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Abstract
The development of periodic irregularities with distinct wavelengths (corrugation) on the low
rail of small radius curves is studied through mathematical modelling, numerical simulations,
field measurements and laboratory investigations. One year of monitoring of roughness on the
low rail of a 120 m radius curve on the metro of Stockholm Public Transport (SL) showed
severe growth of rail corrugation with wavelengths of about 5 cm and 8 cm. About 300 days
after rail grinding, the corrugation was observed to reach a constant amplitude. Based on a
section removed from the corrugated rail, a laboratory investigation showed plastic
deformation in the lateral direction towards the field side. No significant difference in
microstructure was found when corrugation troughs and peaks were compared.
A time-domain model for the prediction of long-term roughness growth on curves has been
developed and validated versus field measurements. The simulation model is able to
simultaneously capture the low-frequency vehicle dynamics due to curving and the highfrequency dynamics due to excitation by for example short-pitch corrugation. Non-Hertzian
and non-steady effects in the wheelಥrail contact are considered. Simulations show that the
short-pitch corrugation on the small radius curve at SL is generated by wear induced by the
leading wheelset of passing bogies. The corrugation wavelengths 5 cm and 8 cm are
determined by the excitation of the first antisymmetric and first symmetric bending
eigenmodes of the wheelset, respectively. The importance of accounting for the phase
difference between the calculated wear and the present rail irregularity in predictions of
corrugation growth is demonstrated. Due to a phase difference approaching a low constant
value, the growth of corrugation is predicted to eventually develop into a stationary state where
it is translated along the rail with a constant amplitude.
For track geometry and traffic conditions corresponding to the selected curve at SL,
simulations indicate the wheel–rail friction coefficient to have a significant influence on
corrugation growth. For friction coefficient 0.6 (measured at dry contact conditions),
corrugation growth is predicted at several wavelengths whereas for friction coefficient 0.3 (due
to application of a friction modifier) it is shown that an initial rail irregularity is gradually worn
off by passing traffic. Based on a new set of field measurements in the same curve (another
year of monitoring), it was shown that the application of a friction modifier directly after
grinding is an effective mitigation measure to prevent the development of rail corrugation.
Keywords: short-pitch rail corrugation, rutting corrugation, small radius curves, non-Hertzian
and non-steady wheelಥrail contact, rotating flexible wheelset model, prediction of long-term
roughness growth, wear, plastic deformation
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1
1.1

Introduction
Background

“Curves are a critical area of any railway system and it is best to avoid them completely” [1].
Considering the demand for expensive maintenance of railway curves [2], infrastructure
managers worldwide would probably give their approval of the above statement by Grassie and
Elkins. The large magnitude wheel–rail contact forces (and the associated sliding in the wheel–
rail contacts) created when railway bogies negotiate curves may induce both rolling contact
fatigue (e.g. head checks and shelling of the high rail) and wear (e.g. on the gauge face and
crown of the high and low rails, respectively). As one example, Åhrén et al. [3] report that the
predicted life of the low rail on small radius curves is less than half of that of tangent track.
The development of periodic irregularities with distinct wavelengths on the low rail of small
radius curves is studied. This kind of damage is referred to as rail corrugation and represents a
phenomenon that, despite considerable previous modelling efforts, still is not fully understood.
According to the generally accepted model illustrated in Figure 1, the development of
corrugation is explained by wear (damage mechanism) generated at wavelengths determined
by the complex characteristics of the dynamic vehicleಥtrack interaction (wavelength-fixing
mechanism). In a comparison of corrugation growth on different types of track networks, the
largest roughness levels were found on the low rail of metro curves [4].
Railway traffic is the environmentally most friendly mode of transport. In fact, its most
significant environmental impact is noise. As metros are operated close to 24 hours per day and
are built in densely populated areas, the solving of noise issues is particularly important. Rail
corrugation induces pronounced dynamic loading that leads to increased generation of noise
and vibration, and in severe cases to damage of vehicle and track components. Complaints
regarding high noise levels regularly reach Stockholm Public Transport (SL) from passengers
    
 

    
  
   

   

     


   

   

Figure 1. Illustration of development of rail corrugation as explained by a combination of wavelengthfixing and damage mechanisms
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and from people living close to their track network [5].
Time-domain mathematical models can account for non-linearities present in real-world
mechanical systems. For prediction of rail corrugation growth this implies that, unlike linear
frequency-domain models, time-domain models have the potential to capture the development
of corrugation from onset until the full amplitude is reached. Open questions in the current
understanding of corrugation include for example what determines the locations in a track
network where corrugation is initiated as well as what is the mechanism that decides its
maximum amplitude. Part of the work included in this thesis relates to the later question.
To manage the problem with rail corrugation, infrastructure managers are forced to run regular
and expensive rail grinding programmes. This has no potential of preventing corrugation to
reappear and obviously does not offer a satisfying long-term solution to the problem. Accurate
prediction models, however, are important tools in the search for effective treatments of
corrugation growth. In particular, by simulating the prevailing wavelength-fixing mechanisms
at a specific location, directed mitigation measures can be taken. Ultimately, if incorporated in
the design-phase of vehicles and track, prediction models can contribute to create a vehicle ಥ
track system that does not promote corrugation growth.

1.2

Scope of the thesis

This thesis considers the development of corrugation on curves through mathematical
modelling, numerical simulations, field measurements and laboratory investigations. A small
radius curve exposed to severe corrugation growth on the metro of Stockholm Public Transport
(SL) was selected as reference. The measured corrugation growth and the associated increase
of generated pass-by noise, monitored by repetitive measurements during a grinding interval of
one year, are presented in Paper A. The conditions in this curve are considered in Paper A,
Paper C and Papers E – F.
To predict corrugation growth, models for short-term dynamic vehicle–track interaction and
long-term damage are coupled by an iterative procedure. Paper B presents such a numerical
method for the simulation of rail profile evolution in conformal wheel–rail contact accounting
for both wear and plastic deformation. Calculated results were compared against data measured
in a wheel–rail test rig.
The three-dimensional time-domain model presented by Andersson [6] is further developed in
Paper C to account for the dynamic interaction between a metro vehicle and a curved railway
track. The significance of the level of mathematical detail considered for the wheelset model is
investigated in Paper D. The influence of inertial effects due to wheel rotation on highfrequency dynamic vehicleಥtrack interaction is of particular interest. In Paper E, a model for
prediction of roughness growth on small radius curves featuring a non-Hertzian and non-steady
contact model is presented. This model is validated versus field measurements in Paper F.
Additionally, Paper F presents a metallurgical investigation based on a corrugated section
removed from the low rail of the curve described in Paper A. Moreover, for the same curve,
Paper F demonstrates the effective mitigation of the corrugation problem by applying a
friction modifier.
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2
2.1

Review of corrugation growth on small radius
curves
Studies on rutting corrugation

Observations of rail corrugation have been reported for over a century [7]. The review articles
[8–10] identify six types of rail corrugation in terms of associated wavelength-fixing and
damage mechanisms. According to this classification, short-pitch corrugation developing on
the low rail of small radius curves is referred to as “rutting” 1. In the following, a selection of
investigations from literature regarding rutting corrugation are reviewed.
Tassilly and Vincent developed a linear frequency-domain model to investigate rutting
corrugation on the RATP (the Paris Transport Authority) [11,12]. Corrugation in the
wavelength interval 3 - 60 cm was observed on the low rail of small radius curves. Field
measurements of vertical wheelಥrail contact force indicated temporary loss of contact for
passing vehicles. For a metro train travelling at speed 40 km/h on a ballasted track with curve
radius 100 m, full sliding was developed at all wheel ಥrail contacts of the studied bogie. For the
leading and trailing wheelsets the sliding was found to be orientated mainly towards the lateral
and longitudinal directions, respectively. As a result, the wear rate function calculated for the
leading wheelset showed large influence from the first symmetric and first antisymmetric
bending eigenmodes (effectively excited by large magnitude lateral creep forces) whereas for
the trailing wheelset the first antisymmetric torsional eigenmode dominated the response [12].
In recent studies considering rutting corrugation at RATP, Saulot et al. concentrated on the
tribological details of the contact at the onset of corrugation [13,14]. The surface layer of the
low rail showed lateral material flow to a depth of about 150 ȝm orientated towards the field
side. Plastic deformation was observed to have similar depth and orientation on peaks and
troughs of the corrugation. The plastic flow and associated generation of wear caused by large
magnitude lateral quasi-static creep forces was refereed to as a “global damage mechanism”.
The growth of corrugation was caused by additional generation of wear at corrugation troughs
referred to as a “local damage mechanism”. A measurement campaign was performed using a
measurement system that allowed synchronization of the position of contact, the contact forces
and the displacement of the rail head. The rail corrugation wavelength was correlated against
the frequency of the lateral rail displacement excited by the passage of leading wheelsets.
Additional investigations were performed using the full-scale test facility BU300 of Lucchini
Sidermeccanica and Politecnico di Milano [15]. With test conditions defined by numerical
simulations [11] and measurements [13], the corrugation growth was reproduced. This suggests
the corrugation problem at RATP to be related to the large magnitude lateral creepage and
creep force developed at the leading wheelset.
Several early reports in literature consider rutting corrugation on North American metro
1 In this context, the word “rut” can be used to describe an indentation caused by a wheel
(car, train or bicycle). On the low rail of a curve, the corrugation can appear as a series of
such indentations across the rail, or ruts. Stuart Grassie, private communication.
3

systems [16–19]. In 1986, only six months after opening of the Vancouver mass transit system,
85 % of the track was corrugated. In an investigation by Kalousek and Johnson [17], two major
causes were found: (1) a localised wear band caused by tight tolerances of the track gauge
(± 1 mm) in combination with uniform traffic using steering vehicles and (2) a stick-slip
oscillation sustained by a negative friction characteristic (a friction coefficient that decreases
with increasing slip velocity). Rutting corrugation on the Baltimore metro was investigated in
[18]. Rail accelerations measured for the leading wheelset were two to ten times higher in
magnitude compared with those for the trailing wheelset. The largest magnitude creep force
was measured in the lateral direction for the leading wheelset. A simple rigid-body model
accounting for the torsional flexibility of the wheelset by a rotational spring was developed.
Twin-block sleepers were modelled as rigid masses (tie blocks) coupled through springs in
torsion and shear (tie bars). Simulations indicated the wavelength-fixing mechanism to be a
friction induced vibration. Further, peaks in vertical and tangential contact force were found
close to the corrugation crests and troughs, respectively [18]. Rutting corrugation on five
different metro systems in the USA have been summarised and analysed by Grassie and Elkins
[19]. By comparing frequencies corresponding to those excited by corrugation wavelengths
against the measured dynamic response of vehicle and track, the second torsional eigenmode of
the driven wheelsets was found to constitute the dominant wavelength-fixing mechanism.
Moreover, a numerical analysis showed that a single wavelength or discrete rail irregularity on
one rail, was sufficient to generate corrugation growth on the opposite rail [19].
Several studies in literature are based on laboratory experiments and numerical modelling by
the research groups led by Suda and Matsumoto [20–22]. In [20,21], Suda et al. investigated
rutting corrugation on the Yamanote metro line in Tokyo. Corrugation in the wavelength
interval 5 - 15 cm was developed on the low rail on curves with radius below 400 m. Repeated
roughness measurements showed a rapid initial increase in corrugation amplitude that
eventually reached an almost steady-state (constant) amplitude. Based on experiments in a
roller-test rig, the phase between the normal contact force and the creepage was found decisive
for if corrugation amplitudes increased or decreased [20]. Moreover, an influence of the steadystate creepage on the corrugation wavelength was observed. Rutting corrugation on a 160 m
radius curve was investigated by Matsumoto [22]. A simple six degrees-of-freedom
mathematical model was developed, accounting for the wheelset torsional flexibility using a
rotational spring. The wavelength-fixing mechanism was found to be stick-slip oscillation
caused by a coupling of the torsional eigenmode of the wheel axle and the vertical vibration of
the wheelset on the stiffness of the Hertzian contact spring. Numerical predictions showed the
growth of corrugation to include a simultaneous longitudinal translation of the corrugation
formation. From the experimental work, Matsumoto et al. showed corrugation to develop
exclusively under dry contact conditions. It is stated in [8] that due to the significant damping
introduced by the longitudinal creep force, an external excitation (e.g. oscillation in the normal
contact force, negative friction-creepage characteristics, etc) is needed in order to sustain a
torsional vibration of the wheel axle. In [23], a metallurgical study of rutting corrugation on a
narrow gauge track on Japan Railways (JR) is presented. Plastic flow in the lateral direction of
the low rail was observed on both peaks and troughs of the corrugation. Due to the large
magnitude lateral quasi-static creep forces generated at the low rail contact of leading
wheelsets, this wheelset was believed to play an important role in the prevailing wavelength-
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Figure 2. (a) Photograph of low rail corrugation on the curve between Alvik and Stora Mossen on the
metro of Stockholm Public Transport. (b) Roughness level spectra in 1/3 octave bands based on
measurements on the low rail of the northbound track. Dates and days after grinding when the
measurements were performed are listed in the legend. From Paper F

