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Abstract

The paper provides two contributions. First, we present new convergence results for conditional
e-subgradient algorithms for general convex programs. The results obtained here extend the
classical ones by Polyak [Pol67, Pol69, Pol87] as well as the recent ones in [CoL93, LPS96,
AIS98] to a broader framework. Secondly, we establish the application of this technique to
solve non-strictly convex concave saddle point problems, such as primal-dual formulations of
linear programs. Contrary to several previous solution algorithms for such problems, a saddle-
point is generated by a very simple scheme in which one component is constructed by means
of a conditional e-subgradient algorithm, while the other is constructed by means of a weighted
average of the (inexact) subproblem solutions generated within the subgradient method. The
convergence result extends those of [Sho85, ShC96, LPS99] for Lagrangian saddle-point problems
in linear and convex programming, and of [PeP97] for a linear—quadratic saddle-point problem
arising in topology optimization in contact mechanics.

Key words: Convex programming, nonlinear programming, game theory, large-scale opti-
mization



1 Introduction

Consider the convex concave saddle-point problem to find
(#',y) €XxY: L@ y) < La"y") < L@y'), Viny) € X x V. [SP]

We assume that X C R" and Y C R™ are non-empty, convex and compact sets, and L :
X xY — Ris convex concave and finite (hence continuous) on X x Y, that is, convex (concave)
inz (y) on X (Y) for every fixed value of y € Y (z € X). We note that in what is to follow, the
compactness assumption on X X Y can be replaced by some coercivity assumption on £ with
respect to X x Y (e.g., Hiriart-Urruty and Lemaréchal [HiL93, p. 334]).

Under the above assumptions on the problem [SP], there exists a saddle-point, (z*,y*), of £
on X x Y, the set of which is a Cartesian product which we will denote by X* x Y*. Further,
for any choice of (z*,y*) € X* x Y™,

vt = L(z%,y") = milgien)}um ma?y(iersr/mm L(x,y) = ma')y(ier}r/mm milgien)}um L(x,y).
(These results are collected, for example, in [HiL.93, Section VII.4].)

The algorithm to be presented in the next section attacks the problem by means of solving
the following equivalent convex problem:

iz P
minimize f(=), [P]
where
f(z) := maximum L(z,y), r € X. (1)
yeyY

We shall denote the set of solutions to the problem (1) by Y (z). An e-optimal solution, g, to
the problem (1) is characterized by the relation

L(xz,g) > f(z) — ¢, (2)

for some §y € Y and ¢ > 0.

EXAMPLE 1 (convex programming). An interesting application of [SP] is to convex programming,
where £(z,y) := h(z) +y"g(x), corresponding to the Lagrangian of the problem to

minimize h(z), [CP]
zeEXNG

where h : R" — R is a convex function, the convex set GG is described by means of convex
inequalities,

G:={zeR"|g(x)<0, i=1...,m},

where g; : R — R is convex for each 7, and Y = R'?'. For this problem, we assume that X is
bounded, and the Slater constraint qualification that the set {z € X | g(x) < 0} is nonempty
(see Bazaraa et al. [BSS93, Theorem 6.2.4]). Under this CQ, the set Y* is compact. Assuming we
may somehow restrict the set Y to be a convex and compact set including Y*, we thereby fulfill
all the conditions on the problem [SP]. The problem [P] corresponds to the (convex) Lagrangian
dual problem to maximizeycym 0(y), where 6(y) := minimumg¢ xy L(z,y). 0
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For solving the problem [P], we utilize conditional e-subgradient optimization, which extends
traditional subgradient optimization, as analyzed, for example, in Shor [Sho85], to possibly
inexact calculations of subgradients and to generating search directions which take the feasible
set X into account. (The latter extension of traditional subgradient optimization was analyzed
in depth first in [LPS96].) Thus, we generate a point in X*. In order to generate a point in
Y*, we propose to build the sequence of weighted averages of the (possibly inexact) solutions
to (1), generated while searching for a point in X*. We establish that this sequence converges
to the set Y*, provided that the step lengths utilized in the process of finding a point in X™* by
the subgradient algorithm, and the weights used in constructing a point in Y*, are both chosen
appropriately.

Some words on notation. The notation || - || denotes the Euclidean norm; for a nonempty,
closed, and convex set S C R", the normal cone to S is

{zeR" |2 (y-1)<0, WyeS} z€S,

Ns(w) = {@, x ¢ S;

the indicator function to S is

0, x €S,
+oo, = ¢S.

