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During this last decade, several remarkable phenomena inherent to the nonlinear propagation of incoherent
optical waves have been reported in the literature. This article is aimed at providing a generalized wave turbulence
kinetic formulation of randomnonlinear waves governed by the nonlinear Schrödinger equation in the presence of
a nonlocal or a noninstantaneous nonlinear response function. Depending on the amount of nonlocal (noninstan-
taneous) nonlinear interaction and the amount of inhomogeneous (nonstationary) statistics of the incoherent
wave, different types of kinetic equations are obtained. In the spatial domain, when the incoherent wave exhibits
fluctuations that are statistically homogeneous in space, the relevant kinetic equation is the wave turbulence
(Hasselmann) kinetic equation. It describes, in particular, the process of optical wave thermalization to thermo-
dynamic equilibrium, which slows down significantly as the interaction becomes highly nonlocal. When the in-
coherent wave is characterized by inhomogeneous statistical fluctuations, different forms of the Vlasov equation
are derived, which depend on the amount of nonlocality in the system. This Vlasov approach describes, in par-
ticular, the processes of incoherent modulational instability and the formation of localized incoherent soliton
structures. In the temporal domain, the noninstantaneous nonlinear response function is constrained by the caus-
ality condition. It turns out that the relevant kinetic equation has a form analogous to the weak Langmuir turbu-
lence equation, which describes, in particular, the formation of nonlocalized spectral incoherent solitons. In the
regime of a highly noninstantaneous nonlinear response and a stationary statistics of the incoherent wave, the
weak Langmuir turbulence equation reduces to the Korteweg–de Vries equation. Conversely, in the regime of
a highly noninstantaneous response in the presence of a nonstationary statistics, we derive a long-range
Vlasov-like kinetic equation in the temporal domain, whose self-consistent potential is constrained by the caus-
ality condition. From a broader perspective, this work indicates that thewave turbulence theorymay constitute the
appropriate theoretical framework to formulate statistical nonlinear optics. © 2012 Optical Society of America

OCIS codes: 190.0190, 030.6600.

1. INTRODUCTION
The nonlinear propagation of coherent optical fields has been
explored in the framework of nonlinear optics [1,2], while the
linear propagation of incoherent fields has been studied in the
framework of statistical optics [3]. However, these two funda-
mental fields of optics have been mostly developed indepen-
dently, so that a complete and satisfactory understanding of
statistical nonlinear optics is still lacking. This article is
aimed at providing a generalized wave turbulence (WT) de-
scription of partially coherent optical waves propagating in
Kerr media with a nonlocal or a noninstantaneous nonlinear
response.

The dynamics of partially coherent nonlinear optical beams
has received a renewed interest since the first experimental
demonstration of incoherent solitons (ISs) in photorefractive
crystals [4,5]. The IS formation results from the spatial self-
trapping of incoherent light that propagates in a noninstanta-
neous response nonlinear medium [6–15]. The remarkable
simplicity of experiments realized in photorefractive crystals
has led to a fruitful investigation of the dynamics of incoherent
nonlinear waves. Several fundamental phenomena have been
predicted theoretically and confirmed experimentally, such
as, e.g., the modulational instability of incoherent optical

waves [11,12], the existence of incoherent dark solitons
[14,15], or ISs in optical lattices [16,17] (for a review, see
[2]). More specifically, several different theoretical ap-
proaches have been developed to describe the evolution of
incoherent nonlinear waves in slowly responding nonlinear
materials, namely the mutual coherence function approach
[18], the self-consistent multimode theory [19], the coherent
density method [20], and the Wigner–Moyal transform ap-
proach [21,22]. Subsequently, these four different theoretical
methods have been shown to be formally equivalent [23,24].
We note in particular that the Wigner–Moyal equation
has been recently shown to be integrable by finding a
recursive relation generating an infinite number of invariants
[25,26].

It is important to underline that the mechanism underlying
the formation of these IS states finds its origin in the existence
of a self-consistent potential, which is responsible for a spatial
self-trapping of the incoherent optical beam. From this point
of view, these ISs are of the same nature as the ISs predicted in
plasma physics a long time ago in the framework of the Vlasov
equation [27–29]. This analogy with nonlinear plasma waves
has been also exploited in optics in different circumstances
[30–32], in particular to interpret the existence of a threshold
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in the incoherent modulational instability as a consequence of
the phenomenon of Landau damping [21].

ISs can be also supported by a nonlocal nonlinearity in the
spatial domain, instead of the conventional noninstantaneous
nonlinearity discussed here above [33–38]. A nonlocal wave
interaction means that the response of the nonlinearity at a
particular point is not determined solely by the wave intensity
at that point, but also depends on the wave intensity in the
neighborhood of this point. Nonlocality thus constitutes a gen-
eric property of a large number of nonlinear wave systems
[39–46], and the dynamics of nonlocal nonlinear waves has
been widely investigated in this last decade [47–51]. In parti-
cular, in the highly nonlocal limit, i.e., in the limit where the
range of the nonlocal response is much larger than the size of
the beam, the propagation equation reduces to a linear and
local equation with an effective guiding potential given by
the nonlocal response function. The optical beam can thus
be guided by the nonlocal response of the material, a process
originally termed “accessible solitons” in [51,52]. In this highly
nonlocal limit, it has been shown theoretically and experimen-
tally that a speckled beam can be guided and trapped by the
effective waveguide induced by the nonlocal response [33,34].

More recently, the long-term evolution of a modulationally
unstable homogeneous wave has been studied in the presence
of a nonlocal response [35]. Contrarily to the expected soliton
turbulence process where a coherent soliton is eventually gen-
erated in the midst of small-scale fluctuations [53–57], a highly
nonlocal response is responsible for an IS turbulence process.
It is characterized by the spontaneous formation of an IS
structure starting from an initially homogeneous plane-wave.
A WT approach of the problem revealed that this type of IS
can be described in detail in the framework of a Vlasov-like
kinetic equation, which is shown to provide an “exact” statis-
tical description of the highly nonlocal random wave system.
We note that this Vlasov equation differs from the traditional
Vlasov equation considered for the study of incoherent
modulational instability and ISs in plasmas [28,29,58], hydro-
dynamics [59], and optics [21,30–32], while its structure is
analogous to that recently used to describe systems of parti-
cles with long-range interactions [60].

From a different perspective, another type of IS has been
recently identified in the temporal domain, by exploiting the
noninstantaneous property of the nonlinear Raman response
in optical fibers [61–63]. This IS is of a fundamentally different
nature than the ISs discussed above. In particular, it does not
exhibit a confinement in the spatio-temporal domain, but ex-
clusively in the frequency domain. For this reason, it has been
termed “spectral IS.” Indeed, the optical field exhibits a sta-
tionary statistics (i.e., the field exhibits random fluctuations
that are statistically stationary in time), so that the soliton be-
havior only manifests in the spectral domain. A WT analysis of
the system has revealed that the kinetic equation that de-
scribes spectral ISs has a structure analogous to that consid-
ered in plasma physics to study weak Langmuir turbulence
[64–68]. For this reason, we will term this kinetic equation
“weak Langmuir turbulence” equation.

It turns out that the generation of ISs requires either a non-
instantaneous or a nonlocal response of the nonlinear medium
in which the wave propagates. Conversely, when a statistically
homogeneous (stationary) incoherent wave propagates in a
medium whose nonlinear response can be considered as local

(instantaneous), the wave is expected to exhibit a process of
thermalization. This process is characterized by an irreversi-
ble evolution toward the thermodynamic equilibrium state,
i.e., the Rayleigh–Jeans spectrum that realizes the maximum
entropy. The essential properties of wave thermalization are
described by the WT theory on the basis of an irreversible
kinetic equation [69–74], which was originally derived by
Hasselmann [75,76]. The irreversible behavior to thermal equi-
librium is expressed by an H-theorem of entropy growth,
in analogy with the Boltzmann kinetic equation relevant to ki-
netic gas theory. The process of optical wave thermalization
[77–80], and its breakdown [81–84], have been studied in var-
ious circumstances, such as, e.g., wave condensation [85–88]
and supercontinuum generation [89–91], as well as in various
optical media characterized by different nonlinearities
[92–94].

