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ABSTRACT 
 

All manufacturing processes are afflicted by variation, which leads to products that may not 
fulfill assembly, functional or esthetical requirements. The variation in the final product 
originates from variation in individual parts and assembly processes. In this work, methods 
and tools aimed to reduce the amount of variation and, more importantly, the effects of the 
variation in the final product are treated.  

Four main areas are treated in this thesis: 

• Statistical process control: When a deviation or increased variation arises in a process, it 
is important to discover this as soon as possible. Different methods for statistical process 
control, based on inspection data, are suggested and compared. When an increased 
variation or deviation is obtained, it is also important to find the cause. Methods for the 
diagnosis of assembly fixtures are suggested, compared and evaluated. 

 

• Inspection: In the verification phase of product development, a product is normally 
inspected at a large number of points in order to learn as much as possible about the 
product and processes. When full production starts, the main purpose of inspection shifts 
toward statistical process control, which normally requires fewer inspection points. Today, 
the reduction in demand is usually done manually. This puts great demands on experience 
and craftsmanship. A method based on cluster analysis is presented and applied to 
inspection data in order to achieve a systematic reduction. By the clustering of the data, a 
representative for each cluster or group of points with correlated inspection values can be 
selected. By inspecting only those representatives, the number of points needed to monitor 
the product can be reduced. This method leads to larger reductions than manual 
procedures. The information in a set of inspection points is quantified.  

 

• Spot welding sequence optimization: By altering the joining sequence when joining two 
parts together, using, for example, spot welding, the level of variation in the final 
assembly is affected. Different strategies to find optimal spot welding sequences (in other 
words, sequences that minimize the variation in the final assembly) are suggested and 
compared.  

 

• Simulation accuracy: Variation simulation is used to predict variation in the final product 
or in sub-assemblies. In that manner, the requested number of physical verifications and 
tests can be reduced, leading to saved resources and increased sustainability. However, if 
the simulation is to be able to replace physical tests, it is vitally important that the 
simulation results are accurate and agree with real outcome. Factors affecting this 
agreement for non-rigid variation simulation are investigated. Four of the factors (spot 
welding sequence, contact modeling, fixture repeatability and the influence of heat during 
welding) are further examined and methods to include them in variation simulation are 
suggested 

Keywords: Variation simulation, quality control, inspection point reduction, contact modeling, 
spot welding sequence, fixture repeatability, welding simulation. 
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I 

 

ABSTRACT 
All manufacturing processes are afflicted by variation, which leads to products that may not 
fulfill assembly, functional or esthetical requirements. The variation in the final product 
originates from variation in individual parts and assembly processes. In this work, methods 
and tools aimed to reduce the amount of variation and, more importantly, the effects of the 
variation in the final product are treated.  

Four main areas are treated in this thesis: 

• Statistical process control: When a deviation or increased variation arises in a process, it 
is important to discover this as soon as possible. Different methods for statistical process 
control, based on inspection data, are suggested and compared. When an increased 
variation or deviation is obtained, it is also important to find the cause. Methods for the 
diagnosis of assembly fixtures are suggested, compared and evaluated. 

• Inspection: In the verification phase of product realization, a product is normally 
inspected at a large number of points in order to learn as much as possible about the 
product and processes. When full production starts, the main purpose of inspection shifts 
toward statistical process control, which normally requires fewer inspection points. Today, 
the reduction in demand is usually done manually. This puts great demands on experience 
and craftsmanship. A method based on cluster analysis is presented and applied to 
inspection data in order to achieve a systematic reduction. By the clustering of the data, a 
representative for each cluster or group of points with correlated inspection values can be 
selected. By inspecting only those representatives, the number of points needed to monitor 
the product can be reduced. This method leads to larger reductions than manual 
procedures. The information in a set of inspection points is quantified.  

• Spot welding sequence optimization: By altering the joining sequence when joining two 
parts together, using, for example, spot welding, the level of variation in the final 
assembly is affected. Different strategies to find optimal spot welding sequences (in other 
words, sequences that minimize the variation in the final assembly) are suggested and 
compared.  

• Simulation accuracy: Variation simulation is used to predict variation in the final 
product or in sub-assemblies. In that manner, the requested number of physical 
verifications and tests can be reduced, leading to saved resources and increased 
sustainability. However, if the simulation is to be able to replace physical tests, it is 
vitally important that the simulation results are accurate and agree with real outcome. 
Factors affecting this agreement for non-rigid variation simulation are investigated. Four 
of the factors (spot welding sequence, contact modeling, fixture repeatability and the 
influence of heat during welding) are further examined and methods to include them in 
variation simulation are suggested. 

Keywords: Variation simulation, quality control, inspection point reduction, contact 
modeling, spot welding sequence, fixture repeatability, welding simulation. 
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1.    INTRODUCTION 
This chapter describes the background 
of the research and introduces the basic 
concepts within the research area. The 
goal is to provide an understanding of 
the research questions. 

1.1. BACKGROUND 
All manufacturing processes are afflicted by variation. Therefore, no final product will look 
the same from time to time, and in some cases, functional or esthetical requirement will not be 
fulfilled. This is of course associated with costs and/or disappointed customers. Completely 
avoid variation is difficult, if even possible, and extremely expensive. But there are methods 
and tools aimed at reducing the amount of variation and, more importantly, the effect of the 
variation. In this thesis, such methods and tools are treated. Most of the examples come from 
automotive industry, but the methods are of course applicable to other types of products as 
well.    

The variation that affects the final result consists of geometrical variation in the parts included 
in the assembly and variation in the assembly process. The geometrical variation in the parts 
shows itself as variation in form and size. The assembly process contributes variation due to 
variation in the contact between parts and assembly fixtures, variation in welding guns, et 
cetera.  

To reduce variation and its effect, it is important to use all disposable methods and tools, 
described later in this thesis, in all three phases of the product realization loop, seen in Figure 
1. This product realization loop describes, somewhat simplified, the different phases of, for 
example, the development of a new product in automotive industry.  

 

FIGURE 1: THE PRODUCT REALIZATION LOOP 
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In the concept phase, new design solutions and different concepts are suggested and compared 
using virtual methods. In the verification phase, a reduced number of suggested concepts are 
verified using physical prototypes and test series.  

In the production phase, the full production starts. Now it is important to monitor the process 
in order to quickly discover disturbances and increased variation. Another important aspect 
here is to gather data, and thereby also information about the product and process, in order to 
be able to transfer this knowledge to future product development processes. Questions related 
to this topic are how often to measure, what inspection points to use and how to use the 
inspection data in an effective way. 

The research carried out in this thesis is a part of the research conducted by the research group 
for “Geometry Assurance and Robust Design” at the Wingquist Laboratory at Chalmers 
University of Technology in Gothenburg, Sweden. This research group deals with methods 
for minimizing the effect of geometrical variation in assembled products, and there are 
research activities in all phases of the product realization cycle. The Wingquist Laboratory is 
an internationally competitive competence center for multi-disciplinary research within the 
field of efficient product realization. 

1.2. GEOMETRY ASSURANCE AND ROBUST DESIGN 
The work of aiming to reduce the geometrical variation and its effects are often referred to as 
geometry assurance. The most important phase from a geometry assurance point of view is 
perhaps the concept phase. There, it is very important to choose a good concept, which is a 
concept that is robust (in other words, insensitive to variation). A robust concept suppresses 
variation in the input parameters while a concept sensitive to variation amplifies the incoming 
variation instead. The robustness of the concept is to some extent determined by the shape of 
the included parts and the parts' other characteristics, but most important are the locating 
schemes. The locating schemes can be optimized with respect to robustness (Lööf et al., 
2009), but there are of course also a number of different practical factors that affect the choice 
of locating schemes.  

1.3. LOCATING SCHEMES 
A positioning system or locating scheme is a way to fixate parts that will be assembled or 
inspected in space. A rigid part has six degrees of freedom; three translations and three 
rotations.  For each rigid part, six points are used to position it. Those points are called 
locators and are realized in the fixture by pins with corresponding holes or slots in the parts or 
with clamps. 

The principles of the so called 3-2-1 locating system are showed in Figure 2. The primary 
points A1, A2 and A3 define a plane and lock the geometry in space in two rotations (RX and 
RY) and one translation (TZ). The secondary points, B1 and B2, define a line and lock the 
geometry in space in one rotation (RZ) and one translation (TY). The tertiary point C1 locks 
the geometry in space in one translation (TX).  
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If the part is non-rigid (compliant), additional points can be added to support the part and to 
avoid a deformation of the part due to gravity or other forces during assembly. Those points 
are called support points and can be of an arbitrary number.  

 

 

FIGURE 2: THE 3-2-1 LOCATING SCHEME. 

The locating schemes are realized by the use of fixtures. In Figure 3, a part, a front fender, is 
positioned in a fixture during inspection with a coordinate measuring machine (CMM). The 
locating schemes will be described in detail later on in the thesis. 

 

FIGURE 3: POSITIONING OF A FRONT FENDER IN AN INSPECTION FIXTURE. 

1.4. VARIATION SIMULATION 
The idea of variation simulation is to be able to predict the geometrical outcome of an 
assembled product or sub-assembly as early on as in the concept phase of the product 
realization cycle. Variation and offset, i.e. deviation from nominal values, are predicted in a 
number of important key characteristics or critical dimensions.  
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The inputs to a variation simulation consist of, among other things, digital models of the parts 
that are to be assembled, in the form of meshes for non-rigid parts. Further, information about 
locating schemes for the parts and also their tolerances (i.e., information about what variation 
can be expected for an individual part) is necessary. If there are any other factors influencing 
the final result, those should of course also be included. This problem is two-sided: first, those 
factors should be identified; and second, they should be implemented and included in the 
simulation model. Good accuracy in variation simulation is necessary if the simulations shall 
be able to replace physical testing and prototypes. The use of simulations does more than 
shorten lead times and effect the economics. It is also important from a sustainable point of 
view. Accurate simulation results lead not only to the increased use of virtual tools, but also to 
reduced risks of misjudgments and thereby also a reduced scrap rate. A reduced scrap rate 
will benefit sustainability, with respect to both economical and ecological aspects. Also, the 
social sustainability is gained by the increased use of virtual tools, since this usually implies 
improved working conditions.  

1.5. RESEARCH QUESTIONS 
The research conducted can mainly be grouped under four general research questions: 

Research Question 1:  
How can statistical methods be used to control variation in production? 

When gathering data about the product and production process, it is important to be able to 
make the most of this data and to quickly discover disturbances in the processes. Further, the 
methods should be as easy to use as possible and give a good overview of the process. Under 
this research question, different methods for root cause analysis (in other words, the analysis 
of inspection data in order to find the reasons of increased variation and offsets) are also 
treated. This is addressed in Paper A. 

Research Question 2: 
How can statistical methods be used to reduce the need for inspection? 

Inspection is a necessary part of geometry assurance, and the activity should not be 
eliminated. But it is a costly procedure and with too much data, there is also a risk that it is 
difficult to get a clear picture of the product/process in question. Therefore, it is important to 
find methods that can reduce the number of inspection points without losing too much of the 
information. This is addressed in Papers B and C. 

Research Question 3:  
How can variation due to joining sequence be reduced? 

The geometry assurance process aims to reduce the variation and deviation in the final 
assembly or product. It can be shown that the joining sequence affects the final outcome. 
Therefore, it is important not only to include this factor in simulations aiming to predict the 
final variation but also to develop methods to find sequences that reduce the variation in the 
final assembly. This is addressed in Papers E and F. 
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Research Question 4:  
How can the accuracy of non-rigid variation simulation be improved? 

The accuracy of the variation simulation is vitally important for its ability to replace physical 
prototypes and test series. An increased accuracy in the variation simulation gives a better 
basis for the decisions that must be made regarding concepts, tolerances and so on in the early 
phases of the product realization cycle. Generally, the accuracy is improved by modeling the 
reality in a better way. This is addressed in Papers D, G and H. 

1.6. OUTLINE OF THE THESIS 
The work that make up this thesis can be divided into three parts and has been somewhat 
dispersed in time. 

The first part of the work, aiming to answer the first research question, deals with methods for 
statistical process control and root cause analysis, where the latter one is a method to find 
causes of geometrical variation in the final product. This work, which constitutes a licentiate 
thesis, was conducted at the Department of Mathematical Science at the University of 
Gothenburg and was done in cooperation with Saab Automobile AB. 

The second part, which mainly deals with how to reduce the number of inspection points 
without losing too much information and how to quantify the term information, was done 
within a MERA-project (Manufacturing Engineering Research Area). This project was a 
cooperative effort between the Department of Product and Production Development at 
Chalmers University of Technology and Volvo Car Corporation. 

