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Abstract

In this report, an alternative approach to derive the Gaussian mixture cardinalized
probability hypothesis density (GM-CPHD) filter is presented. The derivations differ
in that the presented ones are based on ”ordinary” statistics, while the original
GM-CPHD derivation started from the finite set statistics (FISST) description of
the CPHD filter. The results of the derivations are compared with filter update
equations presented in another paper. The sets of equations are not completely
equivalent. However, initial performance evaluations of the approaches indicate
similar performance. Future work is needed to understand the differences between
different GM-CPHD filter equations.
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1 INTRODUCTION

The purpose of this report is to derive the Cardinalized Probability Hypothesis
Density (CPHD) filter, using ordinary (Bayesian) statistics. More precisely, we are
interested in the Gaussian Mixture version of the algorithm, called GM-CPHD. Since
previous derivations rely on higher-order mathematical concepts, we believe that a
derivation using more common mathematical statistics is of interest to more people
than the authors of this report.

CPHD is a recursive algorithm that updates both the so-called probability hypoth-
esis density, or intensity function, and the full cardinality distribution in each step.
The cardinality distribution is a representation of the number of targets in the scene,
while the intensity function represents the intensity of targets in each volume ele-
ment of the single-target state space. The integral of the intensity function over a
volume, gives the expected number of targets within that volume.

The original derivations of CPHD (Mahler 2006), (Mahler 2007) used Finite Set
Statistics (FISST'), which is a higher-order mathematical concept invented by Mahler.
It has relations to point process theory (Daley 1988). A CPHD derivation using in-
finitesimal bins is given in (Erdinc et al. 2006). The first derivation of the gaussian
mixture version is in (Vo et al. 2006), with a more thorough discussion in (Vo et

al. 2007). The GM-CPHD algorithm is also summarized in (Ulmke et al. 2007).

The equations derived in this report regards the update step of the GM-CPHD filter.
The derived equations are compared to the equations in (Ulmke et al. 2007). The
update step has two parts, viz. the update of the cardinality distribution, and the
update of the mixture components of the intensity function representation. For the
cardinality distribution, the update equation derived in this report is equivalent to
the corresponding equation in (Erdinc et al. 2006). For the mixture components,
there is however a difference. Both equations have been used for tracking in a ground
target tracking scenario, for which the two alternative updates performs equally well.

1.1 Outline

The report is structured in the following way. The remaining parts of Section [ is
devoted to notation used in the report and to the assumptions made in the CPHD
derivation. Section [2 regards the update of the cardinality distribution. In Section
3, we derive the update step for the intensity function. The results are summarized
in Section Ml
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1.2 Notation

The following list summarizes some of the notation used in this report. An RFS is
a random finite set. That is, the number of elements is a discrete random variable,
and each element is a random variable (often continuous).

X
7y
Vk|k—1

Pr{n|Z1;k_1}

Target RFS at time k

Measurement RFS (including both true and clutter measurements)
Predicted intensity function at time k

Predicted cardinality distribution at time k&

Expected number of targets at time k, given old data.
Posterior intensity function at time index k

Posterior cardinality distribution at time &

Expected number of targets at time k, given data up to time k
Number of targets at time &

The cardinality of the measurement set at time k, my = |Z|
Number of target-generated measurements at time k

The clutter cardinality distribution

Vector that states which measurements in a set that are
target-generated, and which are clutter

Vector that associates measurements to targets

1.3 Assumptions

The CPHD relies on the following assumptions.

e Clutter is a cluster RFS, which implies that the number of elements in the set
is described by an arbitrary cardinality mass function and that the elements of
the set are independent and identically distributed. Further, the clutter RFS
is independent of the object generated RF'S.

e Predicted and posterior target RFSs are approximated as cluster RFSs.

e The birth RFS is a cluster RFS, and independent of the surviving target RFS.

e Each target evolves and generates measurements independently of each other.

In the derivations, we also utilize the following assumptions

e Motion and measurement models are linear and Gaussian.

e The detection probability is constant over the single-target state space.

e The clutter RFS homogeneous, which means that the clutter detections are
spatially homogeneous.



2 CARDINALITY UPDATE

Using Bayes’ rule, the posterior cardinality mass function is expressed as

p(Zi|ng, Zy.j—1) Pr{ng|Z.x—1}
P(Zy|Zy.j—1)

Pr{nk\lek} = (21>

where the first factor p(Zy|ng, Zi.x—1) is the density of the measurement set, given
ny, targets and old data. As a function of n; it is a likelihood. The second numerator
factor is the cardinality mass function at the previous time instant k£ — 1, which is
a prior on ny at time k.

2.1 The likelihood p(Zy|ng, Z1.k—1)

We start off by deriving the likelihood. Since Zj is an RFS, it is described by both
the probability of its cardinality my = |Z| and the density of those m; elements.
Thus,

P(Z|ng, Zy.j—1) = p(Zi, mus| g, Ziy—1 ), (2.2)

since my is an intrinsic property of Z,. We introduce the variable j; of target-
generated measurements at time k, as it provides a way of expressing the above
density. We marginalize over jj,

mln{mk 7nk}

p(Ziymin) = > p(Z, mu, |, Zan—r) (2.3)
Jk=0

min{myg,ng}

= Z p(zk|mk7jk7nk7zlzk—1) Pr{mk7jk‘nk7zlzk—1}
Jjr=0

mln{mk ,’I’Lk}

= Z P(Zi|mg, Jis e, Za.gg—1) Pr{mu|j, ni, Z1.k—1} (2.4)
Jk=0

- Pr{ji|ni, Z1.5-1}-

Naturally, 7, cannot be larger than the minimum of the number of targets and the
total number of measurements, hence the min function in the summation.

For notational simplicity, we introduce the notation
ZZ = Zl:k—l- (25)

We now derive the latter two probabilities in the sum of (24]). First, the probability
of receiving my measurements, given that the true number of measurements is jj
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and the number of targets is ny. Here, n, and old data are uninformative given my
and jg, so

Pr{mg|jk, ng, Z} } =Pr{my —jj clutter detections} = P.(my—ji), (2.6)

where P, is the cardinality distribution of the clutter RFS, often assumed Poisson.
The third factor in the sum of (2.4]) is the probability of obtaining j; true mea-
surements given that the number of targets is ng, and given old data. The j; true
detections can be drawn from the n; true ones in (7]‘:) ways, hence

P} — Py, (27
Ji! (e — Ji!) d( ) (27)

Pr{jk|nk, ZZ} = (nk) ij(l — Pd)nk_jk =
Jk

where P, is the detection probability, assumed constant over the measurement space
(if not, the average detection probability can be used).

