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Extended geometries

Extensions of geometry motivated by the symmetries of string theory/M-theory
ROBIN KARLSSON

Department of Physics

Chalmers University of Technology

Abstract

The low-energy effective field theories of string theory/M-theory compactified on torii
possess “hidden” symmetries given by the exceptional Lie groups. Moreover a discrete
version of these, U-duality, appears to be unbroken in the full theory. Generically such
transformations mix gravitational and non-gravitational degrees of freedom and a covari-
ant formalism calls for a merger of the underlying fields. The goal of extended geometries
is therefore to generalise ordinary geometry in order to include non-gravitational degrees
of freedom as a part of an extended geometry. This is done by introducing space-time
coordinates in a module of an arbitrary structure group and by the introduction of gen-
eralised diffeomorphisms. The physically most interesting cases, being double geometry
and exceptional geometry based on even-dimensional orthogonal groups and exceptional
groups respectively, are reviewed before the general construction of extended geometries is
introduced. Especially we focus on closure of the algebra of generalised diffeomorphisms
which for consistency requires a local embedding of ordinary geometry specified by the
so-called section constraint. Moreover, an invariant action for the generalised metric is de-
rived as well as geometrical objects such as torsion and a generalised Ricci-tensor. Lastly
exceptional geometry based on the rank seven exceptional group with a global solution to
the section constraint is used to study properties of flux compactifications from eleven-
dimensional supergravity to four dimensions.

Keywords: Extended geometry, U-duality, M-theory, Symmetry.
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1

Introduction

During the 20th century fundamental physics was split into two overarching categories:
quantum physics governing the subatomic world through the strong, weak and electro-
magnetic forces and the theory of general relativity describing gravity. The latter tells the
story of gravity warping space-time such that an object in it follows the shortest path in
a curved space-time. On the other hand we have the other three forces. These are de-
scribed by quantum field theories in which particles arise as excitations of quantized fields.
This framework works extraordinarily well to high precision tested by particle accelerators
around the world, e.g. at the Large Hadron Collider at CERN Geneva. Quantum field
theory is conventionally placed in a flat space-time, in agreement with Einsteins ingenious
equivalence principle, stating roughly that in a sufficiently small region space-time looks
flat, and the fact that the force of gravity is many orders of magnitudes weaker than the
other forces. However, a black hole presents a region of space-time where gravity is very
strong and one should start to worry about quantum effects and gravity being of similar
strength. Stephen Hawking thought about this and reached the conclusion that quantum
effects would lead to evaporation of the black hole, in stark contradiction to the classical
result. Except for gravity the development has been to take a theory, say electromagnetism
coupled to matter, and quantise the fields of the theory. One would therefore try to do
the same with the gravitational field. However, this turns out to be incredibly hard and
pathological; quantising gravity turns out to give a non-renormalisable theory unable to
predict physical observables in contrast to the renormalisable theories of the other forces.

A common tool for fundamental physics during the last century has been the use of
symmetries. Notably the standard model of particle physics relies on the gauge group
SU(3) x SU(2) x U(1) and without this symmetry the theory would lose its predictive
power. In fact, even the particle spectrum is in some sense determined, or at least re-
strained, by ensuring that these symmetries hold non-perturbatively through so-called
anomaly cancellations. General relativity on the other hand is governed by the symmetry
of diffeomorphism invariance, which roughly speaking implies that the laws of physics look
the same in an arbitrary coordinate system.

Finding a consistent quantisation of gravity, quantum gravity, has been an ongoing field
of research for many years, the most promising theory being string theory. String theory
replaces the notion of the most fundamental objects as pointlike to be one-dimensional
extended objects, strings. Oscillations of such strings are interpreted as different particles
of which it turns out that the graviton, the particle mediating gravity, is present in any
consistent theory of quantised strings. It turns out that extended objects perceive the
physical world quite differently than particles which seems to make the theory more well
behaved than their pointlike counterparts. However, one striking implication of string
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theory is that it can be consistently formulated only in ten space-time dimensions, which
seems to be in contradiction with our everyday experience of only four dimensions. One
way of dealing with this is the idea of compactification where certain spacelike directions
are “small” compared to the others, such that the effective dimension perceived is lower.
Moreover, five consistent theories of strings have been developed: Type I, Type ITA /B and
two heterotic string theories. These were thought to be five inequivalent theories and the
hope was that one of them should describe our physical world. However, it was argued by
Witten [1] that they all were in fact related to each other through dualities. Even more
so, their description at low energies can be derived from a theory in eleven dimensions
dubbed M-theory. This theory in one dimension higher is known at low energies while the
full theory still remains unknown.

1.1 Dualities and extended geometries

A key feature of string theory dualities is that gravitational and non-gravitational degrees
of freedom are mixed. However, gravity describes the geometry of space-time which is
conceptually different from other fields living in this space-time. In order to make the du-
alities manifest symmetries and unify these degrees of freedom we should either generalise
the notion of geometry and space-time or in some way change our perspective of gravity.
In this thesis we follow the former and try to extend the ordinary notion of geometry to
also include non-gravitational degrees of freedom as part of the geometry and space-time.

Compactification of eleven-dimensional supergravity, the low energy effective field theory
of M-theory, on a torus 7% has been known for a long time to possess a rigid global hidden
symmetry group’ Eqa) [2, 3, 4], which turns out to be the continuous version of the discrete
duality groups. The goal of exceptional geometry is to make the action of the duality group
manifest in the formulation of the theory prior to any compactification. This is done by
replacing the structure group GL(d) by Eq(q) x R as well as to consider an enlarged space-
time with coordinates transforming in a module of the structure group. To relate these
exceptional geometries to a theory based on ordinary geometry a choice of a “physical
subspace” of space-time is chosen by the so-called section constraint. In other words,
by defining a local embedding GL(d) — Eyq) x R* the ordinary notion of geometry is
obtained. Solving the section constraint is crucial for the consistency of the theory and
importantly this is done in a covariant manner.

Extended geometry [5] is a general formalism for describing a geometry with a structure
algebra that is a split real form of a Kac-Moody algebra g x R, which in turn exponen-
tiates to a structure group G x R™. One then introduce generalised diffeomorphisms, in
analogy to ordinary diffeomorphisms, and demand that the theory is invariant under such
transformations. Especially, in order to ensure covariance the algebra of generalised diffeo-
morphisms needs to close which as in the exceptional case demands a section constraint.
The dynamics of a generalised metric can then be formulated in terms of an invariant ac-
tion and geometrical objects such as connection, torsion and a generalised Ricci tensor can
be constructed. Note that as special cases this formalism includes both double geometry
and exceptional geometry which are the two physically most interesting cases.

'This group will be called the duality group and it should be clear from context whether this concerns
the continuous or the discrete version.
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Moreover, the construction of extended geometries hints about a deep connection be-
tween geometry on one side and certain algebraic structures on the other. Typically such
algebraic structures arise from extensions of the structure algebra; important examples
are given by adding an even or odd simple root to the Dynkin diagram of g such that one
obtains a Kac-Moody algebra or a Borcherds superalgebra respectively [6, 7]. Such exten-
sions are often infinite-dimensional and as such encode a rich algebraic structure of the
theory. Even larger structures which seems to have even deeper connection to extended
geometries are the tensor hierarchy algebra [8, 9] and L, algebras [10, 11].

1.2 Flux compactifications and generalised geometry

String theory and M-theory are well defined in ten and eleven dimensions respectively
and at face value seems far-fetched from our observed reality. However, assuming that
space-time is divided into an external and an internal space-time offers a solution to this
problem. Since the extra dimensions of the compact internal space-time is not observed
at low energies the characteristic length scale is supposedly small compared to the length
scale with which we currently can probe nature.

From an external point of view when compactifying a theory the purely internal degrees
of freedom are described by scalar fields. These scalar fields do e.g. determine the geometry
of the internal space as well as any internal flux of gauge fields. Typically the simplest
compactifications, e.g. on torii, produces an excess number of massless such scalar fields, or
moduli, that leads to many different problems, one of which is that they would give rise to a
long-ranged fifth force that is not observed experimentally. To obtain a phenomenologically
more interesting theory the internal geometry either needs to be more complicated or one
could allow for gauge fields with fluxes along the internal directions. Flux compactifications
[12] have received much interest in the last decade leading to the notion of a large string
theory landscape. However, flux compactifications are rather difficult to deal with while
the purely geometrical backgrounds can be dealt with more easily using geometrical tools.

Flux compactifications it turns out can be studied effectively using (exceptional) gener-
alised geometry. These are geometries obtained by solving the section constraint globally,
i.e. choosing a physical subspace of coordinates globally, and which by construction has
a manifest action of the exceptional groups. Especially, this formalism naturally includes
the presence of non-trivial gauge fields as part of the geometry. For this reason there exists
appropriate generalisations of the geometrical tools used in the flux-less case. These allow
us to study compactifications with fluxes using again a (generalised) geometrical language
[13, 14, 15, 16].

1.3 Outline

The second chapter provides a short introduction to Lie algebras that will be crucial for
the remaining part of the thesis. Moreover, Kac-Moody algebras as well as Borcherds
superalgebras are introduced by two examples that are of much importance for the con-
struction of extended geometries. Chapter 3 introduces the most basic notions of string
theory with the goal of motivating the appearance of T-dualities of the bosonic string.
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Figure 1.1: Schematic diagram of some of the relations between M-theory, string
theories (ellipses), supergravity theories and extended geometries.

Furthermore the field content of supergravity in ten and eleven dimensions is introduced
as well as some instructive examples of compactifications. The goal of this is to put into
context the somewhat abstract ideas of extended geometries that this thesis introduce.
Lastly in this chapter the notion of “dualities” in general is discussed in more detail. In
Chapters 4 and 5 double field theory and exceptional field theory respectively are intro-
duced. These theories are formulated with a manifest action of the duality groups and one
retrieves ordinary supergravity theories as certain solutions of the section constraint. Es-
pecially they provide the two physically most interesting examples of extended geometries
and, moreover, also show how to include the external space-time which is not included in
the pure formulation of extended geometries. The main part of this thesis concerns the
formulation of extended geometries introduced in Chapter 6. By analysing the consistency
of generalised diffeomorphisms a complete list of extended geometries without so-called
ancillary transformations are found. Furthermore, a pseudo-action invariant under gener-
alised diffeomorphisms encoding the dynamics of the generalised metric is formulated. We
then continue by introducing geometrical objects such as a connection, torsion and gener-
alised Ricci tensor characterising an extended geometry. The goal of the last chapter is to
study flux compactifications with a (exceptional) generalised geometrical formulation. To
do this some ordinary geometrical tools used for fluxless compactifications are introduced
as well as the basic concepts of generalised geometry. A schematic diagram of the relations
between some of the different theories discussed in this thesis is presented in Figure 1.1.
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Symmetry algebras

A cornerstone of extended geometries and any fundamental theory of physics is symmetry.
Hence, this chapter aims to introduce the corresponding mathematics describing these
symmetries, especially Lie algebras and their representation theory. In order to construct
extended geometries we need, in particular, to understand Dynkin diagrams, weights and
representation theory. Moreover, we extend the finite-dimensional Lie algebras to certain
infinite-dimensional algebras, Kac-Moody algebras as well as Borcherds superalgebras,
which encode important information about the theory.

Finite-dimensional simple Lie algebras have been completely classified and come in four
different (infinite) families

an—1 = 5[n7 bn = 502n+1, Cn = 5P2n7 Dn = 5092,
together with five exceptional algebras

927 f47 267 e77 e8‘

The two main examples that are of interest in this thesis are the so09, family and the
so-called ej-series. The general construction of extended geometries is, however, based on
an arbitrary Kac-Moody algebra g.

A complete introduction to the theory of Lie algebras is beyond the scope of this thesis.
Instead the goal is to introduce main concepts that are of interest later on. For a thorough
introduction to finite-dimensional Lie algebras we refer to [17, 18, 19] and for infinite-
dimensional algebras [20]. In Section 2.1 Lie groups, representations and how to retrieve
the corresponding Lie algebra is reviewed. The theory of Lie algebras is then introduced
in Section 2.2. Extensions of finite-dimensional Lie algebras to Kac-Moody algebras and
to Borcherds superalgebras are then described in Section 2.3.1 and 2.3.2 respectively.
Two specific examples of extended algebras are introduced which is used later on for the
construction of extended geometries. The appearance of these kinds of extended symmetry
algebras in string theory and supergravity is further presented in [6, 7, 21, 22].
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2.1 Lie groups and their connection to Lie algebras

A group is simply a set G together with an associative multiplication rule ‘-’ such that the
following properties hold! (for any g,h, k € G)

g-hed, closure
g-(h-k)=1(g-h)-k, (associativity)

Jdee G s.t. e-g=g=g-e, (unit element)

1

dgted s.t. gl g=e=g-g . (inverse element)

These axioms are natural properties of symmetry transformations which motivates the use
of groups to describe symmetries. The main interest in this thesis will be in continuous
infinite-dimensional groups called Lie groups.

A Lie group G is a group which is also a differentiable manifold together with a group
operation which is smooth. A typical example of such a group is SO(3) describing rotations
in three dimensions. Elements in the group acts as symmetry operations on physical
objects such as fields and how they act are described by representations (p,V)?, where V
is a module (vector space) on which the group acts according to the linear map p. The
map p is further a homomorphism such that for g1,g92 € G

p:G—=Aut(V)  p(g1-92) = p(g1) © p(g2), (2.1)

where ‘-’ denotes group multiplication and ‘o’ composition of linear maps (matrix mul-
tiplication for finite-dimensional V). A subrepresentation W C V is a subspace which is
preserved under the action of G, i.e.

plg)w € W forany g€ G, weW. (2.2)

Importantly, a representation is called irreducible if it does not contain any subrepresen-
tation except for the trivial representation {0} and V itself. Given two representations
(p1, V) and (p2,Vs) it is possible to build two new representations, the direct sum repre-
sentation and the tensor product representation

(Vi®Va,p8),  ps:g— pi(g) ® p29), (2.3)
(V1 ® Vs, pg), pe g+ p1(g) ® pa(g). (2.4)

Moreover, a representation is called indecomposable if it can not be described as a direct
sum of representations. Irreducible and indecomposable representations are thus “building
blocks” for a general representation. Note that a decomposable representation is reducible
while a reducible representation need not be decomposable. However, in the cases we
are looking at reducible representations will be decomposable. A given tensor product
representation of two irreducible representations R, and Rs can then be decomposed as a
direct sum of irreducible representations R; as

Ri1® Ry = @RZ (2.5)

'We denote groups with capital letters G' and algebras with the mathfeat font, e.g. g.
2Quite often a “representation” is interchangeably used for p and V, we adopt to this as it is usually
clear from context what is meant.



2. Symmetry algebras

In general a Lie group is a curved manifold which makes it somewhat difficult to work
with. Hence, it is often beneficial to linearise and look at infinitesimal transformations
at the identity element. Consider the case when G € Aut(V), i.e. G is a matrix group,
and take t € [—a,a] with a € R} and the set of curves v(t) : [—a,a] — G such that
~v(0) = e € G. The tangent space at the identity T,G then consist of elements § in the
corresponding Lie algebra

5= S0 (26)
What is gained is that the tangent space T,G is a vector space which in most situations
are easier to deal with. Moreover, the dimension of the Lie algebra is determined by the
dimensions of the manifold G. On the other hand one also introduce the exponential map
exp : ¢ — G in order to retrieve the group. For matrix groups this map is simply the
exponential of matrices in the usual sense, hence the name. Note that the topology of
the group becomes important when going from the algebra to the group. For a compact
connected group G the exponential map is onto such that any element in G can be writ-
ten using elements of the algebra. On the other hand, for a compact group that is not
connected only the connected part can be reached.

The group G carries a representation on the Lie algebra called the adjoint representation
Ad : G — Aut(g) by g € G and § € g acting as

Ady(7) = ggg " (2.7)

This is well-defined since the elements of the group acts naturally on the curve v used
to define §. In the same spirit we can look at the action of a curve passing through the
identity element acting on g with h, § € g which defines the adjoint action of the algebra

ad(h) : g — End(g), h — ad(h)(g), (2.8)
according to 1
ad(h)(g) = &Vh(t)%h_l(t)\t:o- (2.9)

It is easily seen that on matrix algebras the adjoint action is given by the commutator

ad(h)(g) = [h, g, (2.10)

which equips the tangent space with an anti-symmetric bilinear product, and hence defin-
ing an algebra.

2.2 Lie algebras

A Lie algebra g is a vector space with an anti-symmetric bilinear product called the Lie
bracket [-,-] : g x g — g that satisfies the Jacobi identity a,b,c € g

[a, [b, c]] + [b, [, a]] + [¢, [a, b]] = 0, (2.11)

which can easily be seen to be true for matrix commutators. Note that the Lie bracket is
non-associative, in fact the Jacobi identity can be seen as a condition to ensure associativity
of the Lie group. A representation of the algebra is given by a module V and a linear map
p: g — End(V) which satisfies

p([a, b]) = [p(a), p(b)], (2.12)
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where [-, -] denotes the matrix commutator. This differs from the property of a represen-
tation for the group, but follows from consistency with eq. (2.7). As for groups there is
a tensor product representation for Lie algebras. Given two representations the tensor
product representation is defined by the module V| ® Vo, with an action given by

P - g%End(Vl ®V2),

(2.13)
g p1(9) ©1+1@ pa(g),
where 1 is the identity matrix.
Since g is a vector space it is possible to introduce a basis T¢, where a = 1,2,...,dim g,
and write the Lie bracket as
[re, 17" = . 7°, (2.14)

where repeated indices are summed over. The f. are called the structure constants and
specify the algebra. If the structure constants vanish the algebra is called abelian.

