, although thin steel or polymer threads can also be
used. The textile composites can be produced through hand lay-up, pultrusion or extrusion.
While hand lay-up is a manual craftsmanship based production, pultrusion and extrusion
techniques are more suitable for industrial production with large series. Depending on
the textile type and the production method specific requirements are sat on the concrete
mix design, limiting the possible choices. Textile reinforcement offers great flexibility and
could therefore be regarded as an alternative for tailor-made concrete elements; however,
the production methods used today require extensive development before they can be
implemented in a fully automated production process.

Moreover, it should be mentioned that many of the alternatives presented can be used in
combination, e.g. conventional steel reinforcement and fibre reinforcement or combinations
of fibres of different materials [§]. The advantages and disadvantages identified for the
reinforcement types discussed are summarized in Table [I} In this table all types of fibre
materials are generalized under the category fibre reinforcement. As mentioned, the fibre
material influences the composite behaviour; however, the general features tabulated in



Table [1] are common for all fibre materials. Advantages and disadvantages with different
fibre materials are summarized in Table [2l More background on this table can be found in

Fall and Nielsen [9].

Table 1: Summary of the advantages and disadvantages of four reinforcement systems.

+

Conventional reinforcement steel

Provides structural
integrity.

Widely used, i.e. easy to
implement with regard
to guidelines and design
codes.

Thermal expansion
normally equal to that
of concrete.

Inexpensive.

Might be difficult to
produce effectively in
arbitrary geometries.
Specific concrete cover
needed, i.e. not suitable
for very thin structures

Fibre reinforcement

Can be added to

concrete during mixing.

Rarely used as primary
reinforcement.

Fibre reinforced polymer

Good durability with
regards to corrosion.
Can be used in thin
concrete members.

Affected by degradation
mechanisms e.g.
UV-light and salts.
Rare technology which
can lead to high costs.
Generally brittle
fracture.

Fixed shape once
produced.

Thermal expansion
differing from that of
concrete, leading to
restraint forces.

Fire resistance needs to
be carefully designed.

Textile reinforcement

Can be applied in
arbitrary geometries.
Allows for thin
structures.

Restricts the concrete
mix design to a high
extent.

Rare technology which
can lead to high costs.
Production method
needs development.




Table 2: Summary of advantages and disadvantages with five different fibre materials.

Advantages Disadvantages
Steel fibre reinforcement Good mechanical Authorities in some
behaviour. countries (e.g. Sweden) do
Very well developed. not allow combination with
Inexpensive. conventional steel
reinforcement in chloride
environment.

Possible corrosion spotting
on surfaces.

Glass fibre reinforcement High strength. Strength decreases with
time.
Sensitive to alkali attack.
Polymer fibre reinforcement Non-corrosive. Creep.

Elevated temperature can
cause problems.
Low Young’s modulus.

Carbon fibre reinforcement  Alkali resistant. Hard to obtain a good
Dimensionally stable. distribution in concrete
High strength. mix
Natural fibre reinforcement  Available in the developing Hard to ensure fibre
world. quality.
Hygroscopic.
Complex to assess
durability.

Based on this study, presented more in detail Fall and Nielsen [9], it was concluded
that conventional steel reinforcement cannot easily be set aside when designing load car-
rying concrete structures, as none of the other reinforcement types discussed can provide
such integrity in all applications. Furthermore, including conventional reinforcement also
increases the applicability of the new construction concept, devised by TailorCrete, as it
is well-known and regulated in standards worldwide. However, alternative reinforcement
techniques, e.g. steel fibre reinforcement, can be included to control crack widths and to
contribute additional structural integrity in terms of ductility.

Following this study, it was decided to continue to develop a reinforcement solution for
load-bearing tailor-made concrete structures by utilizing both conventional reinforcement
and steel fibre reinforcement, separately or in combination. Textile reinforcement might
be interesting; however, limitations are set by the flexibility of the textile. It may, simply
put, be impossible for robots to handle such material. In structural applications where
corrosion is likely to cause problems, polymer fibres should be considered as an alternative.



Glass fibre would only be suitable if thin sheet elements are to be produced.

3. Rational design process

To enable the use of unique concrete elements at normal price levels is the purpose
of devising an automated production process. For this to be used in practice, it is also
important to improve the links between architects, structural engineers and producers.