fixing mechanism.
A time-domain model for the prediction of rail roughness growth developed in the commercial
software SIMPACK was applied to investigate corrugation on curves with radius below 200 m
on the Stuttgart tram system in Germany [24,25]. The wavelength-fixing mechanism was found
to involve the first symmetric bending eigenmode of the leading wheelset and the P2-resonance
of the train–track system [24]. Necessary conditions for this vibration to occur were concluded
to be: a high friction coefficient (ȝ  0.5), a high lateral creepage and a track stiffness leading
to a match in frequency of the first symmetric bending eigenmode of the wheelset and the P2
resonance [25].
Australian researchers have transferred their knowledge and models of corrugation
development from tangent to curved track [26,27]. Daniel et al. applied a time-domain model
to examine the formation of rail corrugation on curves [27]. The computational effort of the
model was reduced by only incorporating a few eigenmodes in the modal description of the
track. Their results indicated a wavelength-fixing mechanism composed by a match in
frequency of a resonance in the lateral track receptance and an antiresonance in the vertical
track receptance. Work by Egaña et al. showed that this vertical track antiresonance is more
prominent when stiff rail pads are used. Both simulations and field measurements indicated
reduced corrugation growth when stiff rail pads were exchanged to softer ones [28].
A measurement campaign performed on a 120 m radius curve on the metro of Stockholm
Public Transport is presented in Paper A. Within a grinding interval of one year, severe shortpitch rail corrugation was developed with maximum peak-to-peak magnitudes of about
0.15 mm, see Figure 2(a). Spectral analysis showed large roughness magnitudes in the
5



−0.01

32

−0.02

30

Fη [kN]



34

η [−]





0

−0.03
0

0.002 0.004 0.006 0.008 0.01 0.012 0.014 0.016

28

y [mm]

t [s]
4
2
0
−2
−4
0

5

10

15

20

25

30

35

x [mm]

Figure 3. Wavelength-fixing mechanism related to the dominant corrugation wavelength of about 5 cm
observed on the curve between Alvik and Stora mossen on the Stockholm metro. The displacements of
the leading wheelset in a bogie are illustrated at two time instances separated by half a vibration period.
The conditions in the contact patch are described by time-histories of lateral creepage Ș ( ) and lateral
creep force FȘ ( ). The distribution of stick and slip in the contact area is shown for three time instants.
: Slip, : Stick. From Paper F

wavelength interval 4 - 14 cm, with peaks at approximately 5 cm and 8 cm, see Figure 2(b).
Roughness growth continued until 300 days after grinding, thereafter only a moderate
additional growth was observed. For the current curve, Paper F presents rail acceleration
levels measured in the lateral direction exceeding those in the vertical direction. Moreover, a
metallurgical study showed plastic deformation of the rail surface layer orientated in the lateral
direction towards the field side. This suggested the corrugation problem to be associated with
the large magnitude lateral creep force developed at the low rail contact of the leading
wheelset. This was confirmed by numerical simulations indicating the prevailing wavelengthfixing mechanism to be primarily determined by the first antisymmetrical bending eigenmode
of this wheelset, see Figure 3.

2.2

Remedies

All currently identified types of corrugation have been associated with coupled vibrations of
the vehicleಥtrack system. Hence, they represent frequency-specific phenomena and as such an
increased mixture of traffic (both in terms of vehicle type and speeds) would reduce/distribute
corrugation growth. Remedies used today to reduce corrugation development were to a large
extent presented already in 1993 by Grassie and Kalousek [8]. These include: use of harder rail
steels [8,29], control of friction [17,22] and reduction of tangential contact forces through
improved steering of vehicles [8]. As a supplement to the measures outlined in [8], wheel and
rail dampers could be mentioned. The capability of rail dampers to reduce the growth rate for
“roaring rails” corrugation (short-pitch corrugation associated with the pinned-pinned
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resonance of the rail) has been demonstrated numerically [30,31]. However, for the
wavelength-fixing mechanisms typically related to rutting corrugation, rail dampers have no
prospect of constituting an effective remedy. A reduced corrugation growth rate by applying a
dynamic vibration absorber tuned to the first antisymmetric eigenmode in torsion of the wheel
axle has been demonstrated numerically and experimentally [32]. The most frequently applied
treatment for corrugation is rail grinding, but since this has no potential of preventing its
reappearance it is not discussed further here.
In 1988, Clark et al. showed that a negative slope in the creep force-creepage curve above the
limit of saturation could promote corrugation growth. Further, the authors suggested mitigation
of corrugation growth by providing a positive creep force-creepage characteristic. This was
later realised through a so-called friction modifier (FM) developed in connection with the
investigation of the severe corrugation problems on the Vancouver mass transit system [17].
The FM is designed to control the top-of-rail friction at an intermediate value of typically
around 0.35 and to generate positive friction characteristics [33,34]. Problems with rutting
corrugation on the Bilbao metro in Spain have been investigated by Egaña et al. [35]. The
development of corrugation on the low rail of curves with radius between 150 m and 250 m
was effectively mitigated by a FM [35,36]. The effect of applying a FM to reduce short-pitch
corrugation growth on small radius curves on four different metro systems in Europe and Japan
was evaluated in [37]. In all but one case, application of a FM resulted in moderate or no
corrugation development on curves previously exposed to severe corrugation growth. The
reduction in corrugation growth achieved by the application of a FM has also been
demonstrated by Bracciali [38]. Paper F investigates the influence of a FM on the growth of
corrugation on the curve selected in Paper A. The corrugation was found not do redevelop
after rail grinding and subsequent application of a FM, see Figure 2(b).

3
3.1

Review of simulation of dynamic vehicle–track
interaction
Modelling principles

Models for simulation of dynamic vehicleಥtrack interaction are reviewed in [39,40]. The
models are applied in the frequency domain or in the time domain. Time-domain models can
account for different non-linearities in the vehicleಥtrack system (e.g. geometrical ones due to
wheelಥrail geometry and physical ones due to constitutive relations between contact forces and
deformation/creepage) as well as the transient response due to discrete irregularities such as
rail joints or wheel flats where loss of wheel–rail contact is common. However, this comes at
the expense of computation time. Frequency-domain models offer less demanding
computations but are restricted to steady-state harmonic vibration that requires linearisation
with respect to a constant value (e.g. the quasi-static state of the system).
The separation into frequency- and time-domain models can equally well be based on the use
of moving irregularity and moving mass models. To account for the excitation of the system
based on the use of moving irregularity models (applied in the frequency-domain), the vehicle
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is assumed to have a stationary position along the track while an imaginary strip containing the
irregularities is pulled between the wheel and the rail [11,41]. Moving mass models (regularly
applied in the time-domain) account for a more realistic loading condition capturing for
example the track stiffness varying with the longitudinal position of contact (i.e. parametric
excitation). Wu and Thompson used a hybrid model [42] to account for the parametric
excitation from the discrete sleeper supports in the frequency-domain software TWINS [43].
Interaction forces originating from the variation in track stiffness calculated with a moving
mass model were applied in the moving irregularity model as an equivalent roughness
excitation. In [40], a procedure to incorporate the discretely supported rails as a harmonically
oscillating moving load is described. However, in the presence of distributed periodicities of
the rail supports, time-domain (moving mass) models are required.
Time-domain models solve the second-order differential equations of motion (see Equation (1))
using numerical integration. The vehicle and track subsystems interact through the contact
forces either introduced to the equation system as force element couplings (elements without
mass that react by a force when exposed to a deformation or a deformation rate, such as springs
and dampers) [6] or as constraint equations [29]. The second-order differential equations of
motion can be transformed into first-order form as



z u ,
u6

M u
! C u
6 K uF

(1)

z6  A z B Q

(2a)



A



I
,
1
M K M C
0

1

 

B

0
1
M

(2b,c,d)

where M, C and K are the mass, damping and stiffness matrices of the system, F is the external
load vector and u is the displacement vector. Equation (2) represents an initial value problem
suitable for standard time-integration solvers. To obtain the system matrices in Equation (1) the
finite element method is typically applied. For structures exhibiting a linear time-invariant
behaviour, the number of degrees-of-freedom can be reduced by modal superposition
techniques. In Paper C, this is employed both for the vehicle and track subsystems. Due to the
non-proportionally distributed damping, a complex-valued modal synthesis is required to
decouple the equation system for the track.
The dynamic behaviour of linear time-invariant structures can also be described using
receptances. This was utilised in the development of a computationally efficient time-domain
model by Nordborg [44]. Receptance functions evaluated at several positions along the track
were transformed to the time-domain and used to construct so-called moving Green's functions.
This enabled the dynamic vehicleಥtrack interaction to be solved using a computationally
inexpensive convolution integral. Parametric excitation due to a discretely supported track as
well as due to discrete irregularities was considered. Recent studies that apply this kind of
model have been presented by Mazilu [45] and Pieringer [46].

8

3.2

Track

The frequency range of interest in an investigation of dynamic vehicle–track interaction
decides the level of detail required for the track model. For example studies of low-frequency
vehicle dynamics (e.g. curving behaviour of a bogie) are typically performed in the frequency
range below 20 Hz where the track properties essentially can be described by a stiff spring
[40]. In this frequency range, simple moving track models as described in Section 3.2.2 are
generally sufficient. For higher frequencies, the inertia of the different track components
becomes important. Experimental studies have shown the ballast-subgrade-subsoil subsystem
to influence the track dynamics at frequencies up to about 250 Hz. However, an adequate
model for this subsystem is still missing [40]. In the absence of practically applicable
alternatives, continuous track models with lumped parameter supports (see Section 3.2.1) are
typically applied for simulations of dynamic vehicle–track interaction in an extended frequency
range.

3.2.1

Continuous track models

Models accounting for the dynamic behaviour of a discretely supported track, using the finite
element method with fixed boundary conditions, were proposed by Grassie et al. [47,48] and
Clark et al. [49]. A similar modelling procedure is used in Paper C. The finite extension of the
track makes it possible to represent the track vibration by its normal modes of vibration. For
most practical problems, a model including 30-50 sleeper bays is sufficient to obtain negligible
influence of the boundary conditions on the dynamic behaviour at the track centre section [50].
The track models by Grassie and Clark applied Timoshenko beam theory to model the rails and
mass-spring-damper foundations to represent the sleepers, ballast and rail pads. Grassie et al.
validated their model versus field measurements for vertical excitation in the frequency range
between 50 Hz and 1.5 kHz [47]. Dispersion relations for rail models of different complexity
with free-free boundary conditions were compared by Knothe et al. [51]. For frequencies
below 2.5 kHz, a Timoshenko beam model of the rail head and another Timoshenko beam
model of the rail foot with an elastic coupling in between showed good agreement compared to
a more sophisticated three-dimensional FE model. For vertical excitation, a single Timoshenko
beam is sufficient up to 2.5 kHz [39]. Good agreement in the vertical receptance (magnitude
and phase) between two different track models, where the discretely supported rail was
modelled with either Euler-Bernoulli or Timoshenko beam theory, and measurements was
found for frequencies below 500 Hz. At higher frequencies, the shear deformation accounted
for in the Timoshenko theory resulted in a weaker and more accurate response compared to the
Euler-Bernoulli theory. For the lateral dynamics, Andersson [6] found discrepancies in the
response of a discretely supported rail modelled with either three-dimensional brick elements
or Rayleigh-Timoshenko beam elements already at frequencies above 200 Hz.
Alternatively, the rail may be regarded as an infinite structure with its motion composed by a
series of travelling waves. Thompson calculated the response of an infinite rail using periodic
structure theory based on a rail section of 10 mm length modelled by the finite element method
[52]. The periodic structure theory can also be applied for a discretely supported track [53,54].
For infinite structures having a constant cross-section, the response can be described using
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Figure 4. Illustration of the track model with seven degrees-of-freedom proposed in Paper F

waveguide finite elements [46]. For this method only the cross-section is modelled by twodimensional finite elements. The wave propagation in the longitudinal direction of the rail is
described by a complex exponential function and hence the discretisation and polynomial
approximation of the finite element method is avoided.

