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Unified Definitions of Efficiencies and System Noise
Temperature for Receiving Antenna Arrays

Karl F. Warnick, Marianna V. Ivashina, Rob Maaskant, and
Bert Woestenburg

Abstract—Two methods for defining the efficiencies and system noise
temperature of a receiving antenna array have recently been developed,
one based on the isotropic noise response of the array and the other on an
equivalent system representation. This letter demonstrates the equivalence
of the two formulations and proposes a new set of standard definitions
of antenna figures of merit for beamforming arrays that accounts for
the effect of interactions between antenna element mutual coupling and
receiver noise on system performance.

Index Terms—Amplifier noise, antenna array feeds, antenna array mu-
tual coupling, antenna measurements.

I. INTRODUCTION

A major international effort is currently underway in the radio as-
tronomy community to develop dense phased arrays with high sensi-
tivity, broad bandwidth, and wide field of view. One of the lessons from
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the past few years of research in this area is that understanding the in-
teraction between antenna element mutual coupling and receiver noise
is critical to optimizing system performance.

To account for these important interaction effects, several methods
have been developed for modeling the sensitivity of a receiver system
in a direct numerical manner [1]–[4]. Such methods are powerful tools
for characterizing a complex system that includes an antenna array,
multi-channel receiver, and beamforming network, but are unwieldy
for the purpose of design optimization of low noise phased array re-
ceivers. For array design optimization, practical figures of merit and
measurement procedures are required that allow predominant factors
affecting receiver sensitivity to be isolated and understood.

Two approaches were recently introduced for characterizing the per-
formance of mutually coupled antenna arrays in terms of efficiencies
and equivalent noise temperatures [5], [6]. Warnick and Jeffs [5] used
network theory and the electromagnetic reciprocity principle to ex-
press the efficiencies and system noise temperature of an array re-
ceiver in terms of the antenna isotropic noise response. The isotropic
noise response of the array can be determined using a generalization of
the � -factor noise measurement technique, which provides a method
for experimental array characterization [7]–[9]. Another approach for
defining antenna figures of merit for array receivers has been given by
Ivashina, Maaskant, and Woestenburg [6], using an equivalent system
representation with efficiencies and noise temperature as the model pa-
rameters of the equivalent single-port antenna and equivalent amplifier.

The purpose of this paper is to present definitions for antenna terms
that reflect these recent results on coupled, low noise array receivers
and can be implemented in practical measurement techniques. For
single-port, passive antennas, these definitions reduce to existing IEEE
standard antenna terms. We will show that the proposed definitions are
consistent with the results in [5], [6], which demonstrates that the two
approaches can be unified and places the definitions presented in this
paper on a solid theoretical foundation.

II. DEFINITIONS

The definitions given below apply to any one output of a receiving
antenna system, whether a single antenna, passive array, active array
with beamforming network, or an array with beams formed in digital
signal processing. The system may include nonreciprocal components
such as amplifiers. For array antennas, these quantities and figures of
merit are beam-dependent, and their values are contingent on a given
set of beamformer coefficients.

Isotropic noise response. Antenna output noise power with a noise-
less receiver when in an environment with brightness temperature dis-
tribution that is independent of direction and in thermal equilibrium
with the antenna.

Available receiver gain. The ratio of the isotropic noise response
of the antenna to the available power at the terminals of any passive
antenna over the same noise equivalent bandwidth and in the same
isotropic noise environment.

Beam equivalent available power. Antenna output power divided by
the available receiver gain.

Beam equivalent noise temperature. Temperature of an isotropic
thermal noise environment such that the isotropic noise response is
equal to the noise power at the antenna output per unit bandwidth at
a specified frequency.

Effective area. In a given direction, the ratio of the beam equivalent
available power due to a plane wave incident on the antenna from that
direction to the power flux density of the plane wave, the wave being
polarization matched to the antenna.
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Radiation efficiency. The ratio of the isotropic noise response with
noiseless antenna and receiver electronics to the isotropic noise re-
sponse.

Noise matching efficiency. The ratio of the receiver noise power, with
all receiver channels and array element ports ideally noise matched, to
the actual receiver noise power at the antenna output.

These definitions are based on the theoretical framework developed
in [5], [6], [10]. The concept of isotropic noise response was used to
derive array antenna figures of merit in [5], [10], and is related to solid-
beam efficiency [11]. Available receiver gain for a beamforming array
was defined in [6]. Noise matching efficiency was introduced in [5] and
is related to coupling efficiency [6], [12].

It can be shown that these definitions are equivalent for a reciprocal
antenna to the IEEE standard for antenna terms [5]. The proof pro-
ceeds from the fundamental result that the isotropic noise response of
a receiving antenna is closely related by the reciprocity principle to the
total radiated power of the same antenna when excited as a transmitter.

