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The plasma response to resonant magnetic perturbation �RMP� and nonresonant perturbation fields
is computed within a linear, full toroidal, single-fluid resistive magnetohydrodynamic framework.
The response of resonant harmonics depends sensitively on the plasma resistivity and on the toroidal
rotation. The response of nonresonant harmonics is not sensitive to most of the plasma parameters,
except the equilibrium pressure. Both midplane and the off midplane odd parity RMP coils trigger
a similar field response from the plasma. The RMP fields with different toroidal mode numbers
trigger qualitatively similar plasma response. A simple model of the electron diamagnetic flow
suggests significant effects both in the pedestal region and beyond. �doi:10.1063/1.3526677�

I. INTRODUCTION

It is now well established that the resonant magnetic
perturbation �RMP� fields play a significant role in mitiga-
tion of the type I edge localized modes �ELMs� for H-mode
tokamak plasmas.1–3 At high enough plasma pressure, these
fields can also trigger marginally stable magnetohydrody-
namic �MHD� modes, leading to the so-called resonant field
amplification �RFA� effect.4,5 Both these phenomena involve
interaction of the plasma with the external magnetic fields.
Both cases can eventually lead to the formation of three-
dimensional plasma equilibria in a tokamak, in which the
stability properties, the momentum, and energy confinement
may be significantly affected, compared to the axisymmetric
equilibria. There are also differences between these two
cases, such as the equilibrium plasma pressure, and the re-
sistive �normally in the ELM mitigation case� versus the
ideal �normally in the RFA case� plasma response.

This work focuses on understanding of the resistive
plasma response to nonaxisymmetric fields produced by
RMP coils at relatively low plasma pressures �below the no-
wall beta limit for the ideal kink mode�. We rely on a full
MHD model, as opposed to the reduced MHD models.6–10

Our modeling also assumes full toroidal geometry with
realistic plasma shaping, improving on cylindrical
approximations.11,7,10 The full toroidal coupling allows us to
study not only the response of the resonant harmonics to the
RMP fields, but also that from the nonresonant harmonics. In
this work, we try to understand the linear response of the
plasma to the RMP fields, fixing the plasma rotation. Mean-
while, significant efforts have been devoted to investigating
the nonlinear RMP penetration dynamics.6,12,7,13,8–10 In par-
ticular, Refs. 12 and 13 involve a nonlinear study in a full
geometry with the full MHD model. Numerical difficulties
force these computations to be made at rather low Lundquist
numbers. Our linear response computations can afford real-
istic plasma resistivity without numerical problems.

Although our model is primarily based on the

single-fluid approximation, we do consider some two-fluid
effects, in particular the diamagnetic flow of electrons. These
effects have been shown important for the RMP field
penetration.14,11,9,10

We propose a full toroidal equilibrium of the ELMy
H-mode type, with the plasma boundary shape and all the
equilibrium profiles analytically specified. This allows easier
future benchmarking with other codes. Based on this equi-
librium, we perform a systematic study of the RMP field
induced plasma response by varying the plasma conditions
�resistivity, rotation, pressure� and the RMP coil configura-
tion �midplane coils, off midplane coils, various toroidal
mode numbers� as well as by adding the electron diamag-
netic flow into the model. The computations are carried out
using the MHD code MARS-F.15

Section II describes the details of the model used for the
RMP response computations. Section III specifies the plasma
equilibrium and the RMP coils. Section IV reports the toroi-
dal results. The conclusion and discussion are drawn in
Sec. V.

II. FORMULATION

We compute the linear plasma response in the frame-
work of single-fluid, resistive MHD approximation. The
plasma model, with a given toroidal rotation V0=R��̂, is
thus described by

i��RMP + n��� = v + �� · ���R�̂ , �1�

i���RMP + n��v

= − �p + j � B + J � b − ��2�Ẑ � v + �v · ���R�̂�

− ����k�vth,i��v + �� · ��V0�� , �2�

i��RMP + n��b

= � � �v � B� + �b · ���R�̂ − � � ��j� , �3�

i��RMP + n��p = − v · �P − 	P � · v , �4�a�Electronic mail: yueqiang.liu@ccfe.ac.uk.
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j = � � b , �5�

where R is the plasma major radius, �̂ the unit vector along

the geometric toroidal angle � of the torus, and Ẑ the unit
vector in the vertical direction in the poloidal plane. �RMP is
the excitation frequency of the RMP field. n is the toroidal
harmonic number. For a linear response of axisymmetric
equilibria, we need to consider a single n only. The plasma
resistivity is denoted by �. The variables � ,v ,b , j , p repre-
sent the plasma displacement, perturbed velocity, magnetic
field, current, and pressure, respectively. The equilibrium
plasma density, field, current, and pressure are denoted by �,
B, J, and P, respectively.

The last term in Eq. �2� describes the effect of parallel
sound wave damping,16 where � is a numerical coefficient
determining the damping “strength.” k� = �n−m /q� /R is the
parallel wave number, with m being the poloidal harmonic
number and q the safety factor. vth,i=�2Ti /Mi is the thermal
ion velocity, with Ti ,Mi being the thermal ion temperature
and mass, respectively. The parallel component of the per-
turbed velocity is taken along the equilibrium field line. In
this work, we assume �� =1.5, corresponding to a strong
sound wave damping.

