e

Chalmers Publication Library CHALMERS

Copyright Notice

©2010 IEEE. Personal use of this material is permitted. However, permission to
reprint/republish this material for advertising or promotional purposes or for creating new
collective works for resale or redistribution to servers or lists, or to reuse any copyrighted
component of this work in other works must be obtained from the IEEE.

This document was downloaded from Chalmers Publication Library (http://publications.lib.chalmers.se/),
where it is available in accordance with the IEEE PSPB Operations Manual, amended 19 Nov. 2010, Sec.
8.1.9 (http://www.ieee.org/documents/opsmanual.pdf)

(Article begins on next page)



Crameér-Rao Bound for Hybrid GNSS-Terrestrial
Cooperative Positioning

Federico Penn&Student Member, IEEBViauricio A. CaceresStudent Member, IEEE
and Henk Wymeerschiviember, IEEE

Abstract—In this contribution we derive an expression of the nodes with known position but unknown clock bias, and

Cramér-Rao bound for hybrid cooperative positioning, where 3 = N—S— A agents with unknown clock bias and unknown
GNSS information is combined with terrestrial range measure- position.

ments through exchange of peer-to-peer messages. Theseutts .
provide a theoretical characterization of achievable performane Let M be the set of agentsy the set of satellitesA the

of hybrid positioning schemes, as well as allow to identify critical Set of anchors; denote hy,, the set of satellites agent
network configurations and devise optimized node placement can see, byA,, the set of anchors agent can communicate
strategies. with, and by M,,, the set of peers agent can communicate
Index Terms—Cooperative positioning, GNSS, GPS with. Position of satellites € S, of anchora € A, and of
agentm € M, are indicated respectively by, x,, X.
The dimension of position vectors, indicated By may be

. INTRODUCTION . )
) o . 2 or 3. The variablé,, represents the clock bias of agent
Cooperative positioning methods rely on direct measm@)‘(pressed in distance units.

ments between devices. They can be used not only whe
GNSS is unavailable, but also in combination with GNSS, ] )
in order to improve localization accuracy. Such “hybrid geo  * Ta—m iS the measured distance between agentand
erative positioning” is an emerging research topic and a key anchora € Ay

aspect of several large research projects (e.g., [3]).

In order to analyze the theoretical performance limits of Tamsm = [[Xa = Xml| + Va—sm, @)
hybrid positioning, we derive in this letter an expressidn o
the Cramér-Rao lower bound (CRLB) that takes into account
at the same time: (i) range measurements from fixed nodes
(anchors); (ii) pseudorange measurements from sateléites
(i) peer-to-peer range measurements.

Although previous works deal with CRLB in case of co-
operative localization (e.g., [1] for wide-band systemd §2]
for wireless sensor networks), some features unique toidhybr .
positioning are considered here: (1) heterogeneous types o
measurements coexist — some affected by bias (resultimg fro
imperfect synchronization of device clock w.r.t. sateBi,
some not (clock bias in terrestrial range measurementalis us
ally accounted for in the ranging protocol); (2) every ageant whereuv,_,,, is measurement noise with varianeg . .
only communicate with a subset of satellites/anchorstpeer . o
Therefore the present analysis, while applying the sarm»—thgve W',” assume that all measurement noise IS zero-mean
retical framework of [1], [2], extends it to a more generadjanGauss'ar,‘; f02r peer-toz-peer measurements, the link varienc
comprehensive scenario. symmetnc:%_m = Omsn: o

The paper is organized as follows: Sec. Il illustrates model OUr goal is to compute the CRLB of the deterministic

and problem statement; in Sec. Il expressions for the FisH&'Known [X; b, where X = {x,cm} andb = {bnem},
information matrix are derived for the non-cooperative grel @S @ function of the (range and pseudorange) measurement

cooperative case; a numerical example is presented in Bec.10iS€ statistics and the network geometry.