The remaining factor p(Zg|my, ji, nk, Z,) in ([2.4) is the most complicated one. In
order to find an expression for it, we start by transforming the measurement set
into a matrix, meaning that we introduce an ordering of the measurements. There
are my! ways of ordering a set of m; elements, and all of them are equally likely.
Since a point in the my-dimensional set space represents m;! different points in the
my-dimensional vector space that all have the same interpretation, the set density
can be written as

where Z;, represents any of the my;! set-to-matrix transformations of the set. The
mapping from set to matrix is many-to-one, while the reverse mapping is one-to-
one. However, it does not matter which of the set-to-matrix transformations that are
chosen, since the density p(Zy|ms, ji, nx, Z4) is equal regardless of how the columns
of Zj, are ordered. Note that even though we order the set, we still do not know
which of the detections that are true and which are clutter. So to express the
density function, we want to marginalize over a variable that provides information
on if a measurement in Zj is clutter or target-generated. Out of the my, received
measurements, jp are target-generated. These 7, observations can be drawn in (Tk’“)
different ways from the set of observations. For one selection of target-generated
measurements (the rest being clutter), we introduce the vector d with the property

. 1 if measurement ¢ is true
(1) { 0 if it is clutter. (2.9)
The marginalization over d is
> p(Zy, dlmy, ji, i, Z7) (2.10)
d

= Zp(zk|da mkajk? N, Zi) Pr{d|mk7jka ng, ZZ}
d
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The factor Pr{d|my, ji, nx, Z; } is interpreted as the prior on d, which is uniform,
hence

1 1 %! — Jx)!
Ik Jrt(mi—Jk)!

What now remains is an expression for the likelihood of the measurement matrix Zj,
given that we know which of the measurements are true and which are clutter. First
of all, we can separate the true detections from clutter, since they are independent

— . —det .
p(Zy|d, mu, ji, ng, Z) = p(Zy, |d, my, ji, nge, Z3) (2.12)

—-clut

-p(Zy, " |d, my, ji, ng, Z7).

The conditioning on my, jr, n is uninformative when also conditioning on d, but
is kept for clarity. The clutter detections are independent, with densities ¢ (z).
Assuming uniformly distributed clutter in the measurement space, we get

—clut P

p(Zy |, i, i, g, Zy) = " (2.13)

where c is the clutter density in the measurement space. Conversion of density from
target state-space to measurement state-space is through a Jacobian. If one cannot
assume uniform distribution, the expression will get just a bit more complicated,
where the density at each clutter measurement has to be used instead of the constant
density.

To express the joint density p(zzet\d, Mg, Jk, N, Z%) of the target-generated detec-
tions in (2.13), we need to marginalize over the target RF'S X, which has ny elements

—de . —de .
p(Zk t|d7mka]k>nka ZZ) = /p(Zk t>Xk|d7 mg, Jk, Nk, Zi)ka (214>

To proceed further, we transform X, into a matrix Xj, just as we did for the
measurement set previously. There are ny! different transformations into a matrix,
for the set Xj. The resulting density is however the same, since the elements of the
set are unordered. So,

—det

. —det .
p(Zy|d, m, Ji, e, Z) = ! /p(zk "X, d, g, i, Tk Z}) (2.15)
- p(Xeld, m, Jie, i, 2 ) dX .

We start with the second factor. An assumption of the CPHD algorithm is that
targets are independent, which implies that the density can be split up into a product
of ny, single-target densities p(f,(f)\d, My, Jk, M) according to

T
p(X|d, mu, jr, n, Zy) = Hp(i,(f”d, My Gy ey Zi)- (2.16)
q=1
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We now want to find an expression for p(Zk |Xk,d Mk, Jks Tk, L) in (2.15). The
conditioning on the matrix of state vectors does not provide information about
which measurement that belongs to which target (if necessary). To be formal and
concise, we thus introduce an assignment vector a, which associates measurements
to targets. Then we marginalize over all such vectors, yielding

—det —det
(Zk |Xk>d mka]kanka Zp Zk aa|Xk7d mka]kankazp) (217>

—det ~ .
= Zp Z, |a, Xy, d, mg, ji, i, Z8) Pri{a| Xy, d, mg, ji, n, ZL}. (2.18)

As stated several times, the targets are assumed identically distributed. This means
that all assignment vectors have the same probability

1
Pr{a|Xkad mka]kynky k} - (219)

k'

.

where ?:!! is the number of possible association vectors. For the likelihood

=d . .
(Zk0t|a Xy, d, my, jr, ni, Z) we know that given the associations, the measure-

ments are independent. The joint density is thus split up into a product of the ji
single-detection likelihoods

(Zzot|a Xk> d y M, ]ka N, Zp H p(zj(j) |§](€8)), (220)
s€D

where we assume that the index of measurements and their associated targets are
the same, i.e., measurement s is associated with target s. The set D is introduced
to represent the indices of the target-generated detections, i.e., it is the set of all

indexes ¢ for which d(i) = 1.
We now insert the results of (2.I6]) and ([2.20) into (219,

—de

a seD ]k!
ng
: Hp(i,(f)|d, My Jies ey ZR)AR - - =™,
q=1
Reordering the multiplications, we obtain
—det N | 1
p(Zy, A, mug, i e, Zy) = m! [ (2.22)
G a
ng
H pE ")) |d, my, i, i, Zh) dR Hp(fl(fq”d, M, Jies T, Z0) AR,

seD q=
q#s
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The multi-dimensional integral can hence be separated into a product of single-
dimensional integrals

—det s . —(s
p(Zy |d, my, ji, g, Zip) = nk'— > H/ DR pE |, mi, i, i, Z0) A
a seD
(2.23)

ng

. H /p(iliq)‘d, mk,jk, ng, ZZ)dfl(gq)
q=1
qFs

The integral of the single-target density p(i,gq)|d,mk, Jks T, Z8) 1s one, so the last
factor will be equal to one, whereafter we have

—det
p(Zy, |dmy,jk,n, Z ZH/ p@ R, e, iy 1, ZE) AR

a seD

(2.24)

(s)

We change the integration variable from X, to Xj, which gives

—det
p(Zy |d, my, ji, g, Ziy) = nk'— > H/ PE %) p(RKeld, M, iy e, ZY) .
a seD
(2.25)
As we can see, no terms in the summation depend on the summation variable. The
summation is from 1 to S, 80 the expression can be simplified
—det
(Zk |d mk,jk,nk, Zk = nk' H/ Zk ‘Xk) (Xk‘d mk,jk, ng, Z )ka (2 26)
se€D

Finally, we transform the ordered state vector into a state vector in the set, yielding

—det

P2 s, 20) = [T [ 908wl guns, Z)ax (220

seD

Replacing ZZ with its equivalent Zi.,_; and removing uninformative variables for
clarity, we obtain

—de
(Zkt|d mka]kankazlk 1 H/ Zk |Xk Xk|Z1k 1)ka (228)

seD

Again, we now need to utilize the assumptions of CPHD. All targets are assumed
identically distributed according to v(x)/N where N is the expected number of
targets. Hence, the density

Uk\k—l(xk)

p(Xk|Zl:k—1) = Nk|k_1 )

(2.29)
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where vg|p—1(X) is the predicted PHD and where Nj,—; is the expected number of
targets after prediction. Inserted into (2.28))

—de 1 _(s
(Zk t|d mk,jk, ng, Z1 h— 1) H Nk|k ) /p(zlg )|Xk)'Uk|k—l(Xk)ka~ (230)
D _