Our aim in this article is to provide a generalized kinetic
description of incoherent waves governed by the nonlinear
Schrödinger (NLS) equation in the presence of either a non-
local (in the spatial domain) or a noninstantaneous (in the
temporal domain) response function. For the sake of clarity,
we consider separately the physical situations where the Kerr
nonlinearity exhibits a nonlocal and a noninstantantaneous
response. Depending on the amount of nonlocal (noninstan-
taneous) nonlinear interaction and the amount of inhomoge-
neous (nonstationary) statistics of the incoherent wave,
different types of kinetic equations are obtained. This is illu-
strated schematically in Figs. 1 and 2, respectively, for a spa-
tially nonlocal and a temporally noninstantaneous response of
the nonlinearity. In substance, when the statistics of the wave
are homogeneous in space, the relevant kinetic equation is the
HasselmannWT kinetic equation. In the limit of a conservative
wave interaction (unforced system), this kinetic equation
describes the irreversible process of thermalization to the
Rayleigh–Jeans equilibrium distribution. Interestingly, we
show here that this thermalization process slows down in a

Fig. 1. (Color online) Schematic illustration of the validity of the fun-
damental kinetic equations in the framework of a spatially nonlocal
nonlinear response: σs ∕Λs represents the amount of nonlocality of
the nonlinear interaction, while λc ∕Δs represents the amount of inho-
mogeneous statistics of the incoherent wave. When the incoherent
wave is characterized by fluctuations that are statistically homoge-
neous in space, the relevant kinetic description is provided by the
WT (Hasselmann) kinetic equation, which describes in particular
the irreversible process of thermalization to the thermodynamic
Rayleigh–Jeans equilibrium spectrum. When the incoherent wave ex-
hibits an inhomogeneous statistics, the relevant kinetic description is
provided by different variants of the Vlasov equation, whose self-
consistent potential depends on the amount of nonlocality in the sys-
tem. The Vlasov kinetic equation describes, in particular, incoherent
modulational instability and localized IS structures. (σs is the range of
the nonlocal interaction, Λs is the healing length, λc is the correlation
length, and Δs is the length scale of inhomogeneous statistics).
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significant way as the nonlinear interaction becomes highly
nonlocal. Conversely, in the presence of inhomogeneous sta-
tistics, the relevant kinetic equation is the Vlasov equation,
whose self-consistent nonlinear potential is shown to depend
on the amount of nonlocality in the system (see Fig. 1). The
“short-range” Vlasov equation was not considered before in
the literature, while the “long-range” Vlasov equation was re-
cently considered in [35] to describe nonlocal IS solitons. A
similar diagram of the kinetic description of the wave interac-
tion is obtained in the temporal domain in the presence of a
noninstantaneous nonlinear response, as illustrated in Fig. 2.
There is, however, an essential difference with the spatial case
because the response function of the material is constrained
by the causality condition in the temporal domain. As a result
of the causality property, a kinetic equation similar to the
weak Langmuir turbulence equation turns out to be the rele-
vant kinetic equation, irrespective of the nature of the statis-
tics of the incoherent wave, which may be either stationary or
nonstationary. When the incoherent wave exhibits a station-
ary statistics in the presence of a highly noninstantaneous
nonlinear response of the material, we show that the weak
Langmuir turbulence equation reduces to the Korteweg–de
Vries equation, which thus describes the evolution of the aver-
aged spectrum of the incoherent wave. Conversely, when the
wave exhibits a nonstationary statistics in the presence of a
highly noninstantaneous response, we derive a long-range
Vlasov-like kinetic equation in the temporal domain, whose
self-consistent potential is constrained by the causality condi-
tion. To our knowledge, it is the first time that this long-range
Vlasov-like equation is derived, even beyond the context
of optics. The self-consistent potential of this kinetic equation

can be decomposed into an even contribution that leads to the
conventional conservative Vlasov dynamics and an odd con-
tribution that leads to a spectral red-shift in frequency space.
We remark that the dynamics of optical waves in slowly re-
sponding Kerr materials is also attracting a growing interest
thanks to recent advances in the fabrication of photonic crys-
tal fibers filled with molecular liquids displaying highly non-
instantaneous Kerr responses (see, e.g., [95]). Finally, to
summarize the analogy between the kinetic wave approach
and the kinetic theory relevant to a gas system, we schema-
tically report in Fig. 3 a qualitative and intuitive physical in-
sight into the meaning of the fundamental three kinetic
equations discussed in this article.

This work reports a significant progress in the understand-
ing of the dynamics of partially coherent optical waves propa-
gating in nonlinear media. We note that, besides ISs and
optical wave thermalization, the study of statistical nonlinear
optics is a subject of growing interest in various fields of
investigations, including, e.g., optical wave condensation
[85–88,96–100], wave propagation in periodic media [94], non-
linear imaging [101], polarization effects [79,102], cavity sys-
tems [97–99, 103–107], or nonlinear interferometry [108].
From a more general perspective, this work reports a unified
kinetic formulation of random nonlinear waves governed by
the NLS equation. Given the universality of this equation in
nonlinear science, this work finds applicability in many areas
of physics including hydrodynamics, plasma physics, and
low-temperature condensed matter.

Fig. 2. (Color online) Schematic illustration of the validity of the fun-
damental kinetic equations in the framework of a temporally nonin-
stantaneous nonlinear response: σt ∕Λt represents the amount of
noninstantaneous response of the nonlinearity, while tc ∕Δt represents
the amount of nonstationary statistics of the incoherent wave. The
diagram for the temporal domain reported here is similar to that re-
ported in the spatial domain in Fig. 1. The essential difference be-
tween the spatial and the temporal domain relies on the fact that
in the temporal domain, the response function is constrained by
the causality condition. It turns out that when the finite response time
of the nonlinearity cannot be neglected, the relevant kinetic descrip-
tion is provided by an equation analogous to the weak Langmuir tur-
bulence equation, irrespective of the nature of the fluctuations that
may be either stationary or nonstationary. This equation has been
shown to describe nonlocalized spectral ISs. In the presence of a
highly noninstantaneous nonlinear response and a stationary statistics
of the incoherent wave, the weak Langmuir turbulence reduces to the
Korteweg–de Vries equation. Conversely, when the wave exhibits a
nonstationary statistics still in the presence of a highly noninstanta-
neous response, we derive a “temporal long-range” Vlasov equation,
whose self-consistent potential is constrained by the causality condi-
tion of the noninstantaneous response function. (σt is the response
time of the nonlinearity, Λt is the “healing time,” tc is the correlation
time, and Δt is the time scale of nonstationary statistics).

Fig. 3. (Color online) Analogy between a system of classical parti-
cles and the propagation of an incoherent optical wave in a cubic non-
linear medium. (a) As described by the kinetic gas theory (Boltzmann
kinetic equation), collisions between particles are responsible for an
irreversible evolution of the gas towards thermodynamic equilibrium.
(b) In complete analogy, the WT (Hasselmann) kinetic equation and
the underlying four-wave mixing describe an irreversible evolution of
the incoherent optical wave toward the thermodynamic Rayleigh–
Jeans equilibrium state. (c) When the incoherent optical wave exhibits
an inhomogeneous statistics, the four-wave interaction no longer
takes place locally; i.e., the quasi-particles feel the presence of an
effective self-consistent potential, V�r�, which prevents them from re-
laxing to thermal equilibrium. The dynamics of the incoherent optical
wave turns out to be described by a Vlasov-like kinetic equation. (d) In
the presence of a noninstantaneous nonlinear interaction, the causal-
ity condition inherent to the response function changes the physical
picture: the nonlinear interaction involves a material excitation (e.g.,
molecular vibration in the example of Raman scattering). The dy-
namics of the incoherent optical wave turns out to be described by
a kinetic equation analogous to the weak Langmuir turbulence
equation. Note, however, that a highly noninstantaneous nonlinear re-
sponse is no longer described by the weak Langmuir turbulence equa-
tion, but instead by the “long-range” Vlasov-like equation (see Fig. 2).