The RMP field is generated by the source current jRMP

flowing in the RMP coils,

� � b = jRMP, � · jRMP = 0. �6�

In MARS-F, the source current is specified as a surface cur-
rent at the radial location of the RMP coils. The toroidal
component of jRMP has a finite but narrow width along the
poloidal angle, mimicking the point-wise RMP coil current
on the poloidal plane. The current density jRMP varies as
exp�in�� along the toroidal angle �. The poloidal component
of jRMP is obtained by the divergence-free condition.

The resistive wall is modeled as a thin shell, satisfying a
jump condition for the tangential field due to the induced
eddy current in the wall. The thin wall jump condition, the
plasma equations �1�–�5�, and the RMP coil equation �6� are
solved together with the vacuum equation outside the
plasma,

� � b = 0, � · b = 0. �7�

Note that for RMP response modeling, we also make use of
the divergence-free condition for the total field perturbation
b in the plasma region by replacing one of the equations in
the Ohm’s law �3� by � ·b=0. The plasma-vacuum interface
conditions are the continuity of the normal component of the
field b and the �total� perturbed pressure balance condition.
The former is satisfied automatically by solving for the total
b field across all regions.

We briefly discuss the relevance of various MARS-F
components to the RMP ELM suppression experiments.

A. Linearity of the response model

The linear response model involves only one aspect of
the field penetration dynamics in the ELM suppression ex-
periments, namely, how the plasma responds to the exter-
nally applied field. The other important aspect—how the ex-

ternal field affects the plasma equilibrium flow—is not
considered. Nevertheless, the model presents a significant
step forward, compared to the pure external field, in under-
standing the field line stochastization during the ELM sup-
pression. In addition, linear response computations with arti-
ficial scaling of rotation frequency offer a “perturbative”
approach in studying the rotation effect. The model can be
more directly applicable to experimental situations, where
the plasma flow is not significantly modified by RMP fields.

B. Geometry

The full toroidal geometry and the realistic plasma shape
are used in the MARS-F model. This is important to gain a
quantitative interpretation of experiments. The plasma shap-
ing effect can be of particular significance for the plasma
edge response. One example is shown in a recent
investigation,17 where we use MARS-F to model the RMP
response of MAST plasmas,3 and find that the plasma dis-
placement near the X-points plays an important role for the
experimentally observed density pump-out effect.

C. Resistive-inertial model

MARS-F formulation describes the resistive and inertial
response of the plasma. The so-called resistive-inertial model
is valid if the Lundquist number S and the plasma rotation
frequency � normalized by the Alfvén frequency satisfy a
condition Q	S1/3�
1, and the ratio P of the resistive dif-
fusion time to the plasma viscous diffusion time satisfies
P
Q3/2.18 The first condition for the validity of the resistive-
inertial layer model is normally satisfied in the tokamak
plasma edge region, where the electron temperature is low
�S
104–106� and the plasma rotation is slow ���10−2�.
The second condition can be satisfied for edge plasmas with
low temperature and relatively high density, such that P�1.
�This condition is always satisfied in the MARS-F model,
since we assume a vanishing plasma viscosity.� The plasma
core region, with the S value of order 108 and the � value of
order 10−2, is better described by the so-called inertial layer
model.18

D. Sound wave damping model

At low plasma pressure, this damping term has a minor
effect on the plasma response. It becomes important only
when the plasma pressure approaches or exceeds the no-wall
beta limit.19 For these high pressure plasmas, experimental
results4,5 seem to suggest an important role played by some
strong damping mechanism�s� �either parallel sound wave
damping, or kinetic damping, or some other possible damp-
ing mechanisms� on the plasma response.

Finally, we mention that MARS-F model has been used
to study the RMP response of DIII-D plasmas,20 the ELM
mitigation experiments in MAST,17 as well as the RMP re-
sponse of ITER plasmas.17
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III. TOROIDAL EQUILIBRIUM AND COILS
CONFIGURATION

We consider a toroidal equilibrium, in which both the
plasma boundary shape and the equilibrium current, density,
pressure, and rotation profiles are specified by analytic for-
mulas. The major radius is assumed to be R0=3 m. The
vacuum toroidal field at the plasma center is B0=1.5 T. �We
note that the choice of R0 and B0 values is somewhat arbi-
trary. Since they enter into the MHD equations only as scal-
ing parameters, their values do not change the eventual phys-
ics conclusions.� The plasma boundary �Rp ,Zp� has an aspect
ratio of R0 /a=3, an elongation factor of �=1.6, and the tri-
angularity �=0.3,

Rp = R0 + a cos� + � sin � ,

Zp = �a sin  .

This plasma boundary shape is typical for some of the JET
plasmas. A conformal wall is assumed at the minor radius
rw=1.3a. For static RMP response, however, the wall does
not play a role.

The surface averaged toroidal plasma current density is
specified as

�J�� = J0�1 − s2� ,

where J0=2 is the central current density, normalized by
B0 / ��0R0�. �0 is the vacuum magnetic permeability.
s	��p, �p is the normalized poloidal flux, with �p=0 at the
plasma center, and �p=1 at the plasma boundary.

In order to introduce a pedestal in the plasma edge re-
gion, we define a function

f�s� 	
�s − s0�2

�1 − s0�2H�s − s0� ,

where s0=0.95, H�x�0�=0, H�x�0�=1. The plasma den-
sity profile �normalized to unity at the plasma center� is then
specified as

N�s� = 1 − �1 − N0��1 − f�
s2

s0
2 ,

with N0=0.5. The temperature profile �normalized to unity at
the plasma center� for thermal ions and electrons is

Ti = Te = �1 − f��1 − s1s2 + 1
3s3� ,

with s1=1.2s0. Finally, the plasma rotation profile is defined
as

�rot = ��0 − �1��1 − 2s2 + s3� + �1,

where �0 is the rotation frequency at the plasma center
s=0. �1 specifies the plasma edge �s=1� rotation frequency,
normally a small number compared to �0.