In the Gaussian-mixture CPHD, the predicted PHD is approximated as

Jk—1

Uplk—1(Xp) Z wk|k 1 (X;ﬁm,(f“)g 1,P,(f“)ﬂ 1) (2.31)

in which wk| .., are the weights, m,&‘ﬁ_l the expected values and P,ﬁi_l the covariance

matrices of the Jix—; mixture components of the predicted PHD. Furthermore, the
single-detection likelihood is given by the measurement model

pES %) = N (z,<:>; Hx;, R(S)) (2.32)

in the linear-Gaussian case, where H is the measurement matrix and R(®) the mea-
surement uncertainties in the region of detection s. We obtain

Jkk—1
—det
p(Zy |d, mu, Jiy ks Zak—1) = H g wkk 1 (2.33)
Nijk—1 |
seD q=1

-/N<Z§j);HXk>R(S>>N(kamfle I,P,(f‘k 1) dxy.
Using standard results from multiplication of normal densities, we get
AN s o ,5)

N (Z]E;)’HXIWR( )) N (X]wmk‘k 17P](i‘q‘k; 1) _N (Z]E;)7Z](€|3€ » S](;Tk 1) (234)

N (il PG )

where
S\, =R+HPY H" (2.35)
ml(j;j) = ml(j;f_l +W (zl(:) — Hm,(f“l_1> (2.36)
P = (1 - WH)PJ_. (2.37)

As we see, the first Gaussian in (234]) does not depend on x; and can be moved out
of the integral in (2.33)), leaving only the integral of a Gaussian, which equals one.

Finally, we can express the density of target-generated measurements as

p(Zit|d, m, i, ks Zoi—) (2.38)
Tl
~ I N (79,0 glas)
- H N Z Whlk—1 (Zk ’Zk\k—l’slﬂk—l)‘
s€D klk—1 q=1
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For notational simplicity we introduce the weighted single-detection likelihood

Jjk—1
s). (@) (9,8)
N E : wk\k 1 <Zk 7Zk|k 1’Sljk 1) (2.39)
L M

We are now ready to express the density p(Zy|my, ji, nk, Z1.x—1) in (2.8) by going

back to set notation (see (2.8])) and by inserting the results in (2.10)), (2.11]), (2.12),
2.13), 2.38) and (2.39)

P(Z| M, jies s Zner) =i > LY eme e = I (mk — jk) (2.40)

d seD

. . 1 mE—Jk s
= j!(mx — jr)! (7) ZHL,(C)

d seD

The last sum and product factor of the expression can be expressed using a so-called
elementary symmetric function o,

o ({20, ) £ ST L (2.41)
d seD

The elementary symmetric function does just what we express with the sum and
the product symbols in ([240), viz. it summarizes over all possible combinations of
jr measurements, and for each combination evaluates the product of the weighted
sin le—detectlon likelihoods of those j, measurements. Seen in a different way, if
{L . L(mk } are the roots of a polynomial of order my, then o, gives the cor-
respondlng polynomlal coefficient of order jp (jx = 0,...,my), where g = 1 by
convention. The density p(Zg|my, jr, nx) in (2.8) is now given by

P(Zr Mg, s ey Zak—1) =2 Gl (my, — i)™ Ry, ({Ll(cl)v ce Ll(cmk)}> . (242)

By this we are ready to express the likelihood p(Zg|nk, Z1.x—1) in (ZI). Combining

2.4), 2.0), @1) and 2.42) we get
min{mg,ng}

P(Zi, mp |0y, Zyg—r) = Z

Jk=0

n! .
P]k 1—P nk_]kpcm_' M
= ( ) (M — i)k

(2.43)
- (mg — i)™ R <{L,(€1 ,...,L,imk)}) :

Simplifying and rearranging,

min{mk7nk}

Nk |

(2, mu| g, Zyj—1) = (my — Ji)! Pe(my, — jk)ipj" (2.44)
jkzzo (n. — Jk!)

(1= Py i ({40, ).
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Since we have a normalization term in the update of the cardinality distribution,
constant factors, i.e., those that do not depend on nj or ji, can be removed from
the above expression, since they will be canceled in the normalization. The factor
™ is constant and can be removed. We then obtain

mln{mk ,’I’Lk}

P(Zi|ng, Zig—1) = Z (mi — ju)! Pe(my, — ji)

Jr=0
(1= Py, ({00, L)

which is the equation we were after in this section. By comparing the expression
in (245) with the corresponding expression in (Ulmke et al. 2007), we note that
they have a factor m%' in the sum, which makes the expressions different. That is,
however, a constant, so it can be removed without effect, if it is also removed in the
normalization. Then, the above expression is equal to the one in (Ulmke et al. 2007).

Notice that ¢ in this report equals A in (Ulmke et al. 2007).

Ik
T R

A fundamental assumption in CPHD is that target prior and predicted RFSs are
cluster-RFSs. That implies that the target are assumed independent and identically
distributed. Often, this is not a good assumption, which indicates that there are
room for improvements of the algorithm.

2.2 The prior Pr{n;|Z.;_1}

The prior Pr{ng|Zi.x_1} in the Bayes’ update of the cardinality distribution is the
predicted cardinality mass function, which states the probability that there at time k
are ny targets in the scene, given data up to the previous time £—1. By marginalizing
over ng_q,

o0

Pri{ng|Zy.—1} = Z Pr{ng, ng—1|Z1.-1} (2.46)

ng—1=0

[e.e]

= Z Pr{nk‘nk—luZl:k—l}Pr{nk—l‘lek—l}-

ng—1=0

We identify the latter factor Pr{ns_1|Z1;_1} as the cardinality distribution at the
previous time instant, which is known at the current instance. We thus only need
to find an expression for the first factor.

From the birth process, we have the probability
Poirtn(ix) = Pr{ix new targets appear between time k — 1 and time k},  (2.47)
and the death process provides information on

Ps = Pr{An existing target at time k — 1 survives to time k}. (2.48)
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We define i, as the number of targets that survive from the previous time instant,
and marginalize over that variable. Naturally, i; is not larger than the minimum of
ny and ng_1. Using the probabilities of the birth and death processes, the sought
probability is expressed as

min{ng,ng_1}

Pr{nglne—1, Ziw—1} = Pr{mmer} = Y Pr{m,ixlne} (2.49)
min{ng,ng_1}
= Y Pr{mlix, g1} Priigng_}. (2.50)

The first factor is the probability that n; — i, targets appear between time instants
k — 1 and k, expressed as

Pl"{’l’l,k|’i, nk_l} = Pr{nk|1k} = Pbirth(nk — Zk) (251)

The second factor is the probability that i targets survive. Of the n;_; targets at
k — 1, the 7; surviving ones can be drawn in ("’Z;l) ways, SO

Pr{iglne_1)} = (”’;k—l) Pi(1 — Pg)me-1=ie, (2.52)

The total expression for the prior is hence

Pr{nk|nk—1‘zlzk—l}: Z Pr{ng_1|Z;.4—1} (2.53)

ng—1=0
min{ng,ng_1}

5 (") 0
i) =0

In short form, we write this as

[e.9]

Pr{ng|Zis-1} = Y Pr{nglne_1} Pr{me_i|Zis—1}. (2.54)

ng—1=0

where the so-called transfer matrix is defined as

min{ng,ng_1}

. T— 7 Ng_1—1
Pringlng_i} = Y Pbirth(nk—zk)( ’; 1)P;(1—PS) BTl (2.55)

ir=0 k

2.3 The normalization p(Zy|Z1.5—1)

What remains in the update of the cardinality distribution Pr{ny|Zi.;_1} is the
normalization factor in the Bayes’ update (see (2I])). It is given as the sum over ny
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from 0 to infinity of the numerator, assuring that the result after the Bayes’ update
is a probability mass function. Utilizing the results of (2.43]), we obtain

P(Zi|Zy 1) = Z p(Zg|ng) Pr{ng|Z.5—1} (2.56)
ngE=0
00 min{my,ny} - | '
= Z Z (my — jr ) Pe(my — jk)ipjk(l — Pk (2.57)
nE=0 jx=0 (nk — Ji!)

oy, ({0 L} } Pr{nk|Z1;k_1}] .