Garnier et al. Vol. 29, No. 8 / August 2012 / J. Opt. Soc. Am. B 2231



We underline that this article is also aimed to render the
mathematical tools of the WT theory accessible to a broad
audience in the nonlinear optics community. Indeed, several
detailed calculations underlying the derivation of the kinetic
equations are reported in Appendix A. In this respect, this pa-
per can also be considered as a pedagogical introduction to
the WT kinetic theory in the context of statistical nonlinear
optics.

2. NONLOCAL RESPONSE
In this section, we study the transverse spatial evolution of a
partially coherent wave that propagates in a nonlocal non-
linear medium. A nonlocal nonlinear response is found in sev-
eral systems such as, e.g., dipolar Bose–Einstein condensates
[39], atomic vapors [40], nematic liquid crystals [41,42], photo-
refractive media [43], thermal susceptibilities [44,45], and
plasmas physics [46]. For this reason, the dynamics of
nonlocal nonlinear waves has been widely investigated
[47,48,50,51]. We consider here the standard nonlocal NLS
model equation describing a nonlocal nonlinear wave
interaction

i∂zψ � −βs∇2ψ � γψ

Z
U�x − x0�jψ j2�z; x0�dx0; (1)

where x denotes the position in the transverse plane of dimen-
sion d and∇2 denotes the corresponding transverse Laplacian
(∇2 � ∂2x for d � 1, ∇2 � ∂2x � ∂2y for d � 2). The nonlocal re-
sponse function U�x� is a real and even function normalized
in such a way that

R
U�x�dx � 1, so that in the limit of a local

response [U�x� � δ�x�, δ�x� being the Dirac function], Eq. (1)
recovers the standard local NLS equation. The param-
eters βs�> 0� and γ refer to the linear and nonlinear coeffi-
cients, respectively. Note that a positive (negative) value of
γ corresponds to a defocusing (focusing) nonlinear interac-
tion. Besides the momentum, Eq. (1) conserves the power
(or number of particles) N � R jψ�x�j2dx, and the Hamilto-
nian H � E � U, where E � βs

R j∇ψ�x�j2dx and U �
γ
2∬ U�x − x0�jψ�x�j2jψ�x0�j2dxdx0 denote the linear (kinetic)
and nonlinear contributions to the energy H.

We denote by σs the spatial extension of U�x�, which
characterizes the amount of nonlocality in the system. This
length scale has to be compared with the healing length
Λs �

�����������������
βs ∕ �γn�

p
, where n is the typical density of power (par-

ticles) jψ j2. We recall that Λs denotes the typical wavelength
excited by the modulational instability of a homogeneous
background in the limit of a local nonlinearity, σs → 0. An-
other important length is the typical length Δs that charac-
terizes the homogeneity of the statistics. It reflects the
typical length scale over which the fluctuations of the incoher-
ent wave can be considered as homogeneous in space.

A. Short-Range Vlasov Equation
1. Nonlocal Case
Following the standard procedure, we derive an equation for
the evolution of the autocorrelation function of the field,
B�x; ξ; z� � hψ�x� ξ ∕ 2; z�ψ��x − ξ ∕ 2; z�i, where h·i denotes
an averaging over the realizations of the initial noise of the
field ψ�x; z � 0�. Because of the nonlinear character of the
NLS equation, the evolution of the second-order moment of
the wave depends on the fourth-order moment. In the same

way, the equation for the fourth-order moment depends on
the sixth-order moment, and so on. A simple way to achieve
a closure of the infinite hierarchy of moment equations is to
assume that the field has Gaussian statistics. This approxima-
tion is justified in the weakly nonlinear regime, ρ �
Ld ∕Lnl ≪ 1, where Ld � λ2c ∕ βs is the diffraction length, λc is
the coherence length, and Lnl � 1 ∕ �γn� is the characteristic
length of nonlinear interaction [58,64,69,70]. Exploiting the
property of factorizability of moments of Gaussian fields,
one obtains the following closed equation for the evolution
of the autocorrelation function:

i∂zB�x;ξ;z��−2βs∇x ·∇ξB�x;ξ;z��γP�x;ξ;z��γQ�x;ξ;z�; (2)

where

P�x;ξ��B�x;ξ�
Z
U�y��N�x−y�ξ ∕ 2�−N�x−y−ξ ∕ 2��dy; (3)

Q�x; ξ� �
Z

U�y��B�x − y ∕ 2� ξ ∕ 2; y�B�x − y ∕ 2; ξ − y�

− B�x − y ∕ 2; ξ� y�B�x − y ∕ 2 − ξ ∕ 2;−y��dy;
(4)

and

N�x; z�≡ B�x; ξ � 0; z� � hjψ�x; z�j2i (5)

denotes the averaged power of the field, which depends on the
spatial variable x because the statistics of the field is a priori

inhomogeneous. Note that we have omitted the z-label in
Eqs. (3) and (4).

Equations (2)–(4) are quite involved. To provide an insight
into their physics, we assume that the incoherent wave exhi-
bits a quasi-homogeneous statistics. We introduce the small
parameter ε, which is the ratio between the coherence length
of the field λc (i.e., the length scale of the random fluctuations)
and the length scale of homogeneous statistics Δs (i.e., typi-
cally the size of the incoherent beam), ε � λc ∕Δs. We assume
that the range of the response function is of the same order as
the healing length, σs ∼Λs. Defining the local spectrum of the
wave as the Wigner-like transform of the autocorrelation
function,

nk�x; z� �
Z

B�x; ξ; z� exp�−ik · ξ�dξ;

and performing a multiscale expansion of the solution

B�x; ξ; z� � B�0��εx; ξ; εz� � O�ε�; (6)

we obtain in the first-order in ε the following Vlasov-like
kinetic equation (see Appendix A.1):

∂znk�x;z��∂k ~ωk�x;z�·∂xnk�x;z�−∂x ~ωk�x;z�·∂knk�x;z��0: (7)

The generalized dispersion relation reads

~ωk�x; z� � ω�k� � Vk�x; z�; (8)

where ω�k� � βsk
2 is the linear dispersion relation of the NLS

Eq. (1), and the self-consistent potential reads
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Vk�x; z� �
γ

�2π�d
Z
�1� ~Uk−k0 �nk0 �x; z�dk0; (9)

where ~U�k� � R
U�x� exp�−ik · x�dx is the Fourier transform

of U�x� and

N�x; z� � 1
�2π�d

Z
nk�x; z�dk (10)

is the averaged spatial intensity profile of the wave [see
Eq. (5)]. Note that the effective potential (9) of this Vlasov
equation also depends on the spatial frequency k, which con-
siderably complicates the study of the Vlasov equation. To our
knowledge, it is the first time that this Vlasov equation with
the self-consistent potential (9) is derived in the context of
a wave system that exhibits a nonlocal interaction. The depen-
dence of the potential (9) on k is expected to introduce new
dynamical behaviors, which will be the subject of future
investigations.

Several important properties of the Vlasov Eq. (7) result
from its Poisson bracket structure. First of all, the Vlasov
equation is a formally reversible equation; i.e., it is invariant
under the transformation �z; k� → �−z;−k�. Moreover, it con-
serves the number of particles, N � �2π�−d∬ nk�x; z�dxdk,
and the Hamiltonian HVl � ∬ ω�k�nk�x; z�dxdk� 1

2�2π�2d
∭ nk1 �x; z� ~Uk1−k2nk2�x; z�dxdk1dk2. In addition, the
Vlasov Eqs. (7)–(9) also conserve the so-called Casimirs,
M � ∬ f �n�dxdk, where f �n� is an arbitrary functional of
the distribution nk�x; z�.

2. Local Limit
We remark that in the limit of a local interaction, U�x� → δ�x�,
the Vlasov equation derived here above recovers the tradi-
tional Vlasov equation, whose self-consistent potential (9)
becomes k-independent and reduces to

V�x; z� � 2γN�x; z�: (11)

This type of Vlasov equation was considered in various differ-
ent fields to study incoherent modulational instability and ISs
in plasmas [28,29,58], hydrodynamics [59], and optics
[21,30–32].