The third part was partly done within the MERA-project mentioned above and partly executed 
at the same Department of Product and Production Development. This part deals with 
methods to predict and reduce geometrical variation due to joining strategies and with how to 
improve the accuracy of the variation simulation.  

The outline of the thesis is as follows. In this first section, a brief background and introduction 
to the research area is given. The research questions and limitations are also described. 
Section 2 is the frame of reference aiming to give an overview of previous work and 
knowledge within the research area. The research methodology used in this work is presented 
in Section 3, and the results are summarized in Section 4. In Section 5, the verification and 
validation of the results are discussed. Finally, conclusions and thoughts about future work are 
found in Section 6. 

1.7. DELIMITATIONS 
Since the parts constituting this thesis have been dispersed in time and cover different areas, 
there are different limitations for different parts of the thesis. Therefore, the delimitations 
differ for the different research questions. 

• RQ1: How can statistical methods be used to control variation in production? 

The work grouped under RQ1 is based on the assumptions that all parts are rigid bodies. 



 

6 

 

• RQ2: How can statistical methods be used to reduce the need for inspection? 

The cluster reduction method is based on the repeated measurements of discrete points, 
and those points must be evaluated in the same way from time to time. 

• RQ3: How can variation due to joining sequence be reduced? 

The heat effect from spot welding is neglected. This effect is assumed to only have local 
influence on the assembly. Further, the material models are linear, all forces are applied to 
nodes and it is assumed that the changes in the stiffness matrix due to part and positioning 
variation can be neglected. 

• RQ4: How can the accuracy in non-rigid variation simulation be improved? 

There are a lot of factors affecting the accuracy of a variation simulation. Not all of them are 
covered here. An attempt to identify the most important ones is done, and methods to include 
such factors in variation simulation are suggested for three of the factors.   
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2. FRAME OF REFERENCE 
In this chapter, an overview of previous 
work and knowledge within the 
research area in question is given. 

 

The outline and content of this chapter follow roughly the product realization loop, shown in 
Figure 4. 

 

 

 

 

 FIGURE 4: THE OUTLINE OF THE FRAME OF REFERENCE IN RELATION TO THE PRODUCT 
REALIZATION  LOOP.  

At the concept phase, a number of different concepts are evaluated and compared. Therefore, 
the frame of reference starts with an overview of the idea of robust design. Locating 
schemes turn out to be an important control factor for a robust design and are treated next. 
Another main input to a variation simulation, namely the tolerances, is also considered. 
When discussing tolerances and variation simulation, a number of statistical terms and 
concepts are used. Therefore, a brief overview of some basic statistics is presented. Given 
tolerances and locating schemes, the variation simulation can be treated. The joining method 
considered in this work is mainly spot welding. However, since continuous welding is also 
treated in one of the papers, a short introduction to this topic is given. In non-rigid variation 
simulation, finite element analysis (FEA) frequently occurs. That is why on overview of the 
method is included.  

• Robust Design 
• Locating Schemes 
• Tolerances 
• Basic Statistics 
• Variation Simulation 
• Continuous Welding 
• Finite Element Analysis 

• Inspection 

• Quality Control 

• Optimization 
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During the verification phase and to some extent in the full production phase, inspection is in 
focus. In the production phase, it is important to check the processes to detect disturbances. 
This is why quality control is discussed.  

Finally, there is also a short section about optimization in the frame of references, since one 
of the research question deals with optimization-related issues.  

2.1. ROBUST DESIGN 
As mentioned in the previous section, a robust design is a design insensitive to variation. The 
word robust is used in many contexts to describe products and processes insensitive to various 
kinds of disturbances. In this work, the focus of the robust design is to reduce the sensitivity 
of a concept to manufacturing variation. The ideas of robust design and quality improvement, 
however, were originally introduced by Taguchi (1986). The factors affecting a concept are 
divided into control factors, which are easy to control, and noise factors, which are hard to 
control. Taguchi's idea is to choose the levels of the control factors in such a way that the 
expected loss caused by noise factors is minimized. If those principles are applied to geometry 
assurance, the control factor equals, somewhat simplified, the locating schemes, while the 
noise factor is the variation in parts (Söderberg, 1998); (Söderberg & Lindkvist, 1999).  

All manufacturing processes are afflicted by variation. Therefore, the locating schemes should 
be chosen in such a way that the design concept is robust. The robustness can be evaluated 
using a variation simulation tool (Söderberg & Lindkvist, 1999), where different concepts can 
be compared and iteratively improved. It is also possible to optimize the locating schemes 
with respect to robustness in critical product dimensions (Cai, 2006); (Lööf et al., 2009) or 
with respect to the assembly as a whole (Wang, 1999); (Wang & Pelinescu, 2001). 

2.2. LOCATING SCHEMES 
The idea of location schemes or positioning systems was introduced in the previous chapter, 
but will be described in more detail here, since it is a central concept in geometry assurance.  
As previously mentioned, a locating scheme is used to position and support parts during 
manufacturing operations or inspection. Since a rigid part has six degrees of freedom (three 
translations (TX, TY, TZ) and three rotations (RX, RY, RZ)), six points are used to lock those 
translations and rotations.  In the physical realization of the locating scheme, i.e. in the 
fixture, some of those points can coincide, but a minimum of three locators is always 
necessary. 

Jigs are similar to fixtures, but are used to guide cutting tools during boring and drilling 
operation (Nee et al., 2004). 

If there are deviations or variations in the positioning of parts during the joining process, this 
will lead to errors in the final assembly. Therefore, the robustness of the locating scheme is 
very important in order to achieve a good geometrical outcome of the final product 
(Söderberg & Lindkvist, 1999). The variation in positioning is related to the repeatability of 
the fixture (in other words, with what precision one detail repeatedly can be positioned in a 



 

9 

 

fixture). To examine the repeatability of the fixtures, repeatability studies are made on a 
regular basis.  

Payne and Cariapa (2000) investigate the repeatability of machining fixtures by using a 
measure to quantify the variability contributed by the fixture in a number of inspection points 
on a part. Wärmefjord et al. (2010) describe a method for transforming the variations in 
inspection data into variations in the contacts between workpiece and locators. 

Another source of inaccuracy of the final assembly is the non-simultaneous application of 
clamping forces on the workpiece (Chang et al., 1997). 

The design of the fixture affects not only the geometrical outcome of an assembly, but also 
the production efficiency (Nee et al., 2004). To decrease the manufacturing cycle time, it is 
important to keep the time for loading and unloading the fixture to a minimum. 

Söderberg et al. (2006) describe different kinds of locating schemes. The locating scheme can 
be orthogonal or non-orthogonal. For an orthogonal system, the locating directions are 
orthogonal to each other. 

• 3-2-1 locating scheme (orthogonal): 

Three points A1, A2 and A3 define the primary locating plane and lock TZ, RX and 
RY. The second locating plane is defined by the points B1 and B2, locking TX and 
RZ, while the last point, C, defines the last locating plane and locks TY. All planes are 
perpendicular to each other. This kind of locating scheme is shown in the left part of 
Figure 5. 

• 3-point locating scheme (orthogonal): 

This is a special case of the 3-2-1 locating scheme using only three different points in 
the locating scheme, since A1=B1=C and A2=B2. This locating scheme is shown in 
the right part of Figure 5. 

• 3 directions locating scheme (non-orthogonal): 

The points A1, A2 and A3 define the primary locating direction. Those points are not 
necessarily located in the same plane on the workpiece. The second locating direction 
is defined by the points B1 and B2. This direction may be non-orthogonal to the A 
direction. The third locating direction is defined by C1, and the direction C may be 
orthogonal to the directions A and/or B. This kind of locating scheme is shown in the 
left part of Figure 6. 

• 6 direction locating scheme (non-orthogonal): 

All six points, D1-D6, define the locating directions, perpendicular to the locating 
surfaces of the parts. This kind of locating scheme is shown in the right part of Figure 
6. 



 

10 

 

For non-rigid parts, the purpose of the locating system is not only to fixate the workpiece in 
space, but also to support the workpiece to counteract the effect of gravity and other forces. 
To achieve this, a number of support points exist in addition to the six main locators.  

 

 

FIGURE 5: LEFT PART SHOWS A 3-2-1 LOCATING SCHEME AND RIGHT PART SHOWS A 3-POINT 
LOCATING SCHEME (SÖDERBERG ET AL., 2006). 

 

FIGURE 6: LEFT PART SHOWS A 3 DIRECTION LOCATING SCHEME AND RIGHT PART SHOWS A 6 
DIRECTION LOCATING SCHEME (SÖDERBERG ET AL., 2006). 

2.3. TOLERANCES  
According to Zhang & Wang (1994), the tolerance is one of the most important parameters in 
product and process design and is defined as the maximum deviation from nominal 
specification within which a part is acceptable for its intended purpose. A tolerance is often 
defined by specifying an upper specification limit (USL) and a lower specification limit 
(LSL). 

The tolerances are, in addition to the locating schemes, one of the main factors affecting the 
geometrical outcome of an assembly. In the early stages of the product development phase, 
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the locating scheme can be optimized with respect to geometrical robustness without any 
additional costs. Tight tolerances are another way to achieve a good geometrical outcome, but 
this is normally associated with an increased cost and is generally desirable to avoid. 

There are tolerances not only for size but also for the form and position of different features. 

Tolerancing can be done top-down or bottom-up. The top-down strategy, used at, for 
example, Volvo Car Corporation (PE Geometry Development AB, 2007), means that a 
breakdown is made from the specification of the complete product. The most important areas 
on single part level are given tight tolerances, while less important ones are given wider 
tolerances. Using this methodology, it is necessary to be able to predict the final outcome of 
an assembly by calculating the tolerance chains. The problem is illustrated in Figure 7, where 
the tolerance t of a critical dimension D on an assembly shall be broken down into tolerances 
t1, t2 and t3 on part level. Different methods for doing this are described in Section 2.5.1. 

Top-down tolerancing is also described in (Lööf et al., 2007); (Söderberg, 1993); (Söderberg, 
1994); (Söderberg, 1994); (Söderberg, 1995). 

 

FIGURE 7: TOLERANCE ALLOCATION 

Using the alternative, the bottom-up strategy, means that a generic or experience based 
tolerance is set on different parts. Those tolerances are then leading to final tolerances on the 
finished product.  

In reality, the methods are however quite similar, since a top-down strategy usually implies an 
iterative bottom-up way of working. 

Hong & Chang (2002) give a comprehensive review of different issues related to tolerancing.  

2.4. BASIC STATISTICS 
When discussing tolerances and variation simulation, a number of statistical ideas and 
concepts frequently occur. Therefore, a brief overview of some statistical terms used later on 
in this work will be given here. 
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Statistics involves the interpretation of data and how to draw correct conclusions about a 
population, given only a sample of limited size. In order to do this, it is often necessary to 
create some kind of model of reality. A model that describes the range of possible values for a 
continuous random variable, X, and the probability that the value of X is within any subset of 
that range is called a probability density function of X. One of the most common density 
functions is the normal density function, and a random variable following that model is said to 
be normally distributed. Inspection data from complex products often follow this distribution. 
Therefore, only the normal distribution is considered here.  

Some basic statistical concepts for a continuous random variable X are given in Table 1. This 
kind of information can be found in any basic statistical textbook (see, for example, Larsen & 
Marx (1986)). 

Notation Formula 
 

Remarks 

Expected value 
𝜇 = 𝐸[𝑋] = � 𝑥𝑓(𝑥)𝑑𝑥

∞

−∞

 
The mean value of the whole 
population. 
 

Mean value �̅� =
1
𝑛
� 𝑥𝑖

𝑛

𝑖=1
 

An estimate of the expected 
value based on a sample 
𝑥1, 𝑥2, … , 𝑥𝑛. 

Variance 𝜎2 = 𝐸[(𝑋 − 𝜇)2] 
= 𝐸[𝑋2] − 𝐸[𝑋]2 

 

Standard deviation 𝜎 = �𝜎2  

Sample variance 𝑠2 =
1

𝑛 − 1
� (𝑥𝑖 − �̅�)2

𝑛

𝑖=1
 

An estimate of the variance 
based on a sample 
𝑥1, 𝑥2, … , 𝑥𝑛. 

Capability index 𝐶𝑝 =
𝑈𝑆𝐿 − 𝐿𝑆𝐿

6𝜎  
Normal distribution is 
assumed (see also Section 
2.9). 

Adjusted capability index 𝐶𝑝𝑘

= min {
𝑈𝑆𝐿 − 𝜇

3𝜎 ,
𝜇 − 𝐿𝑆𝐿

3𝜎 } 

Normal distribution is 
assumed (see also Section 
2.9). This index takes the 
expected value into 
consideration. 