3.2.2

Moving track models

So-called moving track models mimic the dynamic behaviour of the track using a mass-springdamper system with only a few degrees-of-freedom. These are typically adopted by
commercial softwares (see for example GENSYS [55]) to allow for long-distance time-domain
simulations of dynamic vehicleಥtrack interaction. Separate (non-interacting) moving track
models are co-following with each wheelset of the vehicle model. In-plane deformation
(bending and torsion) of the rail cross-section occurring progressively for frequencies above
200 Hz marks the upper frequency limit of this type of simplified track model. Figure 4 shows
the moving track model developed in Paper F comprising seven degrees-of-freedom. To
account for the stiffness and inertia of the rails, simply supported Euler-Bernoulli-Saint-Venant
beams are used.

3.3

Wheelset

It is concluded by Popp et al. [40] that the unsprung mass of the vehicle (wheelset, brake discs,
bearings, axle-hung traction motor and gear box) is effectively isolated from the bogie structure
and the car body at frequencies above 20 Hz. At high frequencies this implies that, while the
part of the vehicle above the primary suspension approaches a quasi-static behaviour, the
importance to consider the structural dynamics of the wheelset becomes more essential.
Despite this, simulations of high–frequency dynamic vehicle–track interaction often treat
wheelsets as rigid bodies. In the following, modelling of wheelset structural flexibility is
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briefly reviewed. Because of its applicability independent of cross-section geometry of the
wheelset, and its ability to produce accurate results, only modelling procedures based on the
finite element method are considered.
Using Lagrangian formulation, the finite element mesh is generated in a coordinate system that
rotates with the body. This makes Lagrangian coordinates difficult to use if interaction between
rotating and non-rotating structures is to be accurately modelled. This is because the motion of
interaction forces between different material points (i.e. nodes in the finite element mesh) puts
demands on a high resolution finite element mesh as well as on the applied interpolation
procedure. Therefore, in simulations of dynamic vehicle–track interaction the influence of
wheel rotation is usually neglected. Meinders et al. [56] used the modelling procedure for
flexible multibody systems introduced by Shabana [57] to study the development of irregular
wear on an elastic wheelset. Eigenmode analysis of the wheelset showed no significant
deformation of the wheels in the considered frequency range, and hence it was deemed as
sufficient to model them as rigid. A similar procedure is applied in Paper C. In the work by
Chaar [58] and Andersson [6], a non-rotating flexible wheelset was applied by constraining its
rotational displacement to zero.
The importance of accounting for the inertia effects due to rotation, such as gyroscopic forces
and centrifugal stiffening, seems to be not fully understood as this matter is rarely discussed in
literature. Thompson [52] investigated the effect of a force rotating around the wheel perimeter

Figure 5. Calculated direct receptance for three different wheelset models. Vehicle speed 300 km/h is
used for the rotating Regina wheelset model. All wheelset models are hinged at their primary
suspensions. Four significant wheel(set) eigenmodes are displayed: the second and third symmetric
wheelset bending eigenmodes and the radial wheel eigenmodes with two or three nodal diameters.
: Regina non-rotating,
: Regina rotating
: X2. From [136]
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at constant speed. The inertia effects were neglected. Viewed from the excitation point, it was
concluded that the rotation causes some of the resonance peaks to split into two peaks
corresponding to two contra-rotating waves.
Axi-symmetric structures possess eigenmodes of multiplicities one and two. This feature can
be taken advantage of in the modelling of a railway wheelset. Eigenmodes of multiplicity one
have axial symmetry (e.g. the torsional and so-called umbrella eigenmodes), while eigenmodes
of multiplicity two have identical mode shapes in two orthogonal planes containing the axis of
symmetry (e.g. the bending eigenmodes of the wheelset and the radial and axial eigenmodes of
the wheel). Fayos et al. [59] utilised the rotational symmetry and adopted Eulerian coordinates
to develop a model of a rotating flexible wheelset capturing the inertia effects. This
mathematical description is used in Paper D. Significant differences in the vertical wheel–rail
contact force, when calculated with either a rotating or a non-rotating flexible wheelset model,
were shown by Baeza et al. [60]. Paper D shows significant differences in contact force
calculated for rotating and non-rotating wheelsets when the wheelset is excited at a frequency
that, due to the rotation, corresponds to the resonance frequencies of two different eigenmodes.
Results calculated for the Regina rotating wheelset model presented in Figure 5 show the effect
of rotation; the eigenmodes of multiplicity two split into so-called backward and forward whirl
modes. For example, two receptance peaks are associated with the radial wheel modes with
two and three nodal diameters at around 1700 Hz and 2400 Hz, respectively. Kaiser et al.
[61,62] presented a semi-analytical approach for modelling of a rotating flexible wheelset
requiring only a two-dimensional cross-section of the wheelset to be modelled by finite
elements. For the axis of rotation, an analytical expression was applied.

3.3.1

Modelling of a flexible and rotating wheelset

In the following, the kinematics of a rotating flexible wheelset is treated. The wheelset is
assigned with two coordinate systems: one inertial coordinate system (XYZ) and one floating
coordinate system (X Y Z) that rotates with the wheelset at constant angular velocity ȍ. In terms
of time-variant Lagrangian modal coordinates p(t), the location of grid point P, rp(t), in
Figure 6, can be expressed in the inertial coordinate system as
Ƌ Ǝ Ƌu P0 Əp
r P A ƎƫƏƎ Ƌu P0 ŸƋu Pf Əu P0 ŸA ƎƫƏ ơ

(3)

where A(ș) is the transformation matrix from the floating coordinate system to the inertial
coordinate system, ș(t) is the rotation angle, Ƌu P 0 and u
Ƌ P f are the undeformed location vector
and the deformation vector of grid point P with respect to the floating coordinate system, u P 0 is
the undeformed location vector of grid point P with respect to the inertial coordinate system,
Ƌ Ǝ Ƌu P0 Ə is the partition of the mass-normalised eigenmode matrix associated with grid
and ơ
point P in the floating coordinate system. In general, the eigenmodes of a rotating structure
calculated in a non-rotating inertial coordinate system become time-variant. However, for
structures of axial symmetry this time-dependency vanishes. This is because axi-symmetric
structures possess eigenmodes that are independent of the angle of rotation and hence
independent of whether they are calculated in a rotating or non-rotating coordinate system [63].
Using time-variant Eulerian modal coordinates q(t), the location of grid point P can be
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Figure 6. Cross-section of flexible wheelset model from Paper D

expressed in the inertial coordinate system as
Ƌ Ǝu P 0Ə q
r P u P0 Ÿơ

(4)

Ƌ Ǝu P0 Ə is the partition of the mass-normalised eigenmode matrix associated with grid
where ơ
point P in the inertial coordinate system. Based on Equations (3) and (4), and applying a preƋ ƎuƏT where ȡ is the material density of the solid, the modal coordinates
multiplication with ƴ ơ
are obtained as
Ƌ Ǝu ƏT AƎƫƏ ơ
Ƌ Ǝ uƋ Əd ưƏ pB p
qƎVolume ƴ ơ

(5)

Equation (5) provides the orthogonal transformation matrix B(t) from the Lagrangian to the
Eulerian coordinates.

3.4

Wheel–rail contact

The normal and tangential wheel–rail contact problems are solved to determine the size and
shape of the contact area as well as the distribution of surface tractions. Additionally, the
distribution of stick and slip regions in the contact area is a result from the tangential contact
problem. In simulation of dynamic vehicle–track interaction, the wheel–rail contact constitutes
the coupling between the vehicle and track subsystems. To accurately account for the nonlinear characteristics of the contact and the high contact stiffness require the calculations to be
performed in the time-domain with time steps in the order of 0.1 ms or even less. Hence, the
modelling of wheel–rail contact significantly contributes to the computational expense
associated with simulation of dynamic vehicleಥtrack interaction. Therefore, the contact model
is typically subjected to several simplifying assumptions. Despite studies in literature
indicating contact stresses significantly exceeding the yield limit of rail steel, the fundamental
assumption of elastic material behaviour is generally applied in the models. In an investigation
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of a 303 m radius curve on a commuter line of Stockholm Public Transport (SL), plastic
deformation was observed on the gauge face of the high rail [64,65]. Paper F shows plastic
flow in the lateral direction on the low rail of a 120 m radius curve on the metro of SL. In a
review article from 2001, Knothe et al. [66] commented that the finite element formulation
enables plastic material behaviour to be accounted for but the lack of sufficient computer
power prohibits its implementation in models for simulation of three-dimensional dynamic
vehicleಥtrack interaction. Even though the Arbitrary Lagrangian-Eulerian (ALE) formulation
(discussed in Section 3.4.2) will enable future simulations of dynamic vehicleಥtrack interaction
to include a complete three-dimensional contact model accounting for plastic deformation as
well as temperature development, the statement by Knothe et al. is to the author's knowledge
still valid.
Wheelಥrail contact models suited for use in simulations of dynamic vehicle–track interaction
rely on either the boundary element method (BEM) or the concept of a elastic foundation (socalled Winkler bed). For the latter, the contact area is discretised by a grid of (non-interacting)
springs with stiffness determined by for example a calibration towards Hertzian contact [67].
Non-conformal bodies make contact over an area that is small in comparison to the dimensions
(e.g. the diameter of the minimum radius of curvature near the contact) of the bodies
themselves. The local stress concentration originating from the contact can then be considered
to be independent of the stress in the bulk material created by the external loads applied to the
body. This implies that the bodies in contact can be considered as semi-infinite with plane
surfaces, i.e. elastic half-spaces. Based on work by Boussinesq [68] and Cerruti [69], influence
functions for the contact between two bodies approximated by elastic half-spaces are explicitly
known. This is a special case of the boundary element method and constitutes the basis of the
contact models that have gained the largest spread within the field of railway mechanics, e.g.
the Hertzian theory [70] and Kalker's non-Hertzian “exact” theory realized through the
computer program CONTACT [71].
In the following, the notation and treatment is in accordance with the work by Johnson [72].
Modelling two contacting bodies as elastic half-spaces with equal elastic constants implies
quasi-identity [71]. For this case the normal and tangential contact problems are uncoupled.
For quasi-identical bodies in contact, the Boussinesq-Cerruti integral equations applied to the
surface of a half-space allows the normal displacement, u z Ǝ x , yƏ, at coordinates x and y due to
a prescribed normal contact pressure, p Ǝ Ʊ , ƪ Ə, to be calculated as
1ư
u z Ǝ x , yƏ
ƳE

2

Ə
dƱ dƪ
S Ɓ ƎxpƱƎƏƱŸƎ, ƪy
ƪƏ
2

2

(6)

where ȣ is the Poisson's ratio, E is the Young's modulus and S is the contact area. For a general
case, to solve for the shape of the contact area and the distribution of normal contact pressure
for known locations of the wheel and rail requires an iterative numerical algorithm (see for
example the implementation of Kalker's algorithm NORM presented in [46]). Closed form
analytical solutions exist for a few special cases [2]. In 1882, for conditions specified in the
next subsection, Hertz found the contact between two elastic half-spaces to be described by an
elliptical shape [70]. According to the Hertzian theory, the contact stiffness is dependent on
material properties and the radii of curvature at the contact points. This enables a numerically
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efficient solution to the contact problem which explains why the Hertzian contact model has
been implemented in the majority of available models for simulation of dynamic vehicle–track
interaction [55,73,74].
For models of dynamic vehicleಥtrack interaction, the level of detail required in the description
of the wheelಥrail contact is to some extent unknown. Vollebregt et al. have suggested more
research activity in order to investigate the influence of the wheel–rail contact model on the
dynamic behaviour of the vehicle–track system [75]. For investigations of hunting stability of
railway vehicles at high speeds, Kaiser has emphasised the importance of using models for
simulation of vehicle–track interaction featuring a consistent and high level of complexity of
all included sub-modules [62]. In calculations of wear, the need to account for non-Hertzian
contact has been addressed by Xie et al. [74], see Section 4.2. In 2001, Knothe et al. [66]
concluded that the non-steady state tangential contact problem of two rough surfaces sliding
over each other was not yet understood. To achieve a deeper understanding of high-frequency
phenomena, such as for example wheel squeal, this constitutes an essential task for future
modelling. However, implications also on wear (even if calculated at long wavelengths in
comparison to the size of the contact area) cannot be excluded.
This section considers the wheel–rail contact. Due to its significance in the field of contact
mechanics in general and for the treatment of the wheel ಥrail contact in particular, a brief
description of the Hertzian theory is given in the first subsection. This serves as background for
the subsequent discussion regarding limitations of this theory and the need for non-Hertzian
contact models. Finally, available non-steady tangential contact models are briefly reviewed.
Wheel–rail contact mechanics is a vast multidisciplinary subject ranging from modelling of the
global stresses within the contact area to the assessment of for example the third body layer
and the frictional conditions in the contact. The following discussion is presented in the context
of modelling of dynamic vehicle–track interaction. Hence, the influence of for example
plasticity and micro-roughness is only briefly treated.

