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the rf electric field of fixed amplitude E0 and the static elec-
tric field, Esc, produced by the electron cloud, the equations
of motion can be presented in the following forms for the
different parts of the cloud:

F:
d2�

d
2 = sin 
 + � , �6�

R:
d2�

d
2 = sin 
 , �7�

T:
d2�

d
2 = sin 
 − � , �8�

where �=Esc /E0 and the notations F, R, and T indicate pa-
rameters of the front, center, and tail parts of the cloud, re-
spectively. In the above equations it is assumed that the mo-
tion of the center of the cloud is not affected by the
developing space charge, whereas the front and tail parts
get additional acceleration or retardation as a result of the
Coulomb repulsion between the electrons. A more accurate
modeling of the space charge induced disturbance of the mo-
tion of the cloud center was made in Ref. 11. Although the
present simplified model cannot be used to make accurate
predictions, it should make it possible to understand the main
qualitative features observed in the numerical simulations.
The value Esc is related to the total charge density, �, in the
cloud according to Esc=� / �2�0�, where �0 is the dielectric
constant in vacuum.

Assuming all electrons to start with the same initial ve-
locity, V0, Eqs. �6�–�8� determine the relations between the
starting phases and the normalized gap width, �
�L /V�,
which are necessary to make possible resonant motion with a
flight time equal to an odd number, k, of half rf cycles:

F:� = T�v0 + cos 
F� + 2 sin 
F + �T2/2, �9�

R:� = T�v0 + cos 
R� + 2 sin 
R, �10�

T:� = T�v0 + cos 
T� + 2 sin 
T − �T2/2, �11�

where v0=V0 /V� denotes the normalized initial velocity of
an electron, T=�k is the normalized resonant electron flight
time, and 
F, 
R, and 
T denote the resonant starting phases
for the different parts of the electron cloud. It should be
emphasized that such resonances are possible only for the
case of �=1 and �=const. Considering small deviations of
the starting phases from their resonant values, one can deter-
mine the parameters regions where the resonances are stable
for all parts of the electron cloud.

The fact that the stability of the resonant motion is
achieved simultaneously for the F, R, and T electrons in the
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FIG. 9. Impact energies and flight times typical of electrons crossing the gap
�black dots� and returning to the surface of emission �white dots� during
approach to saturation. Classical mode k=5 ��=17.28� and �max=2.45. The
black dashed line indicates first cross over point energy W1, calculated for
�max=2.45 and given position of the maximum of the secondary emission
curve.
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FIG. 10. Saturation levels of the number of electrons �a� and of the total
power deposited on the surfaces �b� as functions of �max. Classical mode
k=5 ��=17.28�. Lines marked with circles correspond to simulations carried
out using the SEY approximation given by Eq. �2� and lines marked with
stars to simulations carried out for the SEY approximation given by Eq. �4�.
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ture at the saturation stage. However, when the secondary
emission yield exceeds a certain threshold value, the multi-
pactor transforms into a single surface phenomenon at the
saturation stage. This transformation is accompanied by a
drastic increase in the number of electrons in the multipactor
discharge. The simulation results have been compared with
predictions given by different theories of multipactor satura-
tion. An analysis of the resonance stability and its perturba-
tion by the space charge effect has been made in order to
estimate the multipactor saturation level when the secondary
emission yield is marginally larger than unity. On the other
hand, when the secondary emission yield is significantly
larger than the threshold value, the saturation level can be
estimated using the single-surface multipactor theory. In in-
termediate cases, the multipactor includes both two- and one-
sided regimes and a simple estimate of the saturation level is
not available.
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APPENDIX: MULTIPACTOR SATURATION LEVEL

In this appendix the dependence of the multipactor satu-
ration level on the value of the secondary emission yield is
analyzed. It is found that a partial compensation of the elec-
tron losses caused by a violation of the resonance conditions
occurs for increasing SEY values. Consider first a conven-
tional two-sided multipactor, which develops under the con-
ditions of a classical resonance mode in situations where the
SEY value is only slightly larger than unity. While the elec-
tron cloud oscillates between the plates, the space charge
parameter � increases after each impact due to electron mul-
tiplication. Therefore the emission phases of the outermost
electrons of the cloud are not repeated after each impact and
the resonance conditions given by Eqs. �9�–�11� become vio-
lated. On the other hand, the interval between the phases of
the outermost electrons becomes larger after each transit and
the width of the electron cloud also increases. The following
expressions represent the equations of motion and the initial
conditions for the F and T electrons after n transits between
the plates:

F:
d2�

d
2 = sin 
 + �n, ��
 = 
F,n� = 0, 
 d�

d





F,n

= v0,

�A1�

T:
d2�

d
2 = sin 
 − �n, ��
 = 
T,n� = 0, 
 d�

d





T,n

= v0.