Normal density function 
𝑓(𝑥) =

1
√2𝜋𝜎2

𝑒−
(𝑥−𝜇)2
2𝜎2  

 

Distribution function  𝑃{𝑎 < 𝑋 < 𝑏} = 𝐹(𝑏)
− 𝐹(𝑎)

= � 𝑓(𝑥)𝑑𝑥
𝑏

𝑎
 

Those values are usually 
looked up in statistical tables. 

 

TABLE 1: SOME BASIC CONCEPTS IN STATISTICS.   

http://en.wikipedia.org/wiki/Random_variable�
http://en.wikipedia.org/wiki/Probability�
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In Figure 8, the density function f(x) of a standardized (i.e., 𝜇 = 0,𝜎 = 1), normally 
distributed random variable is plotted together with specification limits equal ±3 standard 
deviations. This illustrates the situation when  𝐶𝑝 = 𝑈𝑆𝐿−𝐿𝑆𝐿

6𝜎
= 1 , which corresponds to 

99.73% of the produced items within the specification limits. 

 

FIGURE 8: A STANDARDIZED NORMAL DISTRIBUTION. 

2.5. VARIATION SIMULATION 
As indicated in Section 2.3, it is desirable to have a method or tool for predicting the variation 
in the final product or sub-assembly, given tolerances and other information on part level and 
information about the assembly process. These kinds of tolerance stack up calculations are 
usually gathered under terms like variation analysis, variation simulation or tolerance 
analysis.  In this section, some of the different methods will be described and the accuracy of 
the simulations will be discussed. In the work within this thesis, the software RD&T (RD&T 
Technology, 2009) has been used and some of the different kinds of analyses supported in this 
tool will be described, since they illustrate some of the issues within this area.  

According to Zhang & Wang (1994), different issues within tolerancing are the following: 

• Tolerance allocation/synthesis: How to distribute tolerances to individual parts (top-
down). 
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• Tolerance optimization: How to reduce manufacturing costs, but still produce assemblies 
within specifications. 

• Tolerance analysis/accumulation: How the tolerances on individual parts stack up to affect 
a final assembly dimension (bottom-up). 

Tolerance allocation and tolerance analysis are of course closely related since both are about 
how tolerances stack up or accumulate. 

 

2.5.1. TOLERANCE ACCUMULATION 
There are two main approaches to statistical tolerance analysis: the Monte Carlo simulation-
based approach and deterministic methods, often based on Taylor's series expansion. Both 
approaches aim at finding the resulting tolerance in the final assembly, given tolerances on 
parameters describing the input. 

The Monte Carlo method performs the prediction of the final variation of an assembly by 
using a random number generator that selects values for each toleranced parameter, based on 
the type of statistical distribution assigned by the designer. This is repeated a large number of 
times, thereby generating a distribution for critical dimensions of the final assembly. 

The main characteristics of the two respective methods are that the Monte Carlo simulations 
are said to be exact but time-consuming, while the deterministic methods sometimes lack 
accuracy, are somewhat complicated to use, but are usually not as computer-expensive as the 
Monte Carlo method.  

Since the key question is how the tolerances on individual parts stack up to affect a critical 
dimension of the final assembly, the assembly function that describes the relationship between 
input and output to a variation analysis is of vital interest. Suppose that X is a stochastic 
variable representing the input to variation simulation, that Y=f(X) is the resulting variable 
describing the critical dimension and that f is the assembly function. The expected value and 
variance of Y are sought. The assembly function describes the tolerance accumulation in one, 
two or three dimensions. 

The function f is often approximated, using Taylor expansion, as 

 𝑌 = 𝑓(𝜇1, 𝜇2, … , 𝜇𝑛) + ∑ 𝑎𝑖(𝑋𝑖 − 𝜇𝑖)𝑛
𝑖=1 , [1]  

 

where the assembly function f relates n inputs Xi to the critical dimension Y. The sensitivity 

coefficients 𝑎𝑖 = 𝜕𝑓
𝜕𝑋𝑖

(𝜇𝑖) describe the sensitivity of the given concept. Each input Xi is a 

stochastic variable, following a certain distribution and having expected value 𝜇𝑖  and 
variance 𝜎𝑖2. The tolerances of Xi are ±𝑡𝑖. The accumulated tolerance of the final assembly is 
denoted T and can be calculated in some different ways. An overview is given in Chase & 
Parkinson (1991). Some of the most frequently used are listed in Table 2. 
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In worst case tolerancing, all dimensions are assumed to be in their worst conditions. The 
worst case technique guarantees assembly and function of finished products regardless of 
which components are used in the assembly, as long as the components are within their 
specification limits.  

In reality, the probability that all dimensions contributing to the final result of an assembly 
will be at their worst case condition is very low. Instead, most of the dimensions are 
distributed close to their mean values. In statistical tolerancing, the possible values for a 
dimension of a component are described by the distribution function for the dimension in 
question. Using the root sum square (RSS) method, and different modifications of the RSS 
method, all component dimensions are assumed to follow a normal distribution. 

The worst case method gives results that are too pessimistic, while the RSS gives results that 
are too optimistic (Nigam & Turner, 1995). Therefore, some modified versions or 
combinations of the both methods are constructed, as presented in Table 2. 

Accumulation Model Name Comment 

( )∑
=

=
n

i
ii taT

1  

Worst case Dimensions are assumed to 
be in their extreme 
tolerance values. 

( )
2

1
∑
=

=
n

i
ii taT

 

RSS Assuming that the 
dimensions follow a normal 
distribution. 

( )
2

1
∑
=

⋅=
n

i
ii tacT

 

Modified RSS 

 

Using a correction factor c, 
often equal to 1.5, to add an 
extra safety limit. 

( ) ( )

2

2

11
∑∑
==

+
=

n

i
ii

n

i
ii tata

T
 

Spotts RSS model Mean value of worst case 
and RSS. 

( ) ( )
2

11
)1(∑∑

==
−+=

n

i
iii

n

i
iii tamtamT

 

Estimated Mean shift 
model 

mi is the mean shift factor 
for dimension i, where 0 ≤ 
mi ≤ 1. 

 

TABLE 2: SUMMARY FROM CHASE & PARKINSON (1991) AND WU ET AL. (1988), CREATED BY LÖÖF 
(2010).  

2.5.2. 3D MODELS FOR APPLIED TOLERANCE ANALYSIS 
An assembly model can be constructed to take one, two or three dimensions into 
consideration. In 1D, only tolerances in the same direction as the evaluated measure 
contribute to the result. In 3D, rotations also affect the final result. This is illustrated in Figure 
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9. Here, variation in the y-direction is evaluated and illustrated using color coding. The 
tolerances, illustrated with red arrows, are in the z-direction. In the right part of the figure, the 
result from a 3D model is shown. The rotations of the part lead to variation in the y-direction. 
In the left part of the figure, the result from a 1D model is shown. Here, the tolerances in the 
z-direction do only affect the variation and the z-direction. Consequently, there is no variation 
at all in the y-direction. Modern methods for variation simulation take the 3D behavior into 
consideration, and only such methods will be considered in this work.  

 

FIGURE 9: VARIATION IN THE Y-DIRECTION IS EVALUATED. THE TOLERANCES, WHICH ARE IN THE 
Z-DIRECTION, ARE ILLUSTRATED WITH RED ARROWS. IN THE RIGHT PART OF THE FIGURE, A 3D 
MODEL IS USED WHILE A 1D MODEL IS USED IN THE LEFT PART.  

The parts in a variation simulation can be modeled as rigid or non-rigid parts. Thin sheet 
metal parts, common in the automotive industry, should be treated as non-rigid to achieve 
good accuracy in the variation simulation, while thicker parts may be treated as rigid. To 
handle non-rigid parts, variation simulation is usually combined with FEA. 

Further, the assembly function f can be linear or nonlinear. However, Cai et al. (2006) show 
that linear models are only valid if the parts do not penetrate and that nonlinear models 
generally should be used for accurate assembly dimension prediction. The most common 
approach to handle nonlinear assembly functions is Monte Carlo simulations. The Monte 
Carlo simulations are usually enclosed in simulation software where a total sensitivity matrix 
is implicitly defined by a FEA-based simulation model describing all mating conditions, 
kinematic relations and non-rigid behavior. Most commercial software for tolerance analysis 
are based on Monte Carlo simulation. 

Methods for the tolerance analysis of rigid parts have been investigated by a number of 
authors. One of the first survey papers was written by Evans (Evans, 1974) and (Evans, 1975) 
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in the middle of the seventies. During the following years, the interest on tolerancing issues 
increased. An extensive survey on this can be found in Chase & Parkinson (1991). Gao et al. 
(1998) developed a deterministic model called “direct linearization method” for rigid models, 
based on linearization of the assembly function. 

In the late 90’s, non-rigid tolerance analysis began to develop. Cai et al. (1996) proposed the 
‘N-2-1’ locating scheme to handle compliant parts and investigated its impact on geometrical 
quality. Merkeley et al. (1996) studied part flexibility and demonstrated its significance in 
tolerance analysis. Hu & Koren (1997) created a model for how dimensional variation 
propagates in non-rigid assemblies. Hsieh & Oh (1997) developed the software called EAVS 
(Elastic Assembly Variation Simulation) to predict the geometrical variation for multi-station 
assembly processes.  

Hu et al. (2001) considered variation analysis combined with FEA. They took part variation, 
assembly tooling variation, welding distortion and spring back effects into consideration. 

Camelio et al. (2003) developed a methodology to evaluate the dimensional variation 
propagation in a multi-station compliant assembly system based on linear mechanics and a 
state space representation. Jaime et al. (2004) presented variation modeling of a compliant 
assembly based on geometric covariance analysis. Cai (2008) suggested a fixture optimization 
model, formulated to minimize the assembly dimensional variation under welding gun 
variation. A deterministic assembly model was used. 

Cid et al. (2007) investigated the influence of components’ geometrical variations on 
functional conditions. Finally, Wang & Ceglarek (2009) presented a beam-based deterministic 
variation model that can be used in early design phases. 

2.5.3. DIFFERENT KINDS OF ANALYSES IN  RD&T 
There are various commercial software for variation simulation, and most of them are based 
on Monte Carlo simulations. In this section, the different kinds of possible analysis in one of 
the software, RD&T (Robust Design and Tolerancing), used in many of the studies in this 
work, will be described in order to illustrate the possibilities in such software.  

RD&T is implemented in the MS Windows environment using Visual C++ and has 
IGES/VRML/JT and ABAQUS interfaces (RD&T Technology, 2009). It is used for variation 
simulation at a number of different companies, such as Volvo Car Cooperation, Volvo 
Trucks, Ford Europe, Jaguar/Land Rover and Renault Trucks. It is based on Monte Carlo 
simulations and includes a FE solver for non-rigid analyses. To analyze a compliant part or an 
assembly, meshes for each included part must be imported as files from a FEA system. The 
stiffness matrices for both parts and assemblies are then calculated in the tool. The unit 
displacement method is used to create sensitivity matrices, corresponding to specified sets of 
clamping and welding points. Since FEA meshes are imported and used inside the tool, this 
solution does not require the FEA system during analysis. The main benefit with this is that 
once the meshes are imported, the user is free to define and analyze different locating, 
clamping and welding layouts without communication with a FEA program. However, it is 
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necessary to know the material properties and thickness of the included parts. Of course, it is 
also possible to run simulations with rigid parts or a mixture of rigid and non-rigid parts. 

As described by Söderberg (1998) and Söderberg et al. (2006), there are three main analysis 
tools in this software: 

The stability analysis, evaluates the geometrical robustness of a locating scheme (Söderberg 
& Lindkvist, 1999). The result can be presented as a stability matrix or by using color coding 
(see Figure 10).  

 

FIGURE 10: AN EXAMPLE OF A STABILITY ANLYSIS IN RD&T. THE RED COLOR REPRESENTS AREAS 
WITH A LARGE AMPLIFICATION OF VARIATION, WHILE THE BLUE COLOR REPRESENTS AREAS 
WITH A LOW AMPLIFICATION LEVEL. 

The idea of the stability analysis is to vary each locating point, one at a time, with a small 
increment Δinput and investigate the resulting quote Δoutput/Δinput in a number of points 
representing the geometry of the parts. The RSS-value for all points can be shown in color-
coding. The blue areas represent stable areas, where the amplification of the variation in the 
locators are small, while the red areas represent areas with a large amplification. By using this 
analysis, different locating schemes can be compared and evaluated as early on as in the 
concept phases of the product realization cycle. It is also possible to optimize the locating 
schemes with respect to overall robustness (Wang, 1999); (Wang & Pelinescu, 2001) or with 
respect to some critical dimensions (Lööf et al., 2009).  
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A statistical variation simulation is the very core of the simulation tool. Here, Monte Carlo-
based simulations are conducted in order to analyze the tolerance stack up and to predict the 
variation in the final assembly. In Figure 11, an example of the predicted result in a critical 
dimension is shown. A lot of information can be extracted from such a simulation, including 
distribution, mean value, variation and capability. In this case, the capability in the inspection 
point in question is quite low, and the requirements are not fulfilled. 