The summations are absolutely convergent, which implies that the order of summa-
tion can be switched. By doing so, we obtain the normalization expression used in
(Ulmke et al. 2007) (except for a constant m%')

nip=0
= Z 7(1 — Py)"™ 7 Pr{ng|Z1 1} (2.59)
=0 — ( N — Jk* )
Jk= NE=Jk

(mk — jk)'Pc(mk — jk)c_j’“PC{’“Ujk <{ngl), ey LE:%)}) .
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In this section, we derive the update equations for the mixture weights of the pos-
terior intensity function, in the Gaussian mixture version of the CPHD algorithm.
We assume that we have information on the predicted cardinality Pr{n|Z;_1}
and the predicted PHD vy,—1(x;), and seek an update equation for the posterior
PHD wvy,(xx). To do so, we start by expressing the posterior multi-target density
p(Xk|Z1.,). Then, we introduce the CPHD assumptions and necessary simplifica-
tions to finally reach the CPHD update for the posterior intensity function.

Using Bayes’ rule, we get

p(Zk\Xk, Zl:k—l)p(Xk|lek—l)
p(Zk\lek—Q .

We note that the denominator in ([B1) is equal to the one in (21I), which we gave
expressions for in (257) and (Z59). To express the posterior multi-target den-
sity p(Xx|Z1.x), we thus need to find equations that describe the multi-target prior
p(Xk|Z1.x—1) and the multi-target likelihood p(Zg|Xy, Z1.x—1). This is an intricate
issue, which is combinatorial in nature and infeasible in practice. Approximations
are therefore a necessity. The CPHD update equation is an example of such an
approximation.

Instead of working with the posterior RFS Xj|Z., we turn to its first-order moment
(in the FISST sense): the posterior PHD wy,(x%). In the approximation, we lose
information on the relationship between the position of the targets and on the num-
ber of targets. In conjunction to the intensity function vy(x;), we also propagate
the cardinality distribution Pr{ng|Zi.;} in time, from which an expected value on
the number of targets is found.

An assumption in CPHD is that targets are independent and identically distributed.
Suppose that we randomly select one of the targets x; within the set X;. According
to the assumptions, that target is then distributed according to

(3.2)

So, in order to update the posterior intensity vj(xy), we choose a random target
and then calculate

Okl (Xx) = p(Xk|Z1:1) N (3.3)
Rewriting, using Bayes’ rule,

p(Zk‘Xka Zl;k—1)p(Xk\lek—1)
P(Zy|Zy.j—1)

13
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With the CPHD assumptions of independent and identically distributed targets

at prediction, p(xy|Zir_1) = 1)""]\’;;‘7;()(1]"), where vyjr_1(xy) is the first-order FISST
approximation of the prior RF'S X;|Z.;_, and where Ny,_; is the predicted number
of targets at time k. Since the denominator of (B.4]) is the same as for (B.I]), which
we already have an expression for (see (2.57)), we only need to find an equation
describing p(Zg|Xk, Z1.x—1), i.e., the density of the current measurement set, given
that there is at least one target with state x;, and that we have observed the old

data Zl:k—l-
The PHD update can be written as

Okk (Xi) 0 P(Zge| Xk, Zivii—1)Vif—1 (Xi) 5 (3.5)

where we need to find an expression for p(Zy|x, Z1.x—1). The update is then com-
pleted by normalizing vy, (x5) such that [ gy (xx) dx, = Ny, where Ny is the
expected number of targets a posteriori, given by the updated cardinality distribu-
tion. We thus need to derive the likelihood p(Zy|xx, Z1.x—1) to be able to express
the CPHD update step for the intensity function.

We start by marginalizing over n; — the true number of targets at time k. Since
we have chosen one randomly selected target, ng > 0, so

P(Zi|xk, Zrwr) = > p(Zi X, Zen) (3.6)
nk:I

= Z P(Zg|Xky Mgy Lyip—1) Pri{ne|xp, Zyr—1}- (3.7)
nk:I

With the approximation
Pr{nk|xk, Zl:k—l} = Pr{nk|nk > O, Zl:k—l} = {nk 7é O} (38)

_ Pr{ng|Zi.x-1}
1— Pr{nk = O‘lek—l}’

we identify Pr{nk}lek_l} as the predicted cardinality distribution, and 1 —Pr{n; =
O‘lek_l} as a constant, given by the predicted cardinality. The constant can be
moved out of the summation, and need not be calculated, since it can be added to a
large constant term which also includes the constant in (3.4]). The constant factors
vanish in the normalization of vy;. So,

Pr{ng|xy, Z1.5—1} =

Pr{nk\lek_l}, (39)

nk=0
where ¢, —¢ is the constant. What remains to derive is the first factor in (3.6).

We first note that the distribution of the measurement set depends on if the target
X, under consideration is detected or not. By introducing the information sets

Iiit = The target x; is detected (3.10)
I = The target x; is not detected, (3.11)
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we can marginalize over these two events

p(zk|nk7 Xk, Zl:k—l) :p(zk7 Iigt |nk7 Xk, Zl:k—l) +p(zk7 I)I;I;iss|nk7 Xk, Zl:k—l) (312>
= p(Zk|7’Lk, Xk,Idet Zl:k—l) Pr{Iiet|nk, Xk, Zl:k—l} (313)

Xg ) k

+ p(Zig|ruge, X, T, Loy g1 ) Pr{T2 |, X, Zsg—1 }-

The probability that the target is detected depends on the detection probability,
which is independent of the number of targets and the previous measurements,
given the target state. Hence,
P(Zi|r, X, Zui—1) = p(Zig|ru, Xpe, Tgt, Ziygo—r) Pr{Z"|xi } (3.14)
+ p(Zg| e, X, T2, Ziysmy) Pr{Z2| % }

= p(Zi|rk, xp, Tis', Znci—1) Pa (Xi) (3.15)

X ?
+ p(Zie| e, Xae, T2, Ziy—r) (1 — Py (%)) -
We will treat the detection and missed detection likelihoods separately, starting with
the detection likelihood.