A linear subspace h C g is a subalgebra of g if

[6.6] C b, (2.15)
and it is called an invariant subalgebra, or ideal, if also
[6.a] Cb. (2.16)

This give the important notion of simple and semi-simple algebras: a semi-simple algebra
is an algebra with no abelian ideals and a simple algebra, on the other hand, is an algebra
containing no proper ideals (i.e. no ideals other than the {0} and g itself). Simple algebras
can then be used as building blocks for more general algebras, for example the Lie algebra
related to the standard model of particle physics with gauge group SU(3) x SU(2) x U(1)
is given by g = su(3) @ su(2) @ u(1), with each component being a simple algebra.

So far the algebras have been implicitly assumed real, i.e. real linear combinations of
elements in the vector space. Note, however, that the matrix algebras such as su(2) still
contains complex entries. It is often convenient to extend the field (R — C) and allow
for complex linear combinations instead, which we will do from now on unless specified
otherwise. One consequence of this is that algebras that are inequivalent over R could be
equivalent upon complexification, e.g. su(2)c = sl(2,C) while su(2)r 2 sl(2,R).

An important object is the symmetric invariant bilinear form of a simple Lie algebra
called the Killing form. Given a representation p the Killing form is given by

R(T T?) = 5% — IlpTr (p(1*)0(1")). (2.17)

where I, is a normalisation constant that depends on the representation. Invariance of
the Killing form means that for any g, h, k € g it satisfies

H([[gv h]]> k) = H(ha [[gv k]]) (2'18)

Interesting properties can be read off from the Killing form, e.g. a semi-simple algebra
implies that the Killing form is non-degenerate. Moreover, if k is negative definite, then
the algebra is called compact meaning in turn that the corresponding exponentiated Lie
group is a compact manifold. Importantly, one can also use the Killing form and its inverse
to raise and lower adjoint indices.
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2.2.1 Example — Chevalley set

As an example we will study a; = s[(2,C) which is an important algebra because, as we
will see later, more complicated algebras can be constructed as a collection of “interacting”
a; subalgebras. This algebra consists of 2 x 2 traceless matrices over C and a possible

choice of basis is
1 0 0 1 00
() =0 LY e

The structure constants in this basis are easily calculated to
[h,e] = 2e, [h, f] = —2e, le, f] = h. (2.20)

Observe that the elements e, f can thus be seen as step operators increasing(decreasing)
the eigenvalue of h by 4+2. From a physicists point of view this is reminiscent of the
{J3,J4,J_} basis of angular momentum in quantum mechanics and the action of the
algebra is displayed in Figure 2.1. The Killing form in the fundamental representation,
this is the representation with p(g) = g for matrix algebras, is easily calculated and one
finds
2 00
k=10 0 1
010
with an ordering {h,e, f}. Indeed we find that det(k) # 0 as claimed for a simple Lie
algebra.

: (2.21)

Suppose that we have a finite-dimensional irreducible representation V. Then due to the
commutation relations one finds that h acts diagonally on vectors v € V and can therefore
be decomposed into eigenspaces of h according to

V=@V, (2.22)

where any v € V,, is an eigenvector of h such that® hv, = awv. As for a spin representation
in quantum mechanics one deduce that possible eigenvalues are integers symmetrically
distributed around the origin. A representation for a; can thus be specified by a vector
vy, where X is the largest eigenvalue of h on V. The representation is then spanned by
states obtained by acting with the lowering operator f on vy

V= {v,\,fv,\,f%A,...,f”v)\}. (2.23)

Note that evy = 0 as well as f(f)"vx = 0, the vectors vy and (f)"v, are therefore
called highest and lowest weight vectors respectively. The eigenvalues of h on V are called
weights, and especially, A is called the highest weight.

2.2.2 Roots, weights and representations

Based on the a; example we will now build up the representation theory for an arbitrary
simple Lie algebra g. The starting point is to find a maximal commuting subalgebra b

3Here we dropped the explicit use of p(h)v := hv, and we will continue to do so when convenient.
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Figure 2.1: Tllustration of the “weight” lattice for a;. Action of the algebra is indicated.

called the Cartan subalgebra, which in the example above was just given by {h}. The
Cartan subalgebra then act diagonally on any irreducible finite-dimensional representation
V. This property is analogous to the fact that commuting operators in quantum mechanics
can be simultaneously diagonalisable. Hence, the representation can be decomposed as

V=P V.. (2.24)

Compared to the case where ) were one-dimensional, the eigenvalue « in this case is rather
a vector containing the eigenvalues for each element in h. Another way to put it is that
« € b, i.e. « is a linear functional « : h — C. The dimension r of the Cartan subalgebra
is called the rank and is often denoted as a subscript on the algebra, e.g. g,, a,, ¢g and so
on. Especially, decomposing the adjoint representation we find

g=b® P ga, (2.25)

acA

where, by definition, for any h € h and v, € gq
adp(ve) = a(h)vy. (2.26)

This choice of basis is called the Cartan-Weyl basis. The sum in (2.25) is over a finite
set A C b* called the root system and the elements o € A are called roots. Moreover, it
follows from the Jacobi identity that

adg, (95) = [8a- 98] C ga+s- (2.27)

We thus see that by acting with an element in g, on some other element in gg, one can
“move” around in the algebra, or equivalently in the adjoint representation. Acting with
the Cartan subalgebra on the other hand preserves the subspace gg. One then defines
the root lattice Agr, which simply is an r-dimensional lattice spanned by integral linear
combinations of the roots @ € A. Furthermore, we split the root system A into positive
and negative roots as A = AT U A~. This can be seen as a choice of a hyperplane in the
root lattice such that it contains no roots, the set of roots thus gets divided in two disjoint
unions. Intuitively the positive roots corresponds to raising operators while the negative
roots acts as lowering operators. There are some arbitrariness in this choice, however, the
particular choice is without significance as long as one sticks to it. There is a canonical
choice of basis for the root lattice called simple roots; these are r positive roots such that
any positive root is obtained by non-negative linear combinations of such roots.

The discussion above concerned the adjoint representation, let us continue to some
arbitrary finite-dimensional irreducible representation V. As above this can be decomposed
into eigenspaces of b

V=P Vg, (2.28)
8
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2. Symmetry algebras

where 3, called weights, lie in some finite subset of h*. Using the defining property of Lie
algebra representations one finds that by applying an element e, € g on v, € Vg that

plea)vg € Vaygs. (2.29)

Hence, root vectors (a root vector e, is a vector in the vector space with the root « as
eigenvalue) can again be used to “jump between” vectors in V with different eigenval-
ues/weights as in the a; case. Moreover, using non-degeneracy of the Killing form, one
can show that if « is a root, then also —« is a root. This is important since one can then
construct a collection of a; subalgebras of g as

af =eq D e—o D [ea,e—a]- (2.30)

Any representation V of g must also be a representation of the subalgebras af, and since
the weights of a; are integer-valued it follow that also the weights of any representation
V of g are integer valued, i.e. a weight 5 € h* satisfies 5(h) € Z for any h € h. With this
one defines the weight lattice Ay, which is a rank r lattice containing all weights 8 such
that 5(h) € Z. Any representation is therefore equivalent to a set of weights in Ayy.

Importantly, any irreducible finite-dimensional representation can be characterised by
a highest weight A, as such we call the representation a highest weight representation. A
highest weight A and the corresponding highest weight vector is defined such that acting
with any root vector corresponding to a positive root o € A™ annihilates the vector

eqvy = 0. (2.31)

In the a; analogy with quantum mechanics this simply corresponds to the largest J3
eigenvalue with the generalisation that A is now a “vector of quantum numbers”. Given
any highest weight vector vy the corresponding highest weight representation V consist
of elements obtained by acting with root vectors corresponding to negative roots a € A~
on vy. Since by assumption the representation is finite-dimensional and irreducible this
construction eventually terminates.

The Killing form for semi-simple Lie algebras was introduced above as a non-degenerate
symmetric bilinear form on the algebra. Being non-degenerate implies that it defines an
inner product on g, and hence also an isomorphism between algebra g and its dual space
g*. Therefore, since o € h*, any root « is associated with an element h, := o called a
coroot in the Cartan subalgebra such that

BlaY) = : (2.32)

for any 8 € bh*. Moreover, this in turn can be used to define a non-degenerate inner
product (-,-) on h* according to

(o, B) := cacgh(ha, hp), (2.33)

for some constants ¢, 5. The coroots of simple roots a; are called simple coroots a’. Using
simple coroots a canonical basis on the weight space is given by the so called fundamental
weights A; satisfying

11



2. Symmetry algebras

Any weight vector can thus be expanded in fundamental weights
A= Nl (2.35)
i

where the coefficients \; are called Dynkin labels. An irreducible finite-dimensional module
of a semi-simple Lie algebra is uniquely defined by an integral dominant highest weight A
of multiplicity one, here integral dominant means that \; € Zx.

A partial ordering is introduced between weights as follows: given two weights A and p,
then A > p if A — p is expressible as a non-negative linear combination of positive roots.
Moreover, the height h of a root 3 is defined as

T T
B=> ao; = h=) a. (2.36)
i=1 i=1

For a simple Lie algebra there exists a unique highest root, typically denoted 6, such that
hg > hg, for any other root a. Moreover, one defines the so-called Coxeter labels a; and
dual Coxeter labels a) as the coefficients (up to scaling) of the highest root in simple roots
and coroots respectively according to

T 2 T
6 = ;aa @ 9)9 = ;ayay. (2.37)

Yet another important object that is of interest is the so-called Weyl vector p. The Weyl
vector is defined as

p ::% Z a, (2.38)

acAt

and one can show that it can also be rewritten as

p=>_ A (2.39)
=1

2.2.3 Cartan matrix and Dynkin diagram

We have seen that a Lie algebra is specified by its root system. Another way to characterise
a Lie algebra which is convenient for further extensions later on, is through its Cartan
matrix. The r x r-dimensional Cartan matrix can be obtained from the root system as

2
aij = aj(of) = oro)
(3 7

(v, ), (2.40)

where «; and oz}/ are simple roots and simple coroots respectively. In fact, a finite-
dimensional simple Lie algebra is completely characterised by a Cartan matrix (up to
permutations) with the following properties:

ai; = 2,
ai; =0<a; =0,
Y re (2.41)
a;j € Z<o for i#j,

deta > 0,

12



2. Symmetry algebras

and the restriction that it can not be written as the direct sum of such matrices. Clas-
sification of finite-dimensional simple Lie algebras thus boils down to specifying matrices
with these properties.

Starting with a Cartan matrix the corresponding algebra is then built up by 3r genera-
tors {h;,e;, fi |i =1,2,...,7} subject to the constraints

[[hiv hj]] =0,
[hi, €] = aije;,

[[eia f]]] = 6Z]h17
(adei)lf‘l“ej = (adfi)lf“iifj =0,

with i # j in the last relation. This is the so-called Chevalley-Serre basis which is a
special example of a Cartan-Weyl basis. Moreover, the last line in (2.42) contains the
Serre relations and the rest being the Chevalley relations. A Lie algebra built from a
Cartan matrix a will typically be denoted g(a). To give an example, ay = sl(3) has the
Cartan matrix

2 -1
Gq, = [_1 9 ] ) (2.43)
which is easily seen to fulfill the properties listed above.

The Cartan matrix for a finite-dimensional simple Lie algebra is symmetrisable, i.e.
there exists a diagonal matrix d such that

S = da, (2.44)

with S a symmetric matrix. The matrix S defines an inner product (-,-) on h* and since
a; = 2 we find
(i, i)

di = =5, (2.45)
such that
Sij = 7(1”(0;“%) : (2.46)

This is defined up to an overall scale which we fix by setting (a;, ;) = 2 for the longest
simple root a;*. The length of the other simple roots are then determined by

Qaij

(aj7 aj) = <2, (2.47)
A jg

if i denotes the longest simple root. If all simple roots have the same length the Cartan ma-

trix is already symmetric and the algebra is called simply-laced. Since .S is non-degenerate

this defines an isomorphism between h and its dual space according to (2.32) and an inner

product on h*

20 (o)
(aV,a)) = 2a5(e) (2.48)
(@, )
Since the pairing a;()) = a;; we find
(af,af) = (ad™")ij =: ayj, (2.49)

4This is a common convention.
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2. Symmetry algebras

Figure 2.2: Dynkin diagrams for finite-dimensional simple Lie algebras.

the inner product on the Cartan subalgebra is thus given by the Cartan matrix sym-
metrised with d~! “from the right”. Invariance of the inner product (-,-) on b can then be
used to extend the inner product to the whole algebra g(A). This essentially completes
the reconstruction of a finite-dimensional simple Lie algebra from its Cartan matrix. How-
ever, it is also convenient to define an inner product on the weight space. The fundamental
weights were defined as the dual basis to o) in (2.34) and the corresponding inner product
on the weight space is given by the inverse matrix a=!

(A, Aj) = (@Y. (2.50)
The inner product of two weights A and p is therefore given by

(A ) = (@ )ijdinyg, (2.51)
]
where )\; and p; are Dynkin labels. The matrix a~ ! is often called the quadratic form

matrix and can be found for finite simple Lie algebras in e.g. [17].

A description of a Lie algebra in terms of its Cartan matrix also enables specifying an
algebra through its so-called Dynkin diagram. A Dynkin diagram is a diagram with r
number of nodes connected by max {|a;|, |a;j;|} lines. For non simply-laced algebras an
arrow is denoted from i to j if |a;;| > |aji|, i.e. towards the short root; another common
convention is an open dot at long roots and a filled dot at short roots. Any simple
finite-dimensional Lie algebra is thus described by its Dynkin diagram in Figure 2.2 and
Chevalley-Serre relations (2.42).

2.2.4 Real forms

The analysis above used C as the underlying field. However, it is often of interest to
look only at real linear combinations of elements in the algebra. Choosing a basis T%,
a=1,2,...,dimg, it is clear that if the structure constants fabC are real, a restriction

14



2. Symmetry algebras

to real linear combinations is consistent. More generally, a real form § of an algebra g
satisfies

g=gdig, (2.52)
i.e. the complexification of g is isomorphic to g. A generic Lie algebra g typically has several
inequivalent real forms. Two real forms that can be constructed for any Lie algebra are
the split real form and the compact real form.

The structure constants in the Chevalley-Serre basis are real, hence, by restricting to
real linear combinations we get a real form called the split real form. A second real form
for any Lie algebra can be found by noting that on g the Killing form is non-degenerate
and one can introduce a basis such that

_(» 0
K= (O _1dp> , (2.53)

where d is the dimension of the algebra. It is always possible to choose p = 0 such that
k® = —§%  Upon restriction to real linear combinations this defines the compact real
form of g. Furthermore, given a real form g the (d — p)-dimensional subspace on which
k is negative definite is actually a subalgebra of g. This is called the maxzimal compact
subalgebra, typically denoted &, of § and it is by construction a real form. Note that in this
case upon restriction to a real form we can no longer make “Wick-rotations” to change
the signature of k.

Later on we will deal with so called non-linear sigma models where physical fields take
values in the coset group
G/H, (2.54)
where G is the group obtained by exponentiating a split real form g and H is likewise the
group corresponding to the maximal compact subalgebra £ of g.

Another way to define the maximal compact subalgebra is by the so-called Chevalley
involution® w. The Chevalley involution is defined through its action on Chevalley gener-
ators

w(h') = =", w(e;) = —e;, w(fi) = —f-. (2.55)
The maximal compact subalgebra £ of the real form g can then be defined as the subset
that is pointwise fixed under w

t={geglwig) =g} (2.56)

With the definition of the Chevalley involution one sees that the maximal compact subal-
gebra is therefore spanned by e; — f;, i = 1,...,r. The algebra g can thus be decomposed
as

g=pat, (2.57)

where w acts as =1 on p and & respectively. Note that p is not a subalgebra, instead it
transform in a representation of £

[ppl e, [ep]ce,  [BE]CE (2.58)
Moreover, one could also decompose the algebra according to the Iwasawa decomposition
ng@b@n_y, (259)

where n is the subspace of positive roots. The subspace h@n; is called a (positive) Borel
subalgebra.

5 An involution is a Lie algebra automorphism with eigenvalue +1.
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2.2.5 Invariant tensors

Given a gauge symmetry neither the lagrangian nor any physical observable should depend
on the gauge. As such one has to construct objects that transforms in the trivial repre-
sentation (singlet) of the gauge group, or equivalently the corresponding algebra. Hence,
in order to have a non-trivial theory one needs to extract the singlet representation from
tensor product representations. This is precisely done by invariant tensors, or intertwiners.
Two important examples of such invariant tensors are the Killing form and the structure
constants.