 

FIGURE 11: THE RESULT OF A VARIATION ANALYSIS FOR A SPECIFIC INSPECTION POINT. 

Finally, a contribution analysis can be used to calculate the relative importance of each input 
on the outputs. This means that for a critical dimension, the input parameters (in other words, 
the tolerances on the different parts of the assembly) can be ranked and their contribution can 
be determined. This analysis is very useful when a requirement is not fulfilled and some of the 
tolerances contributing to the result must be reduced. A contribution analysis is run for the 
same inspection point that was used for illustration of the variation analysis in Figure 11. In 
Figure 12, the result is shown. Since the variation analysis showed that the requirements on 
this point will not be fulfilled (i.e., the capability is low) either the concept, for example the 
locating scheme, should be improved, or the contributing tolerances should be tightened. In 
the latter case, the contribution analysis shows that among the influencing tolerances, the 
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tolerances in the welding points on the upper part is the largest contributor, with a 
contribution of 25.3% to the total result. Therefore, it can be a good idea to start with 
tightening that tolerance. 

The contribution analysis is done by varying the influencing parameters, one at a time, at 
three levels (high, low, mean) and registering the result.  

 

FIGURE 12: A CONTRIBUTION ANALYSIS FOR A SPECIFIC MEASURE. 

2.5.4. ACCURACY IN VARIATION SIMULATION 
Virtual tools, such as simulation tools, usually aim at replacing physical tests. To do this in a 
successful way, it is very important that the simulations have good accuracy (in other words, 
that the simulated outcome and the real outcome are as similar as possible). The gap between 
the two outcomes should be as small as possible (see Figure 13).  
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FIGURE 13: SIMULATED AND REAL OUTCOME IN FOUR DIFFERENT INSPECTION POINTS. THE 
DIFFERENCE BETWEEN THE TWO OUTCOMES SHOULD BE MINIMIZED. 

To achieve good accuracy in a Monte Carlo-based variation simulation, it is important to 
include as many of the factors that affect the outcome of an assembly as possible. Such factors 
are listed in the chart shown in Figure 14, although the list may not be complete. The most 
obvious factors, for example representative part geometries and correctly defined locating 
schemes, are excluded. In the figure, the following factors can be found: 

• The assembly sequence is shown to affect the geometrical outcome (Spensieri et al., 
2009) and should therefore be included in the simulation.  

• The fixture repeatability is treated in Paper G.  
• Clamping sequence as well as joining sequence are shown to have effect on the final 

geometrical outcome by Xie and Hsieh (2002), who use a genetic algorithm to 
optimize spot welding/clamping sequence and cycle time. Welding sequence for spot 
welding is treated in Papers E and F. More about welding is found in the next section.  

• Forces might arise due to variations in parts and fixture, but also due to other kinds of 
process deviations, such as variation in welding guns, and those naturally affect the 
result.  

• The influence of heat for continuous welding has substantial influence on the 
geometrical outcome of the assembly; this is investigated in Paper H.  

• Other welding parameters, such as welding speed and direction, might also affect the 
result.  

• If parts or tools are non-nominal, the parts might penetrate during the simulation of an 
assembly. To avoid this non-realistic phenomenon, contact modeling is used. The 
inclusion of contact modeling has great influence of the geometric outcome and 
implies an obvious improvement of the accuracy of the variation simulation (see Paper 
D).  
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• In order to be able to predict springback accurately, it is important to have information 
about the material model, inherent stresses from previous steps and parameters such as 
material thickness, Poisson ratio and modulus of elasticity.  

• The mesh quality is also important.  
• When it comes to statistical parameters, it is of course important to have realistic 

distributions or inspection data of good quality and a sufficient number of samples. 

 

FIGURE 14: FACTORS THAT SHOULD BE INCLUDED IN A VARIATION SIMULATION IN ORDER TO 
ACHIEVE GOOD ACCURACY. FACTORS MAKED WITH * ARE TREATED IN PAPERS INCLUDED IN THIS 
THESIS. 

2.5.5. THE EFFECT OF WELDING ON TOLERANCE ANALYSIS 
One of the factors that should be included in a variation simulation, as outlined in Figure 14, 
is the joining sequence. The joining process can consist of riveting, gluing, welding, et cetera. 
In this work, the focus is on welding, and to be more precise, on spot welding. The spot 
welding sequence (i.e., in what order the weld spots will be executed when two parts are 
joined together using spot welding) affects the final geometrical outcome of an assembly. The 
geometrical variation in critical dimensions of a sub-assembly will, in most cases, differ if the 
welding sequence is altered. Therefore, it is important to find methods, not only to predict the 
outcome given a certain welding sequence, but also to find an optimal sequence with respect 
to geometrical variation.   

Preferably, this optimal spot welding sequence should be specified in the early phases of the 
product development process, before the tools and processes are completely determined. By 
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using simulation tools as described in previous sections, different design concepts, including 
different welding sequences, can be evaluated and compared to each other.  

The task of finding a good welding sequence is a fast growing problem. If there are N 
different spot welds, those can be applied in N!=N*(N-1)*…*1 different sequences. This 
means that the option of testing all different possibilities soon becomes unreasonable. 
Therefore, there is demand for a method for finding a good sequence without testing all 
possible alternatives.   

The effect of the spot welding sequence is investigated by Liu & Hu (1995), but they do not 
include the phenomenon in variation simulation. They present two principles for minimizing 
the dimensional variance; namely to weld from weak to strong and to weld simultaneously if 
possible. Lee et al. (2009) examine how welding sequences for continuous welding can be 
included in variation simulations by using a pre-generated database. Wärmefjord et al. (2010) 
(2010) include the welding sequence in variation simulation and verify the result on an 
industrial case study. They also investigate different strategies for finding an optimal welding 
sequence with respect to geometrical variation.  

Hu et al. (2001) investigate the effect of the welding sequence on a dash panel assembly. 
They propose a numerical simulation method for compliant assemblies, including the 
possibility to simulate different welding sequences, and verify their results using experimental 
data.  

Shiu et al. (2000) investigate the relationship between stress build-up due to different spot 
welding sequences and the resulting dimensional variation. General guidelines for welding 
sequences are also established.  

Genetic algorithms suitable for these kinds of problems are suggested by Bean (1994) and 
Huang et al. (1997). Liao (2005) describes how to find the optimal number and position of the 
spot welds using a genetic algorithm for minimizing an objective function, which is the 
weighted sum of the deviations and/or variation in the inspection points. Xie and Hsieh (2002) 
also use a genetic algorithm to find spot welding sequences that minimize deformation in 
user-defined points. They also take cycle time into consideration. The algorithm is 
implemented in the software EAVS (Elastic Assembly Variation Simulation).  However, this 
work considers only deformation, not variation. Segeborn et al. (2010) apply a genetic 
algorithm on an industrial case and evaluate its result.  

Xiong et al. (2002) built a mathematical model for variation prediction taking locator errors, 
part errors and welding errors into account. However, the welding errors must be specified as 
an input to the model and dependency between part error and the resulting welding error is 
not taken into account. 

Not only is the sequence of interest when studying the spot welding process. The number of 
spot welds and their positions also affect the final geometrical outcome. However, those 
parameters are usually set by strength requirements and are used as input to the work in this 
thesis.  
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Usually, the spot welds are executed in several robot stations in the assembly line. The idea of 
the spot welds set in the very first joining station is that they will lock the geometry. These 
welding points are called geometry points. After the geometry points are welded, the 
assembly can be released from its fixtures and the remaining spot welds can be welded in one 
of the following stations. However, different welding orders for the geometry points give rise 
to different forces and, therefore, different displacements in the final assembly as well. For the 
re-spot points, the welding sequence should be chosen mainly with respect to cycle time. 

The spot welding gun has two electrodes, which are applied from either side of the sheet 
metal parts. When the parts are in contact, an electric current is applied and the result is a 
small spot, heated to the melting point, in which the parts are joined. The amplitude and 
duration of the current are chosen to match the specific case. Another important question is 
how much force is needed to bring the parts to be welded in contact. This depends on the 
original shape and position of the parts, which may be affected by geometrical variation, and 
of course the stiffness of the parts. For nominal parts, the parts should be in contact after 
positioning and clamping. However, this is not always the case for non-nominal parts. If the 
parts and fixtures are nominal, the welding sequence will not affect the geometrical outcome.     

The spot welding gun is usually a balanced or a position gun. Both types have two weld pins 
that are applied simultaneously from each side of the metal sheets in order to connect the 
parts. With a balanced gun, equal forces are applied to the welding pins. Therefore, the sheet 
metal parts will meet in a position of equilibrium. When a position gun is used, the welding 
pins will meet each other in a fixed position, no matter what the position or stiffness of the 
sheet metal parts are. Therefore, even if the parts are deflected, they will still be forced to 
move to that fixed position when the welding gun is applied. The different kinds of welding 
guns give disparate results, and the type of welding gun must, therefore, be specified. In this 
work, balanced guns are used.  

During the welding process, heat is generated of course. This may lead to the deformation of 
parts. For spot welding, though, this deformation is of minor importance (Cai et al., 2005). 
The residual stresses in spot welds are investigated by Henrysson et al. (1999). 

2.6. THE EFFECTS OF CONTINUOUS WELDING ON GEOMETRICAL OUTCOME 
The effect of continuous welding and how deviations due to welding can be simulated are 
large research areas, and no claims are made to covering those subjects in this thesis. 
However, since the effects of welding on geometrical outcome are included in Paper H 
through the cooperation with another research group, a brief introduction to the area will be 
given here. This overview is based on Lundbäck (2003), Weman (2007) and The Welding 
Institute (1968). 

There are a large number of different welding methods. The main idea in welding is to melt 
the workpiece, and in many cases add a filler material, to form a pool of molten material that 
cools to a strong joint between the workpieces. In resistance welding, which spot welding is 
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an example of, the melting of the workpieces is done by passing a current through the 
resistance caused by the contact between two or more metal surfaces. 

During the welding process, a local area is heated up rapidly. The material expands due to 
this. However, since it is surrounded by colder and stronger material, the expansion is 
restricted. This leads to thermal stress, and plastic strains will develop in the weld region. 
When the weld cools down, the material will shrink and be “too small”, which leads to 
residual stress. There might also be inherent stress present in the material, caused by 
operations such as rolling, forming and bending. The heat applied during welding will tend to 
relieve this stress. The deformations due to welding are driven by thermal expansion 
(temporary deformation) and residual stress (permanent deformations). From a geometrical 
point of view, it is desirable to reduce residual stress in the welding process, but that is out of 
the scope of this work.  

Welding simulation aims to predict such things as residual stress, distortions and micro-
structural changes after welding. From a geometrical point of view, the distortion is the 
parameter of main interest.  

In Pahkamaa et al. (2010), welding simulation and variation simulation were combined. It 
turned out that those two kinds of simulations should be combined in order to predict the 
outcome of a welded assembly accurately. One reason was because the effect of welding is 
crucial for geometrical deviations and variation. Another was because there is a large 
difference between applying the welding simulations on nominal or non-nominal parts. The 
results from welding simulation and variation simulation cannot be superposed to predict the 
final result either. Lee et al. (2009) use a pre-generated database to include the effect of 
welding in variation simulation. However, they do not consider the coupling effect between 
part tolerances and welding distortions.  

Just as in spot welding, the welding sequence is an important parameter for the final 
geometrical result. An approach for the optimization of the welding sequence with respect to 
displacement was suggested by Voutchkov et al. (2005). They propose a surrogate model to 
reduce the computational expense and get satisfying results with quite a small number of FEA 
runs. Genetic algorithms are also used to find optimal sequences for continuous welding (see, 
for example, Kadivar et al. (2000)). There is, however, no work done to optimize the welding 
sequence using combined welding simulations and variation simulations.   

2.7. THE FINITE ELEMENT ANALYSIS IN VARIATION SIMULATION 
Finite element analysis is a numerical technique, used to solve a diversity of problems when 
finding an analytic solution is too complicated. FEA is also a standard method in non-rigid 
variation simulation. 

The idea of FEA used in non-rigid modeling is to discretize the geometry using a collection of 
finite elements. Those elements are joined by shared nodes. The finite elements and nodes 
together form a mesh. In non-rigid analysis, the displacements in the nodes are of 
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fundamental interest. Those displacements depend on forces applied to the geometry, which, 
for example, can be caused by variation in single parts or fixtures. 