III. APPLICATION TO A BEAMFORMING ARRAY

To illustrate these definitions, we will apply them to a canonical
beamforming array shown in Fig. 1(a) consisting of � antenna ele-
ments with each port connected to a low noise amplifier (LNA) and re-
ceiver. The receiver output voltages are arranged into a vector �, which
includes contributions from a signal of interest, external noise and in-
terference sources, noise due to ohmic losses in the array, and receiver
noise according to

� � ���� � ���� � ����� � �	�
� (1)

The receiver output voltage correlation matrix is

�� � ����� � � ���� ����� ������ ��	�
 (2)

where we have assumed that the signal and noise contributions are un-
correlated.

The receiver output voltage phasors are combined using a vector
of complex coefficients � to produce the beam output voltage signal
���� � �

�
�. For simplicity, we assume that all elements are beam-

formed, although the treatment readily accomodates arrays with para-
sitic elements [6] or beams formed from subarrays. From the definition
of the voltage correlation matrix, the time average beam output power
relative to a 1 � load is ���� � ���	
��

���. It is customary in the
array signal processing literature to drop the factor of 1/2.

Isotropic noise response. If the array is in an isotropic thermal noise
environment with brightness temperature ����, then we label the ex-
ternal noise correlation matrix as ��������. The beam isotropic noise
response is

������ � �
�
������� (3)

where������ � �������� ������ and����� is obtained under the con-
dition that the array is at temperature ����. Explicit formulas for the
isotropic noise response are given in Section III-B and a measurement
procedure is described in Section III-C.

Available receiver gain. The available receiver gain is

��
	�
 �

������

������	
(4)

where 	 is the system noise equivalent bandwidth and �� is Boltz-
mann’s constant.

Beam equivalent available power. The beam equivalent available
power due to the signal of interest is

� �
��� �

����

��
	�


(5)

Fig. 1. (a) Beamforming array receiver system diagram. (b) Equivalent system
with reference planes indicated.

where ���� � �
�
�����. The relationship between beam equivalent

available power and the available power at the terminals of the array
elements is considered in Section III-D.

Beam equivalent noise temperature. The beam equivalent system
noise temperature is

���� � ����
������

������

�
������
��

	�


(6)

where ������ � ��	������ � �
�
��� and �� � ���� ������ �

�	�
. This definition can also be applied to individual components of
the system noise due to external thermal sources, antenna losses, or
receiver electronics. The beam equivalent receiver noise temperature,
for example, is

�	�
 � ����
�	�


������

(7)

where �	�
 � �
�
�	�
�. The reference plane for beam equivalent

system noise temperature is indicated in Fig. 1(b). By convention,
equivalent system noise powers and temperatures are referenced to the
antenna ports after antenna losses, whereas external noise sources are
referenced to an antenna temperature before losses (“to the sky”), so
that the beam equivalent external noise temperature is

���� � ����
����

��������

(8)

where ���� � �
�
����� and �������� � �

�
���������. With these

definitions for beam equivalent noise temperatures, it can be shown that
the single-port antenna temperature formula ���� � 
	������ � �� �

	��
�� � �	�
, where �� is the physical temperature of the antenna,
generalizes to an active beamforming array.

Effective area. The beam effective area is

�� �
� �
���

����
(9)

where the signal of interest is a plane wave with power flux density ����
and polarization matched to the beam such that �� is at a maximum.
For an arbitrarily polarized incident field, partial gain and polarization
efficiency can be defined according to the usual conventions.

Radiation efficiency. The beam radiation efficiency is


	�� �
��������

������

�
��������

�������� � �����

(10)
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where the beam output noise power due to antenna losses,
����� � ��������, is measured under the condition that the
antenna and isotropic environment are in thermal equilibrium, so that
the physical temperature �� of the antenna is ����.

Noise matching efficiency. If the minimum equivalent noise temper-
ature of each LNA and receiver chain is ����, then the beam noise
matching efficiency is

�� �
����

��	

�

����

����

������

��	


� (11)

The receivers and array element ports are ideally matched if the op-
timal source reflection coefficient parameter for each LNA is equal to
the active reflection coefficient at the corresponding array element port
[12], [13]. In this case, ��	
 � ���� and the noise matching efficiency
is unity.

A. Aperture Efficiency, Antenna Efficiency, and Sensitivity

Using these fundamental figures of merit, derived antenna parame-
ters such as aperture efficiency, antenna efficiency, and receiver sen-
sitivity can be expressed. These parameters satisfy expected relation-
ships from classical antenna theory, which indicates the consistency of
the definitions given in Section II.