Tailor-made concrete structures are intended to be produced by means of digital fab-
rications, ranging from conceptual design to production [I0], see Fig. . However, there
are several obstacles to having a seamless flow of information through the entire process.
In this study, the main focus is on the structural engineering part. In making a structural
design of uniquely shaped specimens, the finite element method (FEM) is a powerful tool.
Finite element modeling requires geometrically well-defined models, compatible with the
chosen element type. At this point, the engineer needs to manually adjust the architectural
model in order to obtain a structural model. An example of this could be the idealization
of a solid 3D model as an FE model built with shell elements. Furthermore, the structural
engineer needs either long experience or a rational digital design method for interpreting
analytical results in order to design the reinforcement in a way that fulfils the require-
ments of both structural behaviour and production. Finally, the engineer needs to be able
to forward the design to the digital fabrication tool. Traditionally, this would typically be
drawings; however, digital fabrication requires a 3D model in a supported format.

It should be noted that the ability to produce concrete structures in unconventional
geometries allows the architect and the designer to optimise the structure in a structural
manner, which is rarely done today. However, structural optimisation is a field that has
been widely researched, especially for concrete shells, during the past two decades |11}, 12}
13].
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Figure 1: (a) Architectural model of prototype element and (b) the corresponding reinforce-
ment model. (¢) Manufactured (unreinforced) prototype. Photo: Thomas Juul Andersen,
Teknologisk Institut (DTI)

4. Rational design methods for conventional steel reinforcement

Complex geometries introduce challenges not only for production but also for design.
In this section, the basis for a rational design method is based on a review of available
design methods for conventional steel reinforcement. Although, the complex geometry
discussed in this article is arbitrary, it is reasonable to regard it as shell-like structure. For
slabs and shells, plastic design methods are often utilized. From a linear finite element
analysis, the linear stress state in the structure can be obtained. The design engineer
can then take advantage of plastic redistributions in the cracked concrete structure, i.e.
the linear stresses can be redistributed in accordance with the reinforcement design. A
solution will be fulfilled as long as enough deformation capacity (ductility) is provided.
In this section two alternative methods are presented and discussed. Both methods are
suitable for implementation in a design tool, to aid the structural engineer working with a
complex concrete structure.

In both methods, the reinforcement design starts with a linear finite element analysis,
using shell elements to describe the geometry. The stress components acting in a shell
element are introduced in Fig. . With eight independent stress resultants (ng, n,, Ny,
Mg, My, My, Vg, Vy), the general plain shell element, see Fig. [2| differs from a membrane
element describing only the in-plane axial forces (n;). For curved shell elements, the
components generally become coupled as equilibrium conditions involve all stress resultants
[14]. A way to categorize the general shell element is by considering only the non-zero
stress resultants. In this manner, elements subjected to membrane action only are called
membranes (m, = m, = my, = v, = v, = 0), elements subjected to pure bending action
only (n, = n, = ny, = 0) are called plates (or slabs), and elements with both types of
stress components are called shells.




When designing by the sandwich analogy, the axial forces and bending moments are
accounted for in the outer layers, while the core is subjected only to the shear forces, see

Fig. 3|

Figure 2: Plane shell element with stress components: bending and membrane action.

My ng
dv+2

Figure 3: Sandwich model with the division of the stress resultants in Fig. , see also
Marti [15].

4.1. Alternative A: Simplified approach

For the first of the two alternative methods, a simplified approach is used. This was pro-
posed by Marti [16] and was later included in the bulletins of the International Federation
for Structural Concrete (fib) [14,[17]. It is also described and exemplified in Blaauwendraad
[18]. The forces in the top and bottom layers are calculated as:
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My Ny

Ny layer = j:d_ + ?7 (1)
m n
Ny layer = T dy + 5y7 (2)
My Ny
Mgy layer = + d Y + Ty (3)

Assuming that the concrete core sustains the shear forces, without cracking, the forces
in the reinforcement can be calculated as:

Mast = % 7 4y | 4 T, (4)
aay = = o T ke | =T (5)
g = g+ k|, (6)
nsytz—gj+%+kt —";—f’qt%, (7)

where k& and k' are positive arbitrary factors governing the distribution of stresses
between the x and y directions for the bottom and top layers respectively. The principal
shear force, sustained by the concrete core, can be calculated as

vy = /U2 + v (8)

When the principal shear force exceeds the nominal shear cracking resistance, i.e. vy >
Tered, it is assumed that the concrete core is cracked. The assumptions for transferring
transversal forces, for both uncracked and cracked concrete core, can be seen in Fig. [ If
the concrete core is cracked, the shear forces also need to be added to the reinforcement
forces:

2

My Ny v
st — + 5 —:c’ 9
" dy + 2 +21}0tant9 9)
my Ty ”5
ow=Ft—+ =+ —— 10
sy dy + 2 2 tan 6 (10)
m n ()
sy = 4y Yy Y 11
Msey d, + 2 2ug tan 0 (11)



Figure 4: Transfer of transversal forces in (a) uncracked and (b) cracked core, see also
Marti [15].