3.4.1

Hertzian contact

The Hertzian theory considers frictionless and quasi-identical contact between two elastic halfspaces where the contact surfaces are described by second-order polynomials. The latter
condition implies that only smooth surface shapes can be taken into account. Under these
assumptions, an elliptical contact area and an ellipsoidal normal contact pressure distribution
are created. The special case of contact between two cylinders with parallel axes of revolution
(so-called line contact) can also be treated by Hertzian theory but this is not discussed further
here.
The Hertzian theory applied for the wheel–rail contact is illustrated in Figure 7. The locations
of contact on the wheel and rail, O1 and O2, define the origins of two Cartesian coordinate
systems with a common z-axis. The geometry of the contacting bodies are described by their
principal radii defined as the largest and smallest radius of curvature in two perpendicular
planes, i.e. where the x1z- and y1z-planes for body 1. Hence the geometry of two contacting
bodies are described by four principal radii, R1x, R1y, R2x and R2y, and by the angle Į between the
x1- and x2-axes. The radius of curvature is defined as positive if the curvature centre is located
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Figure 7. Illustration of Hertzian theory applied to wheel–rail contact. Transverse radii of rail, R1y, and
wheel R2y, normal deformation (approach of distant points), į, and Hertzian stiffness, Ch, are outlined

inside the body (convex surface). For simplicity, Į = 0 is chosen in the current presentation.
This corresponds to that the major axes of the contact ellipse, x and y, are coinciding with the
axes of the local body coordinates systems, e.g. y1 = y2 = y and x1 = x2 = x. The equivalent radii,
Rx and Ry, with respect to the x- and y-axes are calculated as [2]
1
1
1

Ÿ
,
R x R 1 x R2 x

1
1
1

Ÿ
R y R1 y R2 y

(7)

The normal contact force, P, is calculated from the stiffness, Ch, of the non-linear Hertzian
spring and the normal deformation, į, as

Ɓ

P

16 E * 2 R e
3

9 F 2 Ǝ R x R y Ə
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3 2

Ƨ C h Ǝ R x  R y , E *Ə Ƨ

(8)

where F2 is described by elliptical integrals and is tabulated in [72]. The equivalent relative
curvature is introduced as Re = (RxRy)½ and the equivalent Young's modulus, E*, is calculated
from the Young's modulus, Ei, and Poisson's ratio, ȣi, i = 1,2, as



2

2

1 1 1ư1 1ư 2

Ÿ
E2
E * 2 E1



(9)

In a state-of-the-art paper from 1991, Elkins describes what has become standard procedure for
implementation of Hertzian contact in models for simulation of dynamic vehicleಥtrack
interaction [76]. From Equations (7-9), the stiffness of the Hertzian spring is observed to
depend on the equivalent radii at the location of contact on the wheel and rail. Under the
assumptions of no wheelset angle of attack, smooth wheel and rail surfaces and negligible
influence from structural deformation, the contact detection problem (holding the location and
orientation of the contact area) may be treated by so-called geometry functions calculated for
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static equilibrium. For a given step in the time integration of the dynamic vehicle–track system,
this enables the wheel and rail contact points (O1 and O2 in Figure 7) to be found
computationally efficient in tabulated form.
To solve the contact detection problem, Paper B and Paper C apply the pre-processor KPF of
the commercial software GENSYS for simulation of dynamic vehicleಥtrack interaction [55]. In
KPF, the geometrical functions (according to GENSYS terminology called “contact point
functions”) are only dependent on the relative lateral displacement, ǻy, between wheel and rail.
For each ǻy, a two-dimensional model comprising a wheelset and a track is applied to solve the
vertical equilibrium for a wheelset subjected to an external load through the primary
suspension. The elastic deformation in the contact area is accounted for by a Winkler bedding
and the structural flexibility of the wheel axle is modelled by Euler-Bernoulli theory. For each
ǻy, several separate contact points (multi-Hertzian case) may be identified from the
distribution of contact stress in the Winkler foundation. Possible contact locations calculated
for the contact between a nominal S1002 wheel profile and a nominal BV50 rail profile with
inclination 1:40 are presented in Figure 8(a). In Figure 8(b), the lateral radius across the rail
profile is presented. The procedure for determining the transverse radius of the rail at ǻy = 0 is
demonstrated.
Due to the assumption of zero wheelset angle of attack applied in KPF, errors are induced
primarily in contact points calculated for the contact between wheel flange and rail gauge face.
This location is typical for the high rail contact of the leading wheelset during negotiation of
small radius curves [76,77]. During rolling of a wheel on a single wavelength rail irregularity,
the contact location is shifted towards the closest peak, see Figure 9. In literature this is
referred to as the geometrical shift and it has been found to significantly influence the phase
between the calculated wear and the present rail irregularity [74,78]. In Paper E and Paper F,
the three-dimensional wheel and rail contact surfaces are considered online in the simulation of
(a)

(b)
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Figure 8. (a) Diagram of contact locations for nominal S1002 wheel profile and BV50 rail profile with
inclination 1:40 calculated using the commercial software GENSYS [55]. The relative lateral
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Figure 9. Illustration of a wheel rolling on a rail irregularity with wavelength 4 cm. The distribution of
normal contact stress at different locations along the prescribed corrugation is shown in three contour
plots. One example of the rigid penetration h of the current wheel–rail contact is presented in a surface
plot. From Paper E

dynamic vehicleಥtrack interaction. This allows for a solution of the contact detection problem
that accounts for the influence of structural deformation of wheelset and rail, wheelset angle of
attack and irregular wheel and rail surfaces. Paper E emphasises the importance of the contact
detection problem in calculations of long-term roughness development.

3.4.2

Non-Hertzian normal contact

The Hertzian contact model clearly represents an idealisation of the real conditions in the
wheelಥrail contact. The applicability of the model must be estimated based on violations of the
governing assumptions of the Hertzian theory. This section discusses the limitations of
Hertzian theory and reviews a selection of available models for simulation of non-Hertzian
contact.
The major drawbacks of Hertzian theory are the requirement of the contacting surfaces to be
described by second-order polynomials and the assumption of elastic material behaviour.
The limitation of Hertzian theory to constant curvatures of contacting bodies implies that only
smooth surfaces can be modelled. Pieringer et al. [79] investigated the dynamic contact
filtering effect in simulations of high-frequency dynamic vehicleಥtrack interaction using
contact models of different complexity. A measured roughness profile with wavelengths down
to 3.5 mm was accounted for. With respect to the level of the normal contact force in a
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frequency range below 2 kHz (corresponding to wavelength 14 mm at vehicle speed
100 km/h), similar results were obtained for the non-Hertzian contact model and the Hertzian
contact model with pre-filtered roughness. Accounting for surface roughness results in stress
magnitudes at the asperities significantly exceeding the yield limit of rail steel. Assuming
elastic material response, the introduction of surface roughness has been shown to produce a
thin surface layer (according to experiments in a twin disc machine, with a depth of
approximately 10 ȝm [80]) subjected to normal stress magnitudes exceeding that of a smooth
surface by about a factor 8 [81]. Knothe et al. [66] suggest these extreme stress concentrations
to be partially responsible for the phase transformation recognised as so-called white etching
layers [82].
Hertzian contact assumes that the contacting surfaces can be described by constant radii. For
the contact between a wheel and a rail modelled with S1002 and 60E1 profiles, respectively,
this requirement is met only in exceptional cases (e.g. for a limited interval of relative lateral
displacements between wheel and rail) and hence a non-elliptical contact area and a nonHertzian normal contact pressure distribution are the results for the majority of contact
locations [83–85]. As seen in Figure 8(b), the nominal BV50 profile consists of a sequence of
circular arcs with radii 13 mm, 80 mm and 300 mm. Moreover, as pointed out by Piotrowski et
al. [86], longitudinal irregularities on the wheel and rail surfaces cause the curvature to vary in
this direction. Figure 9 shows significant non-Hertzian effects in terms of shape of the contact
area and distribution of normal contact stress for the case of a wheel with S1002 profile rolling
on a BV50 rail with inclination 1:40 and accounting for a 4 cm single wavelength rail
irregularity. This is caused by the varying radii of curvature in the lateral and longitudinal
directions.
The contact between the rail gauge face and the wheel flange does neither fulfil the half-space
assumption nor the requirement to describe the geometry of the contacting surfaces by secondorder polynomials. Several studies in literature compare contact models relying on the halfspace assumption (e.g. Hertz and Kalker's software CONTACT) with elastic three-dimensional
finite element models for this specific contact location [84,87]. Interestingly, accounting for the
variation in radius of curvature within the contact area is found crucial whereas violating the
half-space assumption does not cause significant deviations. This suggests that the wheel
flangeಥrail gauge face contact developed at the high rail for the leading wheelset during
curving may be modelled with the Hertz contact model if the surface curvature remains
unchanged within the contact area (and plastic deformation is neglected).
Several studies in literature show that modelling of bodies in contact as elastic is inadequate
[13,14,23]. In [64,84,87], results calculated with elastic-plastic finite element models are
compared to boundary element models restricted to elastic half-spaces (Hertz and Kalker's
software CONTACT). For a contact located on the crossing nose of a switch, the maximum
contact pressure magnitude calculated when accounting for the elastic-plastic material response
was 42 % compared to that based on an elastic material model [87]. For a standard Lagrangian
finite element formulation, a dense computational mesh is required around the entire perimeter
of the wheel in order to resolve for example contact stresses with a sufficient high resolution
during rolling. In resent years, Arbitrary Lagrangian-Eulerian (ALE) formulations have
demonstrated a modelling framework enabling a substantial reduction in computation time by
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applying local mesh refinement in the vicinity of the contact [88]. Studies that have applied the
ALE-formulation to investigate the wheelಥrail rolling contact are found in [83,89]. Its
functionality for three-dimensional transient load cases has not yet been demonstrated.
Hertzian theory is restricted to single point contact. However, situations with multiple
simultaneous contact points often occur in vehicleಥtrack interaction, for example at the high
rail contact during curve negotiation, see Paper C. The appearance of multiple contact points
is an important condition that has contributed to the development of fast approximate nonHertzian contact models. According to Piotrowski and Chollet [85], available models can be
divided into two categories: multi-Hertzian methods and virtual-penetration methods. In the
first category, the multi-point contact is modelled by several Hertzian ellipses (corresponding
to several Hertzian springs). This method is used in the pre-processor KPF of the commercial
software GENSYS [55]. The second category discretises an extended conformal contact by
several longitudinal strips. Each strip is considered as an Hertzian line contact with a semielliptical distribution of normal contact pressure. The tangential contact problem is solved
separately for each strip by using the FASTSIM algorithm [90] generalised to non-elliptic
contact. Several procedures that belong to this category are found in literature, see [91–93]. In
[94], Enblom et al. evaluate the procedure proposed by Ayasse and Chollet [93] as well as
several other wheelಥrail contact models including Kalker's software CONTACT, Hertzian
contact and finite element models with respect to their respective capabilities in calculations of
wear.
Kalker's software CONTACT [71] can be used to model the normal and tangential contact
problems of bodies with arbitrary geometries (as long as the half-space assumption is valid)
and different elastic parameters (i.e. not quasi-identical) in non-steady rolling contact. This
great versatility explains the impact of CONTACT in the field of non-Hertzian wheel–rail
contact modelling. CONTACT is based on the discretisation of the Boussinesq-Cerruti integral
equations (see Equation (6)) using a set of rectangular elements and where surface traction is
taken as constant in each element. Until recently, the substantial computational effort required
by CONTACT prevented its use online in simulations of dynamic vehicleಥtrack interaction.
Today, a few exceptions exist [46,62,95,96]. As stated in [95], the implementation of
CONTACT in the commercial software SIMPACK [97] has the clear ambition to consider the
contact problem online. Pieringer developed a time-domain model for high-frequency vehicle–
track interaction featuring an online three-dimensional non-steady contact model according to
the theory by Kalker [46].