The choice of the above analytic specifications of the
equilibrium radial profiles is somewhat arbitrary. We only
aim at reproducing certain qualitative features of a typical
ELMy H-mode plasma, as shown by Fig. 1, where the radial
profiles for the equilibrium density, temperature, pressure,
and the safety factor q are plotted. The pressure amplitude,
normalized by B0

2 /�0, is scaled to achieve �N=1.46. The q

value is chosen to have the total plasma current of 1.28 MA.
This gives q0=1.25, q95=4.21, qa=5.24. The q-profile is
computed by solving the actual Grad–Shafranov equation in
the toroidal geometry. For the n=1 RMP field, we will have
four resonant harmonics m=2,3 ,4 ,5 inside the plasma. The
plasma rotation profile, assumed to be for ion flow, will be
shown in Fig. 25.

This equilibrium has features of the hybrid ELMy
H-mode plasma: a flat q-profile at the plasma center with the
minimum q value close to 1; density and pressure pedestals
near the plasma edge. This equilibrium is very stable with
respect to the external pressure-driven ideal kink modes: the
no-wall �N limit is 3.99 for the n=1 mode, 4.14 for n=2, and
4.13 for n=3.

We consider two alternative coil configurations for gen-
erating the external field. The external coils are located
outside the wall minor radius, near the outboard midplane,
and specified by �R ,Z�= �4.98,1� m and �4.98, �1� m.
The two sets of internal coils are located inside the wall,
with one set above, and the other below the outboard
midplane. Their coordinates are specified by �R ,Z�
= �3.77,1.22� , �4.07,0.7� , �3.77,−1.22� , �4.07,−0.7�, respec-
tively. The external coils configuration resembles those of
the so-called C-coils in DIII-D and the error field correction
coils in JET �also used for the ELM mitigation experiments
in JET�. The internal coils resemble the so-called I-coils in
DIII-D. These coils are used to suppress ELMs in DIII-D.
The coils geometry is shown in Fig. 2, together with the
plasma boundary and the wall shapes. We assume a single-n
variation of the RMP coil current IRMP= I0 exp�in�� along
the toroidal angle �, with the current amplitude I0 in the
unit of kAt. In this work, a dc RMP field is assumed, i.e.,
�RMP=0.

All the results shown in Sec. IV assume a curve-linear
coordinate system �s ,� ,��, where the radial coordinate
s	��p labels the equilibrium flux surface. � is the geomet-
ric toroidal angle. The poloidal angle � is chosen such that
the equilibrium field lines, when plotted in the �-� plane, are
straight. The associated Jacobian J for this coordinate system
is J	1 / ��s ·������=qR2 /F, where q is the safety factor,
R the major radius of the torus, and F the equilibrium poloi-
dal current flux function. Both q and F are functions of the
poloidal flux �p only.

IV. RESULTS

A. Reference case

Since the aim of this work is to investigate the variation
of various plasmas and coil parameters on the RMP re-
sponse, we specify a reference case for later comparison. We
consider an equilibrium with �N=1.46, and with the n=1
RMP field for the external midplane coils. The plasma resis-
tivity is uniform across the minor radius, with the corre-
sponding Lundquist number S	�R /�A=1 /�=105, where �R

is the resistive diffusion time of the plasma, �A is the Alfvén
time, and � is the normalized resistivity. Note that this low
value of Lundquist number is only realistic near the plasma
edge, where the electron temperature is relatively low. In the
hot plasma core region, it is expected that the S value can be

122502-3 Full toroidal plasma response… Phys. Plasmas 17, 122502 �2010�
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several orders of magnitude higher in present tokamaks. The
effect of the plasma resistivity on the RMP response will be
studied in Subsection IV B. We point out that the �uniform�
resistivity profile is generally not consistent with the tem-
perature profile. For the reference case, the plasma central
rotation speed is assumed to be 3% of the Alfvén speed.

Figures 3�a� and 3�b� compare the spectrum of the radial
component b1 �in G/kAt of the RMP coil current� of the total
and the external RMP field inside the plasma. Hereinafter,
the total field refers to the sum of the external field �the
free-space field of the RMP coils in the absence of the
plasma and wall� and the pure response field due to the
plasma and wall. Both fields have the same n�0 toroidal
mode number. The b1 component is defined as

b1 	
J

R0
2b · �s =

Js

R0
2bn,

where Js=J��s� is the surface Jacobian, and bn is the normal
component of the perturbed magnetic field. The b1 compo-
nent is essentially the perturbed flux function, and its poloi-
dal harmonics are more meaningful in determining the cor-
responding magnetic islands width than those of the true
normal component bn. Figure 3 plots the amplitude of the
poloidal harmonics of b1 as a function of the harmonic num-
ber m, and along the minor radius �p. Those harmonics with
negative m numbers are all nonresonant harmonics. The lo-

cation of the resonant surfaces, for which q=m /n, is marked
by the + symbols.