It is also necessary to know the stiffness of the material, i.e. how resistant each node is to 
deflection when exposed to an applied force. This information is included in the so-called 
stiffness matrix. 

Finite element analysis is used to solve equilibrium equations, where the sum of the forces 
must be in balance. Assembly deviations can be predicted through the use of this method.  

The direct Monte Carlo simulation, combined with FEA, is a standard technique for the 
variation prediction of non-rigid parts. However, since a large number of runs are required to 
achieve satisfactory accuracy, the method is very time-consuming if a new FEA calculation is 
executed in each run. Liu & Hu (1997) presented a technique called Method of Influence 
Coefficients (MIC) to overcome this drawback. The main idea of their method is to find a 
linear relationship between part deviations and assembly spring-back deviations. A sensitivity 
matrix, constructed using FEA, describes that linear relationship. This sensitivity matrix is 
then used in the simulations, and a large number of FEA calculations can be spared. The 
method was used by Camelio et al. (2003), who applied it to a multi-station system. 
Dahlström & Lindkvist (2004) investigated how to combine MIC with contact modeling.  

2.8. INSPECTION      
During the building of physical test series and prototypes, inspection is an important activity 
in order to learn as much as possible about the product and the processes. When full 
production starts, the main goal of inspection shifts towards quality control and the detection 
of deviations and variation. A lot of different aspects of inspection are discussed in Winchell 
(1996). 

Of course, it would be ideal to be able to rely on the premise that only acceptable items are 
produced and to be able to do that without inspection. However, for most manufacturers, that 
seems quite unattainable. Instead, inspection is an inevitable part of the manufacturing 
process. An efficient inspection process can lead to the faster detection of deviations, thereby 
avoiding costly adjustments and cassations. The advantages of inspection are difficult to put a 
figure on, according to Kunzmann et al. (2005).  

The inspection of a part or assembly can be done by manual inspection, by inline inspection, 
by the use of checking fixtures or by coordinate measurement machines (CMMs). Each 
method has its advantages and drawbacks when it comes to accessibility, precision, accuracy 
and cost. When discussing inspection, the following terms are frequently used, which justifies 
defining them clearly (Winchell, 1996):  

• Accuracy: The closeness of the measurement to the true value of the characteristics 
(see Figure 15). 

• Precision: The degree of agreement of measurements made under the same conditions 
(see Figure 15). The precision can be judged using: 
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o Repeatability studies: Repeated measurements made under the same conditions 
(i.e., precision under the same conditions). 

o Reproducibility studies: Repeated measurements using the same test procedure 
but different operators (i.e., precision under different conditions). 

 

FIGURE 15: ILLUSTRATION OF ACCURACY AND PRECISION. 

In a repeatability or reproducibility study, the inspection error is an important aspect. The 
inspection error should of course be minimized to the utmost possible extent, but this is also a 
question related to costs. Therefore, it is valuable to compare the size of the measurement 
error to the magnitude of the standard deviation of the features to be measured. Wetherill & 
Brown (1991) point out that measurement error is not very serious if the standard deviation of 
the measurement procedure σe is smaller than σ0/2, where σ0 is the standard deviation of the 
feature to be measured. This may seem to be a large measurement error, but the idea is that 
the actual observation will then have a standard deviation of  

 �𝜎02 + 𝜎𝑒2  =  𝜎0�1 + 𝜎𝑒2

𝜎02
 . [2]  

Without any measurement error, the standard deviation would be σ0, so the factor �1 + 𝜎𝑒2

𝜎0
2 is 

the inflation of the true standard deviation due to measurement error. If 𝜎𝑒 = 𝜎0/2, then the 

inflation factor equals �1 + 1
4
≈ 1.12  and an error equal or less than 12% is probably 

acceptable in most cases. 

An interesting question related to inspection is where to put the inspection points. Key 
characteristics are of course interesting to measure, to make sure that the requirements on 
those are fulfilled. Locators from previous assembly steps might also be interesting to 
measure, to facilitate potential fault-localization procedures. Inspection points aimed to 
control the assembly process can, somewhat simplified, favorably be positioned at sensitive 
areas according to a sensitivity analysis (described in Section 2.5.3). This supports the 
diagnosis of fixture-related faults. Allocations of sensors for the purpose of diagnosis in a 
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single station are treated by Khan & Ceglarek (2000). For multi-stations assembly process, 
see Ding et al. (2003).   

For a general inspection strategy, a survey is given by Mandroli et al. (2006). Here, a 
minimization of the total manufacturing costs associated with quality appraisal and failure is 
considered.      

2.9. QUALITY CONTROL AND ANALYSIS OF INSPECTION DATA 
Given inspection data of good quality, it is also important to analyze data in a proper way and 
to learn from this. A concept of frequent occurrence in this area is capability. The capability 
indices, defined in Table 1, are measures of how many products outside the specification 
limits can be expected. The capability indices should in most cases be larger than 1.33 and 
sometimes recommendations of 1.67 are used (Montgomery, 2005). 

Capability indices are a good generic measure of the process’s capability to produce items 
within the specification limits. Unfortunately, capability index are also often misused in 
industry. In order to be able to use the capability indices in a proper way, some general 
assumptions must be fulfilled:  

• The quality characteristic has a normal distribution. 
• The process is in statistical control. 
• The standard deviation and the expected value must be properly estimated, and this 

estimate must be based on a sufficient number of inspected items. 

The inspection has several purposes, and the way inspection data should be analyzed 
obviously depends on those purposes. If the purpose is to use inspection data to monitor the 
process in order to detect disturbances, control charts can be used. The idea of a control chart 
is to plot a statistic, for example the mean value of the range, for an inspection point. Control 
limits are plotted as well, and observations outside the control limits imply that the process is 
out of control. The control limits are estimated from inspection data and correspond to the 
natural variation that can be expected in the process, on the assumption that no special causes 
of variation or deviation are present. In Montgomery (2005), different control charts are 
described. Some of the most widespread charts are also described in the appendix of Section 
2, Paper A, in this thesis. 

Problems with the traditional charts and ideas about how to solve these problems are 
presented in Stoumbos et al. (2000).  

If several related points should be monitored at the same time, a multivariate control chart can 
be used. By using a multivariate chart, the number of control charts can be reduced, leading to 
a better survey of the processes.  Furthermore, the relationships between the points are taken 
into consideration. An overview of multivariate control charts is given in Montgomery (2005)  
(2005). 
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Since a multivariate control chart is used to monitor all the inspection points at the same time, 
it is sometimes complicated to identify the point or points that cause an alarm. Butte and Tang 
(2010) deal with this problem for T2, multivariate exponentially weighted moving average and 
multivariate cumulative sum control charts.  

The root cause of an increased variation or deviation can be bad raw materials, worn out 
machines or fixture faults.  According to an investigation performed by Ceglarek and Shi 
(1995), the major part of all root causes are due to fixture faults. 

2.10. OPTIMIZATION 
Formal optimization methods are not used in this work and they will not be considered in 
detail here. However, a brief overview of some different types of methods, mainly based on 
the work by Rao (2009), will be given to explain why these kinds of methods are not utilized 
for the problem of optimizing the spot welding sequence. 

2.10.1. CONTINUOUS OPTIMIZATION PROBLEMS  
A general optimization problem can be formulated like that in Rao (2009): 

 𝑚𝑖𝑛
𝑥∈𝑆

𝑓(𝑥), [3]  

 
𝑔(𝑥) ≤ 0, 
l(𝑥) =  0, [4]  

where x, in the multi-dimensional case, is the design vector, f(x) is the objective function and 
g(x) and l(x) are inequality and equality constraints. The optimization problems can be 
classified in different ways. One important classification is based on the nature of the 
objective function and the constraints, where the most important classes are linear and non-
linear optimization problems. 

If there are no constraints and f(x) is a function of one variable, defined in the interval 
𝑎 ≤ 𝑥 ≤ 𝑏, the general solution 𝑥∗ fulfills the conditions: 

1. 𝑓′(𝑥∗) = 0, 
2. Let 𝑓′(𝑥∗) = 𝑓′′(𝑥∗) = ⋯ = 𝑓(𝑛−1)(𝑥∗) = 0,𝑓(𝑛)(𝑥∗) ≠ 0. If  𝑓(𝑛)(𝑥∗) > 0  and n is 

even, 𝑓(𝑥∗) is a minimum value of f(x). If  𝑓(𝑛)(𝑥∗) < 0  and n is odd, 𝑓(𝑥∗) is a 
maximum value of f(x). 

Those conditions can also be generalized to the multivariate case, and the derivative is then 
replaced by the gradient. 

Generally, if there is only an equality constraint, Lagrange multipliers can be utilized. This is 
done by studying the Lagrange function 

 𝐿(𝑥, 𝜆) = 𝑓(𝑥) + 𝜆𝑙(𝑥). [5]  
Through this method, the constrained problem can be treated as an unconstrained problem 
(i.e., the Lagrange function is minimized).  
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In the case of a linear optimization problem, the simplex method is one of the most frequently 
used methods. The simplex method constitutes of two phases. In the first, the set of feasible 
values is investigated, and a starting point is generated. In the second, the solution is 
iteratively improved by a systematic search through the feasible values using matrix 
manipulation techniques. 

For non-linear programming, some kind of interpolation method is a widespread alternative to 
solve the problem.  Among these, the Newton method or Quasi-Newton method are natural 
choices.  Newton’s method is an iterative procedure, where a new value is a function of the 
previous value and of the first and second order derivatives in that point.  

2.10.2. DISCRETE OPTIMIZATION PROBLEMS 
The methods concerned so far involve continuous variables. Sometimes optimization 
problems can be discrete. This is frequently referred to as combinatorial optimization, and the 
variables may even be limited to integer values. In this case, the optimization problem is 
called integer programming. The discrete optimization methods can also be classified in linear 
and non-linear optimization problems. In the field of integer non-linear programming, very 
little work has been done (Rao, 2009), although different penalty function methods and other 
methods exist. In linear programming problems, the branch-and-bound method is one of the 
most frequently used. The branch-and-bound method can also be used for solving some types 
of non-linear problems. The main idea of the method, which originally was developed by 
Land & Doig (1960) and further developed by Dakin (1965), is to first solve a continuous 
problem by relaxing the integer restrictions on the variables. With this as a starting point, the 
feasible solution space is divided (branching) and sub-problems are formulated. By repeating 
this, the solution space is limited and the solution can be found.  

The welding sequence optimization problem (i.e., the problem of minimizing the variation in 
the final assembly by varying the spot welding sequence) is a combinatorial optimization 
problem. Another well-known combinatorial optimization problem is the travelling salesman 
problem (TSP). This problem is about how to find the cheapest way of visiting a number of 
cities and then returning to the starting point. The problem is illustrated for 15 German cities 
in Figure 16. The illustrated route is the cheapest one among 43,589,145,600 alternatives. The 
input to the method is the distance or cost between all different cities. The TSP can be solved 
by various branch and bound techniques, and there are also a lot of other approaches to the 
problem. The spot welding sequence problem is similar to TSP. However, a main difference is 
that the distance or cost between the different cities is known in the TSP, while the 
contribution to the total variation associated with the execution of a welding point depends on 
the whole sequence of spot welds. Therefore, the method used for solving the TSP is not 
applicable to the spot welding problem. Since there is no explicit function for the final 
variation due to different spot welding sequences, most traditional approaches to optimization 
are inapplicable. 
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FIGURE 16: AN ILLUSTRATION OF THE TRAVELLING SALESMAN PROBLEM FOR 15 GERMAN CITIES 
(WIKIPEDIA, 2011) 

There are, however, modern methods of optimization that require only the function values and 
no derivatives, such as Genetic Algorithms (GA), Simulated Annealing and neural nets. 

A GA imitates biological evolution. Over generations, populations evolve according to the 
principles of natural selection. In each generation, a number of design alternatives are 
available to reproduce or mate with each other, with bias towards the more fit design 
alternatives, to form the next generation. This is imitated by the GA, which leads to an 
iteratively improved objective function value. Although GAs generally find acceptable 
solutions, they are not guaranteed to find the global optimum. Besides exhaustive 
calculations, there is no way to determine how close to the actual optimum a GA solution has 
reached. 

Simulated Annealing is based on the simulation of thermal annealing of critically heated 
solids. When a metal melts, the atoms in the melted metal move freely with respect to each 
other. When the temperature is reduced, their movements get restricted again. A slow cooling 
process is desirable in order to avoid defects inside the material. This process of cooling at a 
slow rate is known as annealing. This process is imitated in the optimization method 
simulated annealing. The method is based on Boltzmann´s probability distribution, describing 
the distribution of the energy of a system in thermal equilibrium (which corresponds to the 
objective function). The energy is dependent on the temperature, and, by controlling the 
temperature, the convergence of the simulated annealing is controlled.  