Suppose we have a field ¢, N = 1,2,...,dim Ry, in a representation R; and a field ¢,
a=1,2,...,dim Ry, in another representation Rs. By definition these transform as

oM Ry(T)M o ™ s Ro(T) %507, (2.60)

Then the singlet contribution from the tensor product R; ® R is given by
tnad™ ¥ = Ri(T)M Ntarad™ o™ + Ro(T%)% gtnad™ v, (2.61)

if the tensor t satisfies
Ry(T)™M ytasa + Ro(T%)*stna = 0, (2.62)

and ¢ is called an invariant tensor. The condition (2.62) is easily extended to an arbitrary
tensor product representation. Note, however, that finding such an invariant tensor is
not always possible since not all tensor product representations include a singlet repre-
sentation. In this way an underlying symmetry reduce the number of possible terms in a
lagrangian.

Given a representation R and its conjugate dual R with index ™ and ,,, respectively, it is
possible to create new invariant tensors from given invariant tensors by summing, taking
products and contracting indices

tnlmml... + fnlmml...a
t’n1...m1m£k:1...j1m’ (263)
ny...j...
t mi...J...

The minimal set of invariant tensors needed for constructing any invariant tensors are
called primitive invariants. For the fundamental representation and its dual one finds that
6;-, €ir-in and €,..4, are primitive invariants for any algebra. For the a, these are actually
the only primitive invariants, for the other finite simple Lie algebras the remaining ones
are listed in Table 2.1.

Using invariant tensors one can construct projection operators P, which projects a ten-
sor product representation on to one of its irreducible subrepresentations. A projection
operator P is defined such that

PP=P and PQ=0, (2.64)

if Q is a projection operator onto some other subrepresentation. Projection operators are
therefore useful to project tensor product representations onto some subspace correspond-
ing to one (or more) of its irreducible subrepresentations.
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2. Symmetry algebras

Table 2.1: Primitive invariants for finite simple Lie algebras are listed. We use d and
[ for completely symmetric and anti-symmetric tensors respectively. For eg there exists
at least one primitive tensor t7*\ but its definite form is unknown.

g t
b,,0, 5
o S
¢6 dijk
er fz‘j7 JOTRT
e 57, fijk,tijkl...
| ovdT
92 6”5 f”k

Another important example of invariant tensors are Casimir operators. These are ele-
ments in the center of the universal enveloping algebra U(g) of g, i.e. they commute with
any element in g. As such Casimir operators takes the same value for any element in an
irreducible representation. For example, the quadratic Casimir C5 is an element in g ® g
such that

(ad(z) ® 1 +1®ad(z)) Cy =0, (2.65)
with an analogous invariance condition for the n-th Casimir operator C, € g®". By a
version of Schur’s lemma for Lie algebras it then follows that an irreducible representation
of a Casimir operator is proportional to the identity. A well-known example of a quadratic

Casimir is the J2 spin operator in quantum mechanics with an eigenvalue j(j + 1) on a
spin-j representation. Generally the quadratic Casimir is given by (up to scaling)

1
Cy = 5F;a,,TaTb, (2.66)

where k4 is the inverse Killing form. To evaluate this we choose a Cartan-Weyl basis

g=ho P ea, (2.67)

aEA

and due to invariance and non-degenaracy of the Killing form one can show that
k(eases) = Cala,—B, (2.68)

with a constant c¢,. The Casimir operator can then be rewritten using the commutation
relations and the definition of the Weyl vector as

1
kg TOT? =

1
5 i(h’ h)+ (h,p) + Z CaCaf—q, (2.69)

aEAt

where (h, h) denotes the part restricted to the Cartan subalgebra. Without loss of gen-
erality this can be evaluated on the highest weight state of an irreducible representation
R(\), which is particularly easy in the rewritten form above, and we find

Co(R(V)) = %(/\, A+ 2p). (2.70)
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A (e7)
H(er)

Figure 2.3: Two extensions of the e7 structure algebra. The upper diagram is
equivalent to eg while the lower denotes a super-extension to a Borcherds superalgebra.

2.3 Extended algebras

Below extensions of finite simple Lie algebras are introduced. In this thesis they mainly
provide another way of deriving the invariant Y-tensor and provide a rather simple way
to solve the so-called section constraint introduced in Chapter 6. The Y-tensor together
with the section constraint plays a crucial role in extended geometries. However, there
are further signs that these extended algebras, and actually even larger algebras derived
from these, such as the tensor hierarchy algebra [8] and L., algebras [10], are needed
for a complete formulation of extended geometries. As we will see below these extended
algebras can be visualised in terms of Dynkin diagrams and interesting such extensions
are given in Figure 2.3.

2.3.1 Kac-Moody algebras

In Section 2.2 we saw that a finite-dimensional simple Lie algebra is characterised by an
indecomposable Cartan matrix with the properties

Qi = 2,

az-j:()<:>aji:0,

L (2.71)
a;j € Z<o for i#j,
deta > 0,
and the Chevalley-Serre generators satisfying
[hi, hy] =0,
[hi, €5] = aize;,
[hi, f5] = —aij f, (2.72)

lei, f5] = dijha,

(ade,)' ~"ej = (ady,)' =" f; = 0,
for i # j in the Serre relations. This serves as a convenient starting point for extensions
to a more general class of symmetry algebras since we will relax the condition deta > 0.
We will moreover assume that the generalised Cartan matrix A is symmetrisable which

implies the existence of a symmetric invariant bilinear form. Relaxing the requirement of
a positive-definite Cartan matrix three classes of Kac-Moody algebras are obtained,

o if det A > 0, then g(A) is a simple finite-dimensional Lie algebra,

o if det A = 0 with one negative eigenvalue, then g(A) is an affine algebra,
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Figure 2.4: Dynkin diagram of eg and its extensions eg, ¢1g and eq;.

« if A does not satisfy either of the above constraints then it is an indefinite Kac-Moody
algebra.

The affine algebras are infinite-dimensional but a complete classification is still possible.
Indefinite Kac-Moody algebras are also infinite-dimensional but have not been completely
classified. A subclass of indefinite KM algebras are Lorentzian algebras, these are char-
acterised by having a non-degenerate symmetric bilinear form with precisely one negative
eigenvalue.

The extension of a simple finite Lie algebra can be achieved by adding a set of Chevalley
generators {ho, eo, fo} to the existing 3r Chevalley generators {h;, e;, fi}(i=1,2,. ). This
amounts to the addition of one node to the Dynkin diagram according to the generalised
Cartan matrix Ayy, where I,J = 0,1,2,...,r. For the affine algebras A has one zero
eigenvalue and r strictly positive, this is equivalent, to upon removing any one node
of the extended Dynkin diagram, one should obtain a Dynkin diagram representing a
direct sum of finite-dimensional Lie algebras. One also defines hyperbolic Kac-Moody
algebras as Lorentzian KM algebras of indefinite type that upon removing any node in
the Dynkin diagram, a direct sum of finite-dimensional and at most one affine Kac-Moody
algebra are obtained. Kac-Moody algebras are then constructed in the same way as
finite-dimensional Lie algebras through the Chevalley-Serre relations in (2.72) by replacing
i,j —1,J =0,1,2,...,7 and a;; — Ar;. However, in the affine case the Cartan matrix
is not invertible and one also needs to add a central element and a derivation, we refer to
the literature for details. Moreover, much of the representation theory of simple finite Lie
algebras carry over to the infinite-dimensional algebras but there are important exceptions.

Interesting examples of extended algebras of physical interest are obtained by extending
the exceptional Lie algebra eg. First we can extend eg to an affine algebra eg as shown in
Figure 2.4. One can then go even further and successively add two more nodes to obtain
a hyperbolic algebra e;g and a Lorentzian, but not hyperbolic, algebra ¢;; also displayed
in Figure 2.4. For further discussion about these algebras see [23, 24]. This so-called e,,-
series appears as “hidden” symmetries of eleven-dimensional supergravity compactified on
a torus T™ for n < 9, which for n = 9 are infinite-dimensional. It is further believed that
a discrete version of e,, survives quantisation. Furthermore, it is conjectured [25] that the
discrete version of e¢q7 is a symmetry for the full M-theory. The main motivation behind
extended geometries presented in this thesis is to make these symmetries inherent in the
theory prior to any compactification.

We now construct a specific example of Kac-Moody algebras based on some other Kac-
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Moody algebra g = g(a) and a module R(X) following that of [5]. Assume that a;;,
1,7 =1,2,...,r is an invertible symmetrisable generalised Cartan matrix. We then extend
this further to a generalised Cartan matrix Ayy, I,J =0,1,...,7, by adding one row and
one column as

AOO = 2, AiO = —Ai, Az’j = a,'j, (273)

such that the matrix A is symmetrisable using a diagonal matrix Dy, with Dy = 1/k and

D; = w It then follows that Ayp; = kD;A;p. The algebra <7(g) is then constructed
from A with the Chevalley relations

[hr,es] = Arsey, [h1, f1]l = —Arsfs, ler, f1] = or7hs, (2.74)

and the Serre relations
(ade,)' "7 e; = (ady) " f =0 for i #£ . (2.75)

Moreover, since A is symmetrisable we can construct a symmetric invariant bilinear form
on the root space as (ay,ay) := (DA)ry, with o simple roots.

For example, if the underlying algebra g(a) is chosen to be ¢, together with the module
corresponding to the highest weight A\ = Aj, then this construction gives o7 (e;) = e,41.
For 10 > r > 8 the corresponding Dynkin diagrams are given in Figure 2.4.

2.3.2 Borcherds superalgebras

We will here give a brief set of definitions from [26] for a yet larger class of algebras, super
Borcherds algebras, also called generalised Kac-Moody algebras or Borcherds-Kac-Moody
algebras (BKM). A particular example of a BKM algebra which is of relevance in the
construction of extended geometries is then introduced. The extension is again done by
relaxing one of the conditions of the Cartan matrix, or since in this case we extend Kac-
Moody algebras, the generalised Cartan matrix. In words one allow for the possibility
of simple imaginary roots such that the diagonal in the generalised Cartan matrix is of
indefinite sign.

Before moving on to the construction of Borcherds superalgebras the concept of a su-
peralgebra needs to be introduced. A superalgebra is a Zo-graded algebra with a bilinear
product that respects this grading. In other words, a superalgebra g can be decomposed
into “even” and “odd” subspaces gg and g; according to

g= g0 g1, (2.76)

such that the bilinear product [-, -] respects this in the sense

ng, gq]] - Ip+q> (2‘77)

where p + ¢ = p + ¢(mod 2). Typically “even” and “odd” are used interchangeably with
“bosonic” and “fermionic” respectively. Generally a gradation of an algebra by the discrete

group Z is defined as
g=EDoy, (2.78)

PEZL

and it is consistent if
[[gpvgq]] C Optq- (2.79)
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In a supergraded algebra the Lie bracket becomes a supercommutator such that for z,y € g

[#.4] = (- 1) [y, a1, (280)
where | - | = 0,1 if the element is even or odd respectively. The Jacobi identity then
becomes the super-Jacobi identity

(=) [, [y, 21 + () [y, [z, 2] + (~)* [z, [, y]] = 0. (2:81)

Now to the construction of Borcherds superalgebras. Let I be an index set I =
1,2,..., N, where S C I denotes indices corresponding to fermionic indices. A Borcherds
superalgebra is then defined by a non-degenerate symmetric generalised Cartan matrix
B;; that satisfis the following relations (i,j € I):

BZJSO for Z#],

if Bj;>0—= —2c7Z,
to Bi: (2.82)

0

if B;>0 and 1€S —

€Z forall jel.

The corresponding Borcherds superalgebra 4 = g(B) is then generated by 3N Chevalley-
generators {h;, e;, fi}er) with the following Chevalley-Serre relations

H:hiv hj]] = 07 (283&)

[hi,ej] = Bijej,  [hi, ;1 = =Bijfi,  lei, 5] = dijhy, (2.83b)

dege; =0=degf; if ¢S5, dege; =1=degf; if i€S, (2.83c)
1— 2B'Lj 17237”

(adei) Bii €; = (adfi) Bii fj =0 if By >0 and i#j. (283(1)

The BKM algebras constitute a large class of algebras and the general definition above
was mainly given for the interested reader. Instead we consider the construction of a
specific type of BKM superalgebras relevant for extended geometries, which again follows
that of [5]. As for the Kac-Moody example above start with an invertible and symmetris-
able generalised Cartan matrix a;; with ¢,7 =1,2,...,r. As above, add one row and one
column and form a symmetrisable matrix By; with I,J =0,1,...r, according to

BOO = 0, BiO = —)\2', Bij = aij. (284)

We assume, as in the KM-case, that B is symmetrised with the diagonal matrix Dy = 1/k
and D; = w from which it follows that By, = kD;B;y. As we have seen adding a
row and column to a;; is equivalent to adding a set of Chevalley generators {ho, eo, fo},
however, the elements ey and fp are now odd generators. The construction goes through
in much the same way using the Chevalley-Serre relations with the ordinary Lie bracket

replaced with the supercommutator

[hr,es] = Bry, Ihr, f7] = =Brsfs, ler, fi] = d15hs, (2.85)

and
[eo, eo] = [fo, fo] =0, (ade,)! " Pives = (ady) P fr =0 for i#J. (2.86)
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The algebra % has a consistent Z-grading and can thus be decomposed as

% =P %y, (2.87)

PEZL

where ey € %1, fo € #_1 and the remaining 3r + 1 Chevalley generators in %.

The subspace at p = 0 is even and given by
By =g c, (2.88)

where c is a central element containing hg. The normalisation of ¢ is chosen according to

r

c= Z(B_l)()[h] = [c,e0] = eo. (2.89)
1=0

The grading thus corresponds to the eigenvalue of ¢, it is easily shown using the Jacobi-
identity that f has eigenvalue —1 which it must since [eq, fo] € %o. Moreover, [#,, %,] C
PBp+r from which it follows especially that

(20, %,] C 2, (2:90)

The subspaces %, are thus irreducible modules of g under the adjoint action. Since the ¢
by definition commutes with the adjoint action we indeed see that the grading is consistent.
In terms of the weight lattice Ay the element ¢ measures the projection of a weight onto
a line orthogonal to the Ay, C Ay sub-lattice. Furthermore, from the Serre relations it
follows that fy € %_1 is a highest weight vector of g

[es, fol =0, (2.91)
and, moreover, the Dynkin labels are given by
[hi, fol = —Biofo = Xifo- (2.92)
Likewise eq is a lowest weight vector for %, with Dynkin labels
[7, e0] = =i fo. (2.93)

We thus see that the subspaces #_; and % transforms in Ry = R(A) and R_; = R())
of g respectively. Furthermore, we let R, denote the representation of g corresponding
to #=xp. In order to determine Ry note that this is an even subspace and as such Z_»
transforms in the symmetric product V2R(\) under g. However, the highest weight vector
of VZR(\) is [fo, fo] which vanish due to the Serre relations and therefore

Ry = VZR(\) © R(2)). (2.94)

Given the odd simple root [y and the even simple roots 5; = «; of g it is possible to
construct a metric on the root space as usual

(B1,8) = (DB)1. (2.95)

As for simple Lie algebras the inner product on the root space induce an inner product
on the Cartan subalgebra which can be further extended to the whole algebra % using
invariance property. Note, however, that while this inner product is symmetric on (e;, f)
it is anti-symmetric on (eg, fo) = —(fo,e0) = k due to the fact that ep and fy are odd
roots.
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2. Symmetry algebras

2.3.3 The invariant Y-tensor

Below we will use the extended algebras &/ and % to derive the Y-tensor that plays a
crucial réle in extended geometries. Moreover, we will assume that the respective gener-
alised Cartan matrices A and B are invertible and symmetrisable. This construction was
given in [5] where the assumption of invertibility was relaxed.

Starting with the purely bosonic algebra o/ we note that just as in the case for the
algebra % there is a consistent Z-grading; hence the algebra can be decomposed as

o =P . (2.96)

PEZ

By the definition of a consistent grading the subspaces 7, are again modules under the
oy = g @ ¢ subalgebra. Especially, at level +1 these modules are isomorphic to R(\) and
R()) of g respectively which follows from the Serre relations in (2.75). Introducing a basis
EM for R(\) and Fyy for R()\) the algebra %, acts as

T EM :_TaM EM ~EM :EM
(i e e oo

[T, Fp] = TN, Fy, [¢, FN] = —Fn.

Note that there exists an isomorphism between 271 and %+;1. This is however not true
at higher levels.