Denoting the reinforcement content (area per unit width) as and a, and the yield
strength of the reinforcement f,, the failure governed by yielding of the reinforcement can
be checked:

2

Ng May — Nay Vg Uy

Gy 2 G5+ 5 4 Gtk | S S (12)
e R R e
k2 e e g i B Tt )

For the equations above to apply it must be ensured that the outer layers of the sandwich
model are not crushed. This can be taken into account by making a good choice of layer
thickness (also affecting d,), which can be checked:

fctb Z asxbfy + asybfy - (n:r + ny) ) (16)
fctt Z asztfy + asytfy - (na: + ny) ) (17)
where f,. is the concrete compressive strength, and ¢, and t; denote the thickness of the

thickness of the bottom and top layers, respectively.
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4.2. Alternative B: Advanced approach

Alternatively, a sandwich approach suggested by Lourenco and Figueiras [19] can be
used. Given that the nodal forces and bending moments are known, the reinforcement is
designed with equilibrium equations. In their work, solutions are provided for cases when
there is either reinforcement or no reinforcement in the top or bottom layer, or both. In
the present paper, only the solution to the general example with reinforcement in both the
top and bottom layers of the structure is given. Letting g, Mszp, sy and ngy, denote
the forces resisted by the reinforcement in the x and y directions (last subscript b and ¢ for
bottom and top), it can be concluded that:

Nz = Nsat + Nsab, (18)
Mgy = Mgyt + Ngyp, (19)
Msg = —Nsarhar + NsapPay, (20)
Mgy = —Nsythyr + NsypPyp, (21)

where hge, hayp, hy and hy, denote the distance from the middle of the element to the
top and bottom reinforcement in the x and y direction, respectively. Letting t; and t;
denote the thickness of the concrete layer with uniform stress distribution in the top and
bottom layers, the concrete forces and moments can be derived as:

Net = _ttfcd27 (22)
1
Mey = _§(h - tt)ncta (23}
Neby = —tp fedz, (24)
1
Mep = é(h — tb)ncb, (25)

where f.4o denotes the compressive strength reduced due to tensile cracks parallel to
the compression direction, in accordance with Comité Euro-Internacional du Béton [20].
In Eq. [I§]- [25] the internal forces are expressed. Naturally, they have to be in equilibrium
with the external forces and moments, i.e. the applied forces. The equilibrium conditions
are presented below. From the set of six equilibrium equations, a total of eight unknowns
needs to be solved, leaving the designer to choose the values on the rupture planes, 6, and
0y, see Fig. [f] as well as the thicknesses of the outer layers, t; and ¢,. Furthermore, the
choice of t; + t, < h, where h is the full section height, serves as a check for compressive
crushing of the concrete:

11



Ny = Mgy + Ner SINZ 07 + 1y, SIn? 6, (26)

Ny = Ngy + Net cos® 0; + ne, cos® 6y, (27)

Mgy = —MNet SIN G cOS ; — Ny, sin 6y, cos Gy, (28)
My = My + Mgt SIN? O + My sin® 6, (29)
My = Mgy + Mgy cos? 0; + my, cos? 0y, (30)
Mgy = —Me SIN G, cOs O, — My, sin 6, cos by, (31)

Under the condition that 6; # 0 or 7/2 and 6, # 0 or w/2, the equilibrium equations

can be reformulated as:
(h — tp) gy — 2myy

hc sin 29t ’

— Nt = (32)
(h — t)ngy — 2my,

hc sin 29[, ’
with h, = h — (t; — t;)/2. With all eight unkowns in this system of equations solved

(including the chosen values of 6, 6, t, and t;), the reinforcement amount can then simply
be obtained as:

(33)

— Nep =

P ";j, (34)
Gyt = "f—f (35)
Garty = ”;:”, (36)
gy = "f—j’ (37)

In Lourenco and Figueiras [19], an iteration scheme was proposed. In addition, they
proposed the use of an optimization routine to minimize the total amount of reinforcement,
suggesting the initial choices of §; = 0, = £7/4 and a; = a, = 0.2h [19, 21].