Aperture efficiency. For large aperture-type antennas, the standard
directivity is

���� �
��

�
�� (12)

where for oblique incidence the aperture area �� is taken to be the
projected area in a plane transverse to the signal arrival direction. Using

�	 �
�

��
�������� (13)

where ���� is the directivity in the direction of the signal of interest,
the aperture efficiency is

��� �
����

����

�
	�����


������

����

�	������

(14)

where we have used (9) and (10) for the effective area and radiation ef-
ficiency and (4) and (5) for the available receiver gain and beam equiv-
alent available signal power, respectively.

Antenna efficiency. The antenna efficiency is

���� �
�	

��

�
	�����


������

����

������

� (15)

In view of (10) and (14), it can be seen that ���� � �������, as ex-
pected.

While this definition of antenna efficiency conforms to the IEEE
standard for antenna terms, other notions of efficiency are found in the
literature [14]–[16]. Coupling or mismatch efficiency is sometimes in-
cluded as an additional factor to yield a total efficiency (which implies
that the reference plane is located to the right of the antenna/receiver
junction in Fig. 1). While this concept is useful for transmitting arrays,
for active receiving antennas, impedance mismatches are inextricably
linked with receiver noise and it is therefore more natural to incorpo-
rate mismatch losses as an increase in equivalent receiver noise rather
than as a decrease in antenna efficiency.

Receiver sensitivity. In terms of the effective area and efficiencies,
the receiver sensitivity or figure of merit can be expressed as [5]

�	

����
�

���������

�����	�� � ��� ������� � �������
����� (16)

where �	�� is the equivalent antenna noise temperature due to spillover,
atmosphere, and other external sources and �� is the physical temper-
ature of the antenna. The sensitivity, efficiencies, and equivalent tem-
peratures are in general dependent on the beamformer coefficients (i.e.,
on the beam scan angle).

B. Isotropic Noise Response

The definitions given in Section II rely on knowledge of the isotropic
noise response of the array. Using network theory, the isotropic noise
response can be related to the antenna array �-parameter matrix. Let ��
be a vector of the forward wave amplitudes of the noise emanating from
the array element ports into matched loads with the array in thermal
equilibrium with an isotropic thermal environment at temperature ����.
The correlation matrix of the noise wave amplitudes is defined to be

�������� � 	 ���
�
� (17)

where 	
�� denotes expectation. From Bosma’s theorem, the forward
thermal noise wave correlation matrix is [17]

�������� � �	�����
 �� ���
�
� (18)

where �� is the antenna array �-parameter matrix. The forward wave
amplitudes �� are related to the receiver output voltages �� by a linear
transformation of the form

�� � ��� (19)

from which it follows that the isotropic noise voltage correlation matrix
is

������ � 	 ���
�
� � ����������

� � (20)

The isotropic noise response is related in a similar way to the array
mutual impedance matrix. From Twiss’s theorem [18].

������ � 	�����
���
	���
� (21)

where � is a transformation from open circuit voltages at the array
element ports to the receiver output voltages � [5, Eq. (3)].

The portion of the isotropic noise correlation matrix that is caused
by external noise sources is [5]

�	������ � ������ ������ �
�

���
��	�����
�
�

� (22)

where 
 is a matrix of the pattern overlap integrals given by

��� �
�

���
����� � �

�

�����
�� (23)

and �� is the radiation pattern of the �th array element with input
current � and all other element ports open circuited.

C. Measuring the Isotropic Noise Response

The element pattern measurements required to implement (22) can
be time consuming and impractical. By measuring the array outputs
for isotropic thermal environments with two different temperatures,
the � -factor technique can be used to determine�	������ directly. The
array output voltage correlation matrix for a noise environment with
brightness temperature ���� is

���� �
����
����

�	������ ������ ���	
� (24)
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With a second measurement at temperature �����, assuming that the
physical antenna temperature does not change between the hot and cold
measurements, straightforward manipulations lead to

������	� �
��	�

�
�� � �����
��
�� �������� (25)

This approach has been implemented successfully using microwave ab-
sorber as the hot source and sky as the cold source with a conducting
screen to shield the antenna from thermal noise radiated by the ground
[7]–[9], [19]. A similar setup was used in earlier work to measure the
radiation efficiency of single-port antennas [20], [21].

D. Available Power

The relationship given above between the isotropic noise correlation
matrix and the array mutual resistance matrix can be used to show that
the maximum beam equivalent available power is equal to the avail-
able power at the array element terminals. For a single point source,
�	�� � ��	������

�
	������

� , where �	����� is a vector of the open cir-
cuit voltages induced by the signal of interest at the array element termi-
nals. With (21), the beam equivalent available power due to the signal
of interest is

�
�
	�� �

��
���	������

�
	��������

���
�����������

(26)

where ��� � ���. The beamformer weight vector that maximizes
this quadratic form is��� � ������

���	�����, and the resulting max-
imum beam equivalent available signal power is

�
�����
	�� �

	

�
�
�
	�����������

��
�	������ (27)

For a reciprocal array ��� � ����, this is the signal power that would
be delivered by the array to a conjugate matched,� -port load network
with mutual impedance matrix�� � ��� attached to the array element
terminals.

