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Calculation of Ring-Shaped Phase Centers of Feeds
for Ring-Focus Paraboloids

Jian Yang and Per-Simon Kildal, Fellow, IEEE

Abstract—Some primary feeds such as the hat feed radiate
around the feed waveguide, which also acts as an axial support
tube. Such feed antennas have phase centers in the form of rings
rather than points. This paper presents a formula to calculate the
location of the ring-shaped phase center. The optimum reflector
is a ring-focus paraboloid with the ring focus coinciding with the
ring-shaped phase center. The phase center formula is applied to
two versions of the hat feed and it is shown that the aperture effi-
ciencies can be improved by up to 0.5 dB when optimum ring-focus
paraboloids are used instead of point-focus paraboloids.

Index Terms—Hat feed, paraboloids, phase center, reflector an-
tenna, reflector shaping.

I. INTRODUCTION

I N most reflector antennas the feed can be treated as a point
source, which means that the phase fronts of the feed are

spherical with center of curvature in its phase center. The max-
imum directivity occurs when the phase center coincides with
the focal point of the reflector. Several methods have been used
to determine the phase center of a feed in a parabolic reflector.
The author of [] considered an idealized feed pattern for which
the phase is constant when the phase reference point is at the
phase center. In [2] a more general formula based on the max-
imization of the aperture efficiency of the reflector was pre-
sented. An iterative numerical method with the same basis was
used in [3]. In [4] the formula of [2] was improved to be valid
also when the radiation field of the feed has large phase varia-
tions after transformation to the phase center.

For rear-radiating feeds such as the hat feed [5], there may be
large gain reductions due to phase errors even when the feed is
located with its phase center at the focus of the reflector. The
reason is that such feeds radiate from a circumferential aper-
ture rather than from a planar aperture in free-space and, there-
fore, the radiation field is better characterized in terms of a
ring-shaped phase center than a phase center point. For such
feeds, the optimum reflector which maximizes the gain is a
so-called “ring-focus” paraboloid [6]. In the present paper, we
will introduce a formula to determine the location and radius of
such a ring-shaped phase center. The formula can also be used
to determine the most optimum ring-focus paraboloid when the
same reflector is to be used for several feeds operating in dif-
ferent frequency bands.

It has to be pointed out that at a single frequency, it is possible
to shape the reflector directly by using the phase variations of
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the copolar feed pattern in order to obtain a uniform phase for
the aperture field and to reduce the phase error losses. In this
case, the reflector gets a numerically specified shape which is
very close to the analytical ring-focus paraboloid considered in
the present work. However, when a reflector is to be used in
several frequency bands, the analytical ring-focus paraboloid is
easier to use for maximizing the aperture efficiency in all bands.
The analytical ring-focus paraboloid is also easier to use for
analytical tolerance studies.

The present study is limited to type feeds [7], i.e.,
bodies of revolution excited with a TE mode in a circular
waveguide or similar. The present study is also performed for the
case when the reflector is located in the far-field of the feed. This
is satisfied for most primary fed reflector. The work is easily
extended to near field illumination of a paraboloid or of the hy-
perboloidal subreflector of a classical Cassegrain, as explained
after (2) in Section II.

II. THEORY

Generally, the phase efficiency, which is one of the subaper-
ture efficiencies of a classical rotationally symmetric reflector
system, can be expressed as follows [8]:

(1)

where is the copolar field in the 45plane over the
aperture of the reflector. When the feed is located with the origin
of its coordinate system (i.e., its phase reference point) in the
origin of the coordinate system of the reflector, the aperture field

, which for convenience is assumed at , can be
expressed as

(2)

where is the copolar far-field
function of the feed, and describes the reflector (Fig. 1).
Equation (2) means that the reflector is in the far field of the
feed. If it is not the case, we can still approximate the copolar
aperture field by (2), except that does not represent
the far-field function. Actually, will then be different
for different focal length of the reflector. This will cause the
optimum phase center to be different in reflectors of different
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Fig. 1. The coordinate system(�; z) of reflector and a feed with the phase
reference point atz .

focal length, even when the subtented angles of the reflectors
are the same. We will consider a ring-focus paraboloid defined
by

and

(3)

where
focal length;
radius of the focus ring;
defined in Fig. 1.