The comparison of the RMP field spectra shows that the
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FIG. 1. �Color online� The equilibrium profiles for the plasma density, temperature, pressure, and the safety factor.
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FIG. 2. �Color online� The plasma boundary, the wall shapes, and two
alternatives of the RMP coils used in the simulation.
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major effect of the �resistive� plasma response, compared to
the pure external field, is to reduce the field amplitude near
the rational surfaces. As a result, the shape of the spectrum of
the resonant part �m�0� is significantly modified by the
plasma response. The most significant reduction of the reso-
nant field harmonics occurs in the plasma core region, where
the plasma response becomes more ideal either because of
smaller resistivity, or thanks to faster plasma rotation. The
latter case reflects the present modeling situation. �Theoreti-
cally, an ideal plasma response �either due to vanishing
plasma resistivity or infinite plasma rotation� results in zero
total field at resonant surfaces.� Meanwhile, the shape of the
spectrum for the nonresonant part �m�0� remains almost
unchanged, with only a moderate amplification �about 35%
in this case� of the field amplitude. As will be shown later,
this amplification depends strongly on the plasma pressure,

and is due to the well known resonant field amplification
phenomenon. The RFA effect of the plasma response is nor-
mally associated with the presence of marginally stable
MHD modes in the plasma, such as the resistive wall mode
�RWM� �Ref. 19� or the low-n peeling mode.21 This reso-
nance is due to the response of a mode �e.g., with the toroidal
mode number of n=1� as a whole, having all �both resonant
and nonresonant� poloidal harmonics.

Figures 4�a� and 4�b� offer a more detailed comparison
of the b1 field spectra near the plasma edge, between the total
field and the external field. The amplitude of the m=4,5
resonant harmonics is clearly reduced at the location of the
corresponding rational surfaces. The reduction is 51% for the
m=4 harmonic and 57% harmonic for m=5. The amplitude,
however, remains finite due to the resistive plasma response.

Figure 5 compares the radial profiles for the amplitude

FIG. 3. �Color online� The amplitude of poloidal Fourier harmonics for �a� the total �external+plasma response� and �b� the external only, n=1 radial magnetic
field b1 in the whole plasma region. A straight-field-line flux coordinate system is used. �p is the normalized poloidal flux. The external midplane coils with
the n=1 current configuration are assumed. The location of resonant surfaces is marked by +.

FIG. 4. �Color online� The amplitude of poloidal Fourier harmonics for �a� the total �external+plasma response� and �b� the external only, n=1 radial magnetic
field b1 in the plasma edge region. The external midplane coils with the n=1 current configuration are assumed. The location of resonant surfaces is marked
by +.
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of the poloidal Fourier harmonics �bm
1 ��p�� for all resonant

harmonics m=2,3 ,4 ,5. As expected, the plasma response
modifies substantially the shape of the radial profiles. As a
result, even though the peak value of the radial profiles for
each harmonic does not change dramatically, the local value
at each corresponding rational surface changes a lot.
Compared to the vacuum values of 0.124, 0.163, 0.176,
and 0.187 G/kAt, the field amplitude is reduced to 5.8%,
21%, 51%, and 57% for the m=2, 3, 4, and 5 harmonics,
respectively.

Another way to identify the plasma response is to plot
the poloidal structure of normal field bn along the plasma
surface. Figure 6�a� compares the real part of bn as a function
of the geometric poloidal angle  � generally differs from
the poloidal angle � for the straight-field-line coordinate sys-
tem� at the plasma surface. The toroidal plane is chosen such
that the RMP coil current IRMP is wholly real. �For our ref-

erence case, the imaginary part of bn, caused by the plasma
response, is relatively small compared to the real part.� We
notice that the total response field generally follows the
shape of the external field. Considerable modification due to
the plasma response occurs near the top/bottom of the torus,
where 1
 ��
2. The amplitude of the pure plasma response
field for the reference case is shown by the solid line in Fig.
6�b�. Generally, for an up-down symmetric equilibrium, with
an up-down symmetric RMP coil geometry, one would ex-
pect an up-down symmetric plasma response field. The
asymmetry shown in Fig. 6�b� is caused by the toroidal
plasma rotation. Indeed, assuming an opposite rotation direc-
tion, the computed plasma response peaks in a reflective
symmetry fashion, as shown by the dashed line in Fig. 6�b�.

B. Effect of plasma resistivity

We first study the difference in the plasma response be-
tween ideal �i.e., with vanishing plasma resistivity� and re-
sistive plasmas. Figure 7 shows a case of the ideal plasma
response that differs from the reference case only by the
plasma resistivity. As expected, the resonant harmonics of
the total response field vanish at the corresponding rational
surfaces. This is the major difference in the radial profiles,
compared to those of the resistive plasma response shown in
Fig. 5. As a consequence, the ideal plasma response excludes
the possibility of formation of magnetic islands near the ra-
tional surfaces, while the resistive plasma response model, or
the pure external field model, does allow the formation of
islands.

We can also compare the peak values �over the plasma
minor radius� of each poloidal harmonic �bm

1 � of the radial
field between the ideal, resistive plasma response, as well as
the external field alone. Figure 8 makes such a comparison
for both resonant and nonresonant harmonics. The resistive
case ��=1 /S=10−5� is the reference case studied in Subsec-
tion IV A. The peak amplitude of the nonresonant harmonics
is increased by the plasma RFA effect, while the peak ampli-
tude of the resonant harmonics is generally reduced by the
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plasma response, compared to the external field. Both ideal
and resistive plasma responses result in similar peak ampli-
tude for all poloidal harmonics.