B. Long-Range Vlasov Equation
1. Long-Range Response
Let us now consider a long-range nonlocal nonlinear re-
sponse, σs ∕Λs ≫ 1. In this case, the random field exhibits
fluctuations whose spatial inhomogeneities are of the same
order as the range of the nonlocal potential, σs ∼Δs. This as-
pect is well illustrated, e.g., by the IS recently discussed in
[35], whose typical size is determined by σs. Accordingly,
the derivation of the long-range Vlasov equation is obtained
by following a procedure similar to that for the short-range
case (σs ∼Λs), except that we have to introduce the following
scaling for the nonlocal potential:

U�x� � εU �0��εx�: (12)

Note that the prefactor ε is required by the normalization
condition,

R
U�x�dx � R

U �0��εx�d�εx� � 1. Following the
multiscale expansion technique, we derive in Appendix A.2
the Vlasov-like kinetic Eq. (7), with the effective dispersion
relation (8), and the long-range self-consistent potential

V�x; z� � γ

Z
U�x − x0�N�x0; z�dx0: (13)

This effective potential then appears as a simple convolution
of the nonlocal response with the intensity profile of the in-
coherent wave. Contrarily to the short-range potential, it
does not depend on the spatial frequency k. The long-range
Vlasov equation conserves the number of particles,
N � �2π�−d∬ nk�x; z�dxdk, the Hamiltonian HVl �∬ ω�k�
nk�x; z�dxdk� 1

2

R
V�x�N�x; z�dx, and M � ∬ f �n�dxdk, where

f �n� is an arbitrary functional of nk�x; z�. This Vlasov equation
was considered for the first time in [35] to describe highly non-
local spatial ISs. In this previous work, we also generalized to
a nonlocal potential the soliton solution obtained in the limit
of a local nonlinear response, U�x� → δ�x� [28,29].

It is important to underline here that, thanks to the long-
range nonlocal response, the system exhibits a self-averaging
property of the nonlinear response,

R
U�x − x0�jψ�x0; z�j2

dx0 ≃
R
U�x − x0�N�x0; z�dx0. Substitution of this property into

the nonlocal NLS Eq. (1) thus leads to a closure of the hier-
archy of the moment equations. More specifically, using sta-
tistical arguments similar as those in [31], one can show that,
owing to the highly nonlocal response, the statistics of the in-
coherent wave turns out to be Gaussian. Then, contrarily to a
conventional Vlasov equation, whose validity is constrained
by the assumptions of (i) weakly nonlinear interaction and
(ii) quasi-homogeneous statistics, the long-range Vlasov equa-
tion provides an exact statistical description of the random
wave ψ�x; z� in the highly nonlocal regime, ε ≪ 1. This prop-
erty is corroborated by the fact that the Vlasov equation con-
sidered here is formally analogous to the Vlasov equation
considered to study long-range interacting systems [60]. In
this context, it has been rigorously proven that, in the limit
of an infinite number of particles, the dynamics of mean-field

Hamiltonian systems is governed by the long-range Vlasov
equation [60]. Note, however, that the term “long-range” used
in [60] refers to a response function whose integral diverges,R
U�x�dx � �∞, while the response functions considered

here refer to exponential or Gaussian shaped functions typi-
cally encountered in optical materials (see, e.g., [51]).

2. Highly Nonlocal Response: Linear Limit
Note that in the limit of a highly nonlocal nonlinear interac-
tion, the range of the response function can be much larger
than the scale of inhomogeneous statistics, σs ≫ Δs. In this
limit, the response function can be extracted from the convo-
lution integral in the effective potential (13), which thus
leads to

V�x� � γNU�x�: (14)

It is interesting to note that in this limit, the response function
plays the role of the effective potential. Accordingly, the
Vlasov equation loses its self-consistent nonlinear character
and thus reduces to a linear kinetic equation.

As a matter of fact, this highly nonlocal limit was originally
explored by Snyder and Mitchell in [52], and has then been the
subject of a detailed investigation in optics in the framework
of the so-called “accessible solitons” [41,42]. Indeed, the
above approximation (σs ≫ Δs) can be done directly into
the original NLS Eq. (1), which is thus reduced to a local

and linear Schrödinger wave equation,
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i∂zψ � −βs∇2ψ � γNU�x�ψ : (15)

This equation describes the evolution of an optical beam
trapped in an effective waveguide structure whose profile
is given by the nonlocal response function U�x�. Because this
equation is linear, it does not describe modulational instabil-
ity, or the generation of new frequency components. It is in
this highly nonlocal limit that the ISs reported in [33,34] were
studied. These ISs may thus be viewed as a random superpo-
sition of the linear eigenmodes of the potential U�x�, which
are preserved during the linear propagation of the incoherent
beam. We finally note that the Vlasov equation with the effec-
tive potential (14) can also be readily derived from the linear
Schrödinger equation (15).

3. NONINSTANTANEOUS RESPONSE
In this section, we study the longitudinal temporal evolution of
a partially coherent wave that propagates in a nonlinear med-
ium characterized by a noninstantaneous response. We note
that a noninstantaneous response of the material arises in al-
most any radiation–matter interaction. A typical example in
one-dimensional systems is provided by the Raman effect
in optical fibers, which finds its origin in the delayed molecu-
lar response of the material [2]. We consider the standard one-
dimensional NLS equation accounting for a noninstantaneous
nonlinear response function

i∂zψ � −βt∂ttψ � γψ

Z �∞

−∞
R�t − t0�jψ j2�z; t0�dt0; (16)

where the response function R�t� is constrained by the caus-
ality condition, R�t� � 0 for t < 0. Because of this property,
the real and imaginary parts of the Fourier transform of the
response function,

~R�ω� � ~U�ω� � ig�ω�; (17)

are related by the Kramers–Krönig relations, ~U�ω� �
− 1

πP
R

g�ω0�
ω0−ω dω

0, and g�ω� � 1
πP

R ~U�ω0�
ω0−ω dω0, where P denotes

the principal Cauchy value. We recall in particular that the real
part ~U�ω� is an even function, which will be shown to lead to a
conservative dynamics, in a way similar to the nonlocal poten-
tial U�x� in the spatial domain. On the other hand, the imagin-
ary part g�ω� is an odd function, which is known to play the
role of a gain spectrum and will be shown to lead to a spectral
red-shift, a well-known feature in the example of the Raman
effect. The causality condition breaks the Hamiltonian struc-
ture of the NLS equation, so that Eq. (16) only conserves the
total power (“number of particles”) of the wave,N � R jψ j2dt.
To avoid cumbersome notations in Eq. (16), we denote by βt
the (second-order) dispersion coefficient of the material and
by σt the spatial extension of the response function R�t�, i.e.,
the response time. We recall that βt > 0 (βt < 0) denotes the
regime of normal (anomalous) dispersion. The dynamics is ru-
led by the comparison of the response time and the “healing
time,” Λt �

����������������
βt ∕ �γn�

p
. As in the spatial case, the weakly

nonlinear regime of interaction refers to the regime in which
linear dispersive effects dominate nonlinear effects, i.e., ρ �
Ld ∕Lnl ≪ 1 where Ld � t2c ∕ βt and Lnl � 1 ∕ �γn� refer to the
dispersive and nonlinear characteristic lengths, respectively.

Here tc is the correlation time of the field and n is the typical
density of power (particles) jψ j2.

A kinetic equation can be derived by following a procedure
similar to that exposed in the spatial case in Section 2. One
looks for a kinetic equation describing the evolution of the
local spectrum of the wave, defined by

nω�t; z� �
Z �∞

−∞
B�t; τ; z� exp�−iωτ�dτ; (18)

where the autocorrelation function reads B�t; τ; z� �
hψ�t� τ ∕ 2�ψ��t − τ ∕ 2�i. We refer the reader to [32] for details
regarding the derivation of a kinetic equation in the temporal
domain. There is, however, an important difference with re-
spect to this previous work. In [32], the response function
was assumed to exhibit both instantaneous and noninstanta-
neous contributions. More precisely, it was implicitly assumed
that the noninstantaneous contribution is perturbative with

respect to the instantaneous contribution, which led to the
derivation of a generalized Vlasov–Langmuir kinetic descrip-
tion of the system. Conversely, we consider here a nonlinear
medium characterized by a purely noninstantaneous response
function, which thus constitutes a nonperturbative contribu-
tion. As we will see below, this leads to a substantial change in
the kinetic description of the system.