When , and we may use

(4)

(5)

in amplitude factors and phase terms, respectively. Using (2),
(4), and (5) we may write the phase efficiency as

(6)

where
subtended half angle of the reflector (see Fig. 1);

;
phase of ;

.
We define the ring-shaped phase center of the feed as the

location of the focus ring of the optimum ring-focus parabo-
loid which maximizes the phase efficiency and thereby also the
overall aperture efficiency, all in agreement with the definition
in [3] for point-focus paraboloids. We will now derive a direct
computation formula based on this definition.

The phase function of the copolar pattern of the feed antenna
is when the phase reference point is

Fig. 2. The reflector antenna with (a) Chinese hat feed and (b) standard hat
feed.

moved from the origin to a point on the symmetry axis in the
coordinate system of the feed. This corresponds to locating the
feed in such a way that the point coincides with the origin
of the coordinate system of the reflector. The phase efficiency
for this location of the feed in the ring-focus paraboloid in (3)
can be written as follows:

(7)

For convenience, we introduce

(8)

We now assume small phase errors, i.e.,

(9)

This limits our treatment to feeds which give small phase er-
rors in optimum ring-focus paraboloids, i.e., whenand
are chosen so as to satisfy (9). Then, by Taylor expansion of the
phase factor we get [2]

(10)
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Fig. 3. Phase of copolar aperture field of (a) Chinese hat feed and (b) standard
hat feed in different reflectors.� = 0 means in point-focus paraboloid;
� = � means in optimum ring-focus paraboloid;z = 0 means initial axial
location;z = z means optimum axial location.

where and are the mean and mean-square phase errors,
respectively, given by

(11)

By substituting (8) into (10), we obtain the following expres-
sion:

(12)

where

(13)

with

(14)

III. FORMULA FOR RING-SHAPED PHASE CENTER

Equation (12) has a simple dependence on bothand
and, by partial differentiation, can be easily maximized with
respect to and . The results and become

(15)

where and represent the axial location and radius of
the ring-shaped phase center, respectively. Then also
defines the optimum ring-focus paraboloid for the feed, which
maximizes the aperture efficiency if the feed is located correctly
with in the center of the coordinate system of the
reflector when the reflector is defined by (3).

The formula for is and should be independent of the lo-
cation of the origin of the coordinate system of the feed, i.e., the
initial phase reference point of the radiation pattern of the feed,
as long as it is on the symmetry axis. This can be shown as fol-
lows. Assume that is the phase of the radiation pattern of
the feed when the phase reference point is located at. Then,
the phase of the radiation pattern of the feed will be

(16)

when the phase reference point is moved fromto . From
(13) and (14), the denominator of (15), , will not be
affected by this change of reference point, whereasand will
be affected and from (14) we get

(17)
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TABLE I
COMPARISON OFCALCULATED VALUES OF PHASE CENTERLOCATIONS AND PHASE EFFICIENCIES INDECIBELS BY USING DIFFERENTMETHODS

TABLE II
OPTIMUM AXIAL LOCATIONS WITH GIVEN RING-FOCUSPARABOLOID FOR MULTIBAND APPLICATION. �� IS THE DIFFERENCEBETWEEN RADIUS OF PHASE

CENTER RING AND RING FOCUS. MEAN FREQUENCY(f + f )=2 IS 30.45 GHz

By substituting (17) into (13) and (15), we obtain

(18)

In the same way, it can be shown that is also independent of
the initial phase reference point of the radiation pattern of the
feed.

Thus, we can conclude that as long as the assumption of (9)
is valid, the formula (15) is valid. This corresponds in practice
to that the resulting phase efficiency in the optimum reflector
must be better than about1 dB.