Ps(x) = {

We have that the subdifferential operator of 1g, 0¢g, equals Ng. Further,

proj (z, §) == argmin |ly — x|
yes

denotes the (Euclidean) projection of the vector x onto the set S; we further introduce

dist (z, S) := mi —
ist (z, S) rynelglly ||

to denote the Euclidean distance from the point z to its projection proj (z,S) onto S. Finally,
we introduce, for any v > 0,

XVi={oseX|flz)<f +v}
that is, the lower level set of f corresponding to v-optimal solutions to the problem [P]. (So,
X0 =X*)
The subject of the next section is the convergence of conditional e-subgradient optimization

algorithms. Section 3 presents the overall algorithm and establishes its convergence to a saddle-
point.

2 Convergence of conditional e-subgradient optimization

Our first result establishes a simple relationship between e-optimal solutions to (1) given z € X
and e-subgradients of f at 2. We first note that 7.(z) is an e-subgradient of f at z [that is,
Ye(z) is an element of the e-subdifferential, 0. f (z), of f at x| for some ¢ > 0 if and only if

f2)> f@) +y(2)' (z—2) —e,  zeRY (3)
the definition of a subgradient [that is, an element of the subdifferential] follows by setting ¢ = 0.

PROPOSITION 2 (e-optimal solutions provide e-subgradients). Suppose that, given x € X, ¢ is an
e-optimal solution to (1). Then, any subgradient (x) of L(-,y) at x is an e-subgradient to f at



PRrROOF. Fix any z € X and € > 0. For an arbitrary z € X then follows that

f(2) > L(z,9) > f() +[L(z,9) = L(2,9) =] > f(2) +7(2) (z —2) — e,

which yields that ¥(z) € 0. f(z), the first inequality coming from the definition of the value f(z),
the second inequality following from the e-optimality of ¢ in (1), and the right-most inequality
following from the convexity of L(-, 7). 0

EXAMPLE 1 (continued). For the special case of the problem [CP], the above result states that an
e-optimal solution to the Lagrangian subproblem provides an e-subgradient of the Lagrangian
dual function 6. This property was described independently by Larsson et al. [LPS99] and
Bertsekas [Ber99, p. 615], but is most probably folklore, and a much older result. O

Given the iteration point x! at iteration ¢, let 7., (z') be an g;-subgradient of f at z' € X.
Let 72 (z') be a conditional e;-subgradient of f at z' € X, that is, v (z!) = ., (z!) + v(z?)
for some v(z') € Nx(z'). (This is equivalent to replacing z € R" with z € X in (3) or, in
other words, 735(:&) is an element of the g;-subdifferential of the function f + 1x at z'; see
[DeS78, LPS96].) We will in the following analyze the convergence of conditional e-subgradient
algorithms for the solution of [P] using the divergent series step length rule,

[e.e]
ap >0, Vi, fliglo ap = 0, and Z oy = 00, (4)
t=0
in cases also under the additional requirement that
o0
Sl < o, (5)
t=0

and under different scalings of the search directions.

In the analysis that follows, it is assumed that the sequences are infinite. In the case that
vgf(xt) = 0 for some t, z' is e;-optimal in [P], and the procedure may be terminated (or the
iteration considered void and the value of ¢; decreased).

For the sake of reaching a maximal generality, the analysis in this section for the problem
[P] will ignore that its origin is the saddle-point problem discussed in the previous section,
and hence assume temporarily that f : " — R is a general convex function, and drop the
assumption that the nonempty, closed and convex set X is necessarily bounded. Although we
will study the problem only under the assumption that there exist optimal solutions to [P], we
note that the algorithms described below are optimizing in the sense that liminf; ., f(z!) =
f*:=infiex f(z) holds even if X* is empty.

2.1 Divergent series step lengths, unscaled direction

We begin by considering unscaled directions.
The conditional e-subgradient optimization method is given by

1 . 1
.’I}t+5 = .’I,'t — at7§(mt)a mt+] ‘= proj (mt+2 ’ X) ) L= 07 1’ et (6)

We note that the requirements of the algorithm are (a) that we have at hand a convergent
algorithm for solving the problem (1), (b) a procedure for generating subgradients of L(-,y%,),
where y!, is an ;-optimal solution to the problem (1) given z’, and (c) that projections onto X
are easily performed. In the case of the problem [CP] solved via its Lagrangian dual, the latter
two requirements are of course trivial to fulfill.

Our main convergence result for the method (6), (4) establishes convergence to the optimal
set X™.



THEOREM 3 (convergence to the optimal set using divergent series step lengths). Let {z'} be
generated by the method (6), (4) applied to [P]. If X* is bounded, Ry > {e;} — 0, and the
sequence {yX (z')} is bounded, then {f(z')} — f* and {dist (2!, X*)} — 0.