3.4.3

Non-steady tangential contact

For contact between bodies 1 and 2, the local shift, S, between two initially opposing particles,
p1 and p2, developed during time increment ǻt can be expressed as
Sp 1 Ǝx 1 , tƏ p2 Ǝx 2 , tƏ x 1 ƎtƏx 2 Ǝt ƏŸu 1 Ǝx 1 , tƏ u 2 Ǝx 2 , tƏ

(10)

where xi(t) is the undeformed state and ui(xi,t) is the elastic deformation with respect to a
Cartesian coordinate system ( x c yc z c) that moves in the rolling direction at vehicle speed v (i =
1,2), see Figure 9. Here the contact area is assumed to be orientated according to the x c yc -

20

plane. Taking the material time derivative, Equation (10) can be expressed in terms of the local
slip, s, as
s ƚ t S6 ƚ tƎ x6 1 ƎtƏx6 2 ƎtƏŸ u6 1 Ǝx 1 ,t Ə u6 2 Ǝx2 ,t ƏƏƚ t

(11)

Further, introducing x = (x1 + x2)/2 and the displacement difference u = u1 – u2, the expression
for the scalar local slip is obtained as [71]
sƶ  x6 1 ƶ ƎtƏ x6 2 ƶ Ǝt Əv

w uƶ w uƶ
w uƶ wu ƶ
Ÿ
Ÿ
 wƶ v
, ƶ x c , y c
w xc w t
w x c wt

(12)

Here a rolling velocity v acting in the x c- direction is assumed. In Equation (12), w ƶ is the rigid
slip which when normalised to the rolling velocity v is equal to the creepage.
The local shift S is defined as the relative displacement of two opposing particles on wheel and
rail during one time step ǻt = ǻx/v in the numerical time-integration, where ǻx is the
longitudinal size of the contact elements. For a constant vehicle speed, the size of the contact
elements is given by the vehicle speed and the smallest time-step required to integrate the
dynamic vehicle–track system. For the conditions in Paper E with vehicle speed 25 km/h and a
minimum time-step of about 0.01 ms, a contact element size of below 0.1 mm was required. If
implemented for online use, this would result in excessive computation times and a practically
unusable simulation model. This is the reason why Paper E and Paper F accounts for the nonHertzian and non-steady effects in a post-processing step.
If contact quantities, such as the shape of the contact area or the creepages, change
significantly during the passage of a particle through the contact area, the contact model needs
to account for non-steady effects. That is, Equation (12) needs to be considered when the
tangential contact problem is solved. According to Knothe and Gross-Thebing [98], the
distinction between steady-state and non-steady rolling contact is determined by the ratio L/a,
where L is the wavelength of a disturbance such as rail corrugation and a is the longitudinal
semi-axis of the contact area. Knothe and Gross-Thebing concluded non-steady analysis to be
necessary for L/a-ratios below 10. Hence, for a L/a-ratio above 10, it is sufficient to account for
the time-variant creepages and the variation of contact area as a succession of steady-state
contacts. This means that the explicit time dependence in Equation (12) vanishes. For reviews
regarding steady-state tangential contact models, see for example Elkins [76] and Kalker [99].
Given that the half-space assumption is fulfilled, Kalker's program CONTACT can treat the
normal and non-steady tangential contact problems for arbitrary contact geometries and
creepages [71]. Its main drawback is the long computation time. Pieringer [46] has presented a
model for dynamic vehicleಥtrack interaction that uses an online non-steady contact model
relying on Kalker's exact theory. In an investigation of the influence of non-steady contact
effects on the generation of wear, Baeza et al. adopted and further developed Kalker's exact
theory by using a discretisation of the contact area which adapts to variations of the contact
area size [100]. Until recently, several attempts to enable the “exact” theory by Kalker to
account for a slip-velocity dependent friction coefficient have been unsuccessful due to
numerical problems [46,101,102]. However, Vollebregt overcame these problems by
introducing the concept of “friction memory” recently implemented in CONTACT [103]. For
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the intended use in models for dynamic vehicle–track interaction, approximate non-steady
tangential contact models have been developed. Knothe and Gross-Thebing presented a linear
non-steady contact model applicable for small harmonic variations of the creepages around a
reference state [98]. Moreover, a modified version of Kalker's algorithm FASTSIM was first
proposed in [104] and has recently been further developed by Alonso et al. [105,106].

4

Review of models for prediction of rail wear

Wear is the removal of material from a solid surface due to the action of two surfaces in
contact. In the following only sliding wear is considered. Similar to the majority of corrugation
types identified in [8], the damage mechanism associated with rutting corrugation is wear.
From pioneering pin-on-ring experiments, Archard and Hirst identified two wear regimes: mild
and severe wear [107]. Further, their results illustrated a wear process that, after a short
running-in period, showed the severe wear to reach a steady growth with a wear depth
proportional to the sliding distance, see Figure 10(a). Bolton and Clayton [108] summarised
results obtained from several twin-disc experiments and associated the generation of wear to
the frictional work (often referred to as the wear index) expressed as TȖ/A, where T is the
traction force, Ȗ the slip and A the contact area. Transitions between different wear regimes
appeared as sudden changes in wear rate (volume or mass loss per sliding distance) for an
increasing load magnitude (e.g normal load, sliding velocity or surface velocity). The wear
regimes were also distinguished by the proportionality constant between wear rate and wear
index TȖ, see Figure 10(b). The almost constant wear rate (mg mass loss per m rolled distance)
shown for the severe wear regime in Figure 10(b) verifies the linear relation between the
generated wear and the sliding distance observed by Archard and Hirst and indicates it to be
independent of sliding speed. The direct proportionality between sliding distance and generated
wear [107] in the severe wear regime underlines the importance of models for wear prediction
to accurately assess the sliding in the contact area.
(a)

(b)

Figure 10. (a) Wear as function of sliding distance measured for different metals in a pin-on-ring machine
[107]. (b) Schematic diagram of wear mechanisms and wear regimes [109]
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Mild wear is associated with a rusty brown colour of the worn surface and oxide wear debris.
The severe and catastrophic wear regimes are dominated by surface cracking and mass loss by
spalling resulting in a rough surface with extensive plastic deformation and flake-like metallic
wear debris [109]. In Paper F, significant plastic flow was observed in the surface layer of the
low rail on a small radius curve. This indicates wear to be generated in the severe regime.
Previous studies of rutting corrugation that have been associated with severe wear include
investigations on the Paris metro (RATP) [11] and an Australian metro [110].
The schematic diagram in Figure 10(b) is based on twin-disc experiments using R8T wheel
material. A significantly different appearance of this diagram could be anticipated for other
materials [111]. The wear mechanisms at transitions between wear regimes were investigated
in [109,111]. The transition from the mild to the severe wear regime was related to the change
from partial to full sliding in the contact area. The transition from the severe to catastrophic
wear regime was suggested to be due to a temperature increase caused by frictional work. For
curving, Olofsson and Telliskivi showed the dominant part of the rail crown and gauge corner
to wear in the mild and severe regimes, respectively [65]. Due to increased normal contact
force and sliding velocity for a contact located on the gauge corner a difference in wear rate of
up to a factor 10 was found. Further, on the gauge face, surface features indicated wear to
occur in the catastrophic regime.
A so-called wear map that relates wear rate to contact pressure and sliding velocity offers
another possibility to visualise the different wear regimes [112]. Wear maps are often used to
determine the non-dimensional wear coefficient in the Archard's wear law. In addition to the
obvious dependence on sliding velocity and normal contact pressure, the wear coefficient also
depends on the wheel–rail contact environment. In Paper B, experiments in a wheelಥrail test
rig are combined with numerical simulations to determine the wear coefficient for a realistic
wheel–rail contact environment (possibly including the effects of lubrication and
contamination etc.).
Twin-disc tests have been performed to investigate the influence of different contaminates and
lubrication on the generation of wear [2]. For oil and crushed leaves with in the contact
(0.03  ȝ  0.1), the wear rate was a factor 10 lower compared to wet contact (ȝ = 0.3).
Compared to dry contact (ȝ = 0.63), a difference in wear rate of a factor 100 compared to the
contact contaminated by oil or crushed leaves was measured. To reduce wear on the gauge face
of the high rail on small radius curves trackside lubrication is regularity applied, see for
example the curve selected in Paper A. In [113,114], a significant benefit from this practice is
demonstrated for curves on different Swedish tracks with a common radius of about 300 m.
Using a pin-on-disc machine placed in a climate chamber, the friction coefficient was found to
decrease with increasing relative humidity [115]. Similarly, from field-measurements on the
track network of the Stockholm Public Transport (SL), the wear rate was found to decrease
with increasing average daily precipitation [113].
Even though mild wear is preferred, severe wear is acceptable at locations along the track
network where a certain amount of available friction is required. Catastrophic wear is always
unacceptable. The possibility to influence the wear rate by the use of friction modifiers and
lubrication constitute important engineering tools for track maintenance managers. Optimally,
the generation of rolling contact fatigue damage can be controlled by a well balanced wear rate
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that removes fatigue cracks as they are initiated.

4.1

Wear models

Two types of wear model are commonly applied in predictions of wheel and rail wear: the
Archard wear model and models based on the assumption that material removal is proportional
to the dissipated energy in the contact area (here referred to as “frictional-work wear models”).
The theoretical foundation by Archard applies only to sliding contact and relies on
hemispherical wear particles of the same radius a as the size of the asperities in the contact
[116]. The volume of worn material Vwear is calculated as
V weark

Ns
H

(13)

where k is the non-dimensional wear coefficient, N [N] is the normal contact force, s [m] is the
sliding distance and H [N/m2] is the hardness of the softer material in contact. In accordance
with Figure 10(a), for given normal contact force and hardness, the worn material calculated
with Equation (13) increases linearly with the sliding distance at a rate determined by the wear
coefficient. The Archard wear model has been applied in Paper B and in Papers E – F.
Ward et al. [117] calibrated a frictional-work wear model based on the results presented in
Figure 10(b). It expresses the wear rate w in terms of removed mass per metre rolled distance
and per mm2 of the contact area as
w K

TƦ
A

(14)

where K [kg/m/mm2] is a model coefficient, A [mm2] is the wheel–rail contact area and TȖ is
the wear index. Three separate coefficients K were required to model the wear in the different
regimes outlined in Figure 10(b). Enblom and Berg have performed a comparison between the
Archard wear model and different frictional-work models [118]. Relating wear to either the
distribution of sliding distance (Archard's model) or frictional work (Ward's model) resulted in
principally different behaviours of the two models. Particularly for conditions of partial slip,
significant differences in calculated wear were found.

4.2

Prediction of long-term roughness growth

A combination of models for short-term dynamic vehicle–track interaction and long-term
damage is required to study corrugation growth. The coupling of the models is typically
accounted for by an iterative procedure, see the feedback loop in Figure 11. Time-variant states
of the vehicle and track due to the excitation by an initial rail roughness (irregularity) are
calculated using the model for high-frequency dynamic vehicle–track interaction. These are
used in the post-processing step to calculate wear for the predicted vehicle and track motion.
To simulate a large number of train passages, the wear depth is extrapolated (i.e. by applying
the concept of wear step) before the surface geometry is updated and used as input in the next
iteration step. The influence of the wear step length on the predicted rail profile development is
investigated in Paper B.
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Figure 11. Illustration of the iteration scheme applied in Paper E and Paper F for simulation of long-term
rail roughness growth

The running surface of a new or recently ground rail contains roughness with small amplitudes
and a wide range of wavelengths. At the passage of a train, this constitutes a broadband
excitation of the vehicle–track system leading to fluctuations in contact stresses, sliding
velocities and shapes of the contact area. The complex dynamic vehicle–track interaction will
cause the generated wear to become more severe at specific frequencies (typically at
resonances of the vehicle–track system). For a uniform traffic condition, this may eventually
result in the generation of rail corrugation with wavelength(s) given by the vehicle speed and
resonance frequencies of the system.
To isolate the influence of the vehicle–track system on the generation of wear, Paper E
introduces a non-dimensional transfer function, H, between the calculated wear depth and the
rail irregularity as

H Ǝ1ƮƏ

ƚ Z Ǝ1ƮƏ
R Ǝ1ƮƏ

(15)

where ǻZ and R are the complex-valued discrete Fourier transforms of the calculated wear
depth and the present rail irregularity, respectively. This is similar to the so-called global
growth rate introduced in [119]. Growth of corrugation is predominantly determined by the
phase Į between the calculated wear depth and the initial rail irregularity, see Figure 12. For
phase angle Į = ʌ, the maximum wear is generated in the troughs resulting in rapid growth of
corrugation. At phase magnitudes in the range between 3ʌ/8 and ʌ, corrugation growth may
still be generated however involving a simultaneous longitudinal translation of the rail
irregularity.
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Figure 12. Illustration of non-dimensional transfer function H between calculated wear depth ǻZ and
present rail irregularity R