A. Short-Range Response Time: Weak Langmuir
Turbulence Equation
We consider here the case of a noninstantaneous nonlinearity
characterized by a short-range response time, i.e., the regime
where the response time is of the same order as the “healing
time,” σt ∼Λt. We proceed as in the spatial case discussed
above in 2.A and perform a multiscale expansion with

B�t; τ; z� � B�0��εt; τ; εz� � O�ε�;
where ε � tc ∕Δt is the ratio of the time correlation and the
characteristic time of nonstationary fluctuations. However,
contrarily to the spatial case, the response function is con-
strained by the causality condition in the temporal domain,
an important property that completely changes the picture.
It turns out that the relevant kinetic equation describing
the evolution of the averaged spectrum of the wave is the
WT Langmuir equation (see Appendix A.3)

∂znω�t; z� �
γ

π
nω�t; z�

Z �∞

−∞
g�ω − ω0�nω0 �t; z�dω0; (19)

where we recall that g�ω� � ℑ� ~R�ω�� is an odd function that
refers to the imaginary part of the Fourier transform of the
response function. In the spatial case, this function vanishes
simply because the response function U�x� is a real and even
function, and thus ~U�k� is real and even too. Accordingly, the
derivation of the Vlasov kinetic Eqs. (7)–(9) in the spatial case
requires a first-order perturbation expansion in ε, whereas the
WT Langmuir Eq. (19) is obtained at the zeroth order (see
Appendix A.3 for details). Then the important point to under-
line is that the existence of the WT Langmuir equation
originates in the causality property of the noninstantaneous
response function R�t�.

The fact that the WT Langmuir Eq. (19) is relevant for an
incoherent wave whose fluctuations are statistically station-
ary in time has been pointed out recently in the context of
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optics [61–63], as well as in previous works in the context of
Langmuir turbulence and stimulated Compton scattering in
plasmas [64–68]. One would have expected that the descrip-
tion of a nonstationary statistics would naturally involve a
Vlasov-like kinetic equation, as discussed above in the spatial
case. However, it turns out that the WT Langmuir Eq. (19) is
also relevant for the description of a statistically nonsta-
tionary random wave. In this respect, an initial condition,
nω�t; z � 0�, localized in both the spectral and temporal do-
mains, will exhibit a nontrivial deformation in the plane
�ω; t�—the temporal regions characterized by a high spectral
amplitude will exhibit a fast spectral shift as compared to the
regions with a lower spectral amplitude. This aspect was stu-
died qualitatively in the optical experiment reported in [91].
However, to our knowledge, the WT Langmuir equation (19)
has not been the subject of a detailed study for statistically
nonstationary random waves.

We briefly summarize here the essential properties of the
kinetic Eq. (19) in the limit of a stationary statistics; i.e.,
the local spectrum does not depend on the time t. We first note
that the WT Langmuir equation does not account for disper-
sion effects [Eq. (19) does not depend on βt], although the role
of dispersion in its derivation is essential in order to verify the
criterion of weakly nonlinear interaction, ρ ≪ 1. The fact that
the dynamics ruled by the WT Langmuir equation does not
depend on the sign of the dispersion coefficient has been ver-
ified by direct numerical simulations of the NLS Eq. (16) in
[62]. In this previous work, a quantitative agreement between
the simulations of the stochastic NLS Eq. (16) and the WT
Langmuit Eq. (19) has been obtained, without using any ad-

justable parameter. The kinetic Eq. (19) conserves the power
of the field N � �2π�−1 R nω�z�dω. Moreover, as discussed
above for the Vlasov equation, the WT Langmuir Eq. (19) is
a formally reversible equation [it is invariant under the
transformation �z;ω� → �−z;−ω�], a feature that is consistent
with the fact that it also conserves the nonequilibrium
entropy, S � R

ln�nω�z��dω.
The WT Langmuir equation also admits solitary wave solu-

tions [64–68]. This may be anticipated by remarking that, as a
result of the convolution product in Eq. (19), the odd spectral
gain curve g�ω� amplifies the low-frequency components of
the wave at the expense of the high-frequency components,
thus leading to a global red-shift of the spectrum. In the gen-
eral case where the spectral bandwidth of the wave, Δω, is of
the same order as the bandwidth of the gain spectrum,
Δωg ∼Δω, an analytical soliton solution was derived in the
particular case where g�ω� is the derivative of a Gaussian
[68]. This solution has been subsequently generalized for a
generic gain spectrum in [32]. Note that the WT Langmuir
equation also admits discrete soliton solutions, a feature that
was originally studied in the framework of a completely in-
tegrable discrete δ-peak model [64]. These discrete spectral
ISs have been recently studied in the context of stimulated
Raman scattering in optics [62] and have been observed
experimentally through the process of supercontinuum
generation in photonic crystal fibers [63].

B. Short-Range Response Time: Korteweg–de Vries
Limit
Let us consider the case of a highly noninstantaneous non-
linear response of the material. This case is interesting

because, as the response time σt increases, the typical band-
width of the gain spectrum g�ω� decreases, and can thus
become much smaller than the spectral bandwidth of the in-
coherent wave. Assuming furthermore that the wave spec-
trum evolves in the presence of a strong noise background,
it can be shown that the WT Langmuir equation reduces to
the Korteweg–de Vries equation. This aspect was already re-
marked in [67]. Here we provide a rigorous derivation of the
Korteweg–de Vries equation from the WT Langmuir equation.

We start from the WT Langmuir equation governing the
evolution of a statistically stationary incoherent wave

∂znω�z� �
γ

π
nω�z�

Z �∞

−∞
g�ω − ω0�nω0 �z�dω0: (20)

We introduce the small parameter ε � Δωg ∕Δω ≪ 1, where
we recall that Δωg is the bandwidth of the spectral gain curve
g�ω� and Δω is the bandwidth of the incoherent wave. The
incoherent wave is assumed to evolve in the presence of a
high level of constant spectral noise background of amplitude
n0. In this way, the gain curve can be written g�ω� � g�0��ωε�
and we look for the spectrum in the form

nω�z� � n0 � ~nω�z�;

with ~nω�z� � ε2 ~n�0�
ω �ε2z� � O�ε4�. In these conditions, a multi-

scale expansion shows that ~nω satisfies the Korteweg–de Vries
equation (see Appendix A.4)

∂z ~nω�z� −
γn0g1

π
∂ω ~nω�z� �

γg1
π

~nω�z�∂ω ~nω�z� �
γn0g3

6π
∂3ω ~nω�z�;

(21)

where

g1 � −
Z �∞

−∞
ωg�ω�dω; g3 � −

Z �∞

−∞
ω3g�ω�dω:

The soliton solutions of this integrable equation have been
used to interpret the formation of jets in the frequency space
in the study of weak Langmuir turbulence [67]. Note, however,
that the Korteweg–de Vries equation considered in [67] differs
substantially from Eq. (21). To our knowledge, this Korteweg–
de Vries equation governing the evolution of the averaged
spectrum of the incoherent wave has not yet been exploited
in a context different from plasma physics.