PROOF. Let § > 0 and B’ = {2 € R"|||z|| < §}. Since f is convex, X is nonempty, closed
and convex, and X* is bounded, it follows (from Rockafellar [Roc70, Theorem 27.2], applied to
the lower semicontinuous, proper and convex function f + 1x) that there exist € = €(d) > 0
and o = o(d) > 0 such that the lower level set X€(1+?) C X* 4+ B2, Moreover, since {+X (="}
is bounded and {ay} — 0, there exists an N(8) such that a7} (z")[|? < €, & < o€, and
oy |72 (5h)| < 6/2 for all £ > N(8).

The sequel of the proof is based on induction and is organized as follows. In the first part,
we show that there exists a finite #(d) > N(0) such that 2*(®) € X* + B, In the second part,
we establish that if 2! belongs to X* 4+ B for some ¢ > N(4) then so does z'*!; this is done by
showing that dist (z!', X*) < dist (zf, X*), or 2! € X¢ so that z'*' € X* + B? since the step
taken is not longer than §/2.

Let z* € X* be arbitrary. In every iteration ¢ we then have

2
_

where the inequality follows from the projection property. Now, suppose that

72 (2%)

for all s > N(d). Then, using (7) repeatedly, we obtain that for any ¢ > N(4),

t
2
‘ m*me(‘s)H —€ Z a,
s=N(0)

and from (4) it follows that the right-hand side of this inequality tends to minus infinity as
t — oo, which clearly is impossible. Therefore,

2
o —zt + (J/f’yg)f(’rt)H

), (7

2
z* — proj (mt - at%)f(“"t)’X)H < ‘

¥ ptt] H

2
T — TfH + oy (275)5 ()T (T* — ’I'f) + oy ‘

2

275{ (xS)T (" — 2°) + ay < —€ (8)

2
e <]

27§(mt)T (T* B mt) + oy ‘

holds for at least one t > N(d), say ¢ = t(d). From the definition of N(¢), it follows that
’ygf(é)(mt(‘s))T(m* — z%9)) > —¢. By convexity we have that f(z*) — f(z*9) > ’ygf(é)(mt(‘s))T(m* —
210 — €4(5) since z*, ') € X. Hence, f(z'?)) < f* + e+ £4(5), that is, 10 e xXtene) C
xe(l+o) C X* +B5/2 Cc X*+ BY.

Now, suppose that 2! € X* + B? for some ¢t > N(§). If (8) holds, then, using (7), we have
that [|z* — 'Y < ||z* — 2| for any z* € X*. Hence,

W@ 2 (9)

dist (', X*) < Hproj (z', X*) - xtHH < Hproj (2!, X*) — xtH = dist (2!, X*) < 6.
Thus, 2!t € X* + B%. Otherwise, (9) must hold and, using the same arguments as above, we
obtain that f(z!) < f* +e+¢e < f*+€e(140), ie., zt € X+ C X* 4 BI/?, Asg

1)
t+1 t : t X .t t t X .t t
] = o o~ ) o] < ot )] = o) <

7" <

whenever ¢ > N (), it follows that z!*! € X* + B%/? 4 BY/? = X* 4+ B9,
By induction with respect to ¢ > ¢(§), it follows that z* € X* + B for all t > ¢(). Since
this holds for arbitrarily small values of § > 0 and f is continuous, the theorem follows. a



REMARK 4 (on the convergence conditions). From the proof, the requirement that {2} (z*)} is
bounded can be replaced by the weaker requirement that {cy||v2 (z')[|?} — 0 holds. Further, if
X is bounded, and not just the set X*, then the sequence {v., (z!)} is bounded automatically,
while the sequence {v(z')} may always be constructed so that it is bounded. For more details
on the possible choices of this sequence, we refer to [LPS96]. a

REMARK 5 (relations). With ¢, = 0, Theorem 3 reduces to a result by Larsson et al. [LPS96].
Further letting v' = 0" reduces the algorithm to traditional subgradient optimization, and the
result to one by Ermol’ev [Erm66, Section 9]. O

2.2 Divergent series step lengths, scaled direction

The scaled conditional e-subgradient optimization method is given by

X (.t
.’EH—% = gt . 'Y}(-’Ef) :
172 ()]

given some rule for choosing {ay}.
This scaling of the search direction allows us to remove the condition that the sequence
{v& (")} is bounded.

#* = proj (.’I,'H—%,X) . t=0,1,..., (10)

THEOREM 6 (convergence to the optimal set using divergent series step lengths). Let {z'} be
generated by the method (10), (4) applied to [P]. If X* is bounded and R, > {e;} — 0, then
{f(@")} — f* and {dist (2!, X*)} — 0.

