
PHYSICAL REVIEW E 84, 056601 (2011)

Generalized dressing method for nonlinear evolution equations describing partially coherent wave
propagation in noninstantaneous Kerr media
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A generalized dressing method is presented for integration of the nonlinear evolution equation of the coherent
density function describing partially coherent wave propagation in a noninstantaneous Kerr media. As an example
an exact, partially coherent multisource N-soliton solution is derived. It is also demonstrated how this method is
applicable for construction of solutions to the equivalent coupled system of nonlinear Schrödinger equations of
the self-consistent multimode theory.
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I. INTRODUCTION

Nonlinear wave propagation is of fundamental interest
in a wide range of very diverse areas of physics such as
nonlinear optics, plasma physics, and water waves, as well as
Bose-Einstein condensates. Generally speaking, most weakly
nonlinear, dispersive and/or diffractive, energy-preserving
coherent wave systems give rise, in the appropriate limit, to
the nonlinear Schrödinger (NLS) equation. The NLS equation
provides a “canonical” description of the wave envelope
dynamics in a nonlinear medium when dissipation can be
neglected, and, specifically, it admits the well-known bright
soliton solutions existing due to a stable balance between
two counteracting effects, e.g., dispersion or diffraction and
self-focusing. It has also been well known for many years that
the initial value problem for coherent waves governed by the
NLS equation can be fully solved using the inverse scattering
transform (IST) method [1].

Until the middle of the 1990s, the commonly held impres-
sion was that solitons were inherently coherent structures with
well-defined amplitudes and phases [2]. However, experimen-
tal results in nonlinear optics have demonstrated that partially
coherent solitons are also possible. A necessary condition for
the existence of such structures is that the response time of
the medium is long as compared to the coherence time of the
wave field, so that the medium experiences only the statistical
average of the wave field intensity. Partially incoherent solitons
have been first found in photorefractive crystals [3], but have
rapidly become a concept that is relevant for many different
physical areas beyond nonlinear optics [4,5].

Four main formalisms have been developed for theoretical
analysis of the propagation of partially coherent waves in
nonlinear media: the mutual coherence function approach [6],
the self-consistent multimode theory [7], the coherent density
theory [8], and the Wigner transform method [9]. These seem-
ingly different formalisms have been shown to be formally
equivalent [10,11], and a general mathematical basis unifying
the existing approaches has been developed in Ref. [12]. This
theory also provides the generalization necessary for analyzing
situations where the wave field originates from several sources,
which do not necessarily have the same stochastic properties.
However, to date, only a few exact solutions have been
found in either formalism except for media with a saturable
logarithmic nonlinearity [13]. The exception is the self-

consistent multimode theory, which is described by a system of
incoherently coupled nonlinear Schrödinger equations. Here
several analytical solutions have been presented also for Kerr
media, although only a few of them satisfy the condition of
also being mutually orthogonal [14–17].

Even though the coupled nonlinear Schrödinger system has
long been known to be treatable using the IST method [18],
it has thus far not been fully realized that the equations
governing the propagation of partially coherent light are, in
fact, integrable and support an infinite number of conserved
quantities [19]. The main purpose of this paper is to present
a generalized dressing method for solving the evolution equa-
tion of the coherent density approach for partially coherent
waves propagating in nonlinear and noninstantaneous Kerr
media. The procedure is similar to the Zakharov and Shabat
scheme developed in Ref. [20]. The method is applied to
obtain a partially coherent multisource N-soliton solution.
It is also demonstrated how this method is applicable for
construction of solutions to the coupled nonlinear Schrödinger
equations of the self-consistent multimode theory. The solution
of this system has previously been considered using the
dressing method, however, without the additional constraint
of orthogonal modal functions; see, e.g., Ref. [21] for a
review.

II. COHERENT DENSITY THEORY

The coherent density theory was the first formalism
developed for describing propagation of partially coherent
light in noninstantaneous nonlinear media [22]. The governing
equation for the coherent density function f (x,z,θ ) in a Kerr
medium is given by

i

(
∂f

∂z
+ θ

∂f

∂x

)
+ β

∂2f

∂x2
+ κ

(∫ ∞

−∞
|f |2dθ

)
f = 0, (1)

where z is the propagation distance, x is transverse coordinate
of the beam, θ represents an angle with respect to the
propagation axis, and β and κ are diffraction and nonlinear
coefficients, respectively. Equation (1) may be seen as the
continuous limit of an infinite set of coupled nonlinear
Schrödinger equations. Indeed, introducing a bra-ket notation
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and interpreting the θ variable as a continuous index we can
apply the transformation

f (x,z,θ ) exp

(
i

θ

2β
x − i

θ2

4β
z

)
→ |ψ(x,z; θ )〉 (2)

to Eq. (1) and obtain

i
∂

∂z
|ψ〉 + β

∂2

∂x2
|ψ〉 + κ〈ψ |ψ〉|ψ〉 = 0, (3)

where the ket |ψ〉 is taken to be an infinite dimensional column
vector, and the bra 〈ψ | its Hermitian conjugate row vector. The
integral has been replaced by the scalar product 〈ψ1|ψ2〉 =∫ ∞
−∞ ψ∗