Frederick developed a linear frequency-domain model for the investigation of roaring rail
corrugation on the network of British Rail [41]. The model assumed a stationary position of the
vehicle and accounted for roughness excitation using a moving irregularity (a so-called
“moving irregularity model”). The structural flexibility of the vehicle and track was accounted
for by measured impedance functions. Several researchers have later applied the concept
introduced by Frederick. Tassilly and Vincent presented a similar model for the investigation of
rutting corrugation appearing at RATP [11,12]. In [120,121], the research group of Vadillo
successfully identified the mechanism causing corrugation on the low rail on small radius
curves of the metro in Bilbao. To study the problem of roaring rails on the German Railways
(DB), Hempelmann et al. further developed the modelling procedure by Frederick and added a
contact filter (suppressing the influence of corrugation wavelengths with dimensions similar to
the size of the contact patch) and non-steady tangential contact mechanics [119,122]. Wear was
only assigned to the sliding area (i.e. at the trailing edge) of the contact patch. Linear moving
irregularity models are applicable to study the onset of corrugation. Obvious limitations are
that loss of contact, non-Hertzian contact effects and stick-slip oscillation cannot be
considered. Moreover, the principle of modelling the structural flexibility of the track by the
receptance/impedance taken at a stationary position (i.e. above a sleeper), rather than for a
point moving with the vehicle, has been discussed in literature [123]. Commonly all such
models predict generation of wear at the corrugation troughs for limited frequency intervals
(corrugation wavelengths).
An early “moving mass” model was presented by Grassie and Johnson [124]. The generation
of wear for a wheel rolling on a single wavelength irregularity was investigated using a linear
and analytical formulation. The maximum dissipated energy (i.e. wear) was found for locations
displaced from the corrugation troughs. With the development of computational resources
followed the possibility to apply numerical time-integration to solve the dynamic vehicleಥtrack
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interaction of a moving vehicle accounting for the structural flexibility of the track using the
finite element method. This modelling approach can consider system non-linearities (e.g. nonHertzian/non-steady contact, plastic material response, etc) and hence has, unlike the linear
frequency-domain models, the potential of modelling the corrugation growth from onset until
the full amplitude is reached.
Igeland investigated the development of short-pitch rail corrugation on tangent track. The
significant influence from bending eigenmodes of the rail constrained by adjacent wheelsets on
corrugation growth was demonstrated [125]. The same wavelength-fixing mechanism is
observed in Paper D. The model by Igeland was further developed in order to account for the
distribution of wear within the contact area as well as the geometrical shift (the longitudinal
displacement of the contact point from a location straight below the wheel axle due to a rail
irregularity) [78]. Both features were found important for the phase between the calculated
wear and the initial irregularity. Presuming a sufficiently large corrugation amplitude to
wavelength ratio, the influence could be significant also for longer wavelengths (in comparison
to the length of the contact area). With a similar model as the one by Igeland, Nielsen found
good agreement between prediction and measurement of long-term roughness growth [29]. For
development of short-pitch corrugation on tangent track, the dominant wavelength-fixing
mechanism was found to be the pinned-pinned resonance of the track. Andersson predicted
growth of rail corrugation using a model for general three-dimensional dynamic vehicleಥtrack
interaction [6]. A constant distribution of wear within the contact area was assumed during the
passage of a particle on the rail head. All time-domain models discussed here consider wear to
be proportional to the frictional work. Paper E emphasises the importance of the contact
detection problem in calculations of long-term roughness development. In particular, the use of
pre-calculated geometry functions (e.g. neglecting the geometrical shift) is shown to result in a
significantly overestimated phase between the calculated wear and the initial irregularity.
Several early studies in literature [119,122] stress that the implementation of non-Hertzian and
non-steady contact models in predictions of long-term roughness development will be an
important task for future research. However, such models were not implemented until recently
[73,74,100,101,126,127]. Surprisingly, studies accounting for this increased complexity in the
contact modelling showed calculated wear depths to be almost in-phase with the initial rail
irregularity (i.e. more material removal at the peaks than in the troughs of the irregularity)
[74,101,126,127]. As a result, both single wavelength and broadband initial rail irregularities
were eventually removed by passing traffic. Commonly, these models account for the nonHertzian/non-steady contact mechanics in a post-processing step to the dynamic vehicleಥtrack
interaction. As an exception, the model presented in [96] allows for the simulation of
longitudinal vibration of a flexible wheelset applying a non-Hertzian/non-steady contact model
online in the time-integration. Moreover, two-dimensional boundary element models of wheel
and rail were used to establish the influence functions used to model the contact. For this
model, corrugation growth was predicted in a wavelength interval between 3 cm and 10 cm.
However, it was not possible to relate the generation of rail roughness to any previously known
wavelength-fixing mechanism, such as for example the pinned-pinned resonance frequency of
the track. Knothe and Gross-Thebing predicted increasing corrugation amplitudes in the
wavelength range between 2 cm and 10 cm using a model accounting for linear and non-steady
contact mechanics [98].
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Despite considerable advances in modelling, gaps in the understanding of corrugation remain.
For roaring rail corrugation, the study by Grassie and Kalousek [8] presents field observations
indicating the wavelength to be almost independent of train speed. This led to the search for a
corrugation mechanism which is defined by wavelength rather than frequency [41,123].
However, in [10], Grassie points out the possibility that the field observations in [8] may be
explained by different wavelength-fixing mechanisms. For the purpose of examining the
relation between vehicle speed and wavelength of roaring rail corrugation, new field studies
would be beneficial. To identify the prevailing wavelength-fixing mechanism, the measurement
campaign should involve monitoring of track and wheelset dynamics.
For a 120 m radius curve on the Stockholm metro, Paper A shows growth of rutting
corrugation until about 300 days after grinding. Using a non-linear time-domain model, the
corrugation development on this curve during a full grinding interval is modelled in Paper E
and Paper F. For both a single wavelength and broadband initial roughness excitation, the
growth of corrugation is predicted to eventually stop due to a gradually decreasing phase
between the calculated wear depth and the present rail irregularity. After attaining its ultimate
amplitude the rail irregularity was found to primarily move backwards with increasing number
of wheel passages. This has not yet been verified by field measurements. Regarding roaring rail
corrugation, Frederick reported observations of corrugation reaching a maximum amplitude
[41] and suggested that the appearance of loss of wheelಥrail contact in the corrugation troughs
to be a possible cause. Moreover, the corrugation formation was observed to maintain an
essentially stationary position along the rail. Regarding rutting corrugation, no similar study
has been found by the author.

5

Curving behaviour of railway bogies

The ability of railway vehicles to negotiate curves is given by the combined effect of a
common axle connecting the two wheels in each wheelset and the conical shape of the wheel
transverse profile. In a curve, rolling without sliding in the wheel–rail contacts requires the
high (outer) wheel to travel a longer distance compared to the low (inner) wheel. For a free
wheelset, this is achieved by a lateral displacement towards the high rail and thereby creating a
rolling radius difference between the two wheels. The ability of a free wheelset to attain a
radial position while curving is referred to as a “radial-steering” or “self-steering” capability.
However, to carry load and to provide acceptable dynamic vehicle stability, the wheelsets are
in all practical applications mounted in a bogie or directly to the train car. For these cases, the
primary suspension prevents the wheelset to attain a radial steering position and as a result
sliding and associated creep forces develop in the wheel–rail contacts. Because large
magnitude creep forces and sliding in the wheel–rail contacts are more common in curves, rail
damage due to rolling contact fatigue (e.g. head checks, shelling of the high rail and squats on
the low rail) and wear (e.g. corrugation) is more severe on curves compared to on tangent
track.
The influence of axle load, adhesion coefficient and angle of attack (related to curve radius) on
the generation of wear has been investigated in a large experimental test programme using a
wheel–rail rolling rig [128]. The angle of attack was found to be the most influencing
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Figure 13. Representative rail roughness levels for different railway systems [4]. Spectra of measured
roughness levels are presented relative to the limit in ISO3095

parameter on the generation of wear (with increasing generation of wear for decreasing curve
radius). Maintenance strategies of rail infrastructure managers can be studied to illustrate the
increased exposure of railway curves to damage. The German railways (DB) apply preventive
cyclic rail grinding on their high capacity lines for curves with radius between 500 m and
5000 m [129]. On Network Rail in the UK, curves with radius smaller than 2500 m (and also
switches & crossings) are ground after approximately 15 EMGT (equivalent million gross
tonnes) of traffic whereas tangent track are ground after 45 EMGT [129]. To reach the most
stringent class Q dedicated to high-speed railway lines, it has been suggested that curves are
ground twice as often as tangent track (in intervals of no more than about 30 MGT and
60 MGT, respectively) [2].
Track deterioration on a Swedish mainline exposed to mixed passenger and freight traffic was
studied in [2]. Damage on curves was found to have a large impact on the total cost of
maintaining the track (apart from costs related to wear and RCF, for example track settlement
and component fatigue were also considered). A change from stiff to soft bogie yaw stiffness,
leading to reduced generation of wear and rolling contact fatigue in curves, was predicted to
generate cost reductions in the order of a factor 2 to 10 per tonne-km. In a study of
maintenance strategies on the iron ore line (Malmbanan) in Sweden, the life of the low rail in
curves of radius below 800 m was predicted to be 17.7 years whereas it was 38.9 years for
tangent track [3]. In [4], Grassie presents typical levels of rail roughness measured on high
speed, heavy haul, mixed traffic, metro and light rail railway systems, see Figure 13. The
highest levels of roughness were found on the low rail of metro curves.
As part of the motivation for their work on curving behaviour of railway bogies, Grassie and
Elkins stated that “curves are a critical area of any railway system and it is best to avoid them
completely” [1]. Based on the discussion above, this quotation is obviously true. It is an
important task for train manufacturers to design vehicles with good steering capabilities as well
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as for track engineers to understand the physical principles (and limitations) of vehicles'
curving performance. The following section focuses on the curving behaviour of the C20 metro
train designed and manufactured by Bombardier Transportation [130]. Particular interest is
directed to the ability of this vehicle to negotiate curves with geometry similar to that of the
curve selected for the measurement campaign presented in Paper A. The significance of the
curve radius on the forces and sliding, as well as the generation of wear, in the wheel–rail
contacts is investigated. A model of a C20 train developed in the commercial software
GENSYS [55] for simulation of dynamic vehicleಥtrack interaction is applied. The generation
of wear is calculated using the model presented in Paper E. To account for gauge face
lubrication on the high rail, the friction coefficient is taken as 0.1 on this section of the rail
head. If nothing else is specified, a friction coefficient of 0.6 is used elsewhere. This
corresponds to dry contact conditions in the current curve, see Paper F. The friction coefficient
is modelled as constant (independent of creepage). The wheel and rail transverse geometry are
described by the S1002 and Swedish BV50 nominal profiles, respectively. Rail inclination is
1:40. For the current combination of wheel and rail profiles, single point contacts are
developed for all relative lateral displacements of the wheelset on the rail. In Paper C, it is
concluded that the leading bogie of the second car in a C20 trainset is generating the largest
magnitude contact forces. Therefore this particular bogie, denoted 21, is selected for the current
study.
In [131], the magnitude and directionality of the resultant tangential force developed in each
wheel–rail contact are used to assess the curving behaviour of railway bogies. It has been
proposed that the directionality (phase) of surface damage on rails (e.g. the crack face
orientation of head checks) provides important knowledge about the running conditions.
Further, the understanding of dynamic vehicle–track interaction, and the potential of rail
damage to emerge as a result of it, can gain from assessing the phase of the creep forces. In
accordance with [131], the current work defines the magnitude, FT, and phase, ș, of the
resultant tangential creep force as
F T Ɓ F 2Ʊ Ÿ F 2ƪ,

ƫ arctan

Ǝ Ə
Fƪ
FƱ

(16)

where Fȟ is the longitudinal creep force applied on the rail (positive for driving traction) and FȘ




  
   








Figure 14. Sign convention for positive creep forces Fȟ and FȘ acting on the rail. Magnitude FT and
phase ș of resultant tangential creep force
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is the lateral creep force applied on the rail (positive when directed towards the inside of the
curve). Hence, a phase angle in the range 0 – 90° corresponds to a combination of driving
traction and gauge widening force on the low rail, and a combination of driving traction and
gauge narrowing force on the high rail, see Figure 14. The traction coefficient is defined as the
ratio of the tangential creep force and the normal contact force FT/FN. Accordingly for friction
coefficient 0.6, a traction ratio of 0.6 corresponds to conditions of full slip in the contact area.