A neural network is an optimization strategy imitating the human nervous system with a large 
number of simple processors (neurons) connected to each other. Each neuron takes weighted 
inputs from other neurons and computes an output, in the form of a sigmoid function, that is 
propagated to the output nodes. The neural network maps an input vector from one space to 
another. This mapping is not specified but is learned. The training is done by adjusting the 
weights on the inputs to minimize the mean-squared error between the actual output and the 
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target output for a given input pattern. Through a suitable formulation of the target output, this 
method can be used for optimization. 

The class of optimization methods that only require a function value should be possible 
candidates for the solution to the spot welding sequence problem, and GA has also been 
shown to be successful in this field. However, one disadvantage is that quite a large number 
of welding sequences must be evaluated in order to train or learn the methods about the 
problem. In so doing, the methods can learn the relationship between input and output. This 
is, for a large number of spot welds, a time-consuming task. Therefore, faster alternatives to 
those methods are sought (see Paper E).  
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3. RESEARCH APPROACH 
In this chapter, the research 
methodology used in this work is 
presented. 

3.1. BACKGROUND 
Within the area of research considered in this thesis, there is no common research model used 
among researchers, although the Design Research Methodology (DRM) presented by Blessing 
et al. (1998) frequently occurs. This methodology is also used in this thesis. Other influences 
exist as well. However, the DRM is identified as being well-suited for computer-aided design 
tool research (Bracewell et al., 2001). 

Blaxter et al. (2006) write that “Research is a systematic investigation to find answers to a 
problem”. They emphasize the importance of a research methodology, but also indicate the 
difficulties of choosing a standard method for a certain type of problem. This is also pointed 
out by Arbnor & Bjerke (2009). They state that there are no such things as a best 
methodology for a certain kind of problem types; rather, it varies from case to case depending 
on the previous experiences of the researcher, the techniques used and how the research 
evolves.  

3.2. RESEARCH METHODS IN THIS THESIS 
In the Wingquist Laboratory, within whose procedural framework this research has been 
conducted, the research process illustrated in Figure 17 is used. This means that to start a 
research project, an industrial need and a research challenge must both exist. Together they 
give rise to a research idea. The research is conducted using a suitable research method, and 
the result of the research is used to form a demonstrator, which forms the bases of 
demonstrations and industrial evaluations. The Wingquist research process has an emphasized 
implementation strategy. As such, if the evaluations are satisfactory, the demonstrator can be 
further developed into a product used in industry. This working methodology secures 
knowledge transfer and has been developed over time. The research in this thesis has mainly 
been based on these thoughts. Therefore, the research questions are chosen in such a way that 
complete answers to them meet both an industrial need and a scientific challenge. The 
research is conducted mainly based on DRM, which is described below. Further, in most 
cases the research has also formed the basis for some kind of demonstrator, and in some cases 
even for a product for industrial use. More about industrial implementations of the research 
can be found in Section 4.3. 
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FIGURE 17: THE WINGQUIST RESEARCH PROCESS (WINGQUIST LABORATORY, 2010). 

The DRM method, based on the work of Blessing et. al (1998), can in a rough outline be 
described as a four stage process (see  Figure 18). In the first phase, the Criteria are defined. 
This means measurable success criteria for the research (for example, reduced simulation time 
or improved quality). In the next phase, Description I, the existing tool/procedure shall be 
analyzed in order to discover its relationships to the Criteria and thereby also identify where 
and how the suggested research can lead to improvements. The third stage is the Prescription 
phase, where insights gained in the Description phase are used as input for the new and 
improved tool or procedure. Finally, in Description II, the new tool is tested, and its impact on 
the Criteria is evaluated.  
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 FIGURE 18: THE DESIGN RESEARCH METHODOLOGY FRAMEWORK (BLESSING ET AL., 1998) 

The Wingquist Laboratory research process seems very suitable to combine with DRM. The 
research idea, based on both research challenges and industrial needs, can and should be 
linked to some criteria for evaluating the possible success of the research. If there are no such 
criteria, the condition regarding industrial needs is probably not fulfilled either. The DRM 
helps however to express the need for stating such criteria. The demonstrator, part of the 
Wingquist Laboratory research process, can be seen as a result of the Prescription phase. By 
iteratively improving the demonstrator, the process will finally result in a final product, whose 
effects can be evaluated in Description II phase in the DRM.  

3.3. APPLIED RESEARCH APPROACH 
The research in this project is mainly based on the DRM and the Wingquist Laboratory 
research process. In Figure 19, the different phases in the DRM are matched up with the 
research questions and papers.  

For all the research questions, or parts of work in this thesis, the goals have been quite clear. 
This is perhaps due to the fact that all research questions are linked to industrial challenges, 
due to the Wingquist Laboratory research process. Since the goals are clear, the formulation 
of the criteria is facilitated. Clearly stated criteria also make the Description II phase, the 
evaluation, much easier. In a rough outline, the content of the first description phase can be 
divided into two main parts; an investigation of the present working procedure at the 
industrial partner and a literature study to review previous work within the area. This work 
also provides input and ideas for the prescription phase.  
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RQ1: 
How can 
statistical 

methods be used 
to control 

variation in 
production? 

RQ2: 
 How can 
statistical 

methods be used 
to reduce the 

need for 
inspection? 

RQ3: 
How can 

variation due to 
joining sequence 

be reduced? 

RQ4: 
How can the 

accuracy in non-
rigid variation 
simulation be 

improved? 

Paper A B, C E, F D, G, H 

  
    

Criteria 

A system for 
quality control 
suitable for the 

kind of processes 
occurring at Saab, 
where the number 
of false alarms is 
reduced and the 
probability of 

detecting 
significant 

disturbances is 
improved. 

Paper B: The 
number of 

inspection points 
that can be taken 

away without 
losing relevant 
information.  
Paper C: A 

quantification of 
the information 

left after a cluster 
analysis. 

Decreased 
geometrical 

variation of an 
assembly. 

Improved 
correlation and 
reduced mean 

deviation between 
inspection data 
and simulated 

outcome. 

Description I 

Control charts for 
both mean value 
and variation and 
for both grouped 
data and inline 

measurements are 
needed.  

What will a 
system for quality 
control of those 
processes look 

like? 

The number of 
inspection points 

needs to be 
reduced before 
full production 

starts.  
How can this be 

done in a 
systematic way? 

The spot welding 
sequence affects 
the geometrical 

outcome.  
How can the 
sequence be 

simulated and 
optimized? 

There is a 
difference 

between the 
simulated 

outcome and 
reality.  

How can this 
difference be 
decreased? 

Prescription A system for 
quality control. 

B: A method for 
reducing the 
number of 

inspection points. 
C: An 

information 
measure. 

Method for 
simulation of 

welding sequence 
and optimization 

methods for 
reducing variation 

due to spot 
welding 

sequence. 

Inclusion of 
additional factors 
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FIGURE 19: DRM APPLIED TO THE RESEARCH CONSTITUTING THIS THESIS.   
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4. RESULTS 
In this chapter, a summary of the 
appended papers is given, and the 
results are discussed. 

4.1. SUMMARY OF APPENDED PAPERS 
Short summaries of the appended papers are provided. The papers are presented in the order 
they were written in this research. However, this order does not necessarily coincide with the 
order in which they were published.  

4.1.1. PAPER A: “MULTIVARIATE QUALITY CONTROL AND DIAGNOSIS OF 
SOURCES OF VARIATION IN ASSEMBLED PRODUCTS” 

This work, which constitutes a licentiate thesis, consists of three major parts.  The first part is 
an introduction, describing the causes and effects of geometrical variation and how this can be 
handled. The assembly and inspection processes used at Saab Automobile AB are also 
described. With this as a starting point, the second part of the licentiate thesis deals with a 
system for acceptance quality control for the kind of processes existing at Saab Automobile 
AB. Both grouped and ungrouped inspection data are considered. In a typical process in the 
automotive industry, there are trends and cycles causing variation in the mean value. Some of 
this variation is very difficult to eliminate at a reasonable cost. As long as the produced items 
are within their specifications (in other words, the capability of the process is good), this 
variation might be accepted. If not, the process must be improved. This leads to a system with 
different types of control charts for grouped and ungrouped data and different kinds of charts 
depending on the capability of the process. By using the suggested system, trends in the 
processes are allowed, as long as the produced items are within specifications and traditional 
control charts are used as a tool to improve processes with low capability. 

The third part of this work considers multivariate quality control and diagnosis. All methods 
are compared and evaluated using two larger case studies. By using multivariate control 
charts, several inspection points can be monitored using the same chart. A traditional T2-chart, 
a T2-chart based on principal components, regression adjustment, self organizing maps and 
special methods aimed to control errors due to variation or deviations in the assembly fixtures 
are all considered. When an error is detected using the control charts, it is of course of vital 
importance to find the causes of this error in order to be able to adjust it. For this purpose, 
different methods for root cause analysis are proposed and compared. 

Main scientific contribution: Methods specialized for fixture related control and diagnosis 
were compared and their performances were evaluated. The work also contributed to an 
increased knowledge of the characteristics of the assembly process in automotive industry. 

Main industrial contribution: Increased understanding of the usefulness of statistical 
methods for quality control and diagnosis was gained. A system for quality control, adapted 
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for Saab Automobile, was proposed. The methods were applied to three industrial case 
studies. 

4.1.2. PAPER B: “AN INVESTIGATION OF THE EFFECT OF SAMPLE SIZE ON 
GEOMETRICAL INSPECTION POINT REDUCTION USING CLUSTER ANALYSIS” 

In order to monitor the process during series production, it is generally not necessary to use as 
many inspection points as when gathering knowledge about the products and processes in the 
early phases. Today, this reduction of the number of inspection points is usually done 
manually and requires great experience and craftsmanship. In this paper, a method for 
reducing the number of inspection points in a more scientific and methodical way is tested, 
and the matter of sample size is addressed. The suggested method is based on the cluster 
analysis of inspection data and finds correlation between inspection points. For each group, or 
cluster, of correlated inspection points, one point is chosen as representative for the cluster. In 
that way, the number of inspection points can be reduced. The cluster-based method is 
complemented by a sensitivity-based method, where inspection points well-suited to monitor 
the locators are found. Those points are identified by minimizing the covariance matrix of the 
least square estimator of the movements in the locators. By applying the cluster analysis, 
combined with the method for finding suitable points for monitoring the locators on three 
industrial case studies, reductions of 92 %, 72 % and, on an already “manually” reduced case, 
42 % can be made.  

Main scientific contribution: A statistical method to reduce the number of inspection points 
was further developed and guidelines for the required sample size were acquired. 

Main industrial contribution: A tool for efficient inspection point reduction, leading to 
saved costs and resources was implemented in commercial software. The method has 
successfully been applied to several industrial case studies, of which three were included in 
this paper. 

4.1.3. PAPER C: “A MEASURE OF THE INFORMATION LOSS FOR INSPECTION 
POINT REDUCTION” 

In Paper B, methods for reducing the number of inspection points without losing too much 
information were outlined. In Paper C, the concept of information in this context is 
considered. The information loss due to the removal of inspection points can be quantified 
using an efficiency measure based on linear multiple regression. There, the part of the 
variation in the discarded variables that can be explained by the remaining variables is 
calculated. This measure can be illustrated graphically and that helps to decide how many 
clusters should be formed (i.e., how many inspection points can be discarded). It turns out that 
the stop criterion for clustering used in Paper B (as well as in the work performed by other 
authors) gives a reduction that is a little too comprehensive, at least if the goal is to retain 
most of the information.  

The suggested information measure is applied to three case studies, and the suggested method 
appears to give a clear indication of how the information increases with the number of kept 
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points. At some point, the information curve starts to level off, and the corresponding 
reduction quota can be a suitable choice for the number of remaining points. 

Main scientific contribution: A new method to quantify the information contained in a set of 
inspection points was developed. 

Main industrial contribution: The accuracy of the method described in Paper B was further 
improved. The method has successfully been applied to several industrial case studies, of 
which three were included in this paper. 

4.1.4. PAPER D: “TOLERANCE SIMULATION OF COMPLIANT SHEET METAL 
ASSEMBLIES USING AUTOMATIC NODE-BASED CONTACT DETECTION” 

Contact modeling is a method for preventing the digital parts in a simulation model from 
penetrating each other during assembly. This increases the accuracy and the degree to which 
the predictions agree with reality. A simplified, and thereby also timesaving, method for 
automatic contact detection, well-suited for tolerance simulations, is suggested.  