C. Long-Range Response Time: Temporal Long-Range
Vlasov Equation
1. Long-Range Noninstantaneous Response
In analogy with the study of long-range response functions in
the spatial domain, let us now consider the case of long-range
noninstantaneous response function R�t�, i.e., the regime
σt ∕Λt ≫ 1. We assume that the response function has the
form R�t� � εR�0��εt� and we look for the autocorrelation
function in the multiscale form B�t; τ; z� � B�0��εt; τ; εz��
O�ε�, with B�0��εt; τ; εz� � �2π�−1 R n

�0�
ω �εt; εz� exp�iωτ�dω. In

these conditions, we derive in Appendix A.5 the temporal
version of the long-range Vlasov equation

∂znω�t;z��∂ω ~kω�t;z�∂tnω�t;z�−∂t ~kω�t;z�∂ωnω�t;z�� 0; (22)

where the generalized dispersion relation reads
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~kω�t; z� � k�ω� � V�t; z�; (23)

with k�ω� � βtω
2 and the effective potential

V�t; z� � γ

Z
R�t − t0�N�t0; z�dt0: (24)

The intensity profile of the incoherent wave is N�t; z� �
B�t; τ � 0; z� � �2π�−1 R nω�t; z�dω. Equation (22) conserves
N � �2π�−1∬ nω�t; z�dωdt, and more generally M �
∬ f �n�dωdt, where f �n� is an arbitrary functional of n. How-
ever, because of the causality property of R�t�, Eq. (22) is
no longer Hamiltonian.

Actually, one can decompose the Vlasov Eqs. (22)–(24) into
a Hamiltonian contribution and a nonconservative contribu-
tion. Indeed, according to the decomposition given in Eq. (17),
~R�ω� � ~U�ω� � ig�ω�, the response function can be split into
the sum of an even contribution, U�t�, and an odd contribu-
tion, G�t�; i.e., R�t� � U�t� � G�t�, where

U�t� � 1
2π

Z
~U�ω� exp�iωt�dω; (25)

G�t� � i

2π

Z
g�ω� exp�iωt�dω: (26)

Accordingly, the Vlasov Eq. (22) can be written in the follow-
ing form:

∂znω�t; z� � ∂ωkω�t; z�∂tnω�t; z� − ∂tVU �t; z�∂ωnω�t; z�
� ∂tVG�t; z�∂ωnω�t; z�; (27)

where VU �t; z� � γ
R
U�t − t0�N�t0; z�dt0 and VG�t; z� �

γ
R
G�t − t0�N�t0; z�dt0. The lhs of Eq. (27) thus refers to a

Hamiltonian Vlasov equation, which conserves HVl �
∬ k�ω�nω�t; z�dtdω� 1

2

R
VU�t; z�N�t; z�dt, while the rhs of

Eq. (27) may be viewed as a “collision” term, which may even-
tually lead to a spectral red-shift of the wave. We remark that,
in spite of such expected red-shift, the Vlasov Eqs. (22)–(24)
predict the existence of a genuine incoherent MI in the tem-
poral domain, which has been found in quantitative agreement
with the numerical simulations of the corresponding NLS
equation, without using adjustable parameters [109]. This con-
firms that the long-range Vlasov, either in its spatial or tempor-
al version, provides provide an “exact” statistical description
of the random nonlinear wave.

2. Instantaneous Limit
For the sake of completeness, we briefly comment here on
the limit of an instantaneous response function. Making use
of the assumptions that the incoherent wave exhibits a
quasi-stationary statistics and that it evolves into the weakly
nonlinear regime, one obtains the traditional form of the
Vlasov Eq. (22) with the self-consistent potential

V�t; z� � 2γN�t; z�: �28�
This self-consistent potential is nothing but the temporal
counterpart of the spatial potential discussed above in
2.A.2 in the limit of a purely local nonlinear response. In par-
ticular, the factor 2 in the effective potential (28) has the same
origin as in Eq. (11).

3. Highly Noninstantaneous Response: Linear Limit
The limit of a highly noninstantaneous response function cor-
responds to the temporal counterpart of the highly nonlocal
limit discussed above in the spatial case. Indeed, in the
limit σt ≫ Δt, the response function can be extracted
from the convolution integral in the effective potential (24),
which thus leads to the temporal Vlasov Eq. (22) with the
potential

V�t� � γNU�t�: �29�

As for the highly nonlocal limit, the temporal response func-
tion U�t� plays the role of the effective potential, so that the
Vlasov equation recovers a linear kinetic equation. We remark
that the dynamics of coherent optical waves in a highly non-
instantaneous response nonlinear medium has been recently
explored theoretically in [95], in the framework of gas- or
liquid-filled photonic crystal fibers. By deriving a linear
Schrödinger wave equation analogous to that discussed above
[Eq. (15)] in the spatial domain, the authors of [95] predicted
that a highly noninstantaneous responding medium can
support the existence of coherent soliton solutions.

4. DISCUSSION AND CONCLUSION
We have provided a generalized kinetic formulation of random
nonlinear waves governed by the NLS equation in the pre-
sence of a nonlocal or a noninstantaneous response of the
nonlinear medium. In the spatial domain, the general picture
is that a statistically homogeneous incoherent wave is gov-
erned by the WT (Hasselmann) kinetic equation, while it is
governed by different kinds of Vlasov equations when it exhi-
bits an inhomogeneous statistics. Besides the traditional
forms of the Vlasov equation, we have derived the short-range
and the long-range Vlasov equations, the latter providing an
“exact” statistical description of the random wave. In the
temporal domain, the causality property inherent to the non-
instantaneous response function changes the physical picture.
Whenever the noninstantaneous response of the material can-
not be neglected, the WT Langmuir equation turns out to be
the relevant kinetic equation, for both a stationary and a
nonstationary statistics of the incoherent wave. When the in-
coherent wave exhibits a stationary statistics in the presence
of a highly noninstantaneous nonlinear response of the mate-
rial, the weak Langmuir turbulence equation reduces to the
Korteweg–de Vries equation. Conversely, when the wave
exhibits a nonstationary statistics still in the presence of a
highly noninstantaneous response, we have derived a long-
range Vlasov kinetic equation in the temporal domain. Its
self-consistent potential depends on the response function
of the material and is thus constrained by the causality con-
dition, a key feature that is expected to describe new phenom-
enologies, which will be the subject of future investigations.

Although we considered here the case of the χ�3� nonlinear-
ity in the framework of generalized NLS equations, we under-
line that the WT kinetic approach can also be applied to the
χ�2� nonlinearity in the framework of the three-wave interac-
tion (TWI). In particular, in the presence of a homogeneous
(stationary) statistics and local (instantaneous) nonlinear re-
sponse, one obtains three coupled Hasselmann-like kinetic
equations governing the coupled evolutions of the spectra
of the waves [92]. Work is in progress in order to extend
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the Vlasov andWT Langmuir equations to wave propagation in
a quadratic nonlinear material. Also, the WT approach dis-
cussed here in either the spatial or temporal domains may
be extended to describe the spatio-temporal coherence prop-
erties of the incoherent wave within a unified theoretical fra-
mework (see, e.g., [92,110]). We remark that the kinetic
approach can also be used to treat problems in which phase
correlations spontaneously emerge in a system of incoherent
optical waves [36,77,111,112]. The spontaneous emergence of
a mutual coherence between incoherent waves is the essential
mechanism underlying the existence of ISs in instantaneous
response nonlinear media [36,37]. Another interesting pro-
blem concerns the study of incoherent nonlinear wave inter-
actions in the counterpropagating configuration (see, e.g.,
[113]), in which the physical significance of the irreversible
process of thermalization needs to be analyzed with
special care.

A. Inertial Nonlinearity
It is important to comment on the limit of the so-called “iner-
tial nonlinearity” that has been widely explored in the frame-
work of optical experiments realized in slowly responding
nonlinear media, such as photorefractive crystals or liquid
crystals [6–10]. These experiments were aimed at studying
the transverse spatial dynamics of a speckle beam, whose
nonlinear evolution is averaged out by the highly noninstan-

taneous response time of the nonlinear material—the time
correlation of the incoherent wave is assumed much smaller
than the response time of the nonlinearity. As a result, the
spatial dynamics of the incoherent wave is governed by an
averaged NLS equation, i∂zψ � −βs∇2ψ � γhjψ j2iψ , where
the brackets h·i denote a temporal averaging over a time of
the same order as the inertial response time of the material.
Because of the underlying averaged nonlinearity, this NLS
equation does not lead to an infinite hierarchy of moment
equations; i.e., the derivation of a closed equation for the
second-order moment of the wave does not require any
additional assumption on the nature of the statistics of the
field. In this way, the Wigner–Moyal equation governing the
evolution of the autocorrelation function of the incoherent
wave, B�x; ξ; z�, can be derived without any approximations
[21]. In the limit of a quasi-homogeneous statistics, the
Wigner–Moyal equation reduces to the Vlasov kinetic
Eq. (7), with the effective potential V�x; z� � γN�x; z�.