�A2�

It is tacitly assumed that the center of the cloud is not af-
fected by the forces and that the motion of the R electrons is
described by Eq. �7�. Using also the assumption that the
secondary emission coefficient � is fixed and the same for all

electrons of the cloud, the recurrence relation for the space
charge parameter can be taken as

�n+1 = ��n. �A3�

When the emission phases of the outermost electrons are
close to the emission phase 
R of the central resonance, i.e.,


F = 
R + �
F, �
F 	 0, ��
F� � 1, �A4�


T = 
R + �
T, 0 	 �
T � 1, �A5�

the following recurrence relations for �
F,n+1 and �
T,n+1

can be obtained from Eqs. �A1� and �A2�:

�
F,n+1 =
1

2 cos 
R + v0
��
F,n�T sin 
R + v0�

+
T cos 
R

2
�
F,n

2 − �nT2� , �A6�

�
T,n+1 =
1

2 cos 
R + v0
��
T,n�T sin 
R + v0�

+
T cos 
R

2
�
T,n

2 + �nT2� . �A7�

As the number of electrons in the cloud grows, finally one of
the outermost electrons impacts on a surface with an unfa-
vorable phase and consequently the secondaries of this elec-
tron are not able to take part in the further development of
the avalanche. Thus, the space charge becomes weaker and
this allows further growth of the number of electrons until
new outermost electrons are again lost.

The following scheme of recurrence calculations can be
used to obtain a theoretical estimate of the threshold value �,
at which the saturation stage is reached. Assuming small ini-
tial deviations �
F,0�1 and �
T,0�1 together with a very
small, but finite, value of �0�1, the recurrence relations
�A6� and �A7� can be solved after each transit taking into
account Eq. �A3�. The calculations are stopped as soon as at
least one of the outermost electrons falls into unfavorable
conditions. Specifically:

(I) The T electron is retarded (relative to the center of the
cloud) so much that its transit time � becomes much
longer than what is typical for the considered classi-
cal mode: �−T
2�; therefore this electron falls out
of the studied electron cloud.

(II) the F electron crosses the gap too fast, so that the
concomitant secondary electrons are released in start-
ing phases that do not allow them to leave the surface,
therefore these electrons are also lost.

In Fig. 12 the saturation levels obtained from numerical
simulations carried out using the PIC code for various clas-
sical modes k=3,5 ,7 of the two-sided multipactor are com-
pared with the theoretical estimates computed using the re-
currence relations given by Eqs. �A3�, �A6�, and �A7� for
�=�max and 
R=0, with respect to conditions �I� and �II�. In
order to avoid any influence of the initial values �0, �
F,0,
and �
T,0 on the theoretical estimates, the corresponding cal-
culations were repeated many times and their results were
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averaged. It was found that condition �I� is stronger at lower
�max values, whereas condition �II� is stronger at higher val-
ues of �max. It is seen that the results of the PIC simulations
are in good agreement with the theoretical estimates based
on Eqs. �A3�, �A6�, and �A7� at low SEY values.

The small, but increasing, discrepancy observed for in-
creasing values of �max �for �max	1.6� should most likely be
due to the simplification of the electron motion when the
effect of the space charge on the center of the electron cloud
is neglected, as discussed previously. It should also be noted
that the discrepancies between the numerical and theoretical
results become considerably larger for the SEY values at
which the development of single surface regimes is detected
and the model of the conventional two-sided multipactor
cannot be applied.

More accurate theoretical estimates describing the satu-
ration level of a mainly single surface multipactor must also
take into account the influence of the actual SEY value.
Thus, the increase in the saturation level after the jump can
be explained as a compensation of the electron losses by the

strong secondary emission.24 One possible method of analy-
sis is presented in Ref. 13. However, in most of cases, due to
the number of assumptions and simplifications usually made
in a theoretical model, an analytical estimate is not accurate
enough to predict the detailed multipactor properties and nu-
merical simulations are then a more reliable approach for
studying the properties of multipactor discharges.
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FIG. 12. Saturation levels of the number of electrons as functions of �max.
The solid line marked with squares corresponds to PIC numerical simula-
tions carried out for the resonance mode k=3 ��=10.37�, the solid line
marked with circles corresponds to PIC numerical simulations carried out
for the resonance mode k=5 ��=17.28�, and the solid line marked with
triangles corresponds to PIC numerical simulations carried out for the reso-
nance mode k=7 ��=24.19�. The dotted lines marked, respectively, corre-
spond to the theoretical estimates based on Eqs. �A3�, �A6�, and �A7�.
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