1 ψ2 dθ . Clearly, if |ψ〉 were an n-dimensional vector,
Eq. (3) would be equivalent to the following system of coupled
nonlinear Schrödinger (CNLS) equations:

i
∂ψn

∂z
+ β

∂2ψn

∂x2
+ κ

(
N∑

k=1

|ψk|2
)

ψn = 0, n = 1, . . . ,N,

(4)

and the following analysis is consequently also valid for
construction of solutions to a CNLS-system of arbitrary size,
given that |ψ〉 is taken to be a finite dimensional vector.
In fact, for mutually orthogonal functions ψn, Eq. (4) is
the evolution equation for the modal functions in the self-
consistent multimode theory [23].

III. ZAKHAROV-SHABAT SCHEME

Zakharov and Shabat [1] integrated the nonlinear
Schrödinger equation in 1971 by means of the inverse
scattering transform. Later in 1974 they presented a general
scheme for integrating nonlinear evolution equations by means
of inverse scattering [20], including a simple technique for
constructing particular solutions to nonlinear equations from
solutions of the corresponding linear scattering problem, a
technique commonly referred to as the dressing method.
Below we give a short presentation of the scheme following
essentially Refs. [20] and [24].

We start by introducing a linear integral operator F̂ such
that

F̂ψ(x; z) =
∫ ∞

−∞
F (x,t ; z)ψ(t ; z) dt. (5)

It is further assumed that this operator can be written in
terms of two other integral operators K̂+ and K̂− with kernels
satisfying K+(x,y; z) = 0 for y < x and K−(x,y; z) = 0 for
y > x, respectively, by means of the relation

I + F̂ = (I + K̂+)−1(I + K̂−). (6)

From Eq. (6) it follows that the operator kernels for y > x

satisfy the Gel’fand-Levitan integral equation:

F (x,y; z) + K+(x,y; z) +
∫ ∞

x

K+(x,t ; z)F (t,y; z) dt = 0.

(7)

We now introduce two matrix differential operators depend-
ing on a constant parameter p, namely,

�
(1)
0 = Ĩ

(
i

∂

∂z
+ p

∂2

∂x2

)
(8)

and

�
(2)
0 = Ĩ

[
l1 0

0 l2

]
∂

∂x
, (9)

where l1 = (1 − p)/2p, l2 = (1 + p)/2p, and

Ĩ =
[ |1〉〈1| 0

0 1

]
(10)

is a generalization of the unit matrix with |1〉 being the identity
ket. The differential operators �

(1)
0 and �

(2)
0 are assumed to

satisfy the commutator relations [�(1)
0 ,F̂ ] = 0 and [�(2)

0 ,F̂ ] =
0, which by Eq. (6) implies that we may define so-called
dressed operators �(j ) = (I + K̂−)�(j )

0 (I + K̂−)−1 satisfying

�(j )(I + K̂+) − (I + K̂+)�(j )
0 = 0, j = 1, 2. (11)

We take the dressed operators to be

�(1) = �
(1)
0 + 2p

d

dx
K+(x,x; z)

= Ĩ

(
i

∂

∂z
+ p

∂2

∂x2

)
+ 2p

[ |ψ〉〈ψ |/l1 |ψx〉
〈ψx | −〈ψ |ψ〉/l2

]
(12)

and

�(2) = Ĩ

[
l1 0

0 l2

]
∂

∂x
+

[
0 −|ψ〉

〈ψ | 0

]
. (13)

The operators satisfy the condition [�(1),�(2)] = 0 or explic-
itly for |ψ〉

i
∂

∂z
|ψ〉 + ∂2

∂x2
|ψ〉 + 8p2

1 − p2
〈ψ |ψ〉|ψ〉 = 0 (14)

and its Hermitian conjugate for 〈ψ |. Using the scaling z →
z/β and identifying κ/β = 2/(l1l2) = 8p2/(1 − p2), we thus
obtain Eq. (3) as a consistency requirement.

IV. DRESSING METHOD

The dressing method is a general method for nonlinear
equations integrable by inverse scattering that allows us to
turn a solution for a set of linear equations into a corresponding
solution of the full nonlinear problem. More specifically, the
dressing method enables us to find solutions of Eq. (14) by con-
structing a particular solution F (x,y; z) for the pair of linear
partial differential equations [�(1)

0 ,F̂ ] = 0 and [�(2)
0 ,F̂ ] = 0.