5.1

Curving behaviour of a C20 metro train on small radius
curves

Figure 15 illustrates the curving behaviour of a C20 train by so-called “curving diagrams”.
Curve radius 125 m and vehicle speed 32.5 km/h are considered. Curving diagrams were
introduced by Elkins and Eickhoff in a study of the quasi-static curving behaviour of railway
vehicles [132]. For friction coefficient 0.6, Figure 15(a) shows a large angle of attack (AOA)
for the leading wheelset whereas the trailing wheelset has a close to radial steering position.
The yaw angle of the bogie frame in combination with the lateral and yaw stiffness of the
primary suspension prevent the trailing wheelset to displace in the lateral direction outwards
towards the high rail. As a consequence, a deficiency in rolling radius difference and associated
large magnitude longitudinal creep forces are developed. Reducing the friction coefficient to
0.3 produces full sliding in all wheel–rail contacts (not shown here). Further, the yaw (steering)
moment of the leading wheelset resulting from the longitudinal creep forces is decreased
creating an even larger AOA, see Figure 15(c). The corresponding reduction in steering
moment makes the trailing wheelset displace laterally towards the low rail.
In Figure 15(b), results are presented for a bogie with the longitudinal stiffness of the primary
suspension reduced by a factor 0.01. Obviously a bogie with this very low level of longitudinal
stiffness is investigated here as a purely academic case. It is observed that the AOA of the
leading wheelset is significantly reduced for this case. The lateral gauge widening forces
developed for the leading wheelset are reduced by approximately 69 % and 35 % at the high
and low rail contacts, respectively. The significance of this considerable reduction in lateral
creep force magnitude on the development of low rail corrugation is investigated in
Section 5.3. For the soft bogie, the trailing wheelset is observed to displace outwards towards
its equilibrium curving position. This helps to bring the leading wheelset towards a radial
position [132]. The application of a driving moment has been found to “straighten out” the
bogie and make the wheelsets run more parallel to one another [131]. Figure 15(d) shows
results calculated for a case where a driving moment of magnitude 10.5 kNm is applied on both
wheelsets. A clear deterioration of the curving behaviour of the bogie is noticed involving an
increased AOA of the leading wheelset and a lateral displacement of the trailing wheelset
towards the low rail.
The influence of vehicle speed on wheelಥrail contact forces for a curve radius of 125 m is
investigated in Figure 16. For the current curve geometry, equilibrium curving is reached at
vehicle speed 31 km/h. The traction coefficient presented in Figure 16(a) shows that full sliding
develops in the high and low rail contacts of the leading wheelset for all vehicle speeds. The
magnitude of the normal contact force developed at the high rail contact of both wheelsets are
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Figure 15. Curving diagrams illustrating steady-state equilibrium curving of bogie 21 in a C20 trainset
negotiating a curve of radius 125 m at vehicle speed 32.5 km/h. Longitudinal and lateral wheel–rail
contact forces acting in the track plane are shown at the locations of the rails. Resultant tangential creep
forces acting in the plane of the wheel–rail contacts are shown at the location of the wheels. All displayed
forces are acting on the wheels. The same magnification factor for lateral displacement and angle of attack
of the wheelsets, as well as for the length of arrows representing forces, are used in all figures. (a) Friction
coefficient 0.6, (b) soft primary suspension (longitudinal stiffness in the primary suspension reduced by
factor 0.01) and friction coefficient 0.6, (c) friction coefficient 0.3, (d) driving moment of magnitude
10.5 kNm applied on both wheelsets, friction coefficient 0.6

observed to increase with increasing vehicle speed, see Figure 16(b). This corresponds to
lateral displacements of the wheelsets towards the high rail. For the trailing wheelset the
corresponding increase in rolling radius difference results in a reduced longitudinal creep force
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Figure 16. Steady-state equilibrium curving of bogie 21 in a C20 trainset negotiating a curve of radius
125 m at different vehicle speeds. Friction coefficient 0.6. (a) Traction coefficient, (b) normal contact
force. : high rail contact of leading wheelset,
: low rail contact of leading wheelset,
: high rail
contact of trailing wheelset,
: low rail contact of trailing wheelset

and traction coefficient, see Figure 16(a). Hence, for the trailing wheelset, cant deficiency can
be argued to have a positive effect on the curving behaviour. Previously it has been shown that
cant deficiency will reduce both the angle of attack and the maximum contact force of the
leading wheelset for a curve radius of 1800 m [131,133].

5.2

Influence of curve radius on bogie curving behaviour

The influence of curve radius on the curving position and orientation of the wheelsets is
investigated in Figure 17. Equilibrium curving, friction coefficient 0.6 and default
configuration of the bogie primary suspension are considered. For the studied curve radius
range, the high rail contact of the leading wheelset is located on the gauge corner/gauge face,
see Figure 17(a). A decrease in curve radius is seen to cause the leading wheelset to displace
towards the high rail with an increase in AOA, see Figure 17(b). Simultaneously, the trailing
wheelset is observed to displace towards the low rail. For decreasing curve radius, Figure 18(b)
shows that the phase of the resultant creep forces developed at the high and low rail contacts of
the leading and trailing wheelsets are approaching the longitudinal and lateral orientations,
respectively. The traction ratio presented in Figure 18(a) shows full sliding in the low rail
contact of the leading wheelset for curve radii below approximately 150 m.
The influence of longitudinal primary suspension stiffness on the curving behaviour of the
leading wheelset has also been investigated. Figure 19(a) and Figure 19(b) show significant
reductions in lateral displacement and AOA of the leading wheelset when mounted in a
resilient primary suspension. For the AOA, a reduction of approximately a factor three is
observed, see Figure 19(b). Moreover, a reduced traction ratio is obtained for the soft bogie in
the studied curve radius interval, see Figure 19(c). In particular, full sliding does not occur
even for curve radius 100 m. During negotiation of small radius curves, Figure 19(d) indicates
contact conditions comprising a combination of longitudinal braking and gauge widening creep
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forces (phase between 90° and 180°) developed at the low rail of the leading wheelset. The
phase of slightly above 90° calculated for the soft bogie indicates that the leading wheelset is
negotiating the curve close to its equilibrium position for all curve radii.

(a)

(b)

15
12.5

1.4


   

1.2
      
   

w

7.5

1

    

ψ [°]

y [mm]

10

0.8

5

0.6

2.5

0.4

0

0.2
0
100

−40

−30

−20

−10

0

y [mm]

10

20

150

30

200

250

300

R [m]

r

Figure 17. Steady-state equilibrium curving of bogie 21 in a C20 trainset negotiating curves of different
radius. The variation in curve radius from 100 m to 300 m with steps of 25 m corresponds to vehicle
speeds in the range between 30 km/h and 50 km/h with steps of 2.5 km/h. Friction coefficient 0.6.
(a) Lateral wheelset displacement (positive direction towards the high rail) versus location of contact on
the rail (rail transverse profile outlined), Ƒ: low rail contact, ż: high rail contact (b) wheelset angle of
attack (positive for under-radial position of the wheelset). : Leading wheelset,
: trailing wheelset
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Figure 18. Steady-state equilibrium curving of bogie 21 in a C20 trainset negotiating curves of different
radius. The variation in curve radius from 100 m to 300 m with steps of 25 m corresponds to vehicle
speeds in the range between 30 km/h and 50 km/h with steps of 2.5 km/h. Friction coefficient 0.6. (a)
Magnitude and (b) phase of traction coefficient. : high rail contact of leading wheelset,
: low rail
contact of leading wheelset,
: high rail contact of trailing wheelset,
: low rail contact of trailing
wheelset
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Figure 19. Steady-state equilibrium curving of bogie 21 in a C20 trainset negotiating curves of different
radius. The variation in curve radius from 100 m to 300 m with steps of 25 m corresponds to vehicle
speeds in the range between 30 km/h and 50 km/h with steps of 2.5 km/h. Results are shown for the
leading wheelset. (a) Lateral wheelset displacement, (b) wheelset angle of attack, (c) traction ratio at the
low rail contact and (d) phase of resultant creep force at the low rail contact. : Friction coefficient 0.6,
: friction coefficient 0.3,
: soft primary suspension (longitudinal stiffness in the primary
suspension reduced by factor 0.01)

5.3

Influence of curve radius on rail corrugation growth

In the previous section, the influence of curve radius on steady-state curving of a C20 metro
train was investigated. In the following, the generation of wear and particularly the possibility
of generating corrugation growth on small radius curves are assessed. The relation between
corrugation growth and curve radius has previously been investigated by field measurements
on two commuter lines in Tokyo [21]. Rutting corrugation was observed primarily for curves
of radius below 300 m. Moreover, corrugation growth rate was found inversely proportional to
the curve radius [23]. The model presented in Paper E is applied here to calculate the wear
generated by the leading wheelset of bogie 21. Similar load cases as in Section 5.2 are
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considered. To assess the possibility of the vehicleಥtrack system to generate wear at specific
wavelengths, the non-dimensional transfer function H(1/Ȝ) between the calculated wear depth
and the rail irregularity is used, see Section 4.2,
Ƌ Ǝ1  Ʈ Ə
H

ƚ ƋZ Ǝ1 Ʈ Ə
ƋR Ǝ1  Ʈ Ə

(17)

where ǻZ and R are the complex-valued discrete Fourier transforms of the calculated wear
depth and the initial rail irregularity, respectively.
In Figure 20, magnitudes of the transfer function H calculated for different curve radii and
vehicle speeds are compared. The low rail was modelled with friction coefficient 0.6 and initial
roughness levels according to the limit in ISO3095 [134]. Paper F presents rail roughness
growth predicted for a load case similar to that of the curve studied in Paper A (curve radius
120 m and vehicle speed 30 km/h). The results indicate corrugation growth at the approximate
wavelengths 4.5 cm and 7.5 cm corresponding to the excitation frequencies of approximately
180 Hz and 110 Hz, respectively. The corresponding wavelength-fixing mechanisms are
associated primarily with the first antisymmetric and first symmetric bending modes of the
wheelset, respectively. Both of these modes are effectively excited by lateral wheelಥrail contact
forces. In Figure 20, the magnitude of the transfer function H is observed to decrease with
increasing curve radius. This corresponds to a decreasing magnitude of the lateral creep force
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Figure 20. Magnitude (1/24 octave bands) of transfer function between calculated accumulated wear
depth and initial rail irregularity after one wheel passage. Steady-state equilibrium curving of bogie 21 in
a C20 trainset negotiating curves of different radii is considered applying the model presented in
Paper E. Results are calculated for the low rail contact of the leading wheelset. Rail roughness on the low
rail with magnitudes according to the limit in ISO3095 [134]. The variation in curve radius from 100 m to
300 m with steps of 25 m corresponds to vehicle speeds in the range from 30 km/h to 50 km/h with steps
of 2.5 km/h. : v = 30 km/h, R = 100 m,
: v = 32.5 km/h, R = 125 m,
: v = 35 km/h, R = 150 m,
: v = 40 km/h, R = 200 m. Results marked with circles are calculated for the corresponding vehicle
speed and curve radius but for the soft primary suspension (longitudinal stiffness in the primary
suspension reduced with factor 0.01)
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Figure 21. Fourier spectrum of wheelset modal displacements calculated for curve radius 125 m and
vehicle speed 32.5 km/h, see Figure 20. Results are calculated for the leading wheelset of bogie 21 in a
C20 trainset applying the model presented in Paper E. Rail roughness on the low rail with magnitudes
according to the limit in ISO3095 [134]. : First antisymmetric mode in torsion,
: First symmetric
bending mode,
: First antisymmetric bending mode. Results marked with circles are calculated for
the soft primary suspension (longitudinal stiffness in the primary suspension reduced by factor 0.01)

at the low rail contact of the leading wheelset, see Figure 19(c). Figure 20 shows peaks of the
transfer function H at approximately 110 Hz and 180 Hz only for curve radii 100 m and 125 m.
For curve radius 150 m, an increase in the transfer function is observed for higher frequencies,
however there is no distinct peak at about 180 Hz. Hence the influence of the wavelengthfixing mechanisms leading to low rail corrugation in the curve in Paper A is reduced
significantly for curve radii above 150 m.
As discussed in Section 5.2, the leading wheelset in the bogie obtains a better steering position
(e.g. a smaller angle of attack) if it is mounted in a soft longitudinal primary suspension. As
shown in Figure 20 (curves marked with circles), when mounted in a soft primary suspension,
the wear generated by the leading wheelset is far below that of the nominal bogie. In fact, the
transfer function calculated for the soft primary suspension does not show any influence of the
previously identified wavelength-fixing mechanisms in the considered curve radius interval.
For the soft bogie configuration, the low rail contact of the leading wheelset does not develop
full slip even for curve radius 100 m and hence a significant reduction in lateral creep force
magnitude is obtained, see Figure 19(c). This results in a reduced excitation of the discussed
wavelength-fixing mechanisms. Figure 21 illustrates the strong influence from the bending
eigenmodes of the wheelset on the wavelength-fixing mechanisms acting on the curve in
Paper A. For a more detailed discussion, the reader is referred to Paper F. The spectral content
of the modal displacements (modal participation factors) calculated for the leading wheelset at
curve radius 125 m and vehicle speed 32.5 km/h (see Figure 20) is shown in Figure 21. At
frequencies around 110 Hz and 180 Hz, the first symmetric and first antisymmetric eigenmodes
are observed to give large contributions to the dynamic behaviour of the wheelset. The peak at
around 50 Hz corresponds to the P2 resonance where the vehicle unsprung mass, rails and
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sleepers vibrate in phase on the stiffness of the ballast and subgrade. At this frequency both the
first antisymmetric mode in torsion and the first symmetric mode in bending significantly
contribute to the dynamic behaviour of the wheelset. The dynamic contribution from the
different wheelset eigenmodes is significantly reduced if a soft primary suspension is used, see
Figure 21.