PrOOF. The proof technique is similar to that of Theorem 3. We define y; := "yg('rt)H The

definition of N(J) is here altered to mean that for all t > N(¢), a; <€, & < oe and oy < 6/2.
The inequality (7) is here replaced by

‘ ¥ — xtH2 + oy (%vg(xt)T (x* - xt) + at> ,

and, consequently, (8) by

2
ot

,u—vgs (xS)T (2" —2°) + a5 < —¢.
t

We conclude as in the previous proof that

2 X, 0\T * t

E%t(m) (fr - ) +oyp > —€
holds for at least one ¢ > N(6), say t = ¢(J), which implies that vg(g)(xt(‘s))T(gc*—xt(‘s)) > —€lly(s)
and, by convexity, that f(z!9) < f* + €ly(5) T E4(5), that is, #10) e Xt tees) ¢ XU to) C
X*+ B2 C X"+ B°.

The rest of the proof follows as in the proof of Theorem 3, noting that
X (..t X (..t
proj mtfozt’yst(x),X — gt t*(},«,w*mt
e Mt

The result follows. a

<

Hmt+1 -

-

REMARK 7 (relations). With ! = 0", the result reduces essentially to one by Polyak [Pol67],
[Pol87, pp. 144 145] (the first one also assumes that ¢; = 0, while the second one also assumes
that X = R"). Convergence is there established only for the sequence {f(z')}). In [Alb83,
S0Z98], convergence results are established for a subgradient algorithm (still assuming that
v! = 0" holds), where the search direction is given by —(y(z') + r), where {r'} C R" is a
sequence of error vectors which tends to zero ([AlIb83]) or stays bounded ([S0Z98]). O



2.3 Quadratically convergent step lengths, non-scaled direction

We now introduce the additional requirement that (5) holds. As can be seen from the proof
of the below theorem, this step length condition implies the boundedness of the sequence of
iterates, whence that boundedness condition, present in Theorem 3, here can be removed.

THEOREM 8 (convergence to an optimal solution using divergent series step lengths). Let {z'} be
generated by the method (6), (4), (5) applied to [P]. If Ry 3 {e;} — 0, the sequence {yX (z')}
is bounded, and if °%° ; ase5 < oo, then {z'} converges to an element of X*.

PROOF. Let z* € X*. Define s, := |

72X ( h H In every iteration ¢ we have that

2
z* — proj (xt — atvg(xt),X*) ‘ <

- r[;tHQ + oy (27§(mt)T (T* — mt) + am%) , (11)

2
¥ — xtHH

2
-+ atvg(xt) H

where the inequality follows from the projection property. Repeated application of (11) yields
that

Since z* € X* and 7 (2°) € 9 f(2*) for all s > 0 we obtain that

x*—xtHQSHx*—xOH +2205’)’5 (x* — 2° —}—Za (12)

fa®) > 5> f(@*) + 70 @) (2" —a®) —ess >0, (13)

and hence that v (2°)" (z* — z*) < g, for all s > 0. We define ¢ := sup,{u¢}, p := Y12, of, and
d =Y, ases. From (12) we then conclude that ||z* — z!||? < ||2* — 2°||2 + pc? + 2d for any
t > 1, and thus that the sequence {z'} is bounded.

Assume now that there is no subsequence {z'} of {z'} with {fygfz (') (z* — zt)} — 0.

Then there must exist an € > 0 with v (2°)7(2* — 2%) < —e for all sufficiently large values
of s. From (12) and the conditions on the step lengths it follows that {|z* — z!||} — —oc,
which clearly is impossible. The sequence {z'} must therefore contain a subsequence {z'} such
that {fygfz ()T (z* — 2%)} — 0. From (13) and the assumption that {e;} — 0 it follows that
{f(z')} — f*. The boundedness of {z'} implies the existence of an accumulation point of {z'},
say °°. From the continuity of f follows that x> € X*.

To show that £ is the only accumulation point of {z'}, let § > 0 and let M (§) be such that
|z @2 < 6/3, 32 (13 < 4/(3¢?), and > eeni(s) s€s < 6/6. Consider any ¢ > M(d).
Analogously to the derlvatlon of (12), and using (13), we then obtain that

2 I 50 26
37 32° 6
s=M(6 s=M(d
Since this holds for arbitrarily small values of § > 0, the theorem follows. 0

REMARK 9 (relations). With ! = 0" and X = R", the result reduces to one in Correa and
Lemaréchal [CoL93]. With ¢; = 0 the result reduces to one obtained in Larsson et al. [LPS96].
Under the assumption that X = R", Polyak [Pol87, Section 5.5] establishes the convergence of
inexact subgradient algorithms where the search direction is —(y(z") +r'), and where the error
sequence {r'} tends to zero, stays bounded or is some random sequence of vectors with bounded
variance. d



2.4 Quadratically convergent step lengths, scaled direction

When introducing a scaling of the step direction in the case of e-subgradients and the use of the
quadratically convergent step length rule (5), not only do we need to introduce the condition
that > 52, ases < oo holds (as in Section 2.3), but we also need to ensure that the length of
the step direction does not tend to zero too quickly. Hence, the norm of the direction vector
is projected onto the half-line {£ | ¢ > 1}. We further note that the scaling again allows us to
remove the condition that {72 (z')} is bounded.