3.1 Detection likelihood

To find the detection likelihood p(Zg|ny, xk,Iigt, Z1.._1), we start by marginalizing
over the number of target-generated detections j;, which under the detection hy-
pothesis ranges from 1 to the minimum of the number of targets n; and the number
of received measurements my. The number of measurements m; is inherent in the

measurement set, and can be introduced without changing the pdf.

mln{mk ,’I’Lk}

P(Zey |, X, To Zaer) =Y (L, g, i X, T8, Zoy ) (3.16)
Jer=1

mln{mk 7nk}

= Y p( Bl e, G X Tae s Zyer) Pri{ma, jiolng, %1, T8, Zog—r b (3.17)
Jk=1

mln{mk 7nk}

= Z p(zk|mk7nk7jkaxk7zigt7Zl:k—l) (318)

Jr=1
- Pr{my i, e, Xi, T, L1} Pri{gu|nm, xu, T, Zy—1 }

X 7

The second factor is

Pr{mu|j, nr, X, Z9, Zy1 } = Pr{mg|ji} = P. (mp — j1) - (3.19)

Xk )

The third factor is

Pr{jk|ne, Xp, T, Zyg—1 } = Pr{dgi|ng, xp, Z5}. (3.20)
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Equation (3.20) states the probability that, given n; targets, one of which is the
randomly selected and detected target xj, we receive j,. target-generated measure-
ments. One of the targets have already been detected, so there are j, — 1 targets
more to be detected. The number of missed detections is (ny—1)— (jx —1) = ng — ji-
The remaining j; — 1 targets that give rise to a detection, can be chosen in (7;”;:11)
ways, hence

-1
Pr{jk|nkaxka1det} = (nk

P 1>P;’k‘1 (1 — Py)™7x (3.21)

We now turn to the remaining pdf. As a start, we transform the set Zj into an
ordered matrix Zy,

P( L, e, iy X Lt Zi—1) = ! p(Ze |, i, s X, Tt Zye—1). - (3.22)

Next, we introduce the association variable a which connects a measurement in Zj
to the randomly selected target x;, and marginalize over the m, different a scalars

p(zk‘mkvnkujkvxkvzxk 7Z1k 1 Zp(zk7a|mk7nkvjkaxkvzxk 7Zlk 1) (323>

a

= p(Z|a, m, ng, i Xie, T8, Lo ) Pr{alm, ng, o Xe, To, Zopon b (3.24)

a

The probability that a certain measurement is associated to the randomly selected
target is uniform a priori. Thus,

. 1
Pr{a|my, ng, jr, Xp, Tae', Zg—1} = — (3.25)

Xk 7 mk

The measurement associated to xj is 1ndependent of the rest of the measurements
in the set. We call that measurement zk Then,

p(2k|a,mk,nk,jk,Xk,Ix 7Z1k 1) p Z](:)|aaxk7mk7nk7jk7z-x 7Z1k 1 (326>
k k
p (zk \ Z,(;)|CL, mkankajkaxkal—iit> Zl:k—l) .

We leave the first factor in (3.26) for now, and consider the second factor.

To find an expression for the second pdf in (B.26]), we marginalize over the remaining
targets in the target RFS Xy,

p (zk \ 2", i, i, i X T, Zoys 1) (3.27)
= /P (zk \ 2, X \ Xkl mge, s i Xy, Iy, Zl:k—l) dXp, \ X
= /p <zk \ 2| Xy, a, m, Ny iy Tt Loy 1) (3.28)

P (X \ el @, mu, e, i, Tas®, Ziy—1 ) dXp \ Xy

Xk ?
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We then transform the target set into an ordered matrix, whose pdf is equal for any
ordering. Thus,

P (zk \ 2 |a, e, e, i, Xie, Tyt Loy o 1) (3.29)

= (ng — 1)! /P (zk \ z{”[Xy, a, Mg, Mg, iy Loy Loy o 1)

P (X \ xp|a, mu, 1, i, Lo, Zis—1 ) dX, \ X

By indexing the target under consideration i,i") = X}, we note that

lek_l) _ Uk|k—1 (i;(gl)> H'Uklk—l (fl(cnk_l)) (3.30)

b Xk Xk aamk7nk7jk7z-d0t )
(R Nijk—1 Nijk—1

Xk ?

since all targets in Xk\xk are independent and identically distributed according to
the predicted PHD divided by the expected number of targets Nj,_; at prediction.
The matrix X, has always its last column x]g"k) = Xj.

To differ between detection types, we introduce the vector d, which states which
detections in Zk\z,(j) that are target-generated and which are clutter. We marginalize
over that vector

P (zk \ Z](QS)|Xkaa'7 mkankajkaka 7Z1 k— l) (331)
- Zp (zk \ Zgj)|daik>avmkankajk7zxk >Z1k 1)
d
' Pr{d|a7mkank>jkazxk >Z1k 1}

All measurement classifications are equally probable, so

. L G Dl — )
Pr{d|a; mk7 nk7jk7IXk 7ZI k— 1} (7‘?:__11) = (mk — 1>‘ . (332)

Further, the clutter measurements are independent from the target-generated mea-
surements, by which

p (zk \ ZIES)|X]€> @, M, nkajkaz.xk ) Zl k— l) (333)
—clut
=>p (Zk |d, X, @, g, gy i, Loy Lok 1)
d

(Jr — D my — ji)!
(mk — 1).

—det
(Zk \Z |d Xkaa mkanka]kaz.xk >Z1k 1)

The clutter detections are independent, with densities ¢ (zj). Assuming uniformly
distributed clutter in the target state-space, we get

X ?

(Zzlut‘d Xy @y Mgy Ny iy T, Z o 1) = ™k (3.34)
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where ¢ is the clutter density in the measurement space, assumed uniform. Con-
version of density from target state-space to measurement state-space is through a
Jacobian. If one cannot assume uniform distribution, the expression will get just
a bit more complicated, where the density at each clutter measurement has to be
used instead of the constant density.

To express the joint target-generated detections density, we introduce the association

. .. . =d
vector ad°t, which states the association between measurements in Z ket\z,(:) to targets
in X, \x("" It does not include the association of Zz(:) to x,ﬁ"k), since it is given by
a. There are j, — 1 measurements to associate, so n, — j, targets will be without

detection. We marginalize

—de
<Zkt \Z ‘d kaa mk7nk7jkvz-xk 7zlk 1) (335)
de s e N~ .
- Zp <Z t d t|d7Xk7a7 mkvnkv.]kaz-xk 7Z1 tk— 1)
adet
= Z (ZdCt } det d Xk,a mg, Ng, ]k,ka >Z1k 1) (336)
adct

- Pr {adet‘d,ik,afymkank>jka1 Zlk 1}

X

The measurements are independent, given their associations, so

—de
(Zk "\ z|d, X}, q, M, T i Lo Lot 1) (3.37)
= Z Pr{adet|a7 Xk, Zl:k—l} Hp (Zkl) |§g)’ Zl:k—l) ,

adet €D

where uninformative variables have been removed for clarity. For notational sim-
plicity, we use the same superscript for associated measurements and targets. In

B31), D represents the target-generated detections in Zj‘* \ z,(j), i.e., it is the set
of indices i for which d(i) = 1. We do not express the association probability at the
current stage. For notational simplicity, we use the short-form