Brhree types of measurements are available:

wherev,_,,, is measurement noise with variangg ..
rn_m IS @ peer-to-peer distance measurement between
nodesm andn € M,,:

Tn—sm = Hxn - XmH + Un—m, (2)

whereu,, ., is measurement noise with varianeg ., ..
pPs—m 1S @ pseudorange measurement between node
and satellites € S,,:

Ps—m = ||X5 - XmH + b+ Vs, (3)

Il. PROBLEM FORMULATION 1

Consider a network withV nodes, of whichS satellite
nodes with known clock bias and known positio,anchor ~ The CRLB of any unbiased estimator X, b] is obtained
by inverting the corresponding Fisher information matrix
F. Penna and M.A. Caceres are with Politecnico di Torino - tDep (FIM). Let F be the FIM for our hybrid scenario. We will
Electronics, Turin, Italy. Email: henkw@chalmers.se, {fiece.penna, mauri- . . .
cio.caceresduran}@polito.it. H. Wymeersch is with Chalmeréversity of 11'St compute the FIM under a non-cooperative setting, and
Technology - Dept. of Signals and Systems, Gothenburg, Swede then extend this result to the cooperative case.

. FISHERINFORMATION MATRIX



A. Non-cooperative Case The Fisher information matrix is of the form

We focuslon a single agent, say. The log-likelihood F = Fuon_coop + Feoop (6)
function of its measurements with respect to anchors and _ . .
satellites is and has dimensiofD + 1)M x (D + 1)M. The first term
Fron—coop, representing the non-cooperative contribution, is
logp ({?“Hm}aeAm a{ps%m}sesm 1Xm, bm) again (5). The cooperative pdft.., can be expressed as
P
= > 10gp (rassm [Xm) + D 108D (Pssm [Xm, b ) Hy ... Ha
a€An, sESm . .
KN Ae (Xims bm) ) Feoop = —E : : Acoop (X)
H]\,{l e HMM

Under Gaussian measurement noise: . . '
where the cross-Hessian matricds,,, are defined as (assum-

2 .
[Ta—sm — ||1Xa — Xmll| ing x; = [z1,4,...,2Zp)):
logp(ra*)m |Xm) — C_ a 7 N3 ) 52
205—>m 62 o 82 82
and Ox1 m 0Ty Ox1 mOTp n O 1,1 Oby,
) ) : : : :
o [ps—sm — |Xs — X || — b Hypn = 52 92 52
log p (ps—m [Xm, bm ) = € 202 ’ 92p.m0i1n Otpm0ipn OTp . 06n
s—m 62 82 82
whereC, C' are constant terms. The Fisher information matrix Obm 01, n 9bm0zp.n Obrm b
is given by Notice thatA..., (X) does not depend on the bias. Under

Foo = —E{ Hyy (A (5, b))} 'g;?n %52?2:;; ’of Gaussian measurement noise in peeeto-pe
where the expectation is with respect to the measurements v Tnom = %0 — Xm|?
andH,,(-) is the Hessian operator containing the second—orderbgp (s [Xm, Xn ) = C7 — 202 )

partial derivatives with respect to each elementxaf,, b,,]. o

F,. isa(D+1) x (D + 1) matrix:

leading to a block matrix of the form

F ¢ F/ 0 Ki 0 ... Kiyy 0]
F,, = |: fTXm )}g’“bm ] - 0, (4) OT 0 OT 0 OT 0
X bm bm K21 0 F/2 O
T T
where Feoop=| 0 0 0" 0 =0
1 1
Fy, = ——Qam e + Qsmal,
) agm Tomom EZS Tism Ky 0 Fy 0
1 . o7 0 o’ 0 |
By, = Z o2 7
SES,, STM where
1 1
— _ T
fxm obm Z a‘g%m Qsm> F;’n = Z O_anm A
SESH, neEMn, n—sm
in which q;,, = ﬁ is a unit-length column vector K _ —ﬁqnmqﬁm if ne M,,
betweenx,, andx;. mn 0 otherwise.