The scaled conditional e-subgradient optimization method is given by

2T =gl — 7% (=) " = proj (.7;”% X) t=0,1,.... (14)
‘max {1, ||y (z")]|} ' T o

THEOREM 10 (convergence to an optimal solution using divergent series step lengths). Let {.’Et}

be generated by the method (14), (4), (5) applied to [P]. If Ry 3 {e;} — 0 and Y ;2 ase5 < 00,

then {z'} converges to an element of X*.

PROOF. The proof follows the same line of arguments as that of Theorem 8. Let p; := || (z!)]
and 1, := max{1, u; }. Let z* € X*. Analogously to the proof of Theorem 8, we obtain for every
t that

Used repeatedly, we obtain

2
Tt — xt+1 H

- xtH2 n % (2’)/5)5($t)T (a:* - gct) + 01;,??) .

From (13) and (15) we then obtain that

t—1 t—1

la* = a'|? < lla* - "I + 22 S S YT P Sy
§ 5=0 5 5=0 5s=0

so the sequence {z'} is bounded, from the assumptions on the step lengths.

That every accumulation point of {z'} is optimal then follows as in the proof of Theorem 8,
using (15) in place of (12), and noting that p;/n; <1 for all ¢.

To show that z* is the only limit point of {z'}, let § > 0 and let M () be such that
|22 — M2 < §/3, Do) a? < §/3, and Yo m(s) @sEs < 6/6. Consider any ¢ > M(d).
Analogously to the derivation of (15), and using (13) and again noting that u;/n; < 1 for all ¢,
we then obtain that

2 1 e 0 6 2
2 gt < ||z — MO) S'us i -+ -+ —=—=0.
H’r ’I'H _H’r x H + Z + 2 Z m 3+3+ A )
s=M(9)
Since this holds for arbitrarily small values Of d > 0, this completes the proof. d

REMARK 11 (relations). With e; = 0 the result reduces to one in Larsson et al. [LPS96]. With
v! = 0" the result reduces to ones previously reached by Polyak [Pol67],! and Alber et al. [AIS98]

(where the condition that > 5° ; @ses < oo holds is replaced by the condition that e; < nay, n > 0
for all t). O

Having presented some generally useful results on the convergence of conditional e-subgradient
algorithms in constrained, convex optimization, we now turn to the solution of the saddle-point
problem [SP] which will use a subset of the results obtained in this section.

'Polyak [Pol69] established that this algorithm cannot be linearly convergent, and proceeded to introduce the
step length rule that bears his name.



3 Ergodic convergence to the set of saddle-points

In order to solve the saddle-point problem [SP] it is in general not enough to find any solution to
the maximization problem over y with z fixed to a value z* € X*, as discussed, for example, in
Hiriart-Urruty and Lemaréchal [HiL.93, Remark VII1.4.2.6], unless L is strictly concave in y. (The
corresponding result in the case of the convex program [CP] is known as the non-coordinability
phenomenon; see, e.g., [Las70].) We will establish that an ergodic (that is, averaged) sequence
of the inexact solutions y; to the problem (1), generated from the sequence z' in the above
subgradient algorithm, tends to Y*. Before moving on to state and establish this result, we will
however discuss some related algorithms.

Under an assumption that £ is strictly convex—concave, it is known that f, defined in (1), is
continuously differentiable, with V f(z) = V,£L(z,y) from Danskin’s Theorem [Dan67], y being
the unique solution to (1) given z. In order to produce a saddle-point in this situation, it is
enough to find the minimizer of f over X, and apply (1) to get the corresponding component
y of the saddle-point. Algorithms of this type include the descent algorithm of Demyanov
and Malozemov [DeM74, p. 230] and the gradient projection algorithm of Zhu and Rockafellar
[ZhR93]. The former reference also suggests adding a strictly convex concave quadratic term in
the absence of strict convex—concavity, in effect thus producing a proximal point-like algorithm.
Kallio and Ruszczynski [KaR94] (see also [HeL.89, KaR99, Ouo00]) propose a gradient projection
algorithm defined by the partial gradients of the function £ evaluated at perturbed points. (We,
however, do not assume L to be differentiable.) Kiwiel [Kiw95] solves the saddle-point problem
through the use of a bundle method for the problem [P], and establishes that a convergent
component in y is generated automatically in the search-direction finding quadratic programming
problems. As for the special case of the convex program [CP], one can also envisage applying
column generation and/or cutting plane approaches, where coordinability is induced through
the solution of restricted master problems; see [LPS99] for more detailed discussions.

