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2 Volvo Aero Corporation, Department of Logistis Development, Swedenkarin.thornblad, torgny.almgren�volvo.omKeywords: �exible job shop sheduling, time-indexed formulation, mathematial opti-mization, �xture, release date, due date, tardiness, MILP.1 IntrodutionThe multitask ell (MTC) at Volvo Aero Corporation is a �exible job shop ontainingten resoures aimed at being �exible with regard to both produt mix and proessing types,inreasing the degree of mahine utilization, and reduing produt lead times, omparedwith the ordinary job shops at the prodution site. The MTC is intended to arry out alarge variety of jobs, sine �ve of the ell's resoures are multi-purpose mahines that areable to proess three di�erent types of operations (turning, milling, and drilling). Eahpart to be proessed in the MTC follows a spei� routing through the set of resoures,onsisting of three to �ve so-alled route operations, starting and ending by the mountingand removing of �xtures at one of the three set-up stations. There are storage areas insidethe ell for the storage of parts before and between proessing.Eah part typially visits the MTC multiple times on its way to ompletion. One suhvisit to the MTC is alled a job. Eah job oupies a �xture, speially manufatured foreah spei� job type. The number of �xtures of eah type is limited. As eah job anbe proessed only in a subset of the multitask mahines, the sheduling of the MTC is aomplex ombinatorial problem, a so-alled �exible job shop problem.2 Related WorkThe �exible job shop problem (FJSP) is an extension of the job shop problem, in thesense that eah operation may be sheduled in more than one of the mahines; see Bayka-soglu and Özbakir (2012). Time-indexed formulations using deision variables whih equal1 if the orresponding job starts at a spei� disrete time step, and 0 otherwise, arefound in Sousa and Wolsey (1992) for non-preemptive single mahine sheduling problems,and more generally in Wolsey (1997) for prodution planning and sheduling problems.The formulations using variables for eah disrete time period lead to very large models interms of numbers of both onstraints and variables, but typially yield better lower boundsthan other mixed integer linear programming (MILP) formulations of sheduling problems;see van den Akker et al. (2000).The operations researh literature omprises however very few time-indexed formula-tions of the job shop problem, we have found one (Azem et al. 2007) and none of the�exible job shop problem. The most ommon way of formulating the FJSP is to use vari-ables introdued by Manne (1960) for the jobs' starting times along with deision variablesfor the ordering of jobs, de�ned as yjq equals 1 if job j preedes job q, and 0 otherwise.Some examples of so-alled Manne family models for the job shop problem and the FJSPan be found in Özgüven et al. (2010), Fattahi et al. (2007), and Azem et al. (2007). In



2Thörnblad et al. (2010) we present a Manne family model of the problem of sheduling themultitask ell.3 The mahining problem with �xture onstraintsWe onsider here a subproblem of the problem of sheduling all ten resoures of themultitask ell, namely the problem of �nding an optimal sequene of operations for eah ofthe �ve multi-purpose mahines. The optimal solution of this so-alled mahining probleman then be used as input data to a model whih generates a feasible shedule for all tenresoures; see Thörnblad (2011).3.1 Problem de�nitionThe mahining problem an be de�ned as a set of n jobs, J = 1, . . . , n to be proessedon the set K̃ of multipurpose mahines during p̃j time units. Eah mahine an only proessone job at a time and eah job is allowed to be proessed only in a subset of the multitaskmahines; a parameter λjk is valued 1 if job j an be proessed in resoure k, 0 otherwise.Some of the jobs are subjet to preedene onstraints, sine they are to be proessed on thesame physial part; hene, for some jobs the orresponding part is inside or on its way tothe MTC for the proessing of a preeding job in the routing, before making another roundin the fatory and, �nally, reahing the MTC for the proessing of the job in question. Thepairs (j, q) of all suh jobs adjaent in the routing form the produt set Q ⊂ J × J . Foreah (j, q) ∈ Q, the planned lead time between the ompletion of job j and the start of job
q, is denoted by ṽmjq .The planning horizon of the shedule is divided into T + 1 intervals, eah of length
ℓ hours. The index u ∈ T = {0, 1, . . . , T} denotes the interval starting times. Sine theresoures are often oupied by the proessing of previous jobs at time 0, the parameter ãkis introdued, denoting the �rst time resoure k is available. Eah job has been assigned arelease date, r̃mj , denoting the time when the job is available for proessing, and a due date
d̃j . The parameters p̃amj and p̃

pm
j denote the sum of the proessing times of all operationspreeding and sueeding the mahining operation of the job, respetively.Eah job oupies a �xture during the whole visit in the MTC. Eah �xture type f ∈ Fis speially designed and an only be used for a subset Sf of jobs. Sine they are veryexpensive, only αf �xtures of eah type are available.The value of the parameter T has to be large enough suh that the time horizon

[0, (T +1)ℓ] ontains an optimal shedule. A small value of T is, however desirable, sine thismeans that the omputation times beome shorter. This is due to the fat that the numberof variables and onstraints in the time-indexed formulation is a multiple the number oftime intervals. We determine a suitable value of T using a heuristi; see Thörnblad (2011).3.2 A time-indexed formulationThe mahining problem with �xture onstraints an be formulated as that tominimize ∑

j∈J

(ajsj + bjhj), (1a)subjet to ∑
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xjku = 1, j ∈ J , (1b)
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xjku ≤λjk, j ∈ J , k∈K̃, (1)
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pm
jq , (1e)

xjku = 0, (j, q) ∈ Q, k ∈ K̃, u = T − ṽ
pm
jq , . . . , T, (1f)
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xjkν ≤αf , f ∈ F , u ∈ T , (1g)
∑
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uxjku + p̃
pm
j = sj, j ∈ J , (1h)
hj ≥ (sj − d̃j)+, j ∈ J , (1i)