It is interesting to investigate the scaling law of the re-
sponse of the resonant harmonics with the plasma resistivity.
Figures 9�a� and 9�b� show radial profiles of the resonant
harmonics m=4,5, respectively, with varying plasma resis-
tivity � from 0 to 10−4. At the rational surface, the total
response field increases with increasing �, but the amplitude
is generally below the vacuum level. We also notice that the
linear response model predicts possible field amplification
outside and further away from the rational surface radial lo-
cation, even for resonant harmonics.

Figure 10 plots the dependence of the total response field
amplitude at rational surfaces versus the plasma resistivity
for resonant harmonics m=2,3 ,4 ,5. The solid lines with
symbols represent the MARS-F results. The dashed lines are
the analytic scaling law of �3/4. According to a cylindrical
model developed by Fitzpatrick,18 the total response radial
field is calculated as

br
tot

br
vac =

2m

− �m� + ���,��
, �8�

where �m� is the conventional tearing index. For the resistive-
inertial plasma regime, the model predicts

���,�� = − 2.124e−i3�/8S3/4 �

�A
�5/4

. �9�

At a fixed rotation frequency �, and sufficiently large
Lundquist number S �i.e., small enough resistivity ��, we
expect ���� ��m� �, and hence a scaling law of �3/4 for the total

radial field br
tot. This scaling is recovered by the MARS-F

toroidal computations at the low resistivity limit.
At the very high resistivity limit �→�, it is easy to see

that the MHD equation �3� recovers the vacuum solution for
the magnetic field. This limit is also correctly predicted by
the MARS-F computation. Figure 10 shows that the total
response field amplitude converges to the external field, as
shown in Fig. 5, at very large � values.

C. Effect of toroidal plasma flow

In order to study the screening effect of the plasma flow
on the RMP field, we vary the frequency of toroidal rotation,
starting from the reference configuration. The radial profile
of the rotation is kept fixed. As an example, Fig. 11�a� shows
the m=4 resonant harmonic while decreasing the toroidal
rotation frequency from 4%�A to 1%�A at the plasma center.
The total response field is globally increased by reducing
rotation. At the resistivity considered here �S=105�, a rather
strong response is computed at sufficiently slow rotation,
near 1%�A, indicating a strong scaling of the RMP response
versus rotation. We also notice that at sufficiently slow rota-
tion, the total response field amplitude can exceed the exter-
nal field at the rational surface, yielding an amplification of
the �linear� magnetic island, compared to the vacuum island.
Therefore, without significant rotational screening effect, it is
possible that the resistive plasma response enhances the
magnetic island overlapping. We note that the relative rate
between the increase of the field response and the decrease of
rotation speed depends on the plasma resistivity. This rate
becomes smaller at larger Lundquist number, as is also evi-
dent from the analytic model �9�.

Figure 11�b� compares the peak amplitude of all the po-
loidal harmonics with varying plasma rotation speed. The
nonresonant harmonics, with m�0, are not sensitive at all to
the variation of rotation �at least in the range considered
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here�, whereas the resonant harmonics, m=2,3 ,4 ,5, are very
sensitive to rotation. Moreover, the nonresonant harmonics
with positive m number, m�5, are also significantly ampli-
fied at slow rotation as a result of toroidal coupling of these
harmonics to the resonant ones.

Figure 12 compares the MARS-F computed field re-
sponse versus rotation, with the analytic scaling law �9�
based on the resistive-inertial layer model. The �0

−5/4 scaling
is well recovered for fast enough rotation, especially for the
low m�m=2,3� harmonics. At slow rotation, the scaling law
is not satisfied anymore, as also predicted by Eq. �8�.

We summarize the results so far by showing contour
plots of the resonant field amplitude versus the two most
important plasma parameters in the resistive-inertial MHD
model—the plasma rotation frequency and the plasma resis-
tivity. Figures 13�a�–13�d� show such plots for all resonant
harmonics m=2,3 ,4 ,5, respectively. In the region of fast
rotation and small resistivity �right-bottom region in each
figure�, the scaling laws are well recovered, resulting in
straight contour lines. In the region of slow rotation and large
resistivity �top-left region�, the plasma response is more
complex: local maxima and minima in the amplitude are
possible.

D. Effect of �

It is well known that the plasma RFA response, due to
marginally stable MHD modes such as the resistive wall
mode, is sensitive to the plasma pressure,19,22 especially near
the stability limits in �. In the ELM mitigation experiments
with RMP coils, normally the plasma pressure is well below
the no-wall beta limit for the ideal kink mode—this moti-
vates our choice of �N=1.46 for the reference case, which is
far below the �n=1� no-wall limit of 3.99. It is, however,
certainly desirable to understand the plasma response to
RMP coils with varying plasma pressure up to the no-wall
beta limit. We notice that DIII-D experiments23 also reported
a heating power threshold, below which the ELM mitigation
was not effective. The corresponding �N limit was found to
be about 1.4 for the plasmas considered in Ref. 23.

In this subsection, we vary the plasma pressure �N,
starting again from the reference case. Figure 14 shows the
ratio of the peak amplitude of the total response field to that
of the external field for four equilibria with increasing
�N=0.49,1.46,2.51,3.57. The last equilibrium approaches
the no-wall limit. This ratio can be viewed as a global mea-
sure of RMP field amplification/reduction due to the plasma
response. �But it does not reflect the local effect, in particular
for the resonant poloidal harmonics.� The m�0 nonresonant
harmonics are always amplified by the plasma, and the am-
plification is enhanced with increasing the plasma pressure.
Since qa�6 and n=1, the m�5 harmonics also have no
resonant surfaces inside the plasma. These harmonics are
generally amplified for the cases considered here, but there is
no monotonic dependence of the amplification factor on �N.
This is primarily due to the strong coupling of these nonreso-
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nant harmonics to the resonant ones, m=2,3 ,4 ,5. The reso-
nant harmonics in this case are generally reduced by the
plasma response.