The suggested automatic contact detection is a timesaving procedure, dealing only with 
contact pairs that consisting of one node from the slave part and one node from the master 
part. For each contact pair, a plane is defined by the master node and its normal direction. The 
slave node is not allowed to pass through this plane, and a search algorithm is used to find 
force equilibrium. To avoid a too large number of contact points close to each other, which 
leads to time-consuming calculations, an attenuation algorithm for contact pairs is introduced. 
The method is tested on an industrial case study, and the correlation between simulated 
outcome and inspection data is greatly improved by including the contact modeling. 

Main scientific contribution: A new method for contact modeling, suited for tolerance 
simulations, was developed. 

Main industrial contribution: A method for contact modeling in variation simulation, 
leading to improved product quality and saved costs, was implemented in commercial 
software. The method was applied to numerous industrial cases. In this paper, one industrial 
case study was included. 

4.1.5. PAPER E: “STRATEGIES FOR OPTIMIZATION OF SPOT WELDING 
SEQUENCE WITH RESPECT TO GEOMETRICAL VARIATION IN SHEET 
METAL ASSEMBLIES” 

The spot welding sequence is one of many factors affecting the amount of geometrical 
variation in a sheet metal assembly. In this paper, a method for including the spot welding 
sequence in variation simulation is described, which leads to improved simulation accuracy. 
The methodology is validated on a case study. 

Further, the problem of the optimization of the spot welding sequence with respect to 
geometrical variation is considered. Since this is a fast growing problem - the number of 
possible sequences for N welding points is N! - testing all possible sequences is not doable. In 
this work, some different strategies for finding an optimal sequence are tested on several 
industrial case studies. This should be seen as an alternative to more formal optimization 
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methods, such as genetic algorithms (which have been shown to be successful on this kind of 
problem). Though successful, genetic algorithms are quite time-consuming for 
computationally expensive cases with many spot welds. The strategies tested here are based 
on general guidelines (for example, always weld inside/out, or from left to right), on 
minimizing variation in each welding step respectively and on calculations of the movements 
in unwelded points in each step. The strategies based on general guidelines were not 
successful, nor was the one based on the minimization of the variation in each step. However, 
the strategy based on movements in the unwelded points seems promising. It resulted in the 
best or one of the better sequences for all of the eight tested industrial case studies.  

Main scientific contribution:  A method for including the spot welding sequence in variation 
simulation was developed. New knowledge about strategies for finding optimal spot welding 
sequences was gained. 

Main industrial contribution: A method for including spot welding sequences in variation 
simulation, leading to saved costs and increased quality, was implemented in commercial 
software. The suggested method for including welding sequence in variation simulation was 
applied to an industrial case study. The investigated methods for finding optimal welding 
sequences were applied to eight industrial case studies. 

4.1.6. PAPER F: “VARIATION SIMULATION OF SPOT WELDING SEQUENCE FOR 
SHEET METAL ASSEMBLIES” 

Just as in Paper E, the spot welding sequence and its effects on geometrical outcome are in 
focus in this paper. Here, the correlation between variation and deviation for different spot 
welding sequences is investigated. It is of course interesting to see if a sequence that is good 
with respect to variation is also good with respect to deviation from nominal (i.e., offset). It 
turns out that there is quite a strong positive correlation between the both quantities. The 
study is based on investigations of eight case studies. There is also a mathematical 
justification for why this relationship is sensible.  

Further, an investigation of the number of geometry points (in other words, the spot welds 
needed to lock the geometry of an assembly) shows that the level of variation and offset level 
off as early as after two or three executed spot welds. However, it should be noted that there 
might be other reasons for having a larger number of geometry points, for example, the ability 
to withstand forces from gravity and misaligned respot guns and so on. In addition, this 
examination was based on good sequences with respect to offset and variation. Whether 
similar results can be achieved for sequences resulting in poorer geometrical quality is not yet 
investigated. 

Main scientific contribution: New knowledge about the correlation between mean value and 
variation of the final assembly for different spot welding sequences was gained. 

Main industrial contribution: Applicable knowledge about the correlation between mean 
value and variation of the final assembly for different spot welding sequences was gained. 
The investigations were applied to eight industrial case studies. 
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4.1.7. PAPER G: “COMBINING VARIATION SIMULATION WITH WELDING 
SIMULATION FOR PREDICTION OF DEFORMATION” 

In Papers E and F, the effect of the spot welding process on the geometrical outcome of an 
assembly was studied. In this paper, continuous welding is considered. The motivation here is 
to investigate the effect of welding on geometrical variation, how welding simulations based 
on nominal parts differ from welding simulations based on non-nominal parts and if the effect 
of variation and the effect of welding in some way could be superposed.  

A number of non-nominal parts are generated and used as input to welding simulation 
software. The results are gathered and compared to the welding of nominal parts. The results 
before and after welding are also compared. It turns out that the influence of welding on the 
geometrical outcome is large and that the effect of welding must be included in the variation 
simulation. This was perhaps not a very big surprise. More interesting is that the difference 
between welding simulations applied to nominal parts and those applied to non-nominal parts 
shows evident differences in some areas of the parts. For example, in one node, the added 
deviation from nominal is in the size of tenths of a millimeter. The welding simulation on 
nominal parts shows almost no deviation at all after welding, while the welding simulation of 
the disturbed parts results in a deviation of about four millimeters.  

The main conclusion of this work is that variation simulation and welding simulations should 
be combined. The effect of welding cannot be neglected in variation simulation and welding 
simulation should also be applied to non-nominal parts. The effects of welding and part 
deviations cannot be superposed. 

Main scientific contribution: Better insight into the need for combined variation simulation 
and welding simulation was gained. A new method for prediction of the geometrical outcome 
of a welded assembly was developed. 

Main industrial contribution: A method to combine variation simulation and welding 
simulation was developed. This method led to better accuracy in the predictions, and thereby 
to decreased costs and improved quality. 

4.1.8. PAPER H: “INCLUDING ASSEMBLY FIXTURE REPEATABILITY IN 
VARIATION SIMULATION” 

Sometimes repeatability studies of assembly fixtures are conducted. In them, one single part is 
positioned a repeated number of times in the fixture, and the part is measured at a number of 
inspection points. This inspection data usually shows some variation, due to a lack of 
repeatability in the fixture.  As part of the incessant aspiration for better accuracy in the 
variation simulation, the tolerance due to this lack of repeatability should of course be 
included in the variation simulation. Traditionally, this is done, by adding this tolerance in the 
points actually inspected during this study. In this paper, a method for transforming the 
tolerance from the inspection points to the very origin of the variation. The source of the 
variation is namely the locators, or to be more precise, the contact between the locator and the 
part. By applying the tolerances in those points, instead of in the inspection points, they affect 
not only the inspected points, but also the part as a whole. 
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Main scientific contribution: A new method for including fixture repeatability in variation 
simulation in an efficient way was developed. 

Main industrial contribution: A method for including fixture repeatability in variation 
simulation, leading to improved accuracy in variation simulation, and thereby to reduced costs 
and improved quality, was developed. The method was applied to an industrial case study. 

4.2. THE RESULTS IN THE CONTEXT OF A VIRTUAL GEOMETRY 
ASSURANCE PROCESS  

This section aims to position the results described in the appended papers in the virtual 
geometry assurance loop. The loop, illustrated in Figure 20, has three main areas: the concept 
phase, the verification phase and the full production phase. 

 

FIGURE 20: THE VIRTUAL GEOMETRY ASSURANCE LOOP. 

4.2.1. RESULTS FOR THE CONCEPT PHASE 
Papers D and H deal with methods that improve the accuracy of variation simulation. In the 
concept phase, different concepts are compared and evaluated using variation simulation, 
aiming to predict the geometrical outcome of different concepts and to compare those results 
to functional, aesthetical and assembly requirements. When the accuracy of the simulations is 
improved, the value of the variation simulation is further increased. 

Papers E and F also describe methods for improved accuracy in the variation simulation, 
namely how to include the spot welding sequence in the variation simulation. But those 
results not only improve the accuracy of the simulations, they also give the user the possibility 
to test different welding sequences and investigate how those affect the capability of the final 
sub-assemblies or products.  
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Paper G, which considers how variation simulation can be combined with continuous 
welding, also improves the accuracy of the simulations. Thus, it is a result belonging in the 
concept phase. 

4.2.2. RESULTS FOR THE VERIFICATION PHASE 
In the verification phase, the concepts are verified and prepared for production. To do this, it 
is necessary to gather as much information and inspection data about the products as possible. 
Therefore, it is common practice to inspect the parts at a large number of points. During full 
production, it is only desirable to inspect the products at a fewer number of inspection points, 
with a view to monitoring the process and detecting additional variation or offsets.  

Papers B and C deal with methods to reduce the number of inspection points without losing 
too much information.  

4.2.3. RESULTS FOR THE PRODUCTION PHASE 
As mentioned in the previous section, it is important to monitor the processes during full 
production in order to detect additional variation or offsets. Paper A suggests a system for 
acceptance quality control for typical processes in automotive industry. This paper also deals 
with methods for finding the root causes of such additional variation or offsets. 

4.3. INDUSTRIAL IMPLEMENTATION OF RESEARCH RESULTS 
Industrial implementation of research results is not only a satisfaction for the researcher; it is 
also a criterion for evaluating the success of the research result (Eckert et al., 2004). Much of 
the research in this thesis has been done in close cooperation with industry. In addition, most 
of the results have been applied to industrial case studies and are included in demonstrators, 
shown to audiences from various industries to collect feedback on the suggested methods. 

• Paper A: This research was done in close cooperation with Saab Automobile AB, and 
most of the work was done on site at Saab. At the time for this work, all methods were 
tested on industrial cases, and the company made some changes in its working 
methodology due to the results from the project. 

• Paper B: Implemented in software used at various industrial companies. 
• Paper C: Tested at a large number of industrial cases and included in demonstrators. 
• Paper D: Implemented in software used at various industrial companies. 
• Papers E and F: The method for including spot welding sequence is included in 

software used at various industrial companies; the optimization strategy is tested on 
industrial cases and shown at demonstrations. 

• Paper G: Not yet implemented or tested on industrial case studies. 
• Paper H: Tested on industrial case studies but not yet implemented. 
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5. DISCUSSION  
In this chapter, the answering of the 
research questions and the relevance of 
the used research methodology are 
discussed. The contribution this work 
makes to new knowledge is also 
considered. 

5.1. ANSWERING THE RESEARCH QUESTIONS 
The research questions will be answered one question at a time. 

• RQ1: How can statistical methods be used to control variation in production? 
 

This question is treated in Paper A, where statistical methods to  
1. monitor processes in order to detect deviations or variation leading to products not 

fulfilling their requirements, and 
2. find the root cause of variation in processes 

were suggested. 
 

• RQ2: How can statistical methods be used to reduce the need for inspection? 

This research question was treated in Papers B and C, where a method for reducing the 
number of inspection points needed to monitor a product was presented. 

• RQ3: How can variation due to joining sequence be reduced? 

A method for including the spot welding sequence in variation simulation was proposed in 
Papers E and F. This is a prerequisite for finding methods to reduce the variation due to 
joining sequences using spot welding. In Paper E, several different strategies for reducing the 
variation due to spot welding sequence were investigated. One of the methods seems 
promising and resulted in one of the better or even the best sequence for all of the eight tested 
case studies. In Paper F, the correlation between the best sequence with respect to variation 
and the best sequence with respect to mean deviation from nominal was investigated. 

Joining sequences can of course refer to other joining methods than spot welding, but the 
open formulation of this question makes it difficult to completely answer. It is, however, 
likely that the work done on optimizing spot welding sequences can be transferred to other 
joining methods as well.  

• RQ4: How can the accuracy in non-rigid variation simulation be improved? 

The accuracy of non-rigid variation simulations is highly dependent on the realism of the 
model. In order to increase the realism of the model, it is necessary to include as many of the 
factors that affect the geometrical outcome of the assembly in the real world as possible. An 
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outline of such factors is given in Section 2.5.4. Four of those factors are treated in Paper E, 
D, G and H, and methods for including them in variation simulation are presented.  

As a result, the accuracy of the simulations is indeed improved. Nonetheless, openings for 
future research exist in this case aiming at an even better accuracy of the variation simulation.  

5.2. VERIFICATION AND VALIDATION  
In this section, the verification and validation of the results from this research will be 
discussed.  

Boehm (1979) states that validation is the process of determining how well a model 
accurately represents the real world from the perspective of the intended uses of the model. 
Meanwhile, verification involves how well the model corresponds to its specifications. A way 
of making the concepts clear is by defining the terms via the following questions (Boehm, 
1979):   

• Validation: Are we building the right product? 
• Verification: Are we building the product right? 