We then look at the commutator
[EM, Fn] = nasTMy X5 + béod, (2.98)

where b is a constant and we used the grading of /. Choosing a normalisation of the
basis such that (EM | Fyy) = 68 and the invariance of (-, -) we find

([EY, En], T%) = (BY, [En, T°]) = —T*"y (2.99)
and by inserting the ansatz (2.98)
T ™M (X, T%) + b(e, T®) = —TMy. (2.100)
Using (¢,7%) = 0 and (T%,T%) = n®# we find X? = —T#. Similarly we have
([EM, Ex], c) = b5¥ (c,c) = —(EM, [¢, Fn]) = 6. (2.101)

By inserting the explicit normalisation for ¢ we find (¢,¢) = > ,(A™ Do (A Yoy (hy, hy) =
k(A™1)oo which gives

EM En] = —nugTMy TP + ——— V¢, 2.102
[[ ’ Nﬂ Nap N + k<A_1>006NC ( 0 )

Consider now the invariant tensor
FMNpg = (IIEM, Fpl, EN, Fo). (2.103)

Inserting the explicit expression for [EM, Fp] found above we get

fMNPQ = —nasT*Mp ([T7, EN], F) +

L
k(A_l)[)o

T (e BN Fg)

5P 0y -

(2.104)
= naﬁTaMP TBNQ +
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2. Symmetry algebras

Using the Jacobi identity and invariance of the inner product it is straightforward to derive
from fMNPQ that gMNPQ = 2f[MN]PQ is also given by

§"Npg = ([EM,EN], [Fp, FQ)). (2.105)

Analogous expressions are easily derived from the BKM algebra %4. We have already
noted that £ is consistently graded and that the subspaces at level +1 are isomorphic
to R()\) and R(\) modules of the g C % subalgebra. As in the purely bosonic case we
introduce a basis EM and Fj; at level £1 respectively. Note, however, that elements
at level +1 are odd. Especially, this implies that (EM, Fiy) = —(Fy, EM) = —1, that

[EM | Fy] is symmetric and we have to use the super-Jacobi identity.

The %, subalgebra act on EM and Fy; as in (2.97) with the replacements £ +— E and
F +— F. Taking the extra sign factors into account it is straightforward following the steps

above to find N " N
f PQ = ([[[[E 7FP]]7E ]]’FQ)

1 (2.106)
— M _mpBN M N
Furthermore, it is easily seen that g™¥ pg = —2f (MN)PQ is given by
9"V g = (IEM, EV1, [Fp, Fol)- (2.107)

Before constructing the Y-tensor we rewrite f, f slightly by expanding the weight X in
simple roots «; as

A=cjo; st N =Ao). (2.108)
Noting that Bij (Bil)jg = 0,0 — Bijgp = —B,p it is found that
(B—l)i() (B—l)jo

A= ai = AMa)) = Bjj = —Bio, (2.109)

which by construction fulfills —B;g = A;. We can now express the length of the weight A

as R N (B V)i (B™Y)j0
A= 2. 0 ) BT (5T

i,j=1
which by definition of the inner product on the root space (a;, ;) = D;B;j;, and using
D;Bjo = Byi/k, gives

(2.110)

1
k(B71)00 '
Likewise the factor of (A7™1)g in fMY po can be rewritten using det A = 2deta + det B

and (B~ !)gg = det a/det B which follows from the general formula for the inverse B~ =
cT /det B, where CT is the transposed comatrix, and we thus have

2 1
AA) =1~ HA o0 (2.112)

(A A) = — (2.111)

We are now ready to construct the Y-tensor as

k
MN MN ~MN
Y PQ = 5 (g QP — 9 QP) (2.113)
= —EnagTNp TNy + [k(N, ) — 1] 0563 + 6561
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2. Symmetry algebras

The main reason for introducing the extended algebras &/ and % is the construction
of the Y-tensor in (2.113) as this will in some sense provide the deviation of extended
geometries from ordinary geometry that is based on g = gl(n). Moreover, this formalism
will be useful when determining if so-called ancillary transformations are present or not.
However, the full réle of these extended algebras is still being explored [8, 10, 27].
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3

String theory, supergravity &
dualities

This chapter aims to put into context the extended geometries introduced in this thesis.
The first section introduces some concepts of string theory, with the main point to show
the presence of dualities, especially T-duality for the bosonic string. Moreover, the low-
energy effective theory, supergravity, related to string theory will be introduced in Section
3.2. This is done in order to motivate the appearance of the continuous version of the
duality group in supergravity compactified on torii. In section 3.3 the notion of dualities
is introduced more thoroughly. To the interested reader we recommend [28, 29] for an
introduction to string theory.

3.1 String theory

In string theory the fundamental constituents are strings, 1-dimensional extended objects,
rather than point-like particles. Of course since our usual picture of point-like particles
and quantum field theories works extraordinarly well, such a theory of extended objects
should have a low-energy description in terms of quantum fields. Put differently, the
typical string length should be small compared to distances we could measure at say the
LHC so that a string looks effectively pointlike.

Bosonic string theory can be described by the Brink-Howe-Di Vecchia-Polyakov action

T
S = _5/dQU\ﬁ%ﬁaaX“@BXVGW(X)’ (3.1)

where T is the string tension, Y the string worldsheet parameterised by ¢® € ¥ with
a = 0,1 and X* : 0 - M an embedding of the world-sheet into a manifold M with
metric G. The string tension is related to the so-called Regge slope with dimensions of an
area o =1/(2nT). For what follows we consider strings in flat space G, = Ny

The string action in flat space has several important symmetries:

Global Poincaré: IXH =ADXY + €, (3.2)
5’704,3 = 07
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3. String theory, supergravity & dualities

World-sheet diffeomorphisms: OXH = —£%0, XH, (3.4)

Yap = —€0pVap — 0al’Yps — 088 Vap: (3.5)
5 2 _GP(V _’ng)a

Weyl rescaling: IXH =0, (3.7)
Yap = 2M7ap- (3.8)

In the following, consider a string in a flat Minkowski space with G, = 7,,. Varying
the Polyakov action w.r.t. to the world-sheet metric we find

T 1
0S = —5/ d%o6y*8 /= <8aX“8BXM — zyamf’Aa,;X“aAXO . (3.9)
pX

The world-sheet stress-energy tensor and the corresponding equations of motion are thus

given by (in a suitable normalisation)
dr 0S5 1
V=red o
It follows that inserting a Weyl-transformation we find T} = 0. Moreover, since a general
2d-metric has 3 d.o.f. Weyl invariance together with world-sheet diffeomorphisms are suf-

ficient to set y,3 = 7as locally. Assuming a closed string we can throw away boundary
terms to find the equations of motion for the string coordinates X*

o (ﬁVuﬂagX“) -0, (3.11)

which in conformal gauge (743 = 7ag) simply is a wave equation

1
Top = (%X“C%XM _ Q’Yaﬁ’yp)‘apXuakXN) =0. (3.10)

D% XH = 0. (3.12)
This is easily solved by X*(0,7) = Xi(7 — o) + X} (1 4+ 0) (1 =0 and 0 = ¢') and in
light-cone coordinates c* =7+ &
_ 1 o | 1o, o
Xh(o7) = ?UM + Ep"a i Z Eaﬁe no

0
i (3.13)

1 o o 1 A

Hes+Yy — hlpeV S T P e — Ala—in
X (o )—233“+ 5 Po +i 5 Znane 7.
n#0
The first two terms describe constant motion of the center of mass of the string while
the sum denotes oscillations along the string. In order for X* to be real we also have
al = (at,)* and likewise for the left-moving oscillators. Inserting the oscillator expansion
into the constraints 7,3 = 0 which in light-cone coordinates are given by

04+ X100, X, =0_-X"0_X, =0, (3.14)
we find (ph := /o’ /2pH)
/
0_X;, =— Z a,‘fbe_i"‘f =
nel (3.15)
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3. String theory, supergravity & dualities

with L, := 33, af_ oy, and similar for the left-movers. Especially interesting is the
constraint Ly = 0 since it includes the spacetime momenta ptp, = —m? from which the
mass-formula is derived to be

4
m? = o Z Qe+ Q.. (3.16)

m>0

Imposing canonical quantization conditions on X* and the conjugate momentum II,, =

s L as [XH(0,7), I, (0", 7)] = i6£6(c — ¢') and in terms of the expansion we find

[=",p] =165 and oy, 1 g0y g g) = MOm, a0 (3.17)

Since L, now become operators there are possible order ambigiuities when quantizing and
a standard result is that the bosonic string has to live in D = 26 dimensions and the mass
operator is shifted to

m2:j,<z am-am—1>. (3.18)
m>0

From the commutation relations a_,,q,, is a number operator up to a factor of m and
one usuallly defines the total number operator as the sum N = 3 ja_,, - a;,. Since
the exact same result can be found using left-moving oscillators we get the level-matching
condition N — N = 0. Also we see that the mass of the ground state with no oscillators is
negative since m?2|0) = —|0) which indicates the presence of the tachyon and the need for
a supersymmetric theory of strings.

Consider the closed bosonic string compactified on X2° ~ X2 4 27R, i.e. on S! with
radius R along its 25th dimension. It follows immediately that the momenta along this
direction becomes quantized as p?> = n/R for n € Z. Going once around the string do
not need to come back to its starting point, instead it can be wound w number of times
around the circle as X?*(o + 2w, 7) = X?°(0,7) + 2rmR ~ X?%(0,7). The expansion of
X} is then given given by

1 ! R

Xb p=cat + * (n + w) ot + osc.,

' 2 2 \R o (3.19)

L 1, , o (n wRY _ ’
X25,L:§$ +5 E—F o 4 o0sc..
The mass formula for the string states is straightforward to derive and one finds
R\? 4
@ @ (3.20)

First of all we see that the level matching condition is altered to N — N = mn and more
interestingly the mass formula is given by

2 2 P2
9 By
M:E%ﬁ”%+aW+N—ﬂ (3.21)

r2 a?

The first term is simple to understand as the mass contribution from the momenta on
S' and remembering that the string tension was given by 7' = 1/(27ra’), the contribution
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3. String theory, supergravity & dualities

from the second term is simply (2rRmT)?, where m is the number of times the string
winds around S'. Most importantly we find that the mass is invariant if we make the
transformation R <> o//R and m > n, the string thus has the same spectra of states if
we compactify on a circle with radius R, or a circle with radius o//R. This is a purely
stringy phenomena and this is the so-called T-duality of string theory. Generalising to
compactifications on a torus 7% one finds a larger set of dualities given by the discrete
group O(d,d,Z). In the corresponding supergravity theory compactified on a torus the
the corresponding continuous version O(d,d,R) will be a symmetry. It is precisely the
appearance of the continuous version of this group that we want to make manifest in
double field theory introduced in chapter 4.

3.2 Supergravity and Kaluza-Klein compactification

Supergravity describes the low-energy effective theory of string theory in 10 dimensions
and M-theory in 11 dimensions. In fact, eleven dimensions are the largest number of
dimensions in which supergravity is consistent assuming one graviton and no field with
spin higher than 2. The A/ = 1 D = 11 supergravity theory describing the low-energy
physics of M-theory contains the following field content

gMN 447
Aynp 84, (3.22)
YMa 128,

i.e. a graviton, a three-form field and a Majorana gravitino. Moreover, we have denoted
the on-shell degrees of freedom. The action is given by

1

1 1
Sll:ﬁ/dllmﬁ—g (R—F/\*F) —f/A/\F/\F—i—SF, (3.23)
K11 2 6

where F' = dA is the field strength, Sr the fermionic part of the action and x?; is Newton’s
gravitational constant in 11 dimensions. Note that the three-form potential A couples
naturally to an object with a three-dimensional worldvolume ¥, i.e. a 2-brane, as

Q3 o /E A (3.24)

In D = 10 there are two N' = 2 supergravity theories corresponding to the low-energy
effective field theory of type IIA/B string theory respectively. The field content for type
ITA is given by

Guv 35 graviton (NS-NS)
By 28 two-form field (NS-NS)
o) 1 dilaton (NS-NS)
ITA: { Cy 8 one-form field (R-R)
Cs 56 three-form field (R-R)
ljfa 112 Majorana-Weyl gravitinos
AT 16 Majorana-Weyl dilatinos,
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and for type 1B

G 35 graviton (NS-NS)
B 28 two-form field (NS-NS)
1o 1 dilaton (NS-NS)
1B . Co 1 axion (R-R)
Cy 28 two-form field (R-R)
Cy 35 four-form field (R-R)
Llw% 112 Majorana-Weyl gravitinos
L2 16 Majorana-Weyl dilatinos.

The NS-NS sector is the same for type ITA/B with an action

! / dPxy/—ge2? (R + 4(8¢) — %H A *H) ,

S =—
2k

where Hs = dB is the field strength, * the hodge dual and k3%, the gravitational constant
in 10 dimensions. For further details on supergravity and supersymmetry see [30].

In order to reduce these theories to lower dimensions we will look at Kaluza-Klein
compactifications. The idea is to assume a separation between external and internal
directions such that the underlying spacetime is given by M = Mp_,, x M,, where
Mp_,, is the external spacetime and M,, the internal space which typically is assumed to
be “small”. Note also that below we will mainly be concerned with the bosonic sector of
the theory. The discussion below follows that of [31].

We introduce this by the easiest example of a massless scalar field ¢ compactified on
a circle M = Mp_1 x S'. Due to the periodicity of S' we can expand ¢ in a fourier
expansion and the equation of motion is given by

2 n? _
<8D—1 - W) ¢ =0, (3.25)

where n € Z is the mode-number of ¢ expanded on a circle with radius R. We thus see that
the compactification gives rise to an infinite tower of scalar fields with mass |n|/(27R). In
the limit of small R all these fields decouple except for the massless field with m = 0 and
there is no longer any dependence on the internal directions. This a consistent truncation
in the sense that a solution in the lower-dimensional theory will also be a solution in the
full theory. However, consistency for compactifications on more general internal manifolds
M, is usually quite hard to prove. In fact, one success of the extended theories, double
field theory and exceptional field theory, is that they allow a natural uplift for certain
lower-dimensional theories that can not be well described by supergravity in D = 10 and
D =11.

In order to motivate the appearance of “hidden” symmetry groups that later on will be
extended to manifest symmetries in extended geometries we consider pure gravity in D
dimensions compactified on a circle Mp = Mp_; xS, Split the coordinates 2™ — (z*,v)
and assume independence of the internal coordinate. The metric decompose into a lower-
dimensional metric g,,, a vector field A, and a scalar ¢ and can be parameterised as

200 28¢ 28¢
[ g +e*PPA A, ‘ eP?A,
IMN = ( JRELYTY e )

(3.26)
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where = —(D — 2)a and « constant. Pure gravity in D dimensions is invariant under
diffeomorphisms ¢ = ¢M(z#,y) in D dimensions under which the metric transforms as

Segun = Legun = £ 0pgmn + € gpn + OnEX gurp, (3.27)

where L is the Lie derivative. In order to preserve the parameterisation (3.26) one finds
that diffeomorphisms in D dimensions reduce to transformations of the form

&M = (&1@") ey +A@")) (3.28)

with some constant c. If ¢ = 0 one finds by explicit calculation that the lower-dimensional
fields transform as

559,“, = ‘Céﬂglﬂ/’ 5§AM = ‘CéﬂAH + 8u)\(x”), (5§¢ = ‘Cép¢' (329)

We thus see that the (D — 1)-dimensional theory transforms as one would expect under
(D — 1)-dimensional diffeomorphisms and a local U(1) gauge transformation of the vector
field. However, if ¢ # 0 one has to consider that the D dimensional theory also possess a
scaling symmetry dgyn = 2agyn at the level of equations of motion which combine with
the cy term to the following transformation (discussed further in [31])

Bép =a+c, 0A, = —cA, Guv = 209 — 209, AP. (3.30)

By choosing a = — 5% the lower-dimensional metric dg,,, becomes invariant under the
remaining global scaling symmetry. This remaining scaling symmetry is a common feature
of supergravity theories typically referred to as a trombone symmetry.

Compactification on a torus T = S x S x ... x S! continues in much the same way by
recursively compactifying on circles. We omit the details but note that similarly to the case

above one finds that the diffeomorphisms preserving the reduction ansatz, 2™ — (z#, y),
where i = 1,2,...n, are given by
M = (&(a"), My + X(2")) (3:31)

where M € SL(n,R) x R a constant matrix and A" are n U(1) gauge parameters. Again
there is a scaling symmetry of the uncompactified theory which can be combined with
a R factor in M. As such we find that compactified gravity on a torus T has a global
SL(n) x R symmetry. However, coupling matter to gravity may enhance this symmetry to
even larger groups, especially we want to include form fields which have gauge symmetries
parameterised by (p — 1)-form fields. In order to keep the compactification ansatz that no
fields depend on the internal coordinates one finds that scalar parts of a gauge potential
Ajij,..j, transforms as

0Aj1jo.gp = Oja Aja...j) (3.32)

= Cjrja...jp>

with ¢jj, ., being a constant anti-symmetric tensor. These corresponds to constant
shifts of the purely internal components of the gauge potential A and, moreover, they
mutally commute such that they are elements in R, where n is the number of independent
components of ¢;, . However, they do not necessarily commute with the global GL(n,R)
symmetry and typically there is thus a global symmetry group given by

GL(N,R) x R". (3.33)
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Table 3.1: Maximal number of scalars of compactified D = 11 supergravity on 7.
Here G denotes the group related to the split real form and K the corresponding
maximal compact subgroup. The trombone symmetry is excluded.

n | #Scalars G K

3 7 | SL3) x SL(2) | S0(3) x SO(2)
i 14 SL(5) SO(5)

) 25 SO(5,5) SO(5) x SO(5)
6 42 E6(6) USp(S)

7 70 Eney SU(8)

8 128 Egs) SO(16)

However, a p-form potential is dual to a (d — p — 2)-form potential, where d = D —n
is the dimension of the external spacetime. By dualising to obtain as many scalar fields
as possible the global symmetry group enhances even further when this is possible [4].
In conclusion, the global hidden symmetry groups are remnants from the internal diffeo-
morphisms and internal form field gauge symmetry that preserves the compactification
ansatz.