We also notice a significant modification of the mode
spectrum for the �N=3.57 case: the m=6 nonresonant com-
ponent becomes large. This is due to the fact that the plasma
is close to the marginal stability for the ideal kink mode,
hence a strong RWM response is triggered.19,22 The poloidal
structure of the pure plasma response also changes as �N

approaches the no-wall limit, as shown in Fig. 15.
Increasing pressure also results in a local increase of the

total radial field for resonant harmonics. Figure 16 shows
one example for the m=4 harmonic. The total field ampli-
tude, at the resonant surface, increases with �N.

E. Various coil geometry

Here we compare the plasma response to the external
and internal RMP coils specified in Fig. 2. We first notice
that with static RMP fields, the wall eddy current vanishes,
and hence does not affect the plasma response. The relative
position of the coils to the wall �“internal” or “external”�
does not have a physical significance. It is the radial position
of the coils, their poloidal location/coverage, and the toroidal
phasing of the coil currents that play roles in our model. We
use the reference plasma with the n=1 coil current. Figure 17
shows the total field spectrum using the internal off midplane
coils, assuming that the upper and the lower coil currents
have the opposite sign �odd parity�. The plasma is the same
as for the reference case. Compared to the total field spec-
trum shown in Figs. 3�a� and 4, the internal coil configura-
tion causes narrower spectrum band, especially near the
plasma edge region. The peak amplitude of the radial field
spectrum is more than a factor of 3 larger with the internal
coils than that with the external midplane coils, with the
same coil current and the same plasma condition. With as-
sumed coil parity for the I-coils, this is primarily due to the
proximity of the internal coils to the plasma surface. Com-
pared to the external field, the plasma response has a similar
effect as that for RMP field from the external coils, i.e., re-

ducing the field amplitude near rational surfaces for resonant
harmonics. Outside rational surfaces, however, we observe a
much stronger field amplification due to the plasma response,
compared to the external coil configuration. This is more
clearly seen in Fig. 18�a�.

Figures 18�a� and 18�b� compare the external RMP field
with the total field including the plasma response for the
internal coils. The plasma response causes both field reduc-
tion near rational surfaces and field amplification outside ra-
tional surfaces for resonant harmonics. The amplification ef-
fect is much stronger than the external coil case �Fig. 5�. The
amplification occurs mostly in the bulk plasma region, not in
the edge region.

Figure 18�b� compares the normal field component along
the plasma surface, between the external field and the total
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field. Similar to the external coil case �Fig. 6�a��, internal
coils also tend to cause a large response from the plasma,
near the top/bottom region of the torus.

It is even more interesting to compare the pure plasma
response field �i.e., the total field subtracted by the external
field� caused by the external and internal coils. This is shown
in Figs. 19�a� and 19�b�. Here we also consider an even
parity case for the internal coils, where both the upper and
lower coil currents have the same sign. Despite a rather dif-
ferent spectrum of the excitation RMP field, the shape of the
plasma response is similar between the odd parity internal
coils and the external coils. The major difference is in the
amplitude—the internal coils cause more than three times
larger plasma response than the external coils with the same
coil current. As already stated above, this factor of 3 is
mainly caused by the proximity of the internal coils to the
plasma surface. To confirm this, we moved the external coil
to the same radial location of the internal coils without
changing the fraction of the poloidal coverage. We obtained
nearly the same amplitude for the pure plasma response field
as that by the internal coils. Compared to the odd parity

coils, the internal coils with even parity cause somewhat less
response. More importantly, the radial shapes of the resonant
harmonics are significantly different in the outer half of the
plasma minor radius.

Figure 19�b� compares the poloidal distribution of the
pure response field at the plasma edge for three cases. The
odd parity internal coils and the external coils cause a similar
shape of the response field, peaking near the bottom of the
torus. The even parity external coils cause different poloidal
distributions, peaking in a wide region of the low-field-side
of the torus. Compared to the odd parity internal coils, the
even parity coils trigger about 2.5 times smaller response
field at the plasma edge, and the external coils trigger about
three times smaller field.

The amplitude of the response field depends also some-
what on the poloidal coverage �i.e., the area� of the RMP
coils. By reducing the coverage by 50% for the shifted ex-
ternal coils, we found that the amplitude of the plasma re-
sponse field was reduced by about 40%—this is much less
sensitive dependence than that of the radial location of the
coils.
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Different coil geometry yields different poloidal spec-
trum of the field perturbation. Figure 20 compares four con-
figurations of the coil geometry. Plotted is the amplitude of
poloidal harmonics of the external field alone �dashed lines�
and the total response field �solid lines� computed at the
plasma surface. Shifting the radial location of the midplane
coils ��a� versus �b�� results mainly in the change of the
amplitude, with minor modification to the field spectrum. Off
midplane coils with odd parity �c� offer similar vacuum spec-
trum to that of midplane coils for �m�
10. The field spec-
trum of off midplane even parity coils �d� is rather different.
These similarities and differences may explain the observa-
tions from Fig. 19�b�. Another significant feature, common
for all coil configurations, is that the plasma response tends

to reduce the amplitude of resonant harmonics �full circles�,
but amplifies the amplitude of nonresonant harmonics �open
circles�. The amplification is substantial for those non-
resonant harmonics close to the resonant ones and with
m�nqmax.