In DRM (the research methodology used in this thesis and presented in Section 3), the 
evaluation of the results is an important activity. In the beginning, some success criteria are 
formulated. These criteria should be considered as a specification of the research to be 
conducted. In the last phase, the Description II, how well the criteria are fulfilled (i.e., how 
well the specifications are fulfilled) is evaluated. This methodology should facilitate the 
verification, following Boehm’s definition of verification.  

According to Buur (1990), results can be verified by logical verification or verification by 
acceptance. Logical verification means that there may not be any contradictions between 
different parts of the suggested theory. It also means that the theory needs to be complete. 
Further, the result shall be evaluated in relation to other well-established theories and 
methods. Verification by acceptance means that the suggested methods are accepted by 
experienced users within the area of application. 

In Section 4.3, the industrial implementations of the results in this thesis are outlined. All 
results are discussed with industrial partners and competent engineers in the area of appliance. 
Further, in several cases, the methods are also implemented in commercial software accepted 
and used in industry. Finally, the appended papers have been reviewed and accepted by 
scientific experts.   

Oberkampf et. al (2004) deal with the validation of computational models. They state that the 
validity of the computational simulation result can be tested by a comparison with 
experimental data. Instead of just considering a graph, different kinds of metrics are 
suggested. This topic is also treated in Hills & Trucano (2002) and Easterling (2001), for 
example. 
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In the work performed by Oberkampf & Barone (2006), the statistical uncertainty, present due 
to the limited sample size of the material for comparison, is included in the validation metric. 
A confidence interval is derived for the deviation between the real world data and simulated 
data.  This deviation or error can also be related to the size of the input variables.  

However, the work of Oberkampf & Barone (2006) is focused on statistical interferences 
about mean values. In most of the work presented here, the focus is on a comparison between 
variance (or standard deviation) in a number of inspection points and the simulated variance. 
However, an equivalent confidence interval can be constructed for the difference in variation 
between simulated and real outcome, using the fact that a 100(1 − 𝛼)% confidence interval 
for the population variance 𝜎2 is given by 

 
(𝑛 − 1)𝑠2

𝜒𝛼
2 ,𝑛−1
2 ≤ 𝜎2 ≤

(𝑛 − 1)𝑠2

𝜒
1−𝛼2 ,𝑛−1
2  , [6]  

 

where the sample variance 𝑠2 is estimated from a sample of size n. If the deviation between 
simulated variance 𝜎𝑠𝑖𝑚2  and the population variance 𝜎𝑝𝑜𝑝2  is denoted ∂ = 𝜎𝑝𝑜𝑝2 −  𝜎𝑠𝑖𝑚2 ,  a 
100(1 − 𝛼)% confidence interval for ∂ is given by 

 
(𝑛 − 1)𝑠𝑝𝑜𝑝2

𝜒𝛼
2 ,𝑛−1
2 − 𝜎𝑠𝑖𝑚2 ≤  ∂ ≤

(𝑛 − 1)𝑠𝑝𝑜𝑝2

𝜒
1−𝛼2 ,𝑛−1
2 − 𝜎𝑠𝑖𝑚2  . [7]  

This confidence interval is applied to the A-pillar case study used to validate the results in 
Papers D and E. Only points on the part “extension” are considered. Here, results with and 
without the inclusion of contact modeling and the spot welding sequence are compared, and 
the results are shown in Figure 21. For a few of the inspection points, the confidence interval 
contains zero, implying that there is no significant difference between simulated and real 
outcome in those points. In other inspection points, the zero is outside the interval. This 
indicates that there is indeed a significant difference between simulated and real outcome. It 
should be noted, however, that it is not claimed in the appended papers that the difference 
between simulated and real outcome will be zero; rather, the difference between the unities 
will decrease when using the methods suggested in the papers. That can also be seen in the 
figure.  

However, it is important to be aware that both the validation metrics based on confidence 
intervals for mean value presented by Oberkampf & Barone (2006) and the confidence 
interval for variation are based on the assumption of normal distribution. Nonetheless, 
considering the mean values, this is not a very severe assumption. The central limit theorem 
implies that when n is large,  �̅� = 1

𝑛
∑ 𝑥𝑖𝑛
𝑖=1   is approximately normally distributed, regardless 

of the distribution of 𝑥𝑖 .  
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FIGURE 21: THE DIFFERENCE BETWEEN VARIATION IN THE SAMPLE AND THE SIMULATED 
VARIATION IS ILLUSTRATED WITH "*", AND THE CORRESPONDING ERROR BARS SHOW THE 
CONFIDENCE LIMITS FOR THIS DIFFERENCE. 

5.3. DISCUSSING THE RESEARCH METHODOLOGY  
Design Research Methodology has been criticized due to the facts that the success criteria is 
such a central topic, formulated in the beginning of the study, and that it is problematic to use 
numerical metrics to assess the success of a new method or computer tool (Eckert et al., 
2004). Instead, Eckert et al. (2004) state that the most useful criterion for success might be the 
perception of value in new methods in industry.  

Much of the work within this research has been conducted in close cooperation with industry. 
In addition, a number of seminars, demonstrators and the actual implementations of the 
methods in software used in industry should also guarantee the industrial awareness of the 
suggested methods. Most likely, it will actually be easier to gain a hearing for research ideas 
in industry, as Eckert et al. (2004) encourage, if the research is connected to a measurable 
criterion, showing how the research actually can improve a situation or solve a problem. 

The Wingquist Laboratory research process also supports the use of demonstrators and 
industrial cooperation and feedback.  

Arbnor & Bjerke (2009) point out that there is no such thing as a best methodology for a 
certain type of problem. Instead, the best methodology varies from case to case depending on 
the previous experiences of the researcher, the techniques used and how the research evolves. 
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However, the chosen methodologies, DRM combined with the Wingquist Laboratory research 
process, seem to be adequate choices for this kind of research.  

5.4. SCIENTIFIC CONTRIBUTION 
So far, there has perhaps been more emphasis placed on the industrial benefits of the methods 
suggested in this thesis compared to the scientific importance. The scientific importance is of 
course also vital in this kind of work. The contribution in that respect of this research is 
enhanced knowledge about how to handle geometrical variation in the product realization 
process. The results have been presented at scientific conferences, at seminars and in 
scientific journals. All appended papers are reviewed by scientific referees. It is of course 
important to spread knowledge about scientific results in industry, and that has been done 
here, through a close cooperation with industrial partners. But increasing the awareness in 
academia of problems occurring in industry and what industrial working procedures look like 
is also important, and this work has contributed to improve that awareness.  

To be more precise, scientific contributions have been made regarding: 

• New knowledge about the characteristics of assembly processes in automotive industry 
and methods for control and diagnosis. 

• A method to reduce the number of inspection points and to quantify the information 
contained in a set of inspection points. 

• Increased understanding of parameters affecting the accuracy in variation simulation and 
methods to improve this accuracy. 

• Increased knowledge about the effect of the spot welding sequence on assemblies and a 
deeper understanding of methods suitable to optimize the spot welding sequence. 

• New knowledge about the effect of combining variation simulation and welding 
simulation.  

5.5.   INDUSTRIAL CONTRIBUTION 
The industrial benefits of this work have been indicated in Section 4.3, but will be 
summarized here: 

• Increased knowledge about statistical methods for controlling variation in production, 
potentially leading to increased product quality. 

• An implemented tool for efficient inspection point reduction, leading to saved costs and 
resources. 

• An implemented method for contact modeling in variation simulation, leading to 
improved product quality and saved costs. 

• An implemented method for including the spot welding sequence in variation simulation, 
leading to improved product quality and saved costs.  



 

50 

 

  



 

51 

 

6. CONCLUSIONS AND FUTURE WORK 
In this final chapter, the results are 
summarized and future work is 
outlined. 

6.1. CONCLUSIONS 
This work has been divided into four parts, corresponding to the research questions. The 
conclusions will be presented one part at a time. 

• RQ1: How can statistical methods be used to control variation in production? 
 
- A system for statistical process control for the kind of processes that can be found in 

automotive industry is presented. By using the suggested methods, the processes with 
a low capability can be improved, and the processes with satisfying capability can be 
monitored in order to maintain their performance. 

- Different methods for multivariate process control are applied to case studies, and 
their performances are compared. The benefit of multivariate control charts is that by 
using such a method, a large number of univariate control charts can be replaced by 
one single chart, leading to a better overview of the processes. Further, since the 
correlation between different points/characteristics can be taken into account, the 
sensitivity to process changes is improved. The probability of false alarms is also 
reduced. 

- When a variation or deviation is detected by the control charts, it is important to find 
the root cause of this problem. Here, the focus is on fixture-related root causes, and 
methods for identifying which locator caused the problem are compared. The 
methods are compared and applied to the same case studies as the multivariate 
methods for process control.    
 

• RQ2: How can statistical methods be used to reduce the need for inspection? 
 
- A structured way of reducing the number of inspection points when going from the 

verification phase to full production is suggested. The method, demonstrated on three 
industrial case studies, leads to larger reduction than the ones done by “manual” 
methods, based on experience and craftsmanship. 

- The term “information” in a set of inspection points is quantified using methods based 
on linear regression.  
 

• RQ3: How can variation due to joining sequences be reduced? 
 
- A method to include the spot welding sequence in variation simulation is proposed and 

tested on industrial case studies. 
- Different methods for finding a spot welding sequence leading to low levels of 

variation in the final sub-assembly are investigated. 



 

52 

 

- The number of spot welds needed to ensure that the geometry of an assembly is fixed 
has been investigated. 
 

• RQ4: How can the accuracy in non-rigid variation simulation be improved?  
 

- A method for handling contact modeling in variation simulation is presented. The 
method is verified on an industrial case study, and the accuracy is significantly 
improved.  

- A method for deriving the variation in inspection points, obtained during a 
repeatability study, going back to the very origin of the variation (namely, the contact 
between the workpiece and the locators), is presented. By using this method, the 
obtained variation influences all points in the model, not only the inspected ones. 

- Variation simulation is combined with welding simulation. It is shown that those two 
simulation methods should be combined in order to improve the accuracy of the 
predictions of the geometrical outcome of an assembly. 

To sum up the results for all four research questions, the proposed methods and procedures 
have the potential of leading to a more efficient and cost effective product realization 
procedure. The focus in this work is on automotive industry, but the methods should be 
possible to apply to all kind of manufacturing industry. 

6.2. FUTURE WORK 
Finally, much of the work in this thesis has involved how to reduce variation without 
increased cost. That kind of research has of course not come to an end with this thesis; it will 
continue in the future.  

The accuracy in the non-rigid variation simulation can be further increased by including more 
and more of the phenomena that affect the result.  

Examples of future work are: 

• To further investigate, and possibly improve, the suggested method for spot welding 
sequence optimization. 

• To find more efficient methods for including the effect of different joining methods, such 
as continuous welding, in variation simulation. 

• To find optimal welding sequences for continuous welding.  
• To apply variation simulation on other types of materials than sheet metal part (for 

example, molded parts in aluminum or plastic). Within this area, it might also be possible 
to include variation in material parameters and so on in the variation simulation.  

• To investigate the impact of assembly order for non-rigid parts and find optimal assembly 
sequences. 

• To combine the optimization of welding sequences and assembly sequences for non-rigid 
multi-station assemblies. 
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• To include the effect of the weight of the parts and fixtures in variation stability analysis 
and variation simulation. 
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1 ����� �}��y��w���$�{���9��~���� ����y��Qy�|.�w��|�� ��y���� �i��� ��z¤y��f�������Yz �J���9��� 9.1 ������|������Q��y��}����§������y"���$���}�{~�y�|���y��Rz}~��°�fy����;��|.~���|���������9

� ��y ����|������������ � G� � 	)� �� * � � � � � � �� � �� * � � � �
±���y{~�y � � ��� | ���+3"��y�� ����~;�.�h���°§	�f�J�J��~��J� �Qy�|.�}� |.� � � � ����| ��� �Y���°§	�f�J�9��~�����f����|.~���|.�}�{y��$|���~����u¯V� ��������±�� | ��Gf§ �°������~���£ ���������Y±��¥��� �4�°y���~�y{y��²���&� ~�y{y��°���i¯���y{yy69 �(9 �4�J�J�����J� y�~�� > ª2� @ 9 3O�}y{�_����yo��~ ��yoz¤��z(����|.�������_z |.~�|.�Qyf��y{~��w|.~�y��}�.�
�V����±��
¯«���}y²� �J������±������"����|.�����������;�����}��y�� ���"� ��~��8| ���.��y{��������� � ��F G �f���9��~��J�V��� |.~�� :
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� �����$����|������������\± |�� �°y���y{����z¤y��G£V� ������y��������}� >�©�®�@�9 ���¥� > ª6@Q������±²y�� ��� |��,FHG
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