Furthermore, it turns out that these symmetries can be studied by looking at the scalar
sector only, the parts containing “Kaluza-Klein” vectors will, non-trivially, possess the
same symmetry as the scalar sector. Note that scalars coming from the internal compo-
nents of the metric characterise the internal geometry, e.g. compactification on S' gives
rise to a scalar field ¢ and its vacuum expectation value (classical solution) determines the
radius of the circle.

Consider now the bosonic sector of D = 11 supergravity with the metric gysny and the
three-form A;np. Split spacetime as M1; = My, X M,, with a corresponding split for
the coordinates ™ — (2#,%%). The fields decompose as

mz
IMN — § Gui,
Gijs
Ay, (3.34)
Awi,

Apijs

Aijk-

Avnp —

As above, it is sufficient to consider the scalar sector of the theory. The number of scalars
originating from the metric are n(n + 1)/2 and the number of scalars from the 3-form
potential are (g) We will also make the choice to dualise as much as possible in order
to obtain a theory with as many scalar fields as possible. The number of scalars present
when compactifying on 7™ and the “hidden” symmetry groups G are listed in Table 3.1.

3.2.1 Non-linear sigma model

We have argued above that the compactification of D = 11 supergravity on 17" give rise to
a hidden global symmetry G. In order to write down a lagrangian for the scalar sector that
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is manifestly invariant under this symmetry we will consider a non-linear sigma model.
The idea is that the scalar fields can be considered as “coordinates” on a coset space
G/K, where K is the maximal compact subgroup of G. It is then easily checked that
the dimension of the coset dim (G/K) = dim (G) — dim (K), using Table 3.1, equals the
number of scalars.

To parameterise this Lagrangian it is convenient to look at the algebra g and its max-
imal compact subalgebra £ that upon exponentiated give the related groups G and H
respectively. As we saw in Section 2.2.4 the algebra g can be decomposed as

g=tahdn,, (3.35)

where h and n* denote the Cartan subalgebra and the positive roots respectively. This
can be extended to a decomposition at group level obtained by exponentiating

G =K x Hx N,. (3.36)
An element V in G/K describing the scalar fields {¢%, x'} can thus be parameterised by
Y — e¢“($)haexi(m)ei7 (3.37)

where h; are elements in the Cartan subalgebra, e; positive root vectors in g and we sum
over repeated indices. The element V transforms as

V(x) = k(z)V(x)g ~ Vg, (3.38)

where k(z) € K and g € G. Note that the element k(x) represents a local transforma-
tion, this is analogous to the case of ordinary gravity where the metric is invariant under
local Lorentz transformations. However, the transformation by g potentially destroys the
parameterisation in (3.37). This can be remedied by a compensating k(x) transformation
which depends on both g and V, hence such a transformation is non-linear.

By taking the differential of ¥V and multiplying with its inverse we find an element in
the algebra (a 1-form in the external space)

Vv =9+ P, (3.39)

where Q € £ and P = g © . Since the elements in £ and p have eigenvalues 1 and —1
under the Chevalley involution one obtain the different terms as

Ll -1 _ Ll —1
Q—§(V v +w(V7lav)), P—§(V v —w(vlav)). (3.40)
In order to write down an object invariant under global G and local K in terms of the
physical component P we need an invariant tensor for the tensor product of two adjoint
representations. The Killing form is such an invariant tensor and a manifestly invariant
term can thus be written as

L~ k(Pu, Pu)g" v =9, (3.41)

where gM” is the inverse metric of the external space. We have thus found a lagrangian
for the scalar sector of the theory that is manifestly invariant under G/K.
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3.3 Dualities

Duality is a term that is used in many different ways in physics. What we will be interested
in are dualities between two theories .7 and 7 such that we can find a map to relate them

T 7. (3.42)

A typical example of such a duality is the duality of electromagnetism in vacuum with a
mapping
(E, é) — (é, —E) , (3.43)

under which Maxwell’s equations are invariant.

Usually we are interested in interacting field theories where we have to employ pertur-
bation theory in some “small” coupling constant g, such that observables are given as a
perturbation series

R(g) = i ang". (3.44)
n=0

These series typically do not converge but in many cases they are believed to be asymp-
totic series. Non-perturbative effects have a characteristic scaling ~ e~1/9" which is not
captured by the expansion (3.44), especially instanton effects in ordinary field theories
typically scale with n = 2. In interacting theories we thus get two kinds of duality trans-
formations: weak-weak duality and weak-strong duality.

o Weak-weak duality: (7 ,g) <> (Z',¢') with ¢g,¢' < 1.
o Weak-strong duality: (7, g) <> (7", ¢") with g < 1 and ¢" > 1.

Weak-strong dualities are of special interest since it allow us to probe the non-perturbative
regime of a theory by using perturbative methods in the weakly coupled dual theory. Since
little is usually known about the non-perturbative regime of the strongly coupled theory
such a duality is however hard to prove. However, there are quantities that are protected
against perturbative corrections and extrapolation to the non-perturbative regime is pos-
sible. These play an important role in confirming these weak-strong dualities. Perhaps the
most prominent weak-strong duality is the AdS/CFT correspondence, first conjectured by
Maldacena in [32]. This is a rather special duality in the sense that it relates a string
theory (which includes gravity) in a given dimension to a conformal field theory in one
spacetime dimension lower, without gravity. Another important weak-strong duality that
is more relevant for this thesis is the Montonen-Olive duality. This is an SL(2,Z) duality
of N =4 SYM that typically exchange solitonic objects with fundamental excitations and
moreover map the coupling constant to its inverse.

Motivation for the presence of a weak-weak T-duality symmetry when compactifying
type II string theories on a torus 7% was introduced above, with the the T-duality group
O(d,d,Z). Moreover, type IIB has a weak-strong so-called S-duality symmetry with trans-
formations given by SL(2,Z). It is conjectured that these combine into a larger set of
dualities called U-duality [33], and contains SL(2,Z) and O(d,d,Z) as subgroups. For
the type II theories the U-duality groups upon compactification on a torus 7™ are given
in Table 3.2 which are just the discrete versions of the continuous groups encountered in
supergravity, however, the agreement are between type IIB on 7% and eleven-dimensional
supergravity on 79!, since in this case the external spacetime has the same dimension.
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Table 3.2: U-duality group for type II string theories on T".

U-duality group

0 3 O U= W N~ |B

SL(2,7) x Zs
SL(2,7) x SL(3,7)
SL(5,Z)
SO(5,5,7)




4

Double field theory

The low-energy effective theory for the massless NS-NS fields in string theory contains
gravity g;j, a 2-form field B;; and a scalar field (dilaton) ¢. Together with diffeomorphism
invariance the 2-form field also comes with an abelian gauge symmetry and the theory is
given by the action

1

1
_ D.. —. 26 2 2
S 2 d¥zy/—ge <R+4(3¢)) 12H > , (4.1)

where H = dB is the 3-form field strength tensor of B. In its present form there is no
manifest T-duality symmetry.

T-duality of closed strings compactified on a torus T¢ exchanges momentum on the
torus with winding modes by an O(d,d,Z) transformation. Moreover, upon compactify-
ing supergravity in D = 10 on a torus 7 one finds that the continuous version of the same
group, i.e. O(d,d,R), is a symmetry of the theory and the goal of double field theory is to
make this manifest. In order to do this one extends space-time to include coordinates Z;
dual to the winding modes w' and arrange fields in representations of O(d, d). Doing this
diffeomorphisms and the 2-form gauge symmetries merge to a single symmetry transfor-
mation called generalised diffeomorphisms. At the same time this unifies the metric and
the gauge field into a generalised metric. For more about DFT see [27, 34, 35, 36].

4.1 Generalised diffeomorphisms and the section constraint

Ordinary diffeomorphisms &’ are encoded in the Lie derivative acting on the tensor fields
as

Legij = € 0,gij + 203" gj  LeBij = €"0,Bij + 206" By Legp = E'0;0.  (4.2)

This can be viewed as a transport term coming from the Taylor expansion of the argument
as well as the adjoint action of an element in G L(d) acting according to the index structure.
The generalisation of the Lie derivative plays an import role in the extended geometries.
Gauge transformations of the form-field on the other hand are parameterised by a scalar
function A as

Bij = 20\ (4.3)

with the metric and dilaton field inert under this transformation. Note that the gauge
transformation comes with a reducibility stemming from the fact that A\; = 9;x, where
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4. Double field theory

X is a scalar function, is a trivial transformation. Reducibility is again a property that
becomes important in the extended cases.

The first step to construct a doubled theory is to extend space-time from d to 2d di-
mensions. In the case of type Il supergravity this could be thought of as compactifying
all d = 10 coordinates and double them, however, the general construction works with ar-
bitrary d without any compact directions. Hence we extend the coordinates of space-time
to belong to the 2d vector representation of O(d, d) according to

zt— XM = (5;,17), (4.4)

where #; denotes the added coordinates and XM the doubled “space-time” coordinate
vector with M = 1,2,...,2d. The metric and the two-form combine to a generalised

metric Hysny given by
g ~9" By
Hun = , J . 4.5
MN <Bikgk] 9i — Birg"' By; (45)

Before moving on to the generalised diffeomorphisms we note that the group O(d,d) also
comes with the invariant metric 7,y such that for an element h € O(d, d)

0 1
har npLhy® = nuy = (]l O) : (4.6)
The invariant metric ny/n and its inverse ™Y can be used to raise and lower M =
1,2,...,2d indices.
The generalised Lie derivative on a vector VM is given by
5VM = VM = ¢PopVvM 4 (0Mep — ope™)V T, (4.7)

where we implicitly used the invariant metric n to raise and lower indices. In order
to connect to the usual Lie derivative as well as being convenient for other extended
geometries this can be rewritten as

LeVM = LM 4 YMN, ) onePVE, (4.8)

where LgVM = PopVM — 9peMV P denotes the ordinary Lie derivative and Y™ NPQ =

n™MNnpg is an invariant tensor of O(d, d).

In order for the symmetry group to close, two consecutive transformations &1, o needs
to yield a new transformation with some parameter £(£1,&2). To this end we adopt the
notation that A = §¢ — Z; denotes the departure of an object transforming as a tensor,
i.e. 0¢6X = £ X defines a tensor, and look at

!
- A§1 (g&XM) = (["%17"%2] - gﬁ(&,&)) XM= 0. (4'9)
By doing this explicitly one finds that generalised diffeomorphisms closes if
Moy ® Oy = 0, (4.10)

where Jj; ® On indicates that each derivative act on an arbitrary field. The combined
transformation £(&1,&)M is given by the C-bracket [£1, §2]g4 =1/2(L¢ &2 — Le, 1)

§6.6)" = [, 6l = Lopel! - Jepdel - (16 2) (411)
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4. Double field theory

The constraint n™ ™9y, ® Ox = 0 is called the (strong) section constraint and a generalised
version of this is characteristic for extended geometries. By solving the section constraint
one restricts space-time to a d-dimensional subspace of the extended space-time, e.g. one
solution is given by d® = 0 which implies that no fields can depend on the extended
coordinates. In fact, starting with this solution one can get all other possible solutions by
applying an O(d, d) transformation.

One can now check that if we solve the section constraint with & = 0 and set ¢V =
(i, €) that the generalised diffeomorphism reduces to the ordinary diffeomorphism and
gauge transformation

gggij = Lﬁgij ngij = LgBij + 28[i)\j], Egd) = qub (4.12)

This shows that the generalised diffeomorphisms merge ordinary diffeomorphisms with
2-form gauge transformations.

4.2 DFT action

In order to write down a two-derivative action for DFT we need to take a derivative of the
generalised metric ;M and combine such terms to ensure invariance under generalised
diffeomorphisms. However, due to the bare derivatives the invariance will not be manifest.
Moreover, the combination e=2?\/—g is an O(D, D) scalar density with weight one and
can be combined as e2¢. Given this the action for DFT reads

Sprr = / dPxdPze—2d (;HMNBMHKLaNHKL — %HMNGM”H,KLaLHKN 13)
—20ydONHMN + 4HMN8Md6Nd) .

Since the indices are contracted properly we only need to check the non-tensorial part, i.e.
terms with derivatives, to ensure invariance under generalised diffeomorphisms. To this
end we examine

A MM = Oy (SHMN) = 2 (0 HMY) (4.14)
which is given by
MMM =2 (90 ep — 0cape™ ) HNIT, (4.15)
up to a term that vanish by the section constraint. Likewise one finds
AeOxHun =2 (3K8(M€P - 3K3P§(M) Hy)p- (4.16)

For the first term in (4.13) one finds that
1
A¢ (8HMN6M”HKL8NHKL) = HMN o HELON O ETH P, (4.17)

where we used HPPONH ik = —ONHPEH . A similar calculation for the second term
in the action gives

1
A (—QHMNaM”HKLGLHKN) = — 0O o — O HMN 00" H P H N L,
(4.18)

39



4. Double field theory

where we see that the second term in this expression cancel the variation in (4.17). For
the last two terms we also need

AeOprd = —%aMapgp. (4.19)
Using this we get for the third term in (4.13)
Ag (=200 dONHMN) = 00 0pT ONHMN +200 08 OpEM HNE +20)dON OpENHNT (4.20)
and for the last term
Ae(AHMN 9 dond) = —40NdONOpeT HMN . (4.21)

Integrating by parts (note the dilaton prefactor in the action) one finds that the total
variation of Sppr indeed vanish and the action is thus invariant under generalised diffeo-
morphisms.

With the supergravity solution to the section constraint, 8" = 0, it is interesting to see
that the DFT action reduce to that of supergravity (as it should)

1
SDFT.§—0 = /dDa:e_Qqﬁ\/—g (R + 4(8¢)? — 12H2> . (4.22)
Moreover, T-duality on a circle typically exchanges the metric with its inverse and ex-
changes 0 < 0. This invariance can be seen nicely by looking at the action when the
dilaton and the 2-form are turned off

SDFT,d=b=0 = /dDéUdDi‘ (R(g,a) +R(g7, 5)) ; (4.23)

which clearly shows that the action is invariant under T-duality in this case. When the
form field and the dilaton are turned on the action is of course still invariant under T-
duality, however, there will be a non-trivial mixing between the metric and the 2-form
according to Buscher’s rules [28] and a shift in the dilaton field. Mixing between the fields
is expected according to the generalised diffeomorphisms introduced above.
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Exceptional field theory

Double field theory aimed to make the continuous T-duality group act naturally in super-
gravity prior to compactification. The goal of exceptional field theory on the other hand
does the same for the U-duality groups by replacing O(d,d) by Eq(q). As we have argued
these duality groups Ey(q) appear upon compactification of supergravity on a d-dimensional
torus and the corresponding discrete versions are the dualities of string theory/M-theory.
One inherent difference compared to DFT is that the duality groups are rather different
between dimensions making the general analysis more complicated. Moreover, for d > 9
the duality groups become infinite-dimensional. This can in some sense be understood by
noting that in d < 2 external dimensions scalars become dual to scalars.

We will introduce exceptional field theory by the specific example of Fg) exceptional
field theory following [37]. For a similar construction for Er7) and Fgg), see [38, 39].

There are two main points that we want to convey in this chapter besides providing
another concrete example of an extended geometry. First we want to show some details
on how to include external dimensions since this is the main part which differs from double
field theory and extended geometries. In the former case all coordinates were doubled while
in extended geometries we simply drop the external space and consider only the purely
internal sector. Secondly we want to motivate the appearance of a hierarchy of form
fields related to the tensor hierarchy of gauged supergravities. This hierarchy seems to be
important to understand a complete formulation of extended geometries. Moreover, we
will demonstrate three different solutions to the section constraint, the first solution makes
the global Ey4) symmetry of supergravity compactified on a torus T% manifest while the
other two clarify the embedding of M-theory and type IIB supergravity respectively in the
constructed exceptional field theory.

5.1 FEs5 — Exceptional field theory

The bosonic sector of eleven-dimensional supergravity consists of the metric gap and a
three-form A 4pc. Compactifying this theory on a 7T torus we get 3 x 7 = 21 scalars from
the metric and naively (g) = 20 scalars from the three-form. However, it is also possible
to dualise a three-form in 5 dimensions to a scalar since 5 — 3 — 2 = 0 and in total there
are thus 42 scalars. This equals the number of generators in the coset Egg) JUSP(8), with
usp(8) being the maximal compact subalgebra of eg), in agreement with the discussion
in Section 3.2.
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5. Exceptional field theory

What we want to do is to expand spacetime similar to the DFT case by splitting the
coordinates x4 — (z*,y*), with p = 1,2,...5 and i = 1,2,...6, and then extend the
internal coordinates to transform in 27 of FEg) as y' — M with M = 1,2,...27. The
extended spacetime is then 5 + 27 dimensional and the 41 scalars organise into a coset
element My n (7, 2) € Eg)/USp(8).