IV. EQUIVALENCE OF RECEIVER NOISE TEMPERATURE FORMULATIONS

The figures of merit defined above appear at first glance quite dif-
ferent from the treatment of [6], but we will now demonstrate the rig-
orous equivalence of the two formulations. The critical term is the beam
equivalent receiver noise temperature

���� �
����

��
� ��	�

�������

������	��
� (28)

This is the temperature of an isotropic thermal noise distribution, with
the array in thermal equilibrium with the environment, required to pro-
duce an output thermal noise power equal to the receiver noise power
at the output. The goal is to show that this expression is equivalent to
the corresponding formula in [6] for a general beamforming array re-
ceiver.

A. Receiver Noise Waves

Using network theory (28) can be reformulated in terms of forward
wave amplitudes into the amplifier input ports. Using (19) in (28) leads
to

���� � ��	�
����������

��

�������	������
� (29)

If we define the beamformer weight vector referred to forward wave
amplitudes at the amplifier inputs as

�� � �
�
� (30)

then the beam receiver noise temperature becomes

���� � ��	�
��

� ��������

��
� ����	�����

(31)

in terms of the correlation matrix of forward wave amplitudes at the
amplifier input ports.

At this point, we will neglect noise contributed by components in the
receiver chains other than the LNAs (i.e., we will assume that ���� �
����). Amplifier noise can be modeled in terms of vectors of forward
and reverse amplifier noise wave amplitudes��� and �� , respectively,
where the negative sign on the forward wave amplitudes is by conven-
tion. The total forward amplifier noise amplitude vector is (see [22, p.
51])

���� � 	��� � ��� (32)

The amplifier forward noise wave correlation matrix is

������ �
 �����
�
���

�
 	����
�
� 	

�
� � 	����

�
� � ���

�
� 	

�
� � ���

�
�

����� 
� � 	�
�	
�
� � 	�
� �


�
� 	

�
� (33)

where


� �
	

����

 ���

�
� (34a)


� �
	

����

 ���

�
� (34b)


� �
	

����

 ���

�
� � (34c)

If the intrinsic noise produced by one amplifier is uncorrelated with
the noise produced by the others, then 
�, 
� , and 
� are diagonal
matrices.

B. Equivalent System Representation

Because we assumed that the contribution of receiver stages after the
front end LNAs was negligible,������ � ������ . Using (18) and (33)
in (31) leads to

���� �
��

� 
� � 	�
�	
�
� � 	�
� �


�
� 	

�
� ��

��
� ��� 	�	�� ���

(35)

for the equivalent amplifier noise temperature. Equation (35) can be
expressed as

���� �
	


��
����
�

����


��
� ��� 	�	�� ���

(36)

where

���
 � ���
 � �����
�
�
���
 � ��������
���
�

and the active reflection coefficients are defined by

����
 �
	

����


	

���

�
�

���	��
 (37)

���
 can be recognized as the numerator of the extended effective input
noise temperature in [22, Eq. (4.50)].

Using a standard derivation from two-port noise theory (see, e.g.,
[13, Appendix]), it can be shown that

���
 � 	� �����
�
�
�
���

 (38)
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where

�
���
� � ������ �

����������	
�� � ���
���


���� � ���
���� ��� ���	
����
(39)

is the equivalent noise temperature of the�th LNA in terms of the noise
parameters ����, ���
��, and ������. Inserting (38) in (36) leads to

���� �
�

���
������

 �� ���	
���
 ����

�

��� ��� ���
�
� ���

� (40)

Equation (40) can be placed in the form

���� �
�
�
� ��

�
�
� ��� ���

�
� ���

�
�

���
�

�
�����


������

 �� ���	
���
 ����

�

�

�
������ �


�
�
� ��

� (41)

Using the definitions of the radiation efficiency, mismatch efficiency
����, uncorrelated noise power gain	�����

�� , and available channel gain
	��
� given in [6], this becomes

���� �
�

���
	��
��

���
�

����	�����
��

� (42)

With ����	
�����
�� � 	��

��	 and the definition of ����
��
 in [6] we have

���� �
����
��


	��
��	

(43)

which completes the proof that (28) is equivalent to equation (17) of [6].
It follows that the equivalent system representation of [6] is consistent
with the definitions given in Section II.

V. CONCLUSION

We have developed a framework for defining antenna figures of merit
for active receiving arrays that unifies several years worth of recent
work on mutually coupled, high sensitivity array receivers. This frame-
work extends existing definitions for antenna terms to active arrays and
provides standard figures of merit for characterizing array antenna per-
formance, which will benefit ongoing research efforts in low noise re-
ceiving aperture arrays and array feeds.
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