The inspiration for the algorithm proposed here is however much more simple approaches
to the solution of the problem [CP] through the use of Lagrangian dualization, subgradient
optimization, and the construction of an optimal primal solution as simple or weighted averages
of the Lagrangian subproblem solutions. Thus, a saddle-point is generated without solving any
auxiliary problems. The origin is Shor’s [Sho85, pp. 116-118] work on linear programming,
followed by [Lal.97, ShC96, BaA00] (still in the context of linear programming, and the latter
reference lacking a convergence proof), [LLP97] for a special large-scale convex programming
problem arising in transportation planning, and [LPS99] for the general convex program [CP].
The first convergence result of this type for saddle-point problems not arising from a Lagrangian
was given by Petersson and Patriksson [PeP97], who studied a special such large-scale problem
arising in contact mechanics.

In the above algorithms, it is assumed that the computations of the subproblems are per-
formed exactly. We extend the scope of these algorithm not only to the more general convex
concave saddle-point problems, but also to possibly inexact solutions of the subproblems. In
the context of the problem [CP] and subgradient methods, it has previously been shown in
[Ber99, ZLW99, ZhL02] that convergence to the solution to [P] can be achieved through the
solution of inexact subproblem solutions, but primal convergence results that can be extracted
from this development have not been studied previously.

The interest in inexact computations is perhaps the most pronounced in the solution of com-
binatorial optimization problems through Lagrangian dualization. (This area is also one where
Lagrangian dualization is quite popular.) Although combinatorial optimization problems are
not convex problems in general, and there may not exist a saddle point to such a Lagrangian,
there does however exist a saddle point for the convexified problem associated with the com-
binatorial problem and its Lagrangian formulation, and the maximum value of the Lagrangian
dual function is the optimal value of the convexified problem. (Some of this theory is outlined



by Wolsey [Wol98, Section 10.2].) If the relaxation does not satisfy the integrality property (so
that the Lagrangean subproblem cannot be reduced to a linear program), then the Lagrangian
subproblem will be a (potentially) computationally difficult combinatorial problem, and the use
of inexact methods such as heuristics to solve them will therefore be of computational advantage;
then, also, the resulting solution will provide an e-subgradient of the Lagrangian dual function.

The scope is also extended to include the possible use of conditional subgradients. Although
such an algorithm can, in principle, be incorporated into a standard subgradient algorithm for
the extended objective function f + 1 x, this function is not finite everywhere, and moreover,
it has been found in the numerical investigations performed in [LPS96] that adding a normal
cone element to the search direction can substantially enhance convergence in practice for some
difficult problems.

3.1 Preliminaries

The optimality conditions for z* in [P] is given by

—0f(z") N Nx(z%) # 0 (16)

(e.g., [Roc81, Proposition 5A and Equation (5.5)]). The non-coordinability phenomenon dis-
cussed above, which is inherent in every non-strictly convex concave saddle-point problem, can
be equivalently described as the failure of the entire set —df(z*) to be included in Nx(z*),
something which obviously does hold whenever f is differentiable at z*. We will establish the
convergence of an averaged (or, ergodic) sequence of subproblem solutions by means of estab-
lishing that an averaged sequence of the g-subgradients 7., (z!) accumulates at subgradients
which verify optimality in accordance with (16). The representative algorithm which we have
chosen among those in the previous section is that validated in Theorem 8.

The properties of ergodic sequences of elements generated in a subgradient scheme have pre-
viously been analyzed in [LPS98]. We extend some of their analysis to the use of e-subgradients.