B. Hasselmann Equation
We recall that the Vlasov and WT Langmuir equations are
quadratic nonlinear equations, whose derivations refer to
a first-order closure of the hierarchy of moments equations.
These kinetic equations are formally reversible and describe,
in particular, the spontaneous formation of IS structures. Let
us now consider the following two limits. (i) In the spatial
domain, the limit of homogeneous statistics of the incoherent
wave: in this case the Vlasov equation becomes irrelevant, i.e.,
∂znk�x; z� � 0 (see Fig. 1). (ii) In the temporal domain, the lim-
it of stationary statistics and instantaneous response of the
nonlinearity: in this case the WT Langmuir equation becomes
irrelevant, i.e., ∂znω�z� � 0 (see Fig. 2). In both limits, we thus
need to close the hierarchy of the moments equations to the
second-order, and one obtains the Hasselmann equation,
which is thus a cubic nonlinear equation.

In the temporal domain, the Hasselmann equation proved
efficient in describing certain properties of the process of
supercontinuum generation in photonic crystal fibers [89–91].
It has been shown that, under certain conditions, the dramatic
spectral broadening inherent to supercontinuum generation
can be described as a consequence of the natural thermaliza-
tion of the optical wave toward the Rayleigh–Jeans equili-
brium distribution. We discuss here the spatial Hasselmann
equation and in particular the role of a nonlocal interaction
in the process of thermalization.

Starting from the nonlocal NLS Eq. (1) and following the
procedure outlined in [69,70], one obtains the following Has-
selmann equation governing the evolution of the averaged
spectrum of the wave, h ~ψ�k1; z� ~ψ��k2; z�i � nk1�z�δ�k1 − k2�
[with ~ψ�k; z� � �2π�−d ∕ 2 R ψ�x; z� exp�−ik · x�dx]:

∂znk �
4πγ2

�2π�2d
ZZZ

Q�nk; nk1 ; nk2 ; nk3�T2
k123δ�k1 � k2 − k3 − k�

× δ�βs�k21 � k22 − k23 − k2��dk1dk2dk3; (30)

where Q�nk;nk1 ;nk2 ;nk3 � � nk1nk2nk3nk�n−1
k �n−1

k3
−n−1

k2
−n−1

k1
�,

and the tensor may be written in its symmetric form,
Tk123 � 1

4 � ~U12 � ~U13 � ~Uk3 � ~Uk2�, with ~Uij � ~U�ki − kj�.
Note that in the limit of a local interaction [U�x� → δ�x�],
we have Tk123 � 1 and Eq. (30) recovers the standard local
Hasselmann equation. Equation (30) conserves the power
(“number of quasi-particles”) of the wave N � R

nkdk and
the kinetic energy E � R

βsk
2nkdk. Contrary to the Vlasov

and WT Langmuir equations, the Hasselmann Eq. (30) is for-
mally irreversible, a feature expressed by an H-theorem of en-
tropy growth, ∂zS�z� ≥ 0, where the nonequilibrium entropy
reads S�z� � R

ln�nk�z��dk. Accordingly, Eq. (30) describes
an irreversible evolution of the wave spectrum toward the
Rayleigh–Jeans thermodynamic equilibrium distribution,

nRJ
k � T

βsk
2 − μ

: (31)

Note that the divergence of this equilibrium distribution as
−μ → 0 is responsible for a phenomenon of condensation of
nonlinear waves, which has a purely classical physical origin
[85–88]. This effect is characterized by an irreversible evolu-
tion of the wave toward an equilibrium state characterized by
a plane-wave (“condensate”) that remains immersed in a
sea of thermalized small-scale fluctuations (“uncondensed
particles”). The Hasselmann equation and the process of
wave condensation have recently been extended by consider-
ing the propagation of the optical wave in a waveguide
potential [88].

Recent numerical simulations reveal that the process of
thermalization of a nonlocal system slows down in a signifi-
cant way as the nonlocal response length σs increases. This
numerical observation can be interpreted through a qualita-
tive analysis of the kinetic Eq. (30). Indeed, the functions
~U�k�, i.e., the tensor Tk123, get all the more narrower as the
nonlocal range of the response function increases, which thus
quenches the efficiency of the four-wave resonances involved
in the collision term of Eq. (30). More precisely, in the highly
nonlocal limit, we use the same scaling for the nonlocal re-
sponse as that used to derive the long-range Vlasov equation
[see Eq. (12), U�x� � εU �0��εx�]. The Fourier transform of
the response function thus reads ~U�k� � ~U �0��k ∕ ε�. Using
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the change of variables kj � k� εκj (j � 1; 2; 3), we find after
integration in κ3 that Eq. (30) is equivalent to

∂znk �
4πγ2ε2d−2

�2π�2d
ZZ

Q�nk; nk�εκ1 ; nk�εκ2 ; nk�εκ1�εκ2�

× � ~U �0��κ1 − κ2� � ~U �0��κ1 � κ2� � 2 ~U �0��κ2��
× δ�2βsκ1 · κ2�dκ1dκ2:

To interpret this expression, let us define the characteristic
length of thermalization of the mode k, say λk, as
∂znk ∕nk ∼ 1 ∕ λk. Since the width of the function ~U �0��κ� is of
order 1, we see in this expression that a highly nonlocal inter-
action slows down the thermalization process by a factor of
order ε2d−2,

λnonlock ∼ λlock �σs ∕Λs�2d−2: (32)

We remark that these arguments have no physical meaning in
one spatial dimension, because the collision term of the Has-
selmann equation vanishes identically for d � 1; i.e., Eq. (30)
is only relevant for d > 1. The slowing down of the thermali-
zation process due to a highly nonlocal response is an impor-
tant phenomenon that will be the subject of future
investigations, in relation with the “exact” statistical descrip-
tion of the random nonlinear wave provided by the long-range
Vlasov-like kinetic equation.

APPENDIX A

1. Derivation of the Short-Range Spatial
Vlasov Equation
We use the multiscale expansion, B�x; ξ; z� � B�0��εx; ξ; εz�,
where n

�0�
k �X; Z� � R

B�0��X; ξ; Z� exp�−ik · ξ�dξ, with X � εx
and Z � εz. In this way, the second term in the equation
for the autocorrelation function (2),

R
P�x; ξ; z�

exp�−ik · ξ�dξ � R
P�X ∕ ε; ξ; Z ∕ ε� exp�−ik · ξ�dξ, can be calcu-

lated following the method described in [32]. One obtains

Z
P�x; ξ; z� exp�−ik · ξ�dξ � 1

�2π�2d

×
Z

U�y��n�0�
k2
�X − εy� εξ ∕ 2; Z� − n

�0�
k2
�X − εy − εξ ∕ 2; Z��

× n
�0�
k1
�X; Z� exp�i�k1 − k� · ξ�dk1dk2dξdy: (A1)

Expanding the integrand to first-order in ε and integrating by
parts with respect to k1 gives

Z
P�x; ξ; z� exp�−ik · ξ�dξ � iε∂kn

�0�
k �X; Z�

· ∂X
�

1
�2π�d

Z
n
�0�
k0 �X; Z�dk0

�
: (A2)

The third term in the equation for the autocorrelation func-
tion (2) can be calculated in a similar way. Expanding in
powers of ε, one obtains

R
Q�x; ξ; z� exp�−ik · ξ�dξ � ~Q0�

ε ~Q1, where

~Q0 �
1

�2π�d
Z

U�y�n�0�
k1
�X; Z�n�0�

k �X; Z��exp�i�k1 − k� · y�

− exp�−i�k1 − k� · y��dk1dy: (A3)