xjku = 0, j ∈ J , k ∈ K̃, u = 0, . . . , max{r̃mj ; ãk}, (1j)
xjku ∈ {0,1}, j ∈ J , k ∈ K̃, u ∈ T , (1k)where (u)+ := max{0; u}. The objetive (1a) is to minimize the weighted sum of thevariables ompletion times sj, and tardiness hj, with weights aj and bj, respetively. Themain variable in the formulation is the variable xjku, whih is 1 if job j starts in resoure

k at time step u, 0 otherwise. The onstraints (1b) and (1) ensure that every job j isproessed exatly one and sheduled in an allowed resoure, respetively. The onstraints(1d) regulate that only one job at a time is sheduled in a resoure k. The onstraints(1e)�(1f) ensure that job j is sheduled to start at least the planned lead time ṽ
pm
jq beforethe start of job q, for all pairs (j, q) ∈ Q. The apaity onstraints on the number of �xturesoupied at eah time interval are formulated in (1g). The onstraints (1h)�(1i) de�ne theompletion times, sj and the tardiness, hj . The onstraints (1j) make sure that job j issheduled after its release date in an available resoure.A hek to ensure that the hosen value of T is large enough and that the optimalshedule found is indeed optimal for all larger values of T , it su�es to hek whether if

T ≥ maxj∈J {sj}+ maxj∈J {p̃j} holds. If this is the ase, there is enough room at the endof the shedule for any job to be sheduled in any other resoure, and hene a larger valueof T would not hange the optimal objetive value.4 Computational resultsResults from the model (1) with and without the �xture onstraints (1g) have beenompared with a Manne family model, the so-alled engineer's model (model (7) in Thörn-blad (2011)), for six real senarios olleted from the MTC during the autumn of 2010, fromwhih instanes were reated with 5 ≤ n ≤ 60. A limit of 10 000 seonds was set for the om-putation time (loktime) and the omputations were arried out using AMPL-CPLEX12on a omputer with two 2.66GHz Intel Xeon 5650, eah with six ores (24 threads), andits total memory was 48Gbyte RAM. In Fig. 4 the mean CPU-times are plotted for theengineer's model without �xture onstraints (Thörnblad 2011), and the model (1) withand without the onstraints (1g) inluded. The objetive weights hosen were aj = 1 and
bj = 10, j ∈ J , so that the tardiness beome the most important objetive.The model (1) outperforms by far the engineer's model, whih ould only solve smallinstanes with n ≤ 15. The time required to solve the model (1) was 6.5 minutes (lok-time) on average for senarios with 45 jobs, whih we have estimated to be the largestsize of a realisti instane for the sheduling of the oming shift; the longest omputing
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Fig. 1. Mean CPU-times for the engineer's model without �xture onstraints, and for the model(1), as is and with the onstraints (1g) removed.time required was 21.5 minutes (loktime). When the onstraints (1g) were removed, theaverage omputation time for model (1) was 15 seonds (the longest was 60 seonds).5 ConlusionsWe have formulated a time-indexed model, whih outperforms by far the engineer'smodel from Thörnblad (2011), whih is a model of the Manne family, with respet toomputation times and the sizes of instanes that they are able to solve using standardoptimization software. The adding of the �xture availability onstraints resulted in aninrease of the omputation time by a fator of 23 on average for the time-indexed model.However, these omputation times are still aeptable for �nding a shedule for the omingshift in a real appliation.ReferenesJ.M. van den Akker, C.A.J. Hurkens, and M.W.P. Savelsberg, 2000, �Time-Indexed Formulationsfor Mahine Sheduling Problems: Column Generation", INFORMS Journal on Computing,Vol. 12, pp. 111�124.S. Azem, R. Aggoune, and S. Dauzère-Pérès, 2007, �Disjuntive and time-indexed formulations fornon-preemptive job shop sheduling with resoure availability onstraints", Industrial Engi-neering and Engineering Management, 2007 IEEE International Conferene on, pp. 787�791.Baykasoglu, A., Özbakir, L., 2010, �Analyzing the e�et of dispathing rules in the shedulingperformane through grammar based �exible sheduling system", International Journal ofProdution Eonomis, Vol. 124, pp. 269�381.Fattahi, P., Saidi Mehrabad, M., and Jolai, F., 2007, �Mathematial modeling and heuristi ap-proahes to �exible job shop sheduling problems", Journal of Intelligent Manufaturing, Vol.18, pp. 331�342.Manne, A., 1960, �On the job-shop sheduling problem", Operations Researh, Vol. 8, pp. 219�223.Sousa, J.P., Wolsey, L.A., 1992, �A time indexed formulation of non-preemptive single mahinesheduling problems", Mathematial Programming, Vol. 54, pp. 353�367.Thörnblad, K., Strömberg, A-B., Almgren, T., and Patriksson, M., 2010, �Optimization of shed-ules for a multitask prodution ell", 22nd Nofoma onferene proeedings, Kolding, Denmark.Thörnblad, K., 2011, �On the Optimization of Shedules of a Multitask Prodution Cell", LientiateThesis, Chalmers University of Tehnology, Gothenburg, Sweden.Wolsey, L.A., 1997, �MIP modelling of hangeovers in prodution planning and sheduling prob-lems", European Journal of Operational Researh, Vol. 99, pp. 154�165.Özgüven, C., Özbakir, L., and Yavuz, Y., 2010, �Mathematial models for job-shop shedulingproblems with routing and proess plan �exibility", Applied Mathematial Modelling, Vol. 34,pp. 1539�1548.