P, = Pr{a®™|a, X}, Z1.4_1}. (3.38)

We are now ready to turn back to (3.28)), inserting the expressions derived thereafter,
p (zk \Z](:)‘CL, mk7nk7jkaxkvz-xk 7zlk 1) (339)
(]k — D)!(my — ji)! /Zcmk i
(mk — 1).
: Z P Hp (Z,(; ‘ik ) Zl:k—l)

adet 1€D

NE— 1)

Vk|k—1 (i;(:)) Uk|k—1 (X;i
Nijk-1 Nijk—1

) ax\V . aximh),
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Combining likelihoods p(Z,(j)\i,(j), Z1.x—1) with densities vk|k_1(i,(f)) we can write

p (zk \ 2, my, g, i Xy Tyt Lo 1) (3.40)

_ U —(2;_ 11>— Jr)! / Zcmk i
Vk|k—1 X()
3 I (0 Nkfﬂ

adet 1€D

<
Vk|k—1 (Xk )
: | | —dxl(:) . .dxffn—lﬁ
14D Nijk—1

where | ¢ D points out the clutter detections in Zj, \ z,(j), given by d. The multi-
dimensional integral can be split up into a product of single-dimensional (in terms
of x;,) integrals

p (zk \ ZI(cS)|a’7 mka”k)jkaxkazi:ta Zl'k—l) (341)
(r — DY mg — ji)!
—= ka —Jk P
(mk — 1). Z azd;
Uklk—1 (X’(‘f)) <0
H/ zy |Xk>Z1k1) N ————=dX;,
iep klk—1
Vk|k— 1
et
1D Nijk—1

The integral of a pdf is one, so the last factor is equal to one. Thus,

p <zk \ 2 |a, e, e, i, Xp, g, Zl-k—l) (3.42)
(ke — 1) me — ji)! iy
= m P
(mk — 1) Z ;
Vk|k—1 (i,@) )
AT / T ) — L
s klk—1

By changing integration variable from K,(j) to X; and by going back to set notation

for Xy \ xi (where x;, is again a vector in the unordered set), we obtain

p (zk \ZIES)|a mkvnkvjkyxkaz.xk 7Z1k l) (343)
(e — Dmi — Jir)! i
= m P
(mk - 1)! Z zd:t

v X
[H/ Zk |Xk7Z1k 1) k]]ifl( k)ka] .
1€D klk—1
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In the Gaussian-mixture CPHD, the predicted intensity function is a sum of Gaus-
sian components,

Jk—1

) ()
Vklk—1 (X Z wk|k 1 <Xk"mljk—17Pk(Tk—1>'

Furthermore, the measurement models gives

p (Zl(ci)|xk> Zl:k—l) =N (Z,(f); ka,Rk> . (3.44)
Using the product rule for Gaussian densities in (2.34)), (2.35)—(2.37), we get
; 1 (x
/p (Z,(Z)ka, Z1:k—1> dek (3.45)
Nijk—1
1 Jk\k 1
- ( »$ . ( 78) ( »S
-1 1
Jrk—1
i). () (@,8) \ _ 7()
Nk|k 1 Z wklk 1 (Zk 7zk|k l’Sljk 1) =Ly, (3.46)
q=1

where L,(f) is the weighted single-detection likelihood, introduced in (2.39)).

We thus have

p (zk\zl(:)‘a mkvnkvjkaxkvz-xk 7zlk 1) (347)
_ e =X mk_]k ik (i)
" Pl L,
WS |

As we see, there is no a%®* dependency in the sum over a®*, since D is determined

only by d. So, since P, sums to one, we can remove the sum over the association

vector a®t. Hence,
p (zk\zl(:)‘a mkunkvjkuxkvz-xk 7zlk 1) (348)
(e — D! mk - ]k (i)
— ka —Jk L

The sum over d is the permutation of all combinations of j, — 1 detections from the
set Zk\zk , 80 it never includes measurement s. The sum-multiplication of weighted
single-detection likelihoods can be expressed as the elementary symmetric function

(cf. @2.410)
1 ({L;D,...,L;mk} L(S) STz (3.49)

d €D

We are now ready to express the detection likelihood in (BI6]), where we transform
back to set notation of measurements (cf. (B.62)). We also reintroduce the pdf
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D (z,(:)\xk,zl;k_l) that we left unconsidered in (3.26]), where measurement z,(:) is

determined by the association variable a. We obtain

p(Zk, mk|nk7 Xk7:z-xk ) Zl k— 1) (350)
min{mkvnk} n )
= E ( ko )Pj ! (1 Pd)nk_]k Pc (mk — ]k)
— jk —1
JE=
3 1 (ke = Dy — Ji)!
) | (s) 7. ) Jk k
mg: : mkp (Zk Xk, Ziy:k—1 (mk — 1).

LM ({L,ﬁ Lo, L }\ij)).
Expanding the binomial coefficient, and using that my(m; — 1)! = my!, we get

p(Zk,mk|nk,Xk,I Zlk l) (351)

Xk )

min{mpg,ng} (nk _ 1>‘

= 2 G G

Jr=1

. e — D (mg — i)
-mk!Zp(Z,(ﬂXk,lek—l)(k N = )

my,!
cemig oy (L, rm b ).
Simplification yields
P(Zge, e, X, Ty, Zoyios) (3.52)

X

Pl (1 — Py)™ ™ P, (my — )

min{mg,ng}

G § | n
= 3 e P (= R P )
Jrk=1 ’

: Zp (Zl(;)|xka Zl:k—l) . ka_jko-jk—l ({ngl)> BRI Ll(gmk)} \ Ll(:)) .

Note that summing over a implies summing over all measurements z,(:) € Z.

There is still one unknown factor, the likelihood p (z,(f) |xk, lek_l). This pdf is given

by the measurement model,
p (Z;(f)|xk, Zl:k—l) =N (z](j); Hxy, R) : (3.53)

After multiplication with the predicted intensity function vg,—1 (x| Z1:4—1) (cf. B.3)),
we will obtain components

Jkk—1
s 1
N(z,g>;ka, ) 3wl (Xk;mg;_l,la;|;_l) (3.54)
Nije—1 4=
Jkk—1
_ (a) (s). (g,s (@,5) pla9)
= Z wk(fk—lN< Zi s k|k 1’Skq\k 1>N<Xk7mkq\k ’qu\k ) (3.55)
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The latter Gaussian is the updated component of the Gaussian mixture, when mea-
surement z,(:) has been declared a target measurement. The first Gaussian is the
likelihood of mixture component ¢, given measurement z,(:). For each component in
the above sum, we will obtain m;, components, when multiplying with (8:52]) (exclud-
ing p(zz)|xk)). Thus, in the detection update, we will obtain one posterior Gaussian
maixture component for each component in the prediction and for each measurement

in Zy, in total Jy,_1my components.

When comparing the expression in (3.52) with the corresponding expression in
(Ulmke et al. 2007), it is observed that the expressions differ by a factor ng. We
will discuss more about the differences between the equation after the subsequent
section.