24

The similarity of the pure plasma response, triggered by
the midplane coils and the off midplane odd parity coils and
shown by Fig. 19�b�, is easy to understand in terms of the
plasma field spectrum, as shown by Fig. 21. Indeed, these
two types of coils cause a very similar plasma response field
spectrum, in particular for all resonant and nonresonant har-
monics with �m�
10. On the other hand, the off midplane
even parity coils trigger rather a different field spectrum for
both resonant and nonresonant harmonics. For instance, for
the resonant harmonic m=5, for which the difference seems
to be the largest, both midplane coils and off midplane odd
parity coils trigger a plasma response with nearly 90° toroi-
dal phase shift, compared to the external field, while the off
midplane even parity coils yield about 45° toroidal phase
shift.

F. RMP response to n>1 fields

The ELM mitigation experiments often choose different
toroidal number n as the dominant component for the RMP
field. Normally, a lower n component yields a higher field
amplitude with the same coil current. But a higher n compo-
nent tends to create more resonant surfaces near the plasma
edge region, which may be beneficial for the ELM suppres-
sion. Sometimes the low n�n=1� configuration is not chosen
to avoid causing large rotation damping in the plasma core
by external fields. Here we study the plasma response to the
RMP field with various n numbers. Figures 22�a� and 22�b�
show the radial profiles of resonant poloidal harmonics for
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the n=2 and 3 configurations, respectively. These configura-
tions differ from the reference case �Fig. 5� only by the n
number.

With increasing toroidal number n, more resonant har-
monics are introduced into the plasma �m=2–5 for n=1,
m=3–10 for n=2, and m=5–15 for n=3�. The shape of the
radial profiles for resonant harmonics also becomes more
similar to that of the external field. In particular, no signifi-
cant field amplification effect, outside rational surfaces, is
observed for n=2 and 3, compared to the n=1 configuration.
Meanwhile, the total field amplitude at rational surfaces, al-
though reduced compared to the vacuum value, remains fi-
nite, thanks to the resistive plasma response.

The field amplitude at rational surfaces is better com-
pared in Fig. 23, where we plot bm

1 �q=m /n� at each rational
surface q=m /n, versus the radial location �p�q=m /n� of the
corresponding surface. Note that we show the amplitude only

in the plasma edge region. Evidently, for each n, the total
response field �solid lines� is significantly smaller than the
external field �dashed lines�. The reduction becomes larger
toward the plasma core �note the difference in the slope of
the curves between the external and the total field�.

The global modification of the RMP field spectra by the
plasma response is compared in Fig. 24 for n=1,2 ,3 con-
figurations. The m�0 nonresonant harmonics are amplified
for all m’s and n’s, but the amplification becomes weaker
with higher n number. The peak amplitude of the resonant
harmonics �denoted by full symbols� is generally reduced by
the plasma response, with an exception for m=5, n=1. The
m�0 nonresonant harmonics can be either amplified or re-
duced by the plasma response, depending on the m and n
numbers. In general, the overall field spectrum is substan-
tially changed, compared to that of the external field, for all
n=1,2 ,3 coil configurations.

FIG. 17. �Color online� The amplitude of poloidal Fourier harmonics for the total �external+plasma response� n=1 radial magnetic field b1 in �a� the whole
plasma region and �b� the plasma edge region. The internal off midplane coils with odd parity are used.
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G. Effect of electron diamagnetic flow

In the ELMy H-mode plasma, with sharp variation of the
electron density and temperature profiles in the pedestal re-
gion, the electron diamagnetic flow becomes large. And un-
like ions, the electron diamagnetic flow normally does not
cancel the E�B flow. As a result, the large electron flow
near the plasma edge may have a significant screening effect
on the RMP field penetration.14,11,10 Here we try to pursue a
qualitative understanding of the electron flow effect based on
the MARS-F formulation. We make two fundamental as-
sumptions. �i� We consider only the toroidal projection
�E+��,e of the electron flow, which in reality is perpendicu-
lar to the equilibrium magnetic field line �i.e., having both
toroidal and poloidal components�. �ii� We assume that the
major screening effect comes from the modification of
Ohm’s law due to the electron flow.25 In other words, we

shall replace the ion flow term �=�E+��,i by �e=�E

+��,e in Eq. �3� without changing any other terms. This al-
lows us to study the electron flow effect, staying in the
single-fluid approximation of MARS-F. Because of the as-
sumptions stated above, the following results should be
treated as qualitative.

Figure 25 compares the �toroidal� rotation profiles for
ions and for electrons, respectively. The ion rotation � is
assumed to be the plasma rotation and used in the reference
configuration. The electron rotation frequency is computed
as �e=�−��,i+��,e, where, following Ref. 26, we define

��,i = −
1

e

Ti

N

dN

d�
1 +

d ln Ti

d ln N
� , �10�

��,e =
1

e

Te

N

dN

d�
1 + 1.71

d ln Te

d ln N
� , �11�

where e is the electron charge and N the electron density. We
notice that in the pedestal region, normally the electron den-
sity gradient is larger than the temperature gradient, and
hence is the major contributor to the diamagnetic rotation.

The major differences between the ion flow and the elec-
tron flow shown in Fig. 25 are that �i� the electron flow
changes direction near the plasma edge, resulting in a sta-
tionary point inside the plasma where the flow velocity van-
ishes; �ii� in the pedestal region, we have a substantial elec-
tron flow comparable with �even larger than� the core plasma
flow. We point out that the cancellation between the ion-
electron diamagnetic flow and the plasma fluid flow, al-
though often occurring in tokamak experiments, may not al-
ways be the case—it obviously depends on the direction of
the assumed �or measured� plasma flow with respect to the
ion diamagnetic flow.