12



(a) (b)

Figure 5: Crack direction and rupture plane (perpendicular) for (a) top layer and (b)
bottom layer of the sandwich model, see Lourenco and Figueiras [19]

4.8. Evaluation of the alternatives:

The first method presented is based on several simplifications, e.g. that the resultants
of the steel forces in both outer layers, act in the middle plane of these layers which is
generally untrue. This might violate the equilibrium conditions. The deviation from the
real lever arm tends to cause that errors increase with the increasing magnitude of twisting
moments [I8]. However, the more advanced model presented by Lourenco and Figueiras
[19] is more demanding; it needs to be solved with iterative procedures.

Lourenco and Figueiras [19] give a numerical example. The same example was calcu-
lated in this study with the simplified method, see the appendix. The results are shown
in Tab. . For the simplified method, it was assumed that d, = hg + hap = hy + by and
k = kK = 1. The example does not include shear forces, therefore the concrete core was
assumed to be uncracked. It was also assumed that reinforcement was needed in both top
and bottom layers. The following input was used:

ny = —200kN/m, n, = 300kN/m, n,, = 75kN/m,
m, = —60kNm/m, m, =40kNm/m, m,, = —20kNm/m,
h=0.2m, hy = hy = hg = hy = 0.08m,
fea = 13.3MPa,  fepp = 7.34MPa, f, = 348MPa.

13



Table 3: Numerical results

Simplified method Advanced method, Advanced method,

iterative [19] optimized [19]
0; - 45.0° 45.6°
6y - —79.6° —78.9°
st 11.14 cm?/m 15.14 cm?/m 14.63 cm?/m
syt 0.36 cm?/m 2.27 cm?/m 2.08 cm?/m
Aszh 12.57 cm?/m 1.00 cm?/m 0.00 cm?/m
Asyb 16.16 cm?/m 12.14 cm?/m 12.15 cm?/m
Total 40.23 cm?/m 30.55 cm?/m 28.86 cm? /m

In this example, the advanced model provided a more efficient reinforcement solution,
in terms of total reinforcement amount. It should be pointed out that the solution with the
least reinforcement is not necessarily the best with regard to production. Limitations in
production can affect the minimum bar spacing, number of layers and dimensions of bars.
Such factors need to be included in possible future rational design methods for tailor-made
concrete structures. If the methods discussed here are applied to an arbitrary design, the
choice of axis direction might not be obvious. This yields one further parameter to be
changed in order to find the best solution.

An issue that is not treated in the two methods described is the increased need for
tensile force capacity due to inclined shear cracking. The maximum reinforcement amount
would not be affected, since that is situated where the shear force is zero; however, inclined
shear cracking does affect the amount of reinforcement needed in all of the other parts. In
the design of more complex concrete structures, the increased need for tensile reinforcement
due to inclined shear cracking must be included in a rational fashion.

Furthermore, in concrete structures with complex geometries, it may be possible to
reinforce some areas with steel fibre reinforcement only. It would then be beneficial to add
a design procedure for this in a rational design process, as well as aids for detecting such
areas, based on geometrical factors (e.g. section height and geometric complexity) and
linear stress analysis.

When a reinforcement design has been performed, the behaviour of the composite can
be studied with non-linear finite element analysis, as reported by e.g. Min and Gupta [22]
and Noh [23].

5. Conclusions
Based on the work presented in this paper the following conclusions can be drawn:

e The benefits of using conventional steel reinforcement bars are many. As there are
standards, structures can be built without any additional approvals. The performance
has been studied for a long time and the material is inexpensive.

14



Steel fibre reinforcement has good properties when it comes to structural applica-
tion. By introducing steel fibres into the concrete, the ductility is increased and
serviceability is improved in terms of smaller crack widths.

Neither fibre reinforced polymers nor textile reinforcement appears to be applica-
ble in practise for production with industrial robots. Fibre reinforced polymer bars
cannot be formed after production and the current production methods for textile re-
inforcement are closely associated with either craftsmanship or a highly industrialized
process applicable only to very large series.

To handle complex reinforced concrete design rationally, software connections need
to be developed, especially when applying automated production processes.

To ensure a solution that fulfils equilibrium and has more efficient reinforcement
distribution, the advanced approach is preferred. Hence, for a future design tool the
more advanced model should be used.

The increased need for tensile force capacity, due to inclined shear cracking, is not
included in either of the two methods described. This needs to be included in a
rational fashion in the design of more complex reinforced concrete structures.