Just as in DFT we introduce generalised diffeomorphisms that encode the Fg) trans-
formations that we are “geometrising” by its action on a vector VM € 27 with weight w

as
VM = VM = ePopvM 4 PMN o anePWR 4 wapeP VM, (5.1)

with the Eg(g) invariant tensor

PMNpy = —6nas TV TP, (5.2)
1 .
= 309 0P — 0B 05 + 10dposd™™?,

and dyrnvg, dMNS totally symmetric invariant tensors of Eg) which we normalise as
dyngdPNS = 61, Imposing Leibniz property and that the element (VN Wy), where
Wy is a covector with weight w’, transforms as a scalar density of weight w + w’ the
action on Wy is easily found. This, moreover, generalise straightforward to a tensor with
any number of indices. Importantly we define the section constraint for Fg ) exceptional
field theory as

dMNS9n ® g = 0, (5.3)

which as in the DFT case is crucial for a consistent theory. Especially, the section con-
straint is needed to show that the algebra of generalised diffeomorphisms close according
to [37] (these results are also derived in the general case in Chapter 6)

['iﬂflv"%fz] = 9%51,2’ (5'4)
where the transformation parameter & 2 = [{1, {2]g is given by the E-bracket

6 &l = 2 (%t — Zub)"

= ePoped — 5dMNPdgrpefonel — (61 & &).

(5.5)

The kernel of generalised diffeomorphisms is non-trivial as parameters of the form &M =
dMNP Onnp does not generate a transformation. To see this consider the transformation
due to such a parameter

VM = —dMNP oV +10dMNPd@ES g pdndgnL VT

1
+ dSNpaanava +(\— g)@saandSNPVM . (5.6)

=0section constraint

=0 section constraint

The last term can be rewritten as

dSTPdP(MNdQL)SaQaNX — %dSTP(4dSNQdLMP + 4dSMNdQLP + 4dSMLdQNP)8NaQX

2

SdSTpdSMNdQLPaNaQX,

(5.7)
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5. Exceptional field theory

for some arbitrary field X and the first term vanish due to the section constraint. Using
the following identity for the eg cubic invariant

2
P(MN QL)S _ 4 (M NQL)
dsrpd d o Ve, (5.8)
it is found that
2
dsrpd®™MNdP oo X = g X BagMdNQ“aNaQX

_1
10

It then follows immediately that 5§VM =0if M = dMNPonnp.

SLAMNL N X.

We can derive other useful properties using (5.8). Consider UM = dMNK9\ Vi with
Vi transforming with a weight \ = % Then UM transforms as

UM = dMNK i (ZeVy) = AV Oy (€505 Vi + OnE Vs Viy — 10dw Lrd @ age"Vs)

Using (5.8) the last term can be rewritten using 10
dN(MKdNLRdSQ)RaK(anLVS) _ % (SdNMKdNLRdSQR + 8dNMQdNLRdSKR>
+ 8NN dy L rd™ P oK (098" Vs) (5.11)
=0section constraint
= 2D AN o (956M + Vi)
and we find
10dV MK dy  rd® 9ROk (0 Vs) = —10d"MQd N [ rd™ ROk (0 V) (512)
+ dM"EN O (O Vi + MV Ok (8" Viv)).
Inserting (5.12) in the transformation of UM we get
SUM = dMNK 59501 Vi + 10dMNQd e ndX N a5 KRG L 05 Vo, (5.13)

which shows that UM of this form transforms as a vector with weight A = % which will be
useful later on.

As in an ordinary gauge theory any local internal symmetry make bare derivatives
non-covariant. The usual solution is to introduce a connection Al]y that transforms inho-
mogeneously such that a covariant derivative can be defined. In this spirit we define a
covariant derivative by its action on a vector V

D,VM =9, vM — 2y VM

5.14
=9, VM — Al opV™M + PMNL, N ANVE — Xop ANV (5:14)

with Aljy being the gauge connection. We then impose that this transforms covariantly
for any tensor field X, i.e.

5e(DuX) = Ze(D,uX). (5.15)

Note especially that this is not true for bare derivatives

5e(0,V™) = 0,6V ) # Z(0,VV), (5.16)

43



5. Exceptional field theory

since the generalised diffeomorphism parameter is assumed to depend on the external
spacetime as well £ = £(z,2). Look at the inhomogeneous transformation A¢D,V =
0¢D,V — Z:D,V on a vector field V

AeD VM =650,V — 24, VM) — L0, VM + L. 24, VM

5.17
= g@ﬂgVM — ng#VM + "%&A yvM ( )

mi:

We thus find that if the gauge connection transforms as 54, = 9,6M + [¢, A,]¥, then
DMVM transforms covariantly. However, this is only defined up to a trivial transformation
and we use this to slightly rewrite the transformation of Aﬁ/[ by noting that

€, Auly = P0p AN — AlopeM — 5aMNPdgppeSon AT + 5dM NP dgrp ASONET
= gpapAl]y — Aﬁang — 10dMNPdSTpfsaNAZ + 5dMNPdSTp8N(£SA’£)
= DM + d"MP oy Cp,
(5.18)
with dMNP9n(p being a parameter in the kernel of generalised diffeomorphisms and,

moreover, defining ¢M to transform with a weight w = % We thus find that the covariant
derivative is indeed covariant if

SAN =D, M. (5.19)

In analogy with Yang-Mills theory we would then want to construct a field strength
tensor F/% that transforms covariaintly under the duality group, i.e. d¢F, % =2 F % The
obvious guess would be to define F% as

F =20, A0 — [Au, Ay

v]

5.20
- 28[uA% — 2Af;apA,§]4 — 10dMNPdSTPA5LaNA5 (5.20)
Varying the gauge potential we find
M M K M K M
0F,, = 26[;#514”} + 25A[M8KAV] — 2A[“8K5Ay] + (5.21)

+10dMNP dgrp (M@aNA’f] T A[SuaNéAT) ,

v]
which by comparison with the expression

M M P M M s AP MNP S T
2D[M5A1/] == 28[/16‘41/] - 2A[#8P5AV + 28}314[# (SAU} - 20d dSTPaNA[“dAV], (522)

where we used that Aﬁ/l transforms with weight %, can be written as

OFM = 2Dy, 0 A% + 108" NP derpoy (A7,6AL). (5.23)

v]
The last term in the transformation of F /% is non-covariant and in order to define a
covariant field strength tensor we will introduce a 2-form B,,,)s that transforms as
AB,,pm = 00BN + dMNsAa(SAf]. (5.24)

This 2-form also possess a gauge symmetry parameterised by a 1-form parameter ¥,n
with weight % We can then define a covariant field strength tensor of Afy as

Foy =20, A) — [Au, Ay +10dM Y508 Byys. (5.25)

2
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5. Exceptional field theory

To see that this is covariant we first define the gauge transformation of Aﬁ/l and B, N as

SAM = DM —10dMVE NS ik,

(5.26)
AB,uz/M = 2D[uEV]M + dMNKgNFIﬁ.

Note that B, appeared only in the combination AMNK Ok Buyn so that the gauge vari-
ation AB,,» is only defined up to a term that vanish when contracted with dMNE g
The gauge variation of F/% is then found to be

M M MNK
SFM = 2Dy, Dy €M — 20dMNK Dy, 0k 8, x

n QOdMNKaKD[HEV]N 4 10dMNE gy oy (st/Z) _ (5.27)
In order to see that F ;% transforms as a vector we use that
2D}, D, VM = =224 0,V =20, L4, VY + L4, 4,0,V (5.28)
and it is straightforward to expand the first two terms and find
2Dy, Dy VM = =20, Al o VM + 2010, A} +2(A — é)apa['uAl,]PVM
— 20d™NEdgpOn O, ALVS + L, a0V (5.29)

= —Zp,, VM.

Moreover, in the gauge variation (5.27) there is a term dMNKD#é?KZVN and we note that
the covariant derivative and the partial derivative does in general not commute. However,
noting that X,y carries a weight % we can use that dMNEK .3, N transforms as a vector
with weight % We then find

d"NE D0k Viy = dMNE 00, Viy — dMNE AT 050K Viv

+ dSNKasAfyaK Vi — 10dMLRdLSTdTNKaRA§8K V. (5-30)

=0section constraint
The last term can be rewritten using the same calculation as in (5.12) and we thus get
dMNE D0k Viy = dMNE 00, Viy — dMNE AT 050K Viv

+ 1OdMLKdLSTdTNRaRA§8KVN — dMNKasAiaKVN — dMNKﬁKA;faSVN.

(5.31)
On the other hand, consider
dMNKaKD#VN = dMNKaK (OMVN — Aiast — 6SAEVN)
+ 10dMLKdLSTdTNRaRAZVN — dMNKaK(aNAEVS), (5'32)
=0section constraint
from which it is easily found that
dMNE 9D,V = dMNE Dok Vi, (5.33)

if Viv transforms with a weight 2. Using this together with (5.29) it is straightforward to
find the variation of the field strength tensor F; /% in (5.27) as

SF = &R0k F, — 0gEM F 4+ 10dn L rd™ Kok ¢V F))

5.34
= ZF), (5:34)
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5. Exceptional field theory

and F;% thus transforms as a covariant vector with weight %

Having to introduce higher order form fields in order to ensure covariance for gauge
connections might seem a bit strange. However, this is a typical feature of so-called
gauged supergravities [22]. These are maximal supergravities obtained by compactifaction
on a torus 7% in which a subgroup Gy of the global duality group is promoted to a local
symmetry. As above, one then has to introduce gauge fields in order to define covariant
derivatives and the corresponding field strength tensors will also transform non-covariantly.
One solves this problem by successively adding higher form fields as we have done above
but however, these have to transform in particular representations Iz, of the duality group
G in order to get covariant field strength tensors. This leads to the notion of a “tensor
hierarchy” of p-forms that have to be introduced in order to define gauged supergravities.
Moreover, the tensor hierarchy algebra constructed in [8] predicts precisely this series of
representations.

In [37] an action for the external metric g,,, the gauge field Aljy , the two-form B,
and the scalar fields M sy is found that is invariant under external diffeomorphisms as
well as internal generalised diffeomorphisms. This action is given by

- 1 1
SEG(G) :/dx5dz27\/ |g| <R + ﬂg’“’DMMMNDVMMN — ZMMNF%Fﬁ - V(MMNag;w)>

+ / d2°d Loop,
(5.35)
where Liop is a topological term that couples Aﬂ/l with B, and, especially, the scalar
potential is given by

1 1
V= —ﬂMMNaMMKLaNMKL + 5Mf‘“VaMA/lKLaLMNK 556
5.36
1 1 1
—59_13M93NMMN — ZMMNg_laMgg_laNg - EMMNﬁMQ‘W@NgW-

In the extended geometries introduced in Chapter 6 it is the potential V' that we will
derive a general expression for.

5.1.1 Solving the section constraint

In order to embed ordinary supergravity in the exceptional field theory discussed above
we need to solve the section constraint

dMNS9y © dg = 0. (5.37)

A trivial solution is to drop the dependence on the internal coordinates completely by
setting dpy = 0. In this case the action (5.35) reduces to that of supergravity compactified
on T% and especially the lagrangian for the scalar sector is given by the non-linear sigma
model introduced in Section 3.2.1. Moreover, it is in this case that the global “hidden”
symmetry group Fge) supergravity compactified on T 6 becomes a manifest symmetry
which was the main motivation for introducing extended geometries. Note that in this
case we clearly have a truncated theory in comparison to the full Eg(g) exceptional field
theory which is not truncated.

By looking at the affine extended Dynkin diagram for eg(s), shown in Figure 5.1, we can
find at least two other interesting solutions corresponding to different embeddings of a gl
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5. Exceptional field theory

subalgebra. In order to see how this solves the section constraint begin with decomposing
27 and the adjoint 78 under sl(6) ® R embedded as 5[(6) © R C 5l(6) © s1(2) C eg(6)
{27%61@15@61, (5.38)

78 -1 09201 [35 + 1]0 @ 201 P 1o,

with the subscript denoting the eigenvalue of R. In components the vector field is then
given by zM = (2%, z;;, 2%) and the section constraint can be solved by setting

97 =0, 0=0, (5.39)

with derivatives acting on arbitrary fields. This solves the section constraint since the only
possibly non-trivial term is d* kf)j ® O which vanishes as well. The reason for this is that
dMNP dMNP should carry weight 0 under
R. Before looking at the second solution to the section constraint consider an element in
the coset space Fg ) /U Sp(8) which we in the beginning argued to parameterise the scalar
fields and the corresponding coset element of the GL(6) subalgebra

is an invariant tensor and any non-trivial term of

Eo) , GL(6)
USp(8)  SO(6)’

(5.40)

and we can identify g, € gg%gg. The remaining dim Usp(8) — dim SO(6) = 21 compact

generators of Usp(8) can be used to gauge away 20_; and 1_5 in (5.38) such that we
are left with A,,,, € 207 and x € 13, with x coming from a dualised three-form in
five dimensions. We have thus seen that this correspond to the M-theory solution of the
section constraint. The complete dictionary between Ep) exceptional field theory with
this section constraint and M-theory is given in [37].

A similar story follows for the embedding sl(5) x sl(2) x R C sl(6) @ sl(2) & R given in
Figure 5.1

27 — (571)4®(572)1@ (10a 1)—2@(172)—57 (5 41)
8 — (57 1)76 D (HL 2)*3 D [(247 1) ©® (1, 3) ©® (17 1)]0 D (107 2)3 D (57 1)6- ‘
In components the vector is given by zM = (2%, Zia, 29, 24) and we can solve the section
constraint by setting '
0" =0, 0;; =0, 0% =0, (5.42)

where again the derivatives act implicitly on any fields. This again solves the section
constraint since d*/* vanish due to the grading. Considering again an element in the coset
FEg(s) and the corresponding coset element in GL(5) x SL(2)

Eg6) . GL(5) " SL(2)
USp(8)  SO(5) SO(2)

(5.43)

We can again use the remaining dim USp(8) — dim SO(5) — dim SO(2) = 25 compact
generators of USp(8) to gauge away (5,1)16 @ (10,2)3. This corresponds to the type IIB
supergravity solution of the section constraint, to see this remember that the bosonic sector
of type IIB consist of a metric g;;, a two-form Bs, the dilaton ¢ and form fields Cp, Cs
and Cy. We then identify g;; € GL(5)/SL(5), (¢,Co) € SL(2)/U(1), (Bz,C2) € (10,2)_3
and Cy € (5,1)_g. The complete dictionary between Eg(6) exceptional field theory with
this section constraint and type IIB supergravity is given in [37].
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O—O—%—O—Q%
o—C0—C—C—-—0

Q—O—E—E—QH
O—0O0—C—0¢O0

Figure 5.1: Two different solutions to the section constraint with the upper
corresponding to eg(g) — 5[(6) © R and the lower to egg) — sl(5) @ s[(2) © R. Note that
the factor of R has been excluded from the diagram and that we have drawn the affine

extension of Eg(g) which by deletion of any node gives a subalgebra of Egg).
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Extended Geometries

In this chapter the general construction of extended geometries constructed in [5] are
described. These are generalisations of double geometry and exceptional geometry to a
geometry based on a Kac-Moody structure algebra g x R* and an irreducible highest
weight module R(A). The construction is built around the generalised diffeomorphisms
and closure of their algebra. Moreover, the so-called section constraint is crucial for many
reasons, in particular closure.

When the structure algebra is that of a hidden duality group appearing when compact-
ifying, say, a supergravity theory the extended geometries describe the purely internal
(scalar) degrees of freedom of that theory. However, the geometries introduced in this
chapter are described without reference to any specific physical theory and compactifica-
tion ansatz.

In Sections 6.1 — 6.3 we follow the construction of extended geometries presented in [5]
by especially focusing on finding constraints to ensure closure of generalised diffeomor-
phisms. Moreover, a pseudo-action which is invariant under generalised diffeomorphisms
encoding the dynamics of the generalised metric is introduced. In Section 6.4 we introduce
a covariant derivative following [40] in order to derive purely geometric objects such as
torsion and curvature.

6.1 Extended spacetime and setup

Extended geometries will be based on the split real-form of a Kac-Moody algebra g x R
exponentiated to a group G x R* and an irreducible integrable highest weight coordinate

module R(\) with derivatives in the dual module dj; € R(\).

Ordinary geometry is formulated in a coordinate independent manner with transition
functions valued in GL(d); in extended geometries on the other hand this réle is played
by G x RT. However, we will only consider local features since global transformations in
general are still difficult to deal with. In the specific example of double field theory global
transformations are well behaved and discussed in [41, 42].