3.2 Missed detection likelihood

To express the missed detection likelihood p(Zk|nk,xk,Ij$SS, Ziy_1) in BI4), we
start by marginalizing over the true number of target-generated detection ji. Since
we know that target x; is not detected, the true number of detections is somewhere
between 0 and min{my, ny — 1}, hence

min{my,n;—1}

P(Zey |, X, T Zonmt) = Y P Lo e, G|, X, Ton™, Zoygmt) - (3.56)

Jk=0
min{mg,ng—1}
= > p(Zlmg v, Gy X, TS, Zoy gy (3.57)
Jk=0
- Pr{my, ji|ng, xe, T2, Zyg—1 }
min{mg,ng—1}
= Z P(Zi| e, i, i, X, Ter™®, L) (3.58)

Jk=0

- Pridm|ji, v, X, T2, Ly ¥ Pr{ji|ne, Xp, Too™, Zyp—1 }.
In ([B.5]), the second factor is

Pr{m|ji, e, Xi, Tir®, Zyg—1 } = Pr{my|jx} = P. (mi — ji) » (3.59)
and the third factor is
Pr{ji|ng, xp, T2, Zyg1 } = Pr{ji|ne, xp, T} (3.60)

Equation (3.60) states the probability that, given nj targets, one of which is the
randomly selected and not detected target xj, we receive 7, target-generated mea-
surements. Of the ny — 1 targets which could have given rise to a measurement,
jr of them actually has. The number of ways in which j; detections can be chosen

from n;, — 1 targets is ("’;;1), hence

nk—l
Tk

Pr{jk|nk,Xk,I;r£SS} _ ( )Pj'k—l (1 B Pd>’ﬂk—1—jk ) (361)
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To express the density p(Zg|mx, nk,jk,xk,ImlsS Z1._1) in (3.60), we transform the
RFS Z;, into an ordered matrix

D(Z |, ks Gy Xiey T Ziy 1) = 1 p(Ze |, iy iy Xy T Ziy 1), (3.62)

Xk Xk

We then marginalize over the remaining targets Xy, \ xx

Zk‘mk,nk,]k,Xk,Im Zlk 1) (363>

Xk

= /p (Zie, X \ X | 0, e, s X, T Ly ) dX \ X

= /]9(zk‘Xk,mk,nmjk,XmIgSS,Zl;k—l) (3.64)
P (X \ Xk |, e, s X, To™, L1 ) X \ X

By transforming the RFS X, \ x; into an ordered matrix, we obtain
P(Zi |, e, iy X, Tpr™, Loy go—1) (3.65)

= (nk_l)!/ (Z | X, 7, e, s X L™, Loy
P (X \ Xk |, i, s X, Lo, Ziyi—1 ) dX i \ Xy

By indexing the target under consideration i,i") = X}, we note that

Vk|k—1 <Xk ) Vk|k 1( s 1))
(Xk\xk|mkanka]k>ImISS Zl:k—l) - N | e N ‘ 5 (366)
klk—1 klk—1

since all targets in Xk\xk are independent and identically distributed according to
the predicted PHD divided by the expected number of targets Ny ,—; at prediction.
The matrix X, has always its last column x,(g"’“) = Xj.
To describe the density p (Zk}ik, My Ny Thes xk,Im‘SS Zi._ 1) we introduce the vec-
tor d, which states which detections in Zj that are target-generated and which are
clutter. We marginalize over that vector

P (Z| X, muge, g, oy T, Zi s ) (3.67)

Xk

= Zp (Zield, X, g, ng, i, T2, Zoys)

- Pr{d| Xy, my, ngs Ji, T2 Ziyg 1}

Xk
All measurement classifications are equally probable, so

. iss 1 ) ' me — 1 '
Pr{d|Xk>mk>nk>]kaI§;€ >Z1:k—1} - ma :jk( k ]k) . (368)

(jk) my!
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Further, the clutter measurements are independent from the target-generated mea-
surements, by which

(z |X mkankajkazmlss Zl:k—l) (369)
clu
Z <Zk t|d Xk,mk,nk,]k,Im Zlk 1)
d

7t miss ]k' mg — Jk !
(Zk |d, Xy, g, 1k, i, L, ,lek_1> %
ke

The clutter detections are independent, with densities ¢ (zy). Assuming uniformly
distributed clutter in the measurement space, we get

Xp ?

(Zgut‘d X, @y Mgy My iy T, Z o 1) = ™k (3.70)

where c is the clutter density in the measurement space.

To express the joint target-generated detections density, we introduce the association
. L . d :
vector a?®*, which states the association between measurements in Z ket to targets in

X\ x,ﬁ"k). There are j, measurements to associate, so ni — 1 — j, targets will be

k)

without detection, since target x,"*’ is undetected. We marginalize

de
(Zk t‘d Xk7mk7nk7.]k71m 7zlzk—1> (371)
Fde X . iss
= Z (Zk t’ det|d,Xk, mk,nk,jk,:z;[:; ,lek_1>
adct
de e X . iss
= Zp (Zk t‘ad t7 d7 Xk7 mg, nka]kazz ) Zl:k—l) (372>
adct

det X : iss
- Pr {a ‘d,Xk,mk,nk,jk,Iﬁ; ,lek_l}.

The measurements are independent, given their associations, so

(Ziet\d X, M, Tk i Lot ,Z1;k_1> (3.73)
= Z Pr{a® X}, Zi.x 1} Hp <_(2 ‘Xk VAN 1)

adet €D

where uninformative variables have been removed for clarity. For notational simplic-
ity, we use the same superscript for associated measurements and targets. In (B.73)),

: . omdet . L, o .
D represents the target-generated detections in Z ket, i.e., it is the set of indices i for
which d(i) = 1. We do not express the association probability at the current stage.
For notational simplicity, we use the short-form

P, = Pr{a®"| X}, Z1.x_1 }. (3.74)
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We can now express (B3.63]), by using the expressions derived thereafter,

P(Z e, g, ey X, T Ziyigo1) (3.75)

X 7

(ng — 1)! /Z]k mk—]k e ]kZP Hp<zk |Xk e 1)

adet €D
(1) —<(nk—1)
Vk|k—1 (Xk Vk|k—1 | X

Nijk—1 Nijk—1

) dx\V . dxmY.