6

Summary of appended papers

Paper A, Monitoring of rail corrugation growth due to irregular wear on a railway metro
curve, presents the results from a measurement campaign performed on a 120 m radius curve
exposed to severe corrugation growth on the metro of Stockholm Public Transport (SL). Within
a grinding interval of one year, the development of corrugation was monitored by repeated
measurements of rail roughness and train pass-by noise. Spectra of measured roughness show
increased magnitudes in the wavelength interval 4 - 14 cm, with peaks at the approximate
wavelengths 5 cm and 8 cm. Roughness magnitudes were found to increase until the
measurement 300 days after grinding, thereafter only a moderate additional growth was
observed. A 10.1 dB unit increase (in the period from 139 to 300 days after grinding) in
roughness level in the wavelength interval 4 - 14 cm was found to correspond to a 4.9 dB
increase in rolling noise level in the frequency range from 60 Hz to 200 Hz.
Paper B, Prediction of wear and plastic flow in rails – Test rig results, model calibration and
numerical prediction, demonstrates a procedure for determining the Archard wear coefficient
for realistic wheel–rail contact conditions. This is achieved by calibrating a simulation model
for the prediction of rail profile evolution due to wear and plastic deformation using
experimental data collected in a full-scale test rig. The simulation model applies a commercial
software to mimic the wheel–rail interaction in the test-rig. Plastic deformations are considered
using an elasto-plastic FE model. However, elastic shakedown was found already after a few
load cycles and hence these deformations are neglected in the subsequent analysis.
Quantitatively good results, in terms of worn-off area and shape of the worn profile, are
presented.
Paper C, Simulation of dynamic vehicle–track interaction on small radius curves, presents a
time-domain method for the simulation of dynamic interaction between a vehicle and a curved
railway track accounting for excitation in a wide frequency range (up to several hundred Hz).
The simulation model is able to simultaneously capture the low-frequency vehicle dynamics
and the high-frequency dynamics due to excitation by, for example, short-pitch corrugation on
the low rail. A reduction in simulation time is achieved by including only one bogie in the
vehicle model. The influence of the remaining pars of the vehicle on the bogie dynamics is
incorporated by pre-calculated forces and moments applied in the secondary suspension. For
low-frequency vehicle dynamics, the model is validated versus a commercial software. The
functionality of the model is demonstrated for different types of excitation including discrete,
single wavelength and broadband rail irregularities.
Paper D, Dynamic train–track interaction at high vehicle speeds – Modelling of wheelset
dynamics and wheel rotation, investigates the influence of inertial effects due to wheel rotation
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on the vertical vehicle–track interaction at high vehicle speeds. Wheel–rail contact forces
calculated for the flexible, rotating or non-rotating wheelset models are compared in a
frequency range from about 20 Hz to 2.5 kHz. The proposed model is validated against contact
forces measured in the field using an instrumented wheelset. When the system is excited at a
frequency where two different wheelset mode shapes, due to the rotation, have coinciding
resonance frequencies, significant differences are found in the contact forces calculated with
the rotating and non-rotating wheelset models. The use of a flexible, rotating wheelset model is
recommended for load cases leading to large magnitude vertical contact force components in
the high-frequency range (above 1.5 kHz).
Paper E, Simulation of rail roughness growth on small radius curves using a non-Hertzian
and non-steady wheel–rail contact model, further develops the model presented in Paper C to
enable calculations of wear. Non-Hertzian and non-steady effects in the wheel–rail contact are
considered in a post-processing step to the calculations of dynamic vehicle–track interaction.
Corrugation growth on the low rail of a 120 m radius curve is found to be highly influenced by
the wheel–rail friction coefficient. For friction coefficient 0.3, predictions of long-term
roughness growth showed decreasing magnitudes in the entire studied wavelength interval
whereas for friction coefficient 0.6, corrugation was developing at several wavelengths.
Independent of friction coefficient, no corrugation growth was predicted for the high rail in the
curve.
Paper F, Rail corrugation growth on small radius curves – measurements and validation of a
numerical prediction model, validates the model presented in Paper E versus measurement
data and investigates the conditions of corrugation growth on the curve selected for the
measurement campaign in Paper A. Field measurements and laboratory investigations of the
low rail show high levels of lateral acceleration and plastic material flow in the surface layer
orientated towards the field side caused by large magnitude lateral creep forces generated by
curving vehicles. Simulations relate the corrugation wavelengths 5 cm and 8 cm observed on
the low rail of the curve to excitation of the first antisymmetric and first symmetric bending
eigenmodes of the leading wheelset of passing bogies, respectively. In a new measurement
campaign, the application of a friction modifier was found to effectively mitigate the
corrugation growth on the curve.

7

Concluding remarks and future work

This thesis studies rail corrugation growth on small radius curves through mathematical
modelling, numerical simulations, field measurements and laboratory investigations. As a
reference case, a 120 m radius curve exposed to severe corrugation growth on the metro of
Stockholm Public Transport (SL) was chosen. In the current curve, low rail corrugation is
developing with wavelengths of about 5 cm and 8 cm. Rail grinding is performed once per year
to remove the corrugation. Laboratory investigations on a section cut from the low rail showed
plastic deformation in the lateral direction towards the field side. No significant difference in
microstructure between corrugation troughs and peaks was observed. This indicates the
material flow is associated with the large magnitude lateral quasi-static creep force that is
developed at the low rail contact of the leading wheelsets of curving bogies. Monitoring of
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corrugation growth during a grinding interval of one year showed that the corrugation reached
a steady magnitude about 300 days after grinding.
A time-domain model for the prediction of long-term roughness growth on railway curves has
been developed and validated versus measured data from the reference curve. Setting out from
an initial excitation in the form of a low magnitude broadband roughness on the low rail,
simulations showed corrugation growth at wavelengths 5 cm and 8 cm generated by the
excitation of the first antisymmetric and first symmetric bending eigenmodes of the leading
wheelset in passing bogies, respectively. The predicted corrugation wavelengths agreed with
those observed on the reference curve. Moreover, numerical predictions indicated the wheel–
rail friction coefficient to have a significant influence on the corrugation growth. For friction
coefficient 0.6, corresponding to dry contact conditions on the reference curve, corrugation
growth was predicted at several wavelengths. For friction coefficient 0.3, approximately
corresponding to the designed level of friction when applying a friction modifier, the initial
roughness was gradually removed (worn off) by an increasing number of wheel passages.
The effective mitigation of corrugation growth by the application of a friction modifier was
verified in a second measurement campaign performed on the reference curve. Negative
friction characteristics (i.e. a friction coefficient that decreases with increasing slip velocity)
has previously been found to promote growth of rutting corrugation [17,22]. Several reports in
literature treat numerical problems encountered when implementing a velocity-dependent
friction coefficient in Kalker's program CONTACT [102]. Recently, Vollebregt suggested the
concept of “friction memory” to constitute a possible solution to these problems [103]. The
investigation of the influence of a velocity-dependent friction coefficient on corrugation
growth on the reference curve remains for future work.
In literature, inertial effects due to wheel rotation have often been neglected in studies of highfrequency dynamic vehicleಥtrack interaction. The influence of this simplifying assumption on
calculated vertical wheelಥrail contact forces has been investigated. With regard to contact
forces calculated with either a rotating or a non-rotating flexible wheelset model, significant
differences appeared for excitation frequencies where two different wheelset eigenmodes, due
to the rotation, have coinciding resonance frequencies. Vila et al. have later concluded this to
constitute a possible wavelength-fixing mechanism that is not constant in frequency but varies
with vehicle speed [135].
When the longitudinal primary suspension stiffness of the C20 bogie was reduced to 1 % of the
nominal stiffness, Section 5.3 shows no generation of corrugation independent of curve radius.
This is related to the significant reduction in lateral creep force magnitude due to the small
angle of attack created at the leading wheelset for this case, see Section 5.1. This shows that
the growth of corrugation on the reference curve is influenced by the lateral force magnitude
acting at the low rail contact of the leading wheelset. It is suggested to perform further studies
in order to identify if there are other important parameters that determine growth of corrugation
(e.g. wheel and rail profiles, magnitude of contact forces and amplitude and wavelength
contents of initial roughness).
In the proposed model for prediction of corrugation growth on curves, non-Hertzian and nonsteady effects in the wheelಥrail contact are considered in a post-processing step to predict wear
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for a prescribed motion of vehicle and track. The use of different contact models in the
simulation of dynamic vehicleಥtrack interaction and the calculation of wear constitutes an
obvious inconsistency of the proposed model. As has been described, the reason for this is the
fixed relation between the element size of the potential contact area in the non-Hertzian and
non-steady contact model and the time-step used in the integration of the train ಥtrack system.
To the author's knowledge, a model for prediction of corrugation growth featuring an online
implementation of a three-dimensional non-Hertzian and non-steady contact model has not yet
been presented, but this should be an obvious ambition for future work.
For short-pitch corrugation observed on tangent track on the network of British Rail (BR),
different amounts of plastic deformation were observed at corrugation crests and troughs [41].
This led to the suggestion by Frederick that a combination of plastic deformation of
corrugation crests and periodic wear of corrugation troughs could be an explanation of
corrugation development. The balance, with respect to their respective generated change in
longitudinal rail profile, between these two opposing mechanisms gives a possible explanation
to the observation that corrugation eventually reaches a constant amplitude. Laboratory
investigations based on a section removed from the low rail of the reference curve after
attaining its full corrugation amplitude, showed lateral plastic flow of similar depth and
orientation at corrugation peaks and troughs. This is a significant difference compared to the
observations on BR and corresponds to what previously, in an investigation of rutting
corrugation on the Paris metro (RATP) [13], was concluded to constitute a “global damage
mechanism”. Unlike the “local damage mechanism” that associates the growth of corrugation
to periodic (irregular) wear, the “global damage mechanism” is related to the change in rail
profile caused by the steady-state sliding and creep forces in the wheel ಥrail contacts. Due to a
decreasing phase difference between the calculated wear depth and the present rail irregularity,
the growth of corrugation simulated in this thesis was predicted to eventually reach a stationary
state where it translated along the rail with a constant magnitude. This is the same behaviour as
observed in the field, however the translation of the rail irregularity has not been verified. By
omitting the plastic deformations, the modelled wheelಥrail contact conditions obviously differ
from the real conditions on the reference curve. This underlines the importance of verifying the
longitudinal translation of the fully grown corrugation by additional measurements in the field.
To investigate short-pitch corrugation growth on tangent track during an entire grinding
interval, the work by Frederick [41] indicates plastic deformations to be an important
parameter. Although observations of rutting corrugation suggest the involved mechanisms to be
significantly different, plastic deformations cannot be excluded to have an influence on, for
example, the maximum corrugation amplitude.
Prediction models, such as the one presented in this thesis, contribute to an increased
understanding of the mechanisms generating rail corrugation growth at a certain track section.
However, present calculation times are long. Extensive numerical simulations and parameter
studies of various track geometries, vehicle designs, wheel/rail profiles, wheel–rail friction
coefficients, etc, are therefore not yet practicable. If modelling simplifications that do not
imply a significant reduction in calculation accuracy can be identified, an engineering tool
could be developed and be of great benefit for the railway industry (and society).
The study in Section 5.3 showed that the wavelength-fixing mechanisms associated with the
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corrugation growth on the reference curve generate significantly less wear if the curve radius is
above 150 m. Further, the application of a friction modifier on the low rail has been shown to
be an effective mitigation measure. These are conclusions that can be used as guidelines by
infrastructure managers in the design of new track, for decisions on friction management and in
the planning of maintenance.
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