In the following, we start again with the reference case,
only by replacing the ion flow by the electron flow in Ohm’s
law. Figures 26�a�–26�d� plot the external and the total re-
sponse field for resonant harmonics m=2,3 ,4 ,5, respec-
tively. We notice a sensitive dependence of the plasma re-
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sponse on the rotation model. At the rational surfaces, the
electron flow model yields a larger response for the m=2,3
harmonics, but smaller response for the m=4,5 harmonics,
compared to the ion flow model. This is essentially due to the
fact that the electron flow, by amplitude, is slower than the
ion flow at the m=2,3 rational surfaces, and faster at the
m=4,5 rational surfaces �Fig. 25�. In particular, the m=3
total response, with the electron flow, exceeds the external
RMP field.

Figure 27 compares the radial field spectra, in terms of
the peak amplitude along the plasma minor radius for all
poloidal harmonics, between the external field, the total re-
sponse field assuming the ion and the electron flow models,
respectively. The m�0 nonresonant harmonics are not sen-
sitive to the flow model used in the Ohm’s law. The peak

amplitude of resonant harmonics is generally not sensitive to
the flow model either, except for the m=3 harmonic that
corresponds to a nearly vanishing electron flow speed at the
rational surface. This amplitude amplification for m=3 is
also shown in the previous figure. The peak amplitude of
m�5 nonresonant harmonics, interestingly, is also modified
by the electron flow.

V. CONCLUSION AND DISCUSSION

We have presented a systematic study of various plasma
parameters and coil configurations on the plasma response to
the nonaxisymmetric fields produced by the RMP coils,
based on MARS-F full toroidal computations. For this work,
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we focused only on the magnetic field response of the
plasma. A generic conclusion is that the plasma response
does modify the external field for both resonant and nonreso-
nant components. In particular, computations show that the
m�0 nonresonant harmonics are always amplified by the
plasma response �with convention that the resonant harmon-
ics have m�0�. The last point is also analytically demon-
strated recently based on the MHD energy principle.20

The key plasma parameters affecting the RMP response
are the plasma resistivity and rotation. The numerical results
recover the analytic scaling laws versus the plasma resistivity
and rotation frequency, in the asymptotic limits of large Lun-
dquist number and fast rotation. While the ideal plasma re-
sponse results in vanishing total field at rational surfaces �for
resonant harmonics�, the resistive response does allow a fi-
nite total field, hence the existence of magnetic islands. But
the resistive plasma induced islands are normally much
smaller than the vacuum islands. The toroidal plasma rota-
tion can provide a strong shielding of the RMP field. At slow
enough rotation, however, the plasma response can actually
“amplify” the external field at rational surfaces.

Increasing the plasma pressure generally enhances the
plasma response for both resonant and nonresonant harmon-
ics. The plasma response experiences a qualitative change as
the pressure approaches the no-wall limit for the ideal kink
mode, as expected. The amplification of the m�0 nonreso-
nant harmonics is sensitive to the plasma pressure. In fact,
this appears to be the only sensitive plasma parameter that
affects the m�0 nonresonant response.

Both midplane and off midplane odd parity coils trigger
a �pure� plasma response with a similar poloidal mode struc-
ture, i.e., a similar plasma response. But the response ampli-
tude can be several times larger with the internal coils,
largely due to the coil proximity to the plasma surface. The
off midplane coils with even parity trigger different plasma

responses. The plasma response to the RMP coils, with dif-
ferent n numbers, is qualitatively similar.

Finally, a crude model, accounting for the electron dia-
magnetic flow effect, seems to suggest that the electron flow
can play a significant role in the plasma response, in both the
pedestal region and beyond �toward the plasma core�. The
fast electron flow in the pedestal region, due to large density
�and temperature� gradient, reduces the response of resonant
harmonics �i.e., screens the RMP field�. But a stationary
point of electron flow along the plasma minor radius �van-
ishing rotation speed, normally beyond the pedestal toward
the inner plasma� tends to enhance the plasma response,
compared to the ion flow model.

This work only aims at a systematic investigation of the
resistive plasma response to the RMP fields. The results
present one step forward, compared to the vacuum field
theory, or the ideal response theory without plasma flow, in
understanding the ELM mitigation physics. However, it is
still questionable to apply these results directly to the ELM
mitigation experiments due to the following limitations:

• We assumed a linear model for the plasma response to the
RMP field. The key approximation here was that we fixed
the plasma rotation while computing the field response.
The true dynamics of the RMP field penetration is a non-
linear process, involving the coupling between the rota-
tional screening of the RMP field and the rotational damp-
ing due to the RMP field. The latter effect will be studied
in a future work.

• Our model is basically a single-fluid model, which is prob-
ably a reasonable model for describing the plasma core
response. However, the sharp variation of the plasma equi-
librium profiles, in the narrow pedestal region near the
plasma edge, may require a more sophisticated model. We
are currently working on a two-fluid version of MARS-F.

• The resistive-inertial layer response, adopted in MARS-F,
is also an approximation. It is well known that the tearing
layer, in the limit of narrow layer width, should involve at
least a drift-kinetic description.

• Finally, experimental evidence seems to suggest an impor-
tant role played by the plasma separatrix and the X-points
for the ELM mitigation. The MARS-F model cannot deal
with the exact X-point geometry.
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