Defining the Fourier transform of the response function,
~Uk �

R
U�x� exp�−ik · x�dx, one readily obtains

~Q0 �
2i

�2π�d n
�0�
k �X; Z�

Z
ℑ� ~Uk−k0 �n�0�

k0 �X; Z�dk0; (A4)

where ℑ� ~Uk� denotes the imaginary part of ~Uk. The contribu-
tion ~Q0 vanishes because the response function U�x� is real-
valued and even, which thus leads to ℑ� ~Uk� � 0. Note that
this will not be the case in the temporal domain, because
of the causality condition of the response function, as dis-
cussed here below. The contribution of order ε can be written

~Q1 �
1

�2π�2d
Z

U�y���u� � v�exp�−i�k1 − k2� · y�

� �u− − v�exp�i�k1 − k2� · y��exp�−i�k − k2� · ξ�dk1dk2dydξ;
(A5)

where u� � 1
2n

�0�
k2
�X; Z��ξ� y� · ∂Xn�0�

k1
�X; Z�, v � 1

2n
�0�
k1
�X; Z�y

·∂Xn
�0�
k2
�X; Z�. By means of some algebraic manipulations, this

expression reads

~Q1 � −
i

2�2π�d ∂X ·
Z

U�y�∂k1�n�0�
k1
�X; Z��n�0�

k �X; Z�

× �exp�i�k1 − k� · y� � exp�−i�k1 − k� · y��dk1dy

� i

2�2π�d ∂k ·
Z

U�y�n�0�
k �X; Z�∂X�n�0�

k1
�X; Z��

× �exp�i�k1 − k� · y� � exp�−i�k1 − k� · y��dk1dy (A6)

and can finally be written in the following compact form:

~Q1 �
i

�2π�d ∂X
�Z

~Uk−k1n
�0�
k1
�X; Z�dk1

�
· ∂kn

�0�
k �X; Z�

−
i

�2π�d ∂k
�Z

~Uk−k1n
�0�
k1
�X; Z�dk1

�
· ∂Xn

�0�
k �X; Z�: (A7)

Then collecting all terms in Eqs. (A7) and (A2), and coming
back to the original variables, z � Z ∕ ε and x � X ∕ ε, one
obtains the short-range Vlasov-like kinetic Eq. (7), with the
effective potential given in Eq. (9).

2. Derivation of the Long-Range Spatial
Vlasov Equation
We proceed as in Appendix A.1, but we use the following scal-
ing for the highly nonlocal potential U�x� � εU �0��εx�. We thus
have

Z
P�x; ξ; z� exp�−ik · ξ�dξ � 1

�2π�d

×
Z

U �0��Y��n�0�
k2
�X − Y � εξ ∕ 2; Z�

− n
�0�
k2
�X − Y − εξ ∕ 2; Z��n�0�

k1
�X; Z�

× exp�i�k1 − k� · ξ�dk1dk2dξdY: (A8)
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Expanding the difference in the brackets to the first order in ε,
one obtains

Z
P�x; ξ; z� exp�−ik · ξ�dξ � iε∂kn

�0�
k �X; Z�

· ∂X
Z

U �0��X − X0�
�

1
�2π�d

Z
n
�0�
k0 �X0; Z�dk0

�
dX0: (A9)

The same procedure applied to the term Q in the equation
for the autocorrelation function reveals that the expansion
in the first order in ε vanishes—the first nonvanishing term
is of second order, ε2. Coming back to the original variables,
one thus obtains the Vlasov Eq. (7) with the effective
potential (13).

3. Derivation of the Weak Langmuir
Turbulence Equation
The method for the derivation of the WT Langmuir equation
follows the procedure reported in Appendix A.1 for the deri-
vation of the short-range Vlasov equation in the spatial do-
main. The difference is that the calculation is carried out in
the temporal domain; i.e., the variables are transformed as
follows x → t, ξ → τ, while the nonlocal response function
is substituted by the noninstantaneous response, U�x� → R�t�.
Accordingly, the multiscale expansion reads B�t;τ;z��
B�0��εt;τ;εz��O�ε�, where n�0�

ω �T;Z��R
B�0��T;τ;Z�exp�−iωτ�

dτ, with T � εt and Z � εz. Expanding the term P in first-
order in ε gives

Z �∞

−∞
P�t; τ; z� exp�−iωτ�dτ � iε∂ωn

�0�
ω �T; Z�

× ∂T
�
1
2π

Z �∞

−∞
n
�0�
ω �T; Z�dω0

�
: (A10)

The term Q can be expanded in the same way,R
Q�t; τ; z� exp�−iωτ�dτ � ~Q0 � ε ~Q1, where

~Q0 �
i

π
n
�0�
ω �T; Z�

Z �∞

−∞
ℑ� ~Rω−ω0 �n�0�

ω0 �T; Z�dω0; (A11)

where ℑ� ~Rω� denotes the imaginary part of the Fourier trans-
form of the response function R�t�. Contrarily to the spatial
case where this function vanishes, in the temporal domain
it refers to the gain spectrum of the nonlinearity, ℑ� ~Rω� �
g�ω�, as discussed through Eq. (17). It turns out that, thanks
to the causality condition, the zeroth order expansion in ε no
longer vanishes in Eq. (A11). In this way the first term P in
Eq. (A10) of order ε is negligible with respect to the term
(A11). Coming back to the original z � Z ∕ ε and t � T ∕ ε,
one obtains the WT Langmuir kinetic Eq. (19).

4. Derivation of the Korteweg–de
Vries Equation
By substituting the form of the spectral gain curve,
g�ω� � g�0��ωε�, and of the spectrum, nω�z� � n0�
ε2 ~n�0�

ω �ε2z� � O�ε4�, into the rhs of Eq. (20), we obtain

γ

π
nω

Z �∞

−∞
g�ω−ω0�nω0dω0 � γε

π
�n0�ε2 ~n�0�

ω �

×
Z �∞

−∞
g�0��ω0��n0� ε2 ~n�0�

ω−εω0 �dω0 � γε4

π
�n0�ε2 ~n�0�

ω �

×
Z �∞

−∞
g�0��ω0�

�
−ω0∂ω ~n

�0�
ω −ω03 ε

2

6
∂3ω ~n

�0�
ω

�
dω0

� γε4n0g
�0�
1

π
∂ω ~n

�0�
ω � γε6g�0�1

π
~n�0�
ω ∂ω ~n

�0�
ω � γε6n0g

�0�
3

6π
∂3ω ~n

�0�
ω ;

up to terms of order ε8, where we have used the fact that g�0� is
an odd function and we have defined

g
�0�
1 � −

Z �∞

−∞
ωg�0��ω�dω; g

�0�
3 � −

Z �∞

−∞
ω3g�0��ω�dω:

Of course the lhs of Eq. (20) reads

∂znω�z� � ε4∂Z ~nε
ω�ε2z�;

with Z � ε2z. By dividing Eq. (20) by ε4 and by collecting the
terms of order up to O�ε2�, we find

∂Z ~n
�0�
ω �Z� − γn0g

�0�
1

π
∂ω ~n

�0�
ω �Z� � γε2g�0�1

π
~n�0�
ω �Z�

× ∂ω ~n
�0�
ω �Z� � γε2n0g

�0�
3

6π
∂3ω ~n

�0�
ω �Z�:

By coming back to the original variables, we obtain the
Korteweg–de Vries Eq. (21).

5. Derivation of the Long-Range Temporal
Vlasov Equation
The derivation of the long-range Vlasov equation in the tem-
poral domain follows the lines of the corresponding derivation
in the spatial domain outlined in Appendix A.2. In particular,
the scaling for the long-range response function reads
R�t� � εR�0��εt�. For the term P, one thus obtains

Z �∞

−∞
P�t; τ; z� exp�−iωτ�dτ � iε∂ωn

�0�
ω �T; Z�

× ∂T
Z �∞

−∞
R�0��T − T 0�

�
1
2π

Z �∞

−∞
n
�0�
ω0 �T 0; Z�dω0

�
dT 0: (A12)

As in the spatial case, the same procedure applied to the term
Q in the equation for the autocorrelation function reveals that
the first nonvanishing term is of second order, ε2. Coming
back to the original variables, one thus obtains the Vlasov
Eq. (22) with the effective potential (24).
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