Using the Gel’fand-Levitan equation (7) we then solve for the
kernel K+(x,y; z), and extract the corresponding solution |ψ〉;
cf. the operator definition (12). As an example we now derive
a general partially coherent multisource N-soliton solution.

From [�(1)
0 ,F̂ ] = 0 we get the equation

i
∂F

∂z
+ p

∂2F

∂x2
− p

∂2F

∂y2
= 0, (15)
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while [�(2)
0 ,F̂ ] = 0 yields[

l1 0

0 l2

]
∂F

∂x
+ ∂F

∂y

[
l1 0

0 l2

]
= 0. (16)

Assuming that

F (x,y; z) =
[

0 −|f1(x,y; z)〉
−〈f2(x,y; z)| 0

]
, (17)

we see from Eq. (16) that |f1〉 = |f1(ξ ; z)〉 with ξ = l2x − l1y

and 〈f2| = 〈f2(η; z)| with η = l1x − l2y, and Eq. (15) reduces
to

i
∂

∂z
|f1〉 + ∂2

∂ξ 2
|f1〉 = 0, (18)

i
∂

∂z
〈f2| − ∂2

∂η2
〈f2| = 0 (19)

since p(l2
2 − l2

1) = 1.
We further assume that the θ dependence enters only in the

phase, in which case solutions of the system Eqs. (18)–(19)
corresponding to solitons with distinct eigenvalues take the
form

|f1〉 =
N∑

n=1

|rn(θ )〉 exp
[
ρnξ + iρ2

nz
]
, (20)

〈f2| =
N∑

n=1

〈rn(θ )| exp
[ − ρ∗

nη − iρ∗2
n z

]
, (21)

where |rn(θ )〉 are complex functions whose real and imaginary
parts are related to the soliton position and phase, respectively,
while ρn = νn + iμn are complex constants with νn > 0 being
the soliton amplitude (width) and μn its transverse velocity.
Introducing

K+(x,y; z) =
[

a(x,y; z) b(x,y; z)

c(x,y; z) d(x,y; z)

]
(22)

we have |ψ〉 = b(x,x; z) according to Eq. (12), and from
Eq. (7) we obtain an integral equation for b(x,y; z), namely,

b(x,y; z) = |f1(x,y; z)〉 +
∫ ∞

x

b(x,t ; z)�(t,x,y; z) dt, (23)

where

�(t,x,y; z) =
∫ ∞

x

〈f2(t,t ′; z)|f1(t ′,y; z)〉 dt ′

= −
N∑

j,n=1

〈rj |rn〉
l2(ρn + ρ∗

j )
exp

[
l2(ρn + ρ∗

j )x

− l1ρ
∗
j t − l1ρny + i

(
ρ2

n − ρ∗2
j

)
z
]
. (24)

Assuming b(x,y; z) = ∑N
k=1 B̃k(x; z) exp(−l1ρky), we match

the parts having the same y dependence in Eq. (23) to obtain
a coupled system of linear algebraic equations for B̃n, which
is used to find the desired solution of Eq. (14). Thus we have
the system

Bn +
N∑

j,k=1

αnkjBk = γn, n = 1, . . . ,N, (25)

where we have defined Bn = B̃n exp(−l1ρnx), γn = |rn(θ )〉
exp[ρnx + iρ2

nz] and

αnkj = 〈rj |rn〉
l1l2(ρn + ρ∗

j )(ρk + ρ∗
j )

× exp
[
(ρn + ρ∗

j )x + i
(
ρ2

n − ρ∗2
j

)
z
]
. (26)

The solution |ψ〉 is explicitly obtained through Cramer’s rule
as

|ψ(x,z,θ )〉 =
N∑

n=1

Bn(x; z) =
N∑

n=1

det [a1 . . . an−1γ an+1 . . . aN ]

det(A)

= det [γ a2 − a1a3 − a1 . . . aN − a1]

det(A)
, (27)

where ak denotes column k of the coefficient matrix A =
δnk + ∑

j αnkj of Eq. (25).

V. SOLITON SOLUTIONS

Equation (27) is valid both as a solution for the infinite
dimensional coherent density formalism and for the finite
dimensional CNLS-system (4). It can be seen as describing
multisource soliton solutions with mutual correlations deter-
mined by the factors 〈rj |rn〉. For uncorrelated sources the
CNLS solutions can directly be taken as modal functions in the
self-consistent multimode theory. In what follows, we consider
the more general coherent density solutions.