Combining likelihoods p(Z,(j)|§,(j), Z1.;—1) with densities vk|k_1(§,(f)) we can write
P(Zi e, e, ey X, T Ziyigo1) (3.76)

= (ny — 1) /ij k_]k mk]kzp

adet

) Uk|k—1 (il(ci))
Hp( \Xk v Ly 1) —

Niji—
ieD klk—1

where | ¢ D points out the clutter detections in Zj, given by d. The multi-
dimensional integral can be split up into a product of single-dimensional (in terms
of x;,) integrals

p(zk‘mkynkajkaxkazi’:ss)Zlk 1) (377>
ey [ s,
adct

Uklk—1 (Xé)) <)
H/ Zk |Xk>Z1k1) N ————dx,
P klk—1
H/Ukk 1 _g)
1D Nk|k 1

The integral of a pdf is one, so the last factor is equal to one. Thus,

P(Z| i, g, i, X, Tgo™, Zyp—1) (3.78)
= (nj, — 1)! /ij mk_]k e ykZP
adet

Ukl 1(X§€)) )
H Zk "=y, Z 1) Nee1 4%,

€D
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By changing integration variable from i,(f) to X; and by going back to set notation

for Xj \ xi (where x;, is again a vector in the unordered set), we obtain

zk‘mkankajkaxkazzissazlk 1) (3.79)
i (my, _]k M=k P,
- [T e S

v X
[H/ Zk |Xkazlk 1) k]]ifl( k)dxk] .
D klk—1

Using the results from (3:45) and (3.4G), we get

zk‘mkankujkaxkazzissv Zyg-1) (3.80)
oI 14
adet 1€D

As we see, there is no a%®* dependency in the sum over a®, since D is determined

only by d. So, since P, sums to one, we can remove the sum over the association

vector a®°t. Hence,
P(Zie| e e, s X, g™, L1 (3.81)
T [ L (i)
2" n
Using the elementary symmetric function, defined in (Z41), we write
p(zk}mk,nk,jk,){k,z—,ﬁ; azlzk—l) (382>
ikl (mg — Jp)! , m
_ Il = )t o I iy, ({0, ™).
k-

We are now ready to express the missed-detection likelihood p(Zg|ns, X, I;‘};SS, Zik 1)
in (3.56)
P(Z, M|, Xy, I,ziss, Zyg1) (3.83)

min{mg,np—1}

i — i) _
_ Z mk!]k-(mn]; ' Jk).cmk_jkajk ({L]gl)"“’ngmk)}>
k-

Jk=0

- Pe (mi — Ji) (

3>

_ 1) ng_l (1 _ Pd)nk—l—jk .
k

By expanding the binomial factor ("’;;1), we obtain

p(Zk,mk‘nk,Xk,I;::SS,Zl;k_l) (384)

min{myg,n—1}

i — i) )
_ Z mk!Jk.(mﬂ;; ' Jk).cmk_JkUjk ({LS),...,L,gm’“)D
k-

Jx=0

: (ng — 1)!
-P.(my, — -
(. ]k)Jk(k—l—Jk)

ij 1 (1 Pd)”k_l_jk ]



3.3 Update equations 27

By simplifying and rearranging, we get the final result

P(Z, M|y, Xy, I,ziss, Zyig1) (3.85)
min{myg,np—1} (nk _ 1)'

- X (ne — 1 — jg)!

Jk=0
P = P o ({10 L)

(mp — Ji)! P (M, — Ji)

The update under missed detection described by (B.83)), differs from the numerator
of the corresponding expression in (Ulmke et al. 2007) by a factor ny, which was also
the case for the detection update in section (B.II). However, the weights calculated
according to the equations in this section are to be normalized, so they do not
describe the final weight after missed detection update.

3.3 Update equations

In order to update the intensity function of the GM-CPHD algorithm, we saw previ-
ously that it can be performed by multiplying the predicted intensity function with
the density p(Zy|Xg, Z1.x—1), followed by a normalization. The density function is
first expressed in (B.6]). Using the results from Sections Bl and B2l we can explicitly
express the density.

P(Zy|xp, Zy.j—1) = Z Pr{ng|Zy.x—1} (3.86)
nE=1
P(Zie| e, X, T5*, Zoygo—r ) Py (x4,
+ p(Zg| e, X1, T, Ziy—r) (1 — Py (1))

For a missed detection, each component ¢ in the predicted intensity function becomes
a component in the posterior intensity function. The mean and covariance of the
updated component are equal to the predicted ones. The unnormalized weight E,(j}f),

where 0 represents missed detection, is given by

—(¢,0 C (ng — 1)!
wl(jk) = w,(;‘]i_l <1 — chq)> Z Pr{nk‘ZI:k—l}m (3.87)

TLkZI

min{mg,nr—1}

Z (mk - jk)!Pc (mk — ]k) chk:—l (1 . Pd)n’“_l_jk

Jk=0
oy ({20, Em )

where chq) is a state-dependent detection probability, associated with component gq.
Often, a constant detection probability P; = P;q) is used.
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For each detection z,(:) and each predicted mixture component ¢, a new mixture

component (g, s) is created after the measurement update. The mean and covariance
matrix of this component is given by

mlf) = m) |+ Wi (7 - Hmf) ) (3.89)
P = (1-W,H) P}, (3.89)
where
W, =Py H[S;! (3.90)
Sp = HyP{!)_ H} +R. (3.91)

The matrix Hj is the measurement model, PML , is the covariance matrix of the

predlcted mlxture component ¢, and mk|,)€_1 is its mean value. The unnormalized

weight wk| k ) of the mixture component is given by

@l = wif  PION (20, S, ) (3.92)

min{my,,ny }

(ny, — 1)! ‘
Pri{n.|Z my — Ji)!
Z { k‘ Lik— 1} (5 — jp)! ]kz::l (M — Ji)
- PN = Py)"™ T P (my, — ji)
'ka_jkO'jk_l ({LI(: ,..., (mk }\L(S)

where Pd(q) is the component-dependent detection probability, which is often assumed

nkl

equal for all components, i.e., PCEQ) =P,

The update equations for both detection and missed detection differs from the nu-
merator equations in the corresponding expressions in (Ulmke et al. 2007). However,
in the procedure of this report, the calculated weights of the mixture components
are to be normalized such that they sum to the expected number of targets. That
is, the weights are normalized such that the sum equals NV }Qfﬁp. After normalization,
the sum of the weight will thus be equal to the sum of the weights obtained by the
approach in (Ulmke et al. 2007). It is hence clear that the cardinality estimates will
not differ between the approaches. The mean and covariance of the mixture com-
ponents propagate in the same manner for both descriptions. The only thing that
can differ between the presented result and the one in (Ulmke et al. 2007) is then
the distribution of the component weights among the mixture components. In order
to determine if there is a difference in practise between the two GM-CPHD update
equations, the two sets of expressions were implemented. The alternative filters were
run on a ground target tracking scenario, described in (Svensson et al. 2009). For
the specific scenario tested, no difference in performance was observed. As measure
of performance the Optimal Subpattern Assignment (OSPA) measure (Schuhmacher
et al. 2008) was used.



4 CONCLUSION

In this report, an alternative derivation of the update equations of the Gaussian
mixture cardinalized probability hypothesis density (GM-CPHD) filter has been
presented. The equations have been compared with the equations in (Ulmke et
al. 2007). However, since the update procedures are a bit different, the comparison
is not direct. It does however appear to be a slight difference in the update of the
weights of the mixture components between the two sets of expressions. To study
if any of the sets of equations is beneficial, both filter equations were implemented,
and evaluated on a ground target tracking scenario. The preliminary results indicate
that there is no substantial difference between the two weight equations, when it
comes to performance of the filter.

For the cardinality update, the aproach presented in this report provides the same
equations as is presented in (Ulmke et al. 2007). Since the weights sum to the
expected number of targets for both setups, it is only in the distribution of the
weights among the components that the two descriptions differ.

Future work is needed in order to determine if there is a motivation for using the
one or the other approach. It is also necessary to compare the two considered filter
equations with the original GM-CPHD description in (Vo et al. 2006).
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