Let

t—1
A= S, (17)
s=0
t—1
7= AT Y gyl (18)
5=0
t—1
gt = A;I Z Ve, (T7), (19)
s=0
t—1
nl .= A Z sV, (20)
5=0
t—1
n; = A Z(mﬂ'? ¥, (21)
5=0
n'=nt + n;), (22)
t—1
oli= A1) s f(a), (23)
s=0
t—1
filz) = AT Yo [f@) + (e @) (@ - 2% — 5], mex, (24)
s=0
5i() = fla) - fulr), wEX. (25)
t—1 T
oi(z) == A > [as(ys)T(ms —z)+ (m“’% — .’I}S+1) (5Tt — 'r)} , z € X.
s=0 (26)

Here, A; is the accumulated step length up to iteration ¢, 4’ the weighted average of the inexact
solutions to (1), g' the weighted average of the eg-subgradients of f, and n! and n; ergodic
normal elements and projection steps, respectively. We note that {7'} C Y, and this sequence
is therefore bounded, by the boundedness assumption on Y. Continuing, ¢! > v* clearly holds.
The affine function f; is derived as a surrogate of the convexity inequality, and therefore d;(x) > 0
on X. Further, since v* € Ny (z*) and Zits - st e Ny (z*%1), oi(x) > 0 on X, and thus
defines a valid inequality for X.

We will establish that any accumulation point, 7>, of the sequence {f'} together with the
solution z°° obtained from the subgradient scheme forms a saddle-point of L.

LEMMA 12 (Y (-) is a closed map). Let the sequence {z'} C X, {e;} C R, the map Y.(-) : X
2Y be given by the definition

Yow) = {yeY | Ly > fla)—e}, wzeX,

and the sequence {y! } be given by the inclusion yt, € Y., (z'). If the sequences {z'} — 2 and
{ee} = 0, then {dist (y,.Y (z))} — 0. If; in addition, Y (z) = {y}, then {y! } — y.

PROOF. By the definition of Y., (z"), L(z*,yt,) > f(z') — & holds for all ¢. It follows from
the continuity of the functions £ and f, the compactness of X and the construction of the se-
quence {¢;} that y € Y () holds for any accumulation point y of the sequence {y! }. The result
{dist (y,,Y (z))} — 0 then follows from the boundedness of the sequence {y!,}. The second
result is then immediate. o

10



3.2 Main results

We next utilize this result to establish that the sequence {f'} accumulates in the set Y (z*°),
establishing the left-most inequality in [SP].

THEOREM 13 (L(z*,7%°) > L(z°°,y) for all y € Y). {dist (3, Y (2*°))} — 0.

ProOOF. Fix any € > 0. By Theorem 8 and Lemma 12, for any large enough 7,

dist (y2 ,Y (2*)) < €/2, s>
By the convexity of the function dist (-, Y (z°°)) (e.g., [Roc70, Theorem 4.3]), we have that
t—1
dist (7', Y (™)) < A, Z agdist (y2 , Y (2)), 5> T.
s=0

Since {A4;} — oo and 7 is fixed, A, ' Y021 dist (ys,.Y(z™)) < (1— A;'A;)e/2 holds for every
t > 7. Hence, dist (', Y (™)) < € holds for all t > 7 that are large enough, and the desired
result follows. d

The next result, which is a direct consequence of the definition (19) and the inequality
H.’I,"H_% — 25| < aglvX (2%)], is the first step towards a convergence result for the ergodic
sequence {g'}.

LEMMA 14 The sequences {g'} and {n'} are bounded. O
The following lemma concerns the convergence properties of some of our ergodic sequences.

LEMMA 15 {§;(z®)} — 0, {0:(z*®)} — 0, and {¢;} — v*. Further, {§(z')} — 0 and
{oi(z")} — 0.

PROOF. By Theorem 8, {z'} — . From the iteration formula (6) it follows that

2 — 2| < fla" — 2 + of |y (1)
-2 <at (%)f(ﬂct))T (xt - xoo) + (a:“'% — xtH)T (ac“'l - xoc)> i

Repeated application of this inequality and utilizing the definitions (23), (25), and (26) result
in

t—1 t—1
2 — 2% + 3 a2y () |2~ 24, (rst(mOO) +o(a®) + v — A Y a) > 0.
s=0 s=0

Since d;(2>) > 0, 0¢(z*>°) > 0, ¢y > f*, and A; > 0, the immediate result is that

2
+ ozsas} .
Let ¢ — oo and invoke the conditions of Theorem 8.
For the latter result, we note that the definitions (19), (24) and (25) yield

0 < 8y(a") = 6,5 + (o) — F™) — ()t —5%),  t=12,....
From the definitions (19) and (26) follow that
0 < oila!) = (™) — () (& —2%),  t=12,....

1 t—1
0< (™) + ola™) +ou— [ < (Hm° D> [a X ()
g s=0

Theorem 8, Lemma 14, the continuity of f, and the first part of this Lemma yield that the right-
hand sides of both the above equations tend to zero as t approaches infinity. The result follows. 0

We will also utilize the following lemma in our continued analysis, when proving optimality
fulfillment of the sequence {g'} in the limit.

11



LEMMA 16 {¢' +n'} — 0.