The single soliton solution of Eq. (14) is obtain from
Eqs. (25)–(27) for N = 1. Setting ρ1 = ν + iμ and |r1〉 =
2ν

√
J (θ )l1l2 exp(−νx0 + iϕ), where J (θ ) is the normalized

angular power spectrum of the source, and
∫

J (θ ) dθ = 1, we
find

|ψ(x,z,θ )〉 = ν
√

J (θ )l1l2sech[ν(x − x0 − 2μz)]

× exp [iμx + i(ν2 − μ2)z + iϕ], (28)

which is a solution of the Manakov type; cf. Ref. [18]. It
reduces to the coherent single-soliton solution in the limit
J (θ ) → δ(θ ). Similarly, one can construct single-source N-
soliton solutions by taking |rn〉 = √

J (θ )Cn, where Cn are
arbitrary complex constants.

To illustrate the construction of a partially coherent solution
we consider the case of two partially correlated sources. The
coherent density function may then be expressed as a sum
of two spatial modulation functions weighted by the angular
power spectrum of each source, viz.,

|ψ(x,z,θ )〉 = |ψ1(x,z,θ )〉 + |ψ2(x,z,θ )〉
=

√
J1(θ )W1(x,z) +

√
J2(θ )W2(x,z), (29)

where the modulation functions Wn(x,z) are directly obtained
by means of a cofactor expansion along the first column
of the determinant in the numerator of the last expression
of Eq. (27). The amount of mutual correlation between the
sources is characterized by the correlation coefficient R =∫ √

J ∗
1 (θ )J2(θ ) dθ , where |R| � 1 when the angular power

spectra are normalized as
∫

Jn(θ ) dθ = 1.
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It follows from Eqs. (25)–(27) with N = 2 that the two-
source problem has a general solution of the form

|ψ(x,z,θ )〉
= |r1〉

det(A)
exp

(
ρ1x + iρ2

1z
)

× [(1 + α221 + α222) − (α211 + α212)]

+ |r2〉
det(A)

exp
(
ρ2x + iρ2

2z
)

× [(1 + α111 + α112) − (α121 + α122)], (30)

where αnkj is defined as in Eq. (26) and

det(A) = (1 + α111 + α112)(1 + α221 + α222)

− (α121 + α122)(α211 + α212). (31)

The solution (30) is valid for sources with arbitrary angular
power spectra and will generally by periodic in z for vanishing
soliton velocities. However, contrary to the single-source two-
soliton case, there is also a stationary case obtained when the
two sources are uncorrelated with each other and the solitons’
velocities μn are chosen to be zero. This implies from Eq. (26)
that αnkj = αnkj δnj and Eqs. (30)–(31) reduce to

|ψ(x,z,θ )〉 =
√

J1(θ )l1l2
(
ν2

1 − ν2
2

) ν1csch[ν1(x − x1)]

ν1coth[ν1(x − x1)] − ν2tanh[ν2(x − x2)]
exp

(
iν2

1z + iϕ1
)

+
√

J2(θ )l1l2
(
ν2

1 − ν2
2

) ν2sech[ν2(x − x2)]

ν1coth[ν1(x − x1)] − ν2tanh[ν2(x − x2)]
exp

(
iν2

2z + iϕ2
)
, (32)

where we have assumed that ν1 > ν2. In fact, for uncorre-
lated sources we see that by dropping the multiplicative θ

dependencies each field |ψn〉 is a multimode solution and
satisfies a CNLS equation (4). For the special case with
ν1 = 2ν2 and x1 = x2 = 0, Eq. (32) reduces to a solution with
a sech-squared intensity profile previously found for the CNLS
equation in Ref. [15].

When the two sources are neither completely correlated as
in the coherent two-soliton case nor completely uncorrelated,
i.e., when 0 < |R| < 1, we can still write the solution Eq. (30)
in a canonical form as the sum of two mutually orthogonal
fields |ψ〉 = |ψ̃1〉 + |ψ̃2〉 with 〈ψ̃1|ψ̃2〉 = 0. This is accom-
plished by diagonalizing the correlation matrix 〈ψj |ψn〉, a
procedure, which we have described in detail in our previous
paper [12]. Thus the corresponding multimode solution can
be found from the concomitant coherent density solution. The
canonical form is also helpful when considering interactions
between solitons; cf. Ref. [17].

VI. CONCLUSIONS

The evolution equations governing partially coherent waves
propagating in noninstantaneous Kerr media have been shown
to be integrable by the method of inverse scattering. However,
the full machinery of the inverse scattering method is often
cumbersome to apply. In this paper we have therefore
demonstrated how the simpler dressing method can be used for
the construction of partially coherent soliton solutions for the
coherent density formalism and the self-consistent multimode
theory. As an example, we derived an exact partially coherent
multisource N-soliton solution. This solution represents a
generalization of a coherent N-soliton solution generated by
N fully correlated sources to one generated instead by sources
with arbitrary mutual correlations. We have also discussed
how the orthogonal modal functions of the equivalent self-
consistent multimode theory could be obtained from the more
general coherent density solution not only for uncorrelated
sources but also for sources with mutual correlations.
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