As introduced in Section 2.3 a Kac-Moody algebra is described in terms of its Cartan
matrix a;; which we assume to be symmetrisable, i.e. there exists a diagonal matrix D
with non-zero entries D; such that Da is a symmetric matrix. Note that the Kac-Moody
algebra g(a) is not the bosonic extended algebra 27 (a) introduced in Section 2.3. However,
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6. Extended Geometries

we will use both the bosonic extension &7(g) and the fermionic extension #(a) in Section
6.2.2 to show closure of generalised diffeomorphisms. If the Cartan matrix a;; associated
to a rank r algebra g is invertible we let 7,5 = 1,2,...r. Otherwise if the corank £ > 0
we extend the Cartan matrix such that a;; is invertible with 7,5 = 1,2,...r + k. Since a
is assumed to be symmetrisable there exists an inner product on the root space that we
define as

(Oéi, Oéj) = D,;aij, (6.1)

. . . (e INe 7
where «; ; are simple roots which we normalise as D; = % We also define coroots

a) as aj; = aj(o)) = ﬁ(ai,aj). Symmetrising a from the right by D~ we get a
symmetric inner product on the coroots as
—1
(Ozg/,a}/) = a;;D; . (6.2)
Introducing fundamental weights A; dual to the coroots Ai(a}/) = 0;j induces a metric on

the weight space as
(Ai, A]) = Dia;jl. (63)

6.2 Generalised diffeomorphisms

Generalised diffeomorphisms play a central réle in the construction of extended geometries,
the general form of which is

o VM = 2, VM = eNoy VM 4 ZMN poonel Ve, (6.4)

where Z is an invariant tensor of g. The first term can be viewed as a transport term
coming from a Taylor expansion of the argument and the second term is a projection
operator which projects the v p indices on the adjoint module, g & R*. The invariant
tensor Z is hence given by

ZMN by = —knagTMy TN, + BOY 08, (6.5)

where 7,3 is the inverse of the invariant bilinear form on g, 7% are the generators in
the representation R(A) and k, 8 constants to be determined. This can be written in an
equivalent way using the tensor

N
as
ggVM = §N8NVM — 8N§MVN + YMNanprvQ
= LeVM + YMN pooneve.
Here L¢ denotes the ordinary Lie derivative which shows that the Y-tensor can be inter-
preted as the departure of the generalised Lie derivative in the structure algebra g & R
compared to that of ordinary geometry. This is precisely the Y-tensor introduced and

derived in Section 2.3.3 which we will see below. Especially, by comparison with (2.113)
we find 8 = k(A A) — 1.

(6.7)

A crucial consistency condition is whether the algebra closes or not, to see this examine

?

(122 = 2y (s 2,0)) VM 20 (68)
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After a good deal of algebra one finds that
1 R s
(e L] = Ly gyse)) VY = 52" Y Vsr € 00m VY — (€0 m)  (69)
if the Y-tensor satisfies certain constraints. The first is the (strong) section constraint
YMN, o 00 @ On =0, (6.10)

where Jj; ® Oy indicates that each derivative act on an arbitrary field. To get some
intuition for this constraint look at the case for DFT with

YMNoy = —2PMNp o + 6365, (6.11)

where PMNPQ = —inIKnJL(TU)g(TKL)g denotes the projection operator onto the ad-

joint. The generators in the fundamental of O(D, D) [34] are (T1,)¥ = 6Mnsp — 6¥nip
and a straightforward calculation shows that

YMN0 0m @ On = nMNoy ® o, (6.12)

which indeed is the section constraint for DFT introduced in Chapter 4. Moreover, the
Y -tensor also needs to satisfy the following constraints for the algebra to close

MN TP MN TP
(VM0 YT gy + 2V Mgy YTy (6.138)
Y Mg 8 — 2V N 8 )0 © Oy = 0,

MN TP MN P
(V"N Y sy + 2V Ny Y0 (6.13b)

These identities are derived in Appendix A. Whether the remaining term in (6.9) needed
for closure vanish or not depends on the specific algebra together with the choice of
coordinate module R(\), a simple criterion for this will be derived below using certain
extensions of g. As of yet neither the particular form nor any symmetry properties of Y
have been used. However, inserting the explicit form (6.6) in (6.13a)-(6.13b) one finds
that they are satisfied if the section constraint is [6].

6.2.1 Section constraint

Up to the remaining term in (6.9) closure of the algebra is entirely dependent on solving
the section constraint (6.12). To this end examine the tensor product of the coordinate

module with itself. This can trivially be decomposed as
R\ ® R(\) = V2R(A) @ A2R())
s . = (6.14)
= (R, © Ry) & (R & Rs),

with R, being the highest weight representation in the symmetrised and anti-symmetrised
product respectively and

Ry = V2R(\) © Ry, (6.15)
Ry = A’R(\) © RY. (6.16)
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It is easily seen that the highest weight representation in the symmetrised product is given
by R; = R(2)). Solving the section constraint can be done in two steps, first impose the
weak section stating that any momenta |p) € R(\) lie in a minimal orbit of G, which is
equivalent to |p) ® |[p) € R(2X) [43, 44]. Secondly we demand that the product of two
arbitrary momenta |p),|¢) € R(\) contain only the dual of the highest modules in the
symmetric Rj and anti-symmetric Rj product of R()) respectively. In other words, the

second step means that we set

(0®09)|g, =0, (8®8)\E2 =0, (6.17)
where ® indicate that the derivatives act on arbitrary fields.

The section constraint plays an important role in extended geometries as this specifies
the embedding GL(d) < G x RT that defines ordinary geometry. However, crucially
the section constraint is solved in a G covariant manner. Moreover, any solution to the
section constraint can be reached by a G transformation of another solution while the
d-dimensional subspace that span the vector representation of GL(d) is stabilised by the
GL(d) subgroup of G.

In order to make progress note that the highest weight representations in the anti-
symmetrised product R? are given by representations R(2A — «;) with A()) # 0. The
highest weight state of such a representation is given by

22X —ai) = |A) @A — i) — |A —ai) @ [A), (6.18)

which indeed has the weight 2\ — ;. However, as will be shown below not all such highest
weight representations can be kept.

Consider the quadratic Casimir invariant evaluated on R(\), R(2A) and R(2A— ;) using
(2.70)
1
C2(R(A)) = 5 (A A+ 2p),

Ca(R(2X)) = 2C5(R(N) + (A, N), (6.19)
Co(R(2A — o)) = C2(R(2X)) — 2(ci, A) + %(ai, ;) = (ai; p)
= Cy(R(2))) — Ailov, @),

where we in the second step in the last equation used the definition of coroots and the
expression of the Weyl vector given in (2.38). Evaluate the Casimir on a state in R(2)\),
which without loss of generality we take to be |A\) ® |\), using the explicit form in (6.19)

1 1 1
SMasT T (12) ® |A) = <2na5T°‘TﬁA>> RN+ N @ (2naﬂTaT5\/\>>

+ 00T @ TP|N) @ | ).

(6.20)

On the other hand evaluate the right hand side of (6.19) on the same state

(205 (ROV) + (A N) [N @ |A) = (;TO‘Tﬁ\)\> SN+ A ® (;T"‘Tﬂp\) LN @A),

(6.21)
We thus find the algebraic condition

(MasT* @ T7 = (A, N) N @ N) =0 (6.22)
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6. Extended Geometries

when imposing (6.19). A similar condition is derived for states in R(2A— ;) by evaluating
the Casimir operator on the highest weight state |2A — «;)

[CQ(R(Z)\ — O[Z)) — QCQ(R()\)) — ()\, )\) + /\i(ai, az)] |2/\ — O[i>

(6.23)
= (nagT™ @ T% = (A, ) + Nis, ) ) [2X = ) = 0.

Consider the highest weight vector |A) in a section together with some other vector |g)
also in the section. The symmetrised and anti-symmetrised product of these two vectors
should satisfy the constraints derived above, i.e.

(Mg T @ T7 = (A, ) (1N @ [g) + |a) @ [A) = 0, (6.24)

and
(rasT* & T — (A N) + Mi(ain0n)) (N ® ) ) @ ) =0.  (6.25)

This is trivially satisfied by the |¢g) = |\). Consider a state |q) = e_q,|\) with a; a positive
simple root with A; # 0. The weak section condition on |¢) ® |¢) then gives

(MapT* @ T% = (A, ) -0y A) @ e—a,[A) = (A = @i, A = ai)e—, [N) @ e, [N)
+(1+0) Z €al_q;|\) ® e_q€_q,|N).

acAt

(6.26)

The first term has to vanish separately from which we get A; = 1. The second term then
also vanish since (a; — a) with a; # a can not be written as a sum of positive roots and
the term with o = o vanish for \; = 1. Consider then the state (1+0)|\) ® e_q,|\), with
o the permutation operator, which also should satisfy the symmetric constraint. For this
state we find

(Mg T* @ TP = (A, N) [A) @ €0, A) = (A A = a)(1+0)|A) @ €, [A)
+(1+0) > eald) ®eae_q,lA).

aceAt

(6.27)

The only contribution from the sum comes from o = «;, since otherwise (c; — «) can not
be written as a sum of positive roots, which cancels the term proportional to A; in the
first term. We have thus found that |A), |¢), and |\) + |¢) all satisfy the weak section
constraint.

Consider now another state [p) = e_g_q,|A) which also lies in the section. From the
weak section constraint on (1 + 0)|A) ® |p) we find

(16T ST = (A N)) - © -g-aA) = (1+0) [AA = — 8) — AN IN) e V)
+(1+0) D e—ald) ®eat_p_a,lA).

acAt
(6.28)
The term in the sum with o = 8 + «; contributes a term
(L+0) (M) + MBY))e—g-a:|A) @A), (6.29)

which cancels the remaining term from the first line in (6.28). The remaining terms from
the sum consists of a such that a # 8 + «; and («, A\) # 0 since otherwise if (a, \) = 0,
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6. Extended Geometries

then e_,|A) vanish. The contribution from o = «; and o = [ vanish only if (5,A) = 0.
The remaining states carry a weight A — (o + f — «), with «; not included in o and
(o, A) # 0, from which it follows that o; + § — « is not a sum of positive roots and any
such state thus vanish.

Lastly consider the weak section constraint on |p) ® |p)

(naﬁTa ® T — ()‘7 )‘)) €fafﬁl/\> ® e*ai*ﬁ’)\> = [(/\ —ai =B A —a; — 6)]e*ai*ﬁ‘)\> ® e*az‘*ﬂ‘)‘>

+(1+0) D eat—a—plA) ® e—at—q,—pelN).
acA+

(6.30)
Any element o that contains a simple root a;; # o; such that a; is not included in 8 will
not contribute to the sum since then (a; + 8 — «) can not be written as a sum of positive
roots. We then choose = j3; according to

J
Bi = itk (6.31)
k=1

such that a,,, = —1 for |m—n| =1 and ayy, = 0 for [m—n| > 0 for m,n =4,i+1,...,i+
(d—2) for some value d —2. With this choice the set of roots {c, 5;},=1,2, .4—2 correspond
to simple positive roots of a sl(d) C g subalgebra. Moreover, the states e_g. o,|)\) span
the vector representation under this algebra. In this representation e, with a a positive
root of sl, is an upper-triangular matrix and e_,, its transpose, from which it follows that
either eqe_g, —q;|A) Or e_qe g, o,|\) vanish. Moreover, we find that

— 2(w, B) + (8,8) = 0, (6.32)

if 5 = B; and which ensures that (6.30) vanish. We have thus found that also |p) and
Ip)®|\) satisfy the weak section constraint. Moreover, there is an anti-symmetric condition
from (6.22) which is seen to be fulfilled by looking at the following

(Mg T @ T% = (0, N) V) @ easl) = [\ A = ai = 8) = (A V]I @ ea,—slA)
+ ) eald) ®eae o, plN) (6.33)
acAt

= =[N @lp)+Ip) @ [N,
using similar arguments as above to find that the only non-vanishing contribution from
the sum comes from o = a; + 3. It is immediate that e_n, g.|A\) + e_o,—pg,|A) for any
J»k also satisfy the section constraint. For ; = B; we have already seen that is true.
For ; # B) one finds that (h,h) — (A, A) acts as —1. In the sum over roots only roots a
contained in the sl subalgebra is possibly non-zero using the same argument as above. It
is, moreover, seen that there is precisely one choice of root o o< 3; — B, which acts as the

permutation operator on e_q,—g;|\) ® e_qa,—g,|A). This precisely cancels the contribution
from (h,h) — (A, A).

Any two vectors |p) and |¢) in a section thus satisfy
(MasT* @ T7 = (AN + (1= 0)) [p) @ |g) =0, (6.34)

with the last term only contributing to the anti-symmetric part. Comparing with the
invariant Y tensor introduced in (6.6) we find for any vector |p) and |¢) in a section

Y|p) ®|q) =0, (6.35)
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eesloe
N S

Figure 6.1: Dynkin diagram of e; with black nodes corresponding to two different
sections.

with £k =1 and = (A\,\) — 1.
A section can thus be constructed as follows
1. Pick a highest weight state |\).
2. Enlarge the section by adding the state e_q,|A\) with \; = 1.
3. Add another state e_q,,,e_q,|\) if \; = 0.

4. Continue and add more states e_ e_

l=0.

@is1€—ais_y -+ €—a;|A) as long as Aj; # 0 only for

If one reaches a branching in the diagram one choose one direction and should stop
when reaching a node with multiple connections. By construction these states span a
d-dimensional representation under the “gravity-line” corresponding to an embedding of
GL(d) in G. As an example of this consider an extended geometry based on Er(7y and
the coordinate module R(\) = R(A;). Two possible sections are then shown in Figure 6.1
where the black nodes denote the set of simple roots defining the sl subalgebra'.

6.2.2 Ancillary transformation and closure of algebra

The obstruction to closure of generalised diffeomorphisms was shown in (6.9) to be
1
([zg, 2y = 2y ggn#ng)) VM = 5ZMPQNYQRST oporn VN — (€< m),  (6.36)

given that the section constraint is fulfilled. The goal is to rewrite this in a form that
makes it easy to see whether it vanish or not. Consider therefore

ZMPQN YQRST gTapaRnSVN _ (_kna,@TaMN TBPQ YQRST + B(S]]\V/IyPRST ) fTapﬁRnSVN,
P R
= (kQUaBTaMN T’ Q UWT'YQT %

— kg T My T 08 — knagToMy 77 65) T 0poRn VY,

(6.37)

where we expanded the Z-tensor in the first term on the RHS and then used that the
second term vanish due to the section constraint. The strategy is then to commute T PQ

and T VQT in the term proportional to k2 in the second line in order to again apply the

!This should not be confused with the notation for short/long roots.
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section constraint
(6.37) g2 = k0T My T 0y TR TP €7 0pORN VY
— k277aBTaMN nvaﬁRS (fa’ya TUPT + TWPQ TﬁQT ) fTapaRT]SVN

(6.38)
= 1 (s f TNy T T ) € 0p O VY
+ knagT*My 79, (55?55 4 5555) T opdrn VY.
Inserting (6.38) in (6.37) the two terms proportional to § cancel and we find
ZMPQN YQRST €T Opdp ns VN = ( k2 Napap f0, TaMN TpRS TUPT ) §T OpOr 773 VN 69

+ knag Ty 779 (6508 — 5508 ) €7 0porn VY.

In index-free notation the failure of generalised diffeomorphisms to close can thus be
written as

M le"
(12620 = 24 (5 -2,6)) V! = ZaT V), (6.40)
with .
2% = 50y @ (9,]5%(€) @ |m) — (€ < 1) (6.41)
and
S*=—kf% TP @T"+T*®1—-1® T (6.42)
The tensor S¢ is easily seen to satisfy 0S¢ = —S%s which implies that it can be decom-
posed as
aMN _ qo(MN) a[MN]
S ro =15 pg) T S (PQ)" (6.43)
(MN)

Moreover, in (6.40) only the part S“

(PO contributes and hence the expression for ¢
simplifies

k 1-—
5% = £ = —2(0,] © (315" —71&) @ ) + (€ <+ m). (6.44)

The relevant part H'T”Sa can be conveniently rewritten in index-free notation as

1+o
S*=[1@T* —kng, T° @ T + 1 +
=[1eT*Y].
Inserting (6.45) in (6.44) and using the section constraint this further reduce to
« « k (67
5% 5 5% = 2 (010,11 © TV [§)ln) + (€ > n), (6.46)

with Y_ = Y152,

This simplification of X% together with the formalism developed in Section 2.3.3 allows

us to find a simple condition on the presence of ancillary transformations. Remember that

_ y(MN) [MN]
YMNo =YV ) +Y pg and

MN
Y PQ —

N

(QMNQP - §MNQP> ; (6.47)
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and due to the symmetry of g and ¢ only the latter contributes in X%, Explicitly if the
following expression is satisfied the algebra of generalised diffeomorphisms closes

53 TN 55K po 0 @ Oy = 0, (6.48)
which by the definition of the invariant tensor § is equivalent to

(IlT>, EM], ENT, [Fp, FQl)Oou © Ony = 0. (6.49)

In order to determine if this holds note that [[T%, EM], EN)] € V2R(A). Due to
the section constraint however the only possibly non-trivial such element lies in R(2\).
Assuming that the LHS of (6.49) does not vanish is equivalent to finding some element in
the structure algebra x € g (the contribution from the center of . is trivially zero) and
a symmetric tensor Ajsny such that

AyN[EM [EN, 2]] # 0. (6.50)

Moreover, since Z_5 = V2R(2A\)© R(2)) the tensor also satisfies Ay y[EM, EN] = 0 which
in particular is satisfied for [eg, ep]. This implies that the expression (6.49) is non-zero if
we can find an z € g such that

[[é(), [[é(), .%']H] 7& 0. (6.51)

Note that we have used the isomorphism between 71 and %+,. Consider an element
T = e, with an associated positive root « of g such that a(ag) < —1. With this assumption
it follows that

[€0,€a] #0 since [fo, [€0, €a]] = —a(a)eq # 0, (6.52)

using the Jacobi identity. In the same spirit we examine if the element [€o, [€p, €4] vanish
or not. Using again the Jacobi identity we find

[[an [[éOv [[éU’ 604]”]]] = [[éoa [[f07 [[éOv ea]””] - [[[[607 JEU]]? [[éOv ea]]]]
— ———
x—a(ay) ho (653)
= —2(1 + a(ay))[o, eal,
which by the assumption a(y) < —1 is non-vanishing. Thus if we can find such a positive

root « so-called ancillary transformations will be present. Since « is assumed to be positive
we can expand it as ), ¢;a;, with ¢; > 0 and a; a simple root of g such that

alag) = Z ciai(ag) = Z c; Aoi
L ! (6.54)
= —5 ZCZ'(O@, Oéz'))\i < —1.