IV. OPTIMUM AXIAL POSITION WITH GIVEN RING-FOCUS

PARABOLOID

We will now consider the optimum axial location of the feed
in a given nonoptimum ring-focus paraboloid. Equation (12) is
valid also for this case and the optimum location is found
by maximizing with respect to when is constant. This
gives

(19)

We can also introduce and ,
for which case the optimum axial location of the feed

(20)

compared to its best location in the optimum ring-focus parabo-
loid. The corresponding maximum phase efficiency in the given
nonoptimum ring-focus paraboloid is

(21)

where is the phase efficiency in the optimum ring-focus
paraboloid. These formulas are very useful when designing re-
flectors to be used for feeds in multiple frequency bands. It can
readily be shown that if a ring-focus paraboloid is to be used
with several different feeds between a lowest frequency
and a highest frequency , which may be several octaves
different, the optimum reflector should be designed at the mean
frequency . Then, the phase efficiency has its
highest value at the mean frequency, and its lowest value occurs
at and is the same for both and . Equation (21) is also
convenient to find the tolerance requirement on the axial feed
location.

V. APPLICATION

The above formulas have been applied to hat fed reflectors.
The hat feed is made of a straight circular tube with a corru-
gated plate (hat) at the end, which is mounted to the tube by
means of a small dielectric piece (head) (see Fig. 2). The hat fed
reflector can provide extremely low sidelobes and the manufac-
ture cost is low. Two kinds of hat fed reflectors are used for the
present analysis: a Chinese hat feed in a ring-focus paraboloid
with a subtended semi-angle of 80[Fig. 2(a)] [9] and a standard
hat feed in a ring-focus paraboloid with a subtended semi-angle
of 100 [Fig. 2(b)] [10]. The amplitude and phase functions of
the copolar radiation field were calculated by the V2D code
[11] based on the finite-difference time-domain (FDTD) method
(Fig. 3). In both cases the outer radius of the circular waveguide
is . In comparison, we have used the previous methods,
which were mentioned in the introduction, to calculate the phase
center of the hat feed and the corresponding phase efficiency.
The results are shown in Table I. From Fig. 3 and Table I, one
observes that, by using a ring-focus paraboloid, the phase effi-
ciencies are considerably better than those for a standard parab-
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oloid. For the standard hat feed, the ring-focus paraboloid has a
considerably high phase efficiency of0.02 dB. An interesting
phenomenon is that the radius of the ring focus is not equal to
the outer radius of the circular waveguide. One can also observe
that for the two cases in Table I, the axial locations of the phase
centers are equal to those determined by using the point phase
center formulas in [3] and [4]. This is because the iterative nu-
merical methods in [3] and [4] are valid for the general cases
and the present work gives the analytic solution for a specific
case of them.

In order to reduce manufacture cost, the same reflector may
be used for different hat feeds in several frequency bands. Then,
by using (21), it is very easy to find the optimum axial posi-
tion of the feed and the corresponding phase efficiency. Table II
presents the results for the geometry considered in this work.
One can see that the phase efficiency can be improved by 0.15
dB at both the highest and the lowest frequency simply by axi-
ally relocating the feeds away from its phase center in the
optimum reflector.

VI. CONCLUSION

We have presented a method of determining the optimum
ring-focus paraboloid for a feed with a ring-shaped phase center.
The method provides both the location of the phase center of the
feed and the optimum reflector shape. For the examples studied,
the phase efficiency can be improved by 0.5 dB by using the
ring-focus phase center formula. The method also provides a
very efficient and easy way to maximize the aperture efficiency
in all frequency bands when the same ring-focus reflector is
used in several frequency bands, simply by relocating the feeds
in this given nonoptimum ring-focus parabolic reflector. The
improvement of the aperture efficiency can in this case be 0.15
dB. It is also easy to use this method for studying the tolerances
of the reflector and feed location.
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