In a future design tool for the reinforcement of concrete structures with complex
geometry, there is a need not only for optimization of the amount of reinforcement,
but also for optimization to fit the requirements of the production method.
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Notations
asy, Reinforcement amount in bottom layer, x direction
as;+ Reinforcement amount in top layer, x direction
asy, Reinforcement amount in bottom layer, y direction
asy:  Reinforcement amount in top layer, y direction
d,  Height of the concrete core
fe Compressive strength of concrete
feaz  Compressive strength of concrete, reduced due to cracking
fy  Yielding strength of reinforcement
h Height of the sandwich model cross section
h.y,  Distance from centre plane to bottom layer, x direction
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Bt Distance from centre plane to top layer, x direction

Py Distance from centre plane to bottom layer, y direction
Pyt Distance from centre plane to top layer, y direction
ky Arbitrary positive factor governing distribution forces from torsion in the bottom layer
ky Arbitrary positive factor governing distribution forces from torsion in the top layer
Mep Moment carried by concrete, bottom layer

Mt Moment carried by concrete, top layer

Mgy Moment carried by reinforcement, x direction

Mgy Moment carried by reinforcement, y direction

My Moment in x direction

My Moment in y direction

Mgy Torsional moment

Neb Normal force in concrete, bottom layer

Net Normal force in concrete, top layer

Ny Normal force in reinforcement, x direction

Tszh Normal force in bottom reinforcement, x direction
Tgpt Normal force in top reinforcement, x direction

Mgy Normal force in reinforcement, y direction

Nsyb Normal force in bottom reinforcement, y direction
Nyt Normal force in top reinforcement, y direction

Ny Normal force, x direction

Ngiayer ~ Normal force in the outer layers, x direction

Ny Shear force acting in the outer layers

Ngylayer Normal force in the outer layers, xy direction

Ny Normal force, y direction

Nylayer ~ Normal force in the outer layers, y direction

ty Thickness of the bottom layer

t Thickness of the top layer

Vg Shear force, x direction

Uy Shear force, y direction

Vo Principal shear force

Tered Nominal shear cracking resistance

0 Transversal crack angle

0y Angle of the normal force in bottom layer

0, Angle of the normal force in top layer
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Appendix: Calculation of an example with the simplified method

Given:

n, = —200kN/m, n, = 300kN/m, n,, = 75kN/m,
m, = —60kNm/m, m, =40kNm/m, m,, = —20kNm/m,
h=0.2m, hy = hy = hg = hy, = 0.08m,
fea = 13.3MPa,  fepp = 7.34MPa, f, = 348MPa.

Assuming there is no shear cracking, reinforcement is needed in both directions in both
layers and dy, = hgt + hgpy = hye + hyy = 0.16 m, the forces translated to the layers become:

. e —60%10°  —200 % 10°
Matager = £+ 5 = £— TG T = 3755 107~ 100+ 10°N/m, (A1)

Ny = —475kN/m, ng,, = 275kN/m,

40%10° 300  10°
Mytayer = g + 50 = e T = 4250 10° + 150 £ 10°N/m, (A.2)

ny = —100kN/m, n,, = 400kN/m,

o May | —20%10°  T5%10°
Payager = o2 + T2 — 0:6 + o = 125510 + 37,5 10°N/m, (A3)

Nyt = —87.0kN/m, 1y, = 162.5kN/m.

Using k = k' = 1, the forces resisted by the reinforcement are given by:

Msgb = % + % + k ‘% + % Mgy = 275 % 10° + k |162.5 % 10°| = 437.5kN/m, (A.4)
Mgnt = —% %-Fk/ —”Zl”“"y + % Mowt = —AT5%10° + K |—87.5] = —387.5kN/m, (A.5)
Nsyb = Zﬁ + % + k ‘”Z;y + % ngyy = 400 + k[162.5] = 562.5kN /m, (A.6)
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My n Ny

my @
+ 4, 2

syt — k/
Nyt d,u 9 +

Nay = —100 + k' |-87.5| = —12.5kN/m.  (A.7)

Using f, = 348 MPa, the reinforcement area per unit width can be obtained as:

437.5 % 107 2 2
—387.5 % 107
Gast = —5 ¢~ qps~ = 0-001114m® /m = 11.14em? /m, (A.9)
562.5 % 103
sy = T**mﬁ = 0.001616m? /m = 16.16cm?/m, (A.10)
~12.5% 103
(ot = W:mﬁ = 0.000036m"/m = 0.36em* /m. (A.11)
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