Considering allM agents, the global non-cooperative F”v%mdo is aD x 1 zero-vector

is a block-diagonal matrix: The above results allow to compukefor a given network

Fy configuration and, by inverting (6), to express the CRLB.
F,
Fron—coop = . . (5) IV. NUMERICAL EXAMPLE
Fyy The analytical results derived in the previous section are
now illustrated by a practical example. Consider the nétwor
depicted in Fig. 1, with six agents arranged in a star topolog
Each agent can communicate with two neighbors, except agent
The log-likelihood function is now 6, located in the center, that can communicate with all other
log p ({{ra_m} { } agents. Aggn_t 1 has visibility of all satellite_s; agent 2_ sae
a€ Ay WSS €S 2 four (the minimum number needed to estimate position and
{rnﬁm}neMm}meM |X,b) bias unambiguously); agents 3, 4, 5, and 6, on the contrary,
are only connected to three, two, one, and no satellites,
- Z A (X, bm) + Z Z log p (Tn—m [Xm:,Xn) - respectively. This configuration is representative of avoek
meM meMneMm located in an indoor environment, where only agents close to
= Acoop(X) windows or outer walls can receive satellite measurements.

B. Cooperative Case




Inf
I Horizontal non—coop,
[ Horizontal coop.

[l Vertical non-coop.
201 [ Vertical coop.

[l Bias non—coop.
-5[[CIBias coop

3 4
Agent Index

Figure 2. Comparison of position- and bias-CRLB in reali&iiz scenario:
Figure 1. Example network topology. Qggicsoeot?iﬁgatlve (GNSS only) vs. hybrid (GNSS + peer-to-peenmunica-

Position of agent 646.06° lat., 7.66° long., 311.96 m  These performance metrics, plotted in Fig. 2, illustrat th
height) is taken as the origin of the reference system; thenefits arising from cooperation. With the exception ofrage
relative positions of the other agents, expressed in eatftn 1, which has full visibility of all the available GPS sattd§,
up (ENU) coordinates, are: the other agents obtain a significant performance improneme
in the hybrid case. For agent 2, which sees four satellites,

Agent no. 1 2 3 4 5 6 R
E [m 50 | 0 50 | 30 | 30 | 0 the CRLB reduces by one half. Agents 3, 4, and 5 in the
N [m 10 | 30 | 40 | 20 | 40 | 0 non-cooperative case have less measurements than unknowns
Ulm] [ 0.27 | 092 | -1.13 | 043 | 015 [ 0

hence their CRLB— oo; when peer-to-peer communication is

Satellites’ positions are drawn according to real GPS srbiintroduced, the CRLB takes relatively low values. Cooperat

Their values, again expressed in ENU coordinates with esp&1US proves to be essential in GPS-challenged environments
to agent 6, are: Agent 6, finally, is able to estimate its position thanks to

peer-to-peer information, but cannot estimate its biasnyn a
Sat. no. 1 2 el 4 5 6 ’ case: at least one satellite connection is necessary, singe
E [-10°m] -16.17 -9.18 -1.71 -13.97 | 14.28 | 22.95 | -12.90 . . .
N[10°m] | -4.02 | -18.36 | -1050 | 10.83 | 646 | 486 | 2168 | Mmeasurements do not carry any information about clock bias.
U [-10°m] 14.02 10.78 18.15 13.31 | 15.01 5.83 2.44

V. CONCLUSION AND FURTHER WORK

The variance of pseudorange and range measurements fBhe results derived in this paper give insight into the
set, respectively, tors—,, = 5 mVm € M,s € S, and potential of implementing peer-to-peer cooperation ot
Onsm = 0.20 mVm € M,n € M,,. For simplicity no in combination with satellite-based positioning. Alsogyh
anchors are considered in this example. provide a theoretical tool to evaluate the achievable mosiig

Under this setting, the CRLB is computed to compare thgcuracy for a given network configuration, and can be used
achievable positioning accuracy in the non-cooperativé atp detecta priori critical configurations or as a reference to
in the hybrid scenario. Led be the CRLB matrix obtained compare the performance of practical positioning algarih
by inversion ofF,,n—coop (5) Or F (6), after removing rows  Related subjects of ongoing and future research are: devel-
and columns corresponding to non-estimable varidblasd opment of practical, distributed algorithms for hybrid peo
denote byJ,, the (D + 1) x (D + 1) = 4 x 4 block of erative positioning and comparison of their performancthwi
J corresponding to agent.. Then, the positioning accuracythe CRLB.
for each agentm can be decomposed into: laorizontal
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