PROOF. By the definition (19) and the iteration formula (6),

t—1
gt +nt — A;] Z(xc _ xs—l—% +xs+% _ $S+1) — A;1(x0 _ .It).
5=0

Theorem 8 yields that {z'} — z°°. The result then follows from the definition (17) and the
condition (4). O

We are now ready to establish that the ergodic sequence {g'} of subgradients accumulates
at subgradients which verify optimality, according to (16). We divide the result into two parts,
extending, respectively, Theorem 3.7 and Theorem 3.8 in [LPS98] to the use of e-subgradients.

PROPOSITION 17 (convergence of {g'} to df (z*)). {dist (¢*,0f(z>))} — 0.

PROOF. The definitions (19), (24) and (25) imply that g* is a d;(x)-subgradient of f at any
2 € X; applying this result to z = 2! yields

f) = f@) + (@) (y —2') - di(a"), yeX.

By Lemma 14, the sequence {g'} is bounded. Let § be an accumulation point of {g'}, corre-
sponding to a convergent subsequence 7. Then, by Lemma 15, in the limit of 7, from the above
inequality, we obtain that g € df(z*°). The boundedness of df(z>°) then yields the desired
result. d

PROPOSITION 18 (convergence of {g'} to —Nx (z*)). {dist (¢!, —Nx (z*°))} — 0.

PROOF. From the definition (26) it follows that, for all t and any z € X, (nf)'(z — 2®) =
—01(2) + 01(z>®) < 0(z*°). By Lemma 14, the sequence {n'} is bounded. Let 7 be an accumu-
lation point of the sequence {n'};c7 for some convergent subsequence 7. From Lemma 15 it then
follows that 77 (2 — 2°°) < 0 for any z € X. By the continuity of the function dist(-, Nx (z*)),
for any € > 0 and all # that are sufficiently large, dist(n’, Nx (z*°)) < €/2; further, by Lemma 16,
lg' + n'| < €/2. This yields that dist(g", — Ny (2°°)) < dist(—n’, —Nx (z)) + |lg' + n!| < e,
and the result follows. O

Theorem 13 established one of the inequalities in the definition of [SP]; the second inequality
now follows. (Note that the accumulation point > still is arbitrary.)

THEOREM 19 (L(z,7>°) > L(z>°,7*>°) for all z € X). {dist (2!, X (§>°))} — 0.
PrOOF. For every z € X,
L(z,§%) = L(z™,§7) > f(z) = L(@™,5°) = f(z) = f(z™) > G (¢ —2) >0,

where the first inequality follows from the definition of f(z) and the fact that > € Y, the
equality from Theorem 13, and the two final inequalities from the convexity of f and, respec-
tively, Propositions 17 and 18. O

We summarize the results of the Theorems 13 and 19 as follows.

THEOREM 20 ((z°°,7>) solves [SP]). {dist ((z,7"), {z>°} x Y*)} — 0. O
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4 Further research

As outlined at the beginning of Section 3, among the possible application areas of this type of
methods perhaps the most interesting one is to use them in order to generate an approximate
solution to the convexification of an integer program. The ergodic sequence would then be
terminated finitely, for example when the duality gap fails to be reduced significantly. The
averaged solution, or the result of a primal feasibility heuristic applied from it, is there after
used as a starting point for (or is embedded within) an algorithm devised to close the duality gap,
such as a cutting plane or branch and bound algorithm. The use of this technique is well-known
in circumstances when the relaxation has the integrality property, because it is then equivalent
to solve the linear relaxation, but it has been tested only to a limited extent for more difficult
Lagrangian subproblems. In theory, these subproblems must of course be solved exactly in the
limit according to our convergence conditions, and this may not be practically feasible. Two of
the authors of this article are currently investigating the theory and practice of using Lagrangian
near-optimal solutions and ergodic sequences in computations in combinatorial optimization,
combined with approximate solution methods using core problems and column generation; cf.
[LaP02].

The proofs of the results of the previous section relies on the essential element that the
sequence {z'} converges. Moreover, the analysis at present utilizes rather heavily the condition
(5) on the sequence of step lengths. It would be of interest for practical purposes to be able to
avoid this condition, as the possibility to enable the use of the algorithm of Theorem 3 in place
of that of Theorem 8 would also imply that the condition that > 2, ases < oo holds can be
removed, which in turn would allow for the subproblem solutions to be even less exact.

The possible use of the algorithms of Theorem 6 and 10, where the search directions are
scaled, are left as a topic for further research, as are the possibilities to use other convexity
weights in the construction of the ergodic sequence {7’} as well as other step length rules in the
subgradient algorithm.
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