If A is not a fundamental weight it is always possible to find a root « such that the
inequality is satisfied and ancillary transformations are thus present in this case.

For sufficiency assume that A = A; is a fundamental weight. In this case with k£ =
2/(cyj, a5) we have
alay) = —c;j. (6.55)

Thus for any root o with ¢; > 2 ancillary transformations are present. Take the root vector
x = ey associated to the highest root 6 of g. In (2.37) the highest root 6 was expanded
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AL As
b O—Q—O—I—Q—O
Ay

Figure 6.2: All structure algebras with possible choice of coordinate module for which
no ancillary transformation are shown. The a,, family is not included in the figure since
any choice of fundamental weight leads to an algebra of diffeomorphisms without
ancillary transformations.

in simple roots and the coefficients were the Coxeter labels. It thus follows immediately
that for no ancillary transformation being present A = A; is a fundamental weight and,
moreover, that the corresponding Coxeter label ¢; is equal to one. In fact this is not only a
necessary but also a sufficient condition. This can be seen by noting that by applying any
positive simple root e; to [éo, [€o, eg]] and using the Jacobi identity as well as [e;, eg] = 0,
we find

[[ei) [[éOv [[éOv 69]””] = [[XM7 [[éov 69]”] + [[éo, [[XM’ 69]”]7 (656)

with XM := [e;, &] € R()\). In other words we can build any object Ay n[XM, [X N, eg]] =
0 starting from [ép, [€o, eg]]. Note by construction that Aysn € R(2\) and hence it fol-
lows directly that Ay n[E™, EN] = 0 as well. On the other hand, applying a root vector

associated to a simple negative root to the same expression we find

[f, [€0, [€0, eol]] = [0, [€0, [ fi, o]l

= [&o, [é0, e0—a, 1], (6.57)

where we used that [[f;,ép] = 0. We thus see that the expression (6.56) is true for any
element = € g.

We have thus shown that ancillary transformations (6.40) vanish if and only if the
highest weight of the coordinate module is a fundamental weight and the corresponding
Coxeter label is equal to one. Such modules are easily found for finite-dimensional simple
Lie algebras and can be found in e.g. [17]. For a, this includes any choice A; while all
other examples are given in Figure 6.2. Moreover, infinite-dimensional structure algebras
always have ancillary transformations [5].

6.3 Dynamics

Having developed the structure of generalised diffeomorphisms to describe geometry based
on a general structure algebra we want to describe the dynamics of some fields on this
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geometry. Especially, we will write down a pseudo-action that determines the dynamics for
a generalised metric Gy € GxRT /K, where G is the structure group and K the maximal
compact subalgebra of G. In the case of compactifying 11-dimensional supergravity on
a torus T¢ the generalised metric will contain the purely internal degrees of freedom of
the metric as well as those of the three-form (dualised to obtain the maximal amount of
scalars) and the structure group is given by the Eg series.

Note that in the theory below we only consider an extended geometry based on a gen-
eralised structure group with some coordinate module R(A). In other words there is no
external spacetime nor any compactification ansatz. In order to include external degrees
of freedom one should look at DFT or EFT. In this case there would be purely external
fields as well as gauge potentials, or “graviphotons”, that can be considered as gauge fields
for the, in this case, internal generalised diffeomorphisms. Typically the corresponding
field strength tensor will however not transform covariantly but fails by a trivial trans-
formation. To account for this one successively has to add higher rank form fields that
transforms in particular representations of the structure group. This is the procedure
that leads to the notion of a “tensor hierarchy”. The exact spectrum of representations
of the tensor hierarchies can be derived from tensor hierarchy algebras developed in [8].
The construction and réle of these tensor hierarchy algebras in extended geometries are
further discussed in [9, 10] and references therein.

In order to describe the dynamics the action should be quadratic in derivatives of the
metric and it should transform as a scalar density of weight 1. The action will only
transform properly after the section constraint is applied and in that sense it is a pseudo-
action. This means that we manually have to impose the section constraint and only look
at the classical theory. In order to e.g. quantize the theory by performing a path integral
one would most likely have to find a way to dynamically generate the section constraint
as a constraint.

Analogously to the metric in Riemannian geometry being an element in GL(d)/SO(d)
the generalised metric is an element in G x R*/H. Moreover, we take the weight of the
metric to be —2w instead of the canonical weight —23 of a rank two tensor. This as we
will see is necessary to ensure that the lagrangian transforms properly.

Crucially the metric determines a local embedding of the maximal compact subalgebra
K. To see this remember that the maximal compact subalgebra & is the subset of g that
has eigenvalue 1 under an involution. The metric determines such a local involution on
the generators T“ of g given by

* —
89 i (6.58)
T — T = (GT*G )T,

with 7 being the ordinary transpose. In index notation with Gysx being the metric, GMN

its inverse and the generators T, this corresponds to

(TYM = GnpTF GV, (6.59)

It is then easily seen that linear combinations T+7T™ and T'—T™ span £ and go¢t respectively.
Note that 7,4 is invariant under this evolution and hence 1,57 ® TP = Napgd™ @ T5.

As in the discussion of non-linear sigma models in Section 3.2.1 we will differentiate
the dynamical field and contract with its inverse to obtain (similar to the Maurer-Cartan
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form) an element in the corresponding coset algebra g x R /¢
(GLonG)N p = TN p M ppa + 65,00 (6.60)

Note that since the metric is valued in the coset we have Il T = Il T% Due to
the non-covariant derivative in the definition of Il;, and ©j,; these will not transform
covariantly under generalised diffeomorphisms and to find an appropriate action we should
determine the inhomogeneous transformation of these fields.

The inhomogeneous transformation of a field is given by the difference Ay = 0 — £
and we therefore look at

0 (G p) = O (E50xGp — 2251y 0K  Gpys ) (6.61)
L (0mGNp) = X OxOMGNp — 2275 1 Ok O G p)s
— 79K 0k €T DG p. (6.62)

Using the section constraint in the last term in (6.62) we find the inhomogeneous trans-
formation

Ae (G—laMG) Np = 2755 0 0u€T. (6.63)

In terms of the fields I, and ©j; this translates to
Allyro = nog (T7 + T*7) S10005€7, (6.64)
AOy = —2wdy O K. (6.65)

The ansatz for the lagrangian will then be
L =c1Li(Ipa) + c2Lo(llprg) + c3L3(Onr) + cala(nra, Onr), (6.66)
with ¢; constant coefficients and L; field dependent terms given by
L1 =GMNpBT,, Mg,
Ly = GEEToM TN TN, Ty,
Ls=GM"NO 0y,
L4=GMETN T11,0N.

(6.67)

The inhomogeneous transformation of £; is straightforward to compute

AcLy = 2GMN P T pgo (T + T*7)% 11, 50N OsET (6.68)
= AGMN o T OnOsET '

where we used that II;, € g © ¢. It is likewise found that L3 transforms as
AL = —4wGMNO 0N (D - €). (6.69)
In a similar fashion we find for £4
A¢Ly = GMETON (T 1+ 17P) 51040567 O — 20GM K TN Tago O (0 €). - (6.70)
Using that 1,7 @ T B = NapT™™ @ T# and the definition of the involution « it is found
that
AeLy = GMET N T 0005 On + GNETM T 000567 O N

6.71
— 2wGMETN, 100N (D - €). (6.71)
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By the definition of © y there is a derivative in y, hence the section constraint can be used
to simplify both terms in the first line. We thus get

ALy = (26 + 2w+ DGVNONIN (D &) + GOy DN O+

— 2wGMN 93,05 (8 - €), (6.72)

where we also integrated by parts and discarded total derivatives to obtain the term
containing 93¢.

The remaining term L9 requires a bit more work, to begin with we find (below we make
no distinction between upper and lower adjoint indices and leave 7,5 implicit)

ALy = 2GKLTeM TN (1o L 7Y S, 8,056 T4 613
= 2GR (1M T + GrgT® % G T ) On 05" TN T, ‘
In the first term on the second line use the section constraint and in the second term
commute (T°T*)N o = (T*TP)N , + fﬂo‘wTvNR to find

ALy = 2G5E (o} o7 + o4 6% ) TN OnOsE s

+ 2GRM (TN T e TN ) T Oy g€ T, (o7
Use the section constraint on the first term in the second line to find
AeLy =228+ DGMTIN 950 - ) Tprs + 2G5 TN, 0508 EM T (6.75)
+2GTM fho. TN TS 9 s T g '
From the definition of the S* tensor in (6.42)
SN pp = — fPITONL T8+ TN 68 — T 63, (6.76)

we can rewrite the term containing the structure constants as

2GRM fio. TN T8 Oy 9s€ T = 2GTM YN b AN D¢ T

— 2GRM TN 9N (D - E)pger + 2GM TS ORDsET T .-
(6.77)
Inserting (6.77) in (6.75) we find

AeLy = 2GTM SN N OsE T prg + 4BGTM TN, 95 (0 - €)Tars

6.78
+2G5 TN, 9ONEM TN + 2GTM T, 025 T4, (6.78)

Note that the last term in the second line equals %Agﬁl. Using the definition of Iy,
rewrite the second term in the first line as

ABGEM TN 9N (8- 6)Mprs = ABGTFM GNS 0y G s N (D €) — 4BGMN O 30N (9-€), (6.79)
which by partial integration and neglecting total derivatives can in turn be written as
ABGEM TN N (D - E)Tlprs = 4BGMN Oy 0N (D - €) — 4BGMN O ON(D - €).  (6.80)
An analogous calculation for the first term in the second line in (6.78) gives

2GETN, 950N EM 110 = 2GMN Oy 0N (0 - €) — 2GMN 0N ET O (6.81)
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The final transformation is then given by
ALy = 2GEMGoaSN o ONOsE 0 + 2(28 + 1)GMN 905 (D - €)
6.82
—4BGMNO L ON (D - €) — 2GMN Oy 0N ET O + %Agﬁl (6.82)

In order for the lagrangian £ to transform covariantly, up to the ancillary transformations
and boundary terms, we thus find

2c1 +co =0,
Cq4 — 262 = 0, (6 83)
—2weq + 226+ 1)c2 =0, '
—dwes + (28 + 2w + 1)y — 4Pc2 = 0.
Setting co = —1 to fix the overall scale the following expression
1 (A N)
L= -Li(Upea) — Lo(Tlnra) — 75 L3(Om) — 2L4(Tps0, Onr), (6.84)
2 ()‘a >‘) )
transforms as
AL = —2GHM gaSN o ONDsE T (6.85)

if the metric has a weight w = (A, A) — 1/2. Moreover, the weight of £ is then 1 as it
should since
2[(\A) = 1/2] = 2[(A\N) —1] = 1. (6.86)

We have thus found a lagrangian that transforms like a scalar density of weight 1 up
to ancillary and boundary terms. However, covariance is not manifest and one would
like to derive the same expression with manifest transformation properties. In ordinary
geometry this is done by introducing an affine connection and from this the Ricci tensor
and Ricci scalar are derived which roughly correspond to the equations of motion and the
Einstein-Hilbert lagrangian respectively. An attempt to do this will be presented below.

6.4 Covariant formalism

As in ordinary geometry fields containing bare partial derivatives typically transforms non-
covariantly since diffeomorphisms act locally. This is again true in extended geometries
and the fact that the lagrangian (6.84) transformed covariantly were due to some delicate
cancellations. We here follow [40] which studied exceptional geometry with the structure
algebra e4(q) x R for d < 8. The discussion in [40] were however in many cases general and
can be directly transferred to the formalism of extended geometries presented above and
in [5].

Introduce a covariant derivative Zj; that acts on a vector field V¥V as
IV = oy VN -1,V VT, (6.87)

with Iy, PN being the connection. Just as a connection in Einstein gravity or the Yang-
Mills connection in a non-abelian gauge theory this connection is a adjoint valued “one-
form”, i.e. Ty, p~ € R(\) ® [g @ R]. Especially this exclude any specific symmetry prop-
erties between the lower indices. Imposing that Dj;V" transforms covariantly one finds
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that the connection has to transform inhomogeneously as
AT ynt = 279, Ondoe™. (6.88)

Since the tensor Z manifestly projects N and @ g onto the adjoint representation it is
easily seen that the inhomogeneous term is a derivative of an element taking values in
the structure algebra g x R. Moreover, imposing Leibniz property and that the covariant
derivative reduces to a partial derivative on functions the action on arbitrary tensor fields
is well-defined.

The covariant derivative introduced above is valid for tensors, i.e. an element in R(\)? ®

R(A)? which transforms under R with the canonical weight (p — ¢)3. For a tensor density
with weight w there is an extra contribution to the covariant derivative as

MiMa...M MiMs.. M 1
DpX 172 leNQ...Nq = Ip X pN1N2-~~Nq B ﬁ(w —(p— Q)/B)FMSS7 (6.89)

BIR()]

with |[R(M\)| = dim R(\) and we note that Dp reduce to Zp when acting on a tensor.

In ordinary geometry one usually continues by demanding that the connection is metric-
compatible and torsion-free which uniquely specifies the Levi-Civita connection. However,
this will turn out to be rather complicated in extended geometries and in fact a unique
choice of such a connection is generally not possible to find.

A metric compatible connection is one that satisfies

DyGnp =0, (6.90)
or explicitly .
OnGns + 2y v Gsyr — MFMKKGNS =0. (6.91)

Multiplying (6.91) with G this further implies

1
BIR|
We thus see that metric compatibility uniquely determines the part in got. Note especially
that the RHS of (6.92) is projected onto T*+T* by the definition of the locally embedded

compact subalgebra. Moreover, (6.92) shows that the building block of the lagrangian
(6.84) is in fact a connection projected onto g/¢.

(G710mG) Py = Tagn” + GusTarrSGTF = — Ty o (6.92)

6.4.1 Torsion

Torsion of a connection can be defined in at least two equivalent ways (at least when
ancillary transformations are absent). Following [40] we define torsion of a connection
as the part that transforms homogeneously, i.e. the part of the connection which is not
contained in (6.88). In fact, only the part in (\/ZR()\) o ITZ) ® R(A) of the connection

transforms inhomogeneously due to (6.88), with R" defined in (6.14). The non-torsion
parts of the connection are thus given by the modules in the overlap

R2X) ® RO N [R(V) @ (g R)) . (6.93)
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with the remaining modules of the connection being torsion.

Consider the following combination [40]
Taun" =Tan” + 27 Tou™, (6.94)

and we wish to determine whether this transforms covariantly under generalised diffeo-
morphisms
P

(6.95)
= (25N 0%+ 279y 210 ) D0sE”
Continuing with this expression we find
RHS of (6.95) = 2", Y%, 8g0s¢”
(6.95) rNY U 0Q0sE (6.96)

=-1°Fy TQQR YR 000s€T,

where in the second line we have expanded Z and used the section constraint on the term
in Z that contains a factor of 8. By expanding the Y-tensor we further find

RHS of (6.96) = T°Fy ((T°T7)%, 1% — BofT°%, — 55,1°% ) 9q0s¢”
P B8Q S aQ ¢S aQ ¢S T (6.97)
= 1Py (=P8, 7% 4+ 1709, 68 — 17965 ) D0,

where going to the second line we have expressed the first term as a commutator, used
the section constraint and that dgdg is symmetric. We thus see that the expression (6.94)
transforms covariantly if ancillary transformations are absent since T, NP transforms as

ATy =Ty 5°%9) 110005 (6.98)
However, although this expression for torsion transforms homogeneously the operator
Oyng T = ononoG + 255N o4y (6.99)

does not satisfy @2 = O and hence is not a projection operator. Instead each module of
torsion has different eigenvalues under O. An explicit projection operator would be con-
venient when setting torsion to zero, however, we were not able to find such an expression
in the general case. In the construction of tensor hierarchy algebras in [9] it was shown
that torsion sits at level —1 with respect to a Z-grading. It would therefore be interesting
to see if it is possible to derive a projection operator from this algebra, similar to the way
that the Y-tensor was derived from extensions of the structure algebra in Section 2.3.3.

Setting torsion to zero in (6.94) imposes the following constraint
0=Tyn" + 2%y Ton™
P PO R (6.100)

where the second line follows from the definition of Z and Y. It is convenient to make
explicit that the connection is valued in R(\) ® (g © R)

Tyt =TTy + Tk, (6.101)
Inserting (6.101) in (6.100) we find
0= TQPN ( M FZ(T“Tﬁ)QM - 11C2TO‘QM)

(6.102)
+ 8% (s + BLOTRy 4 BTy)
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Multiplying with TVNP and 5% respectively each line in (6.102) should vanish separately.
As an example consider an extended geometry with structure algebra e7(7) X R, maximal
compact subalgebra su(8)/Zs? and the coordinate module R()\) = 56 which is self-dual.
The connection then contains the following modules

56 ® (133 ® 1) = 2-56 @ 912 & 6480. (6.103)

To determine the parts that are not torsion we note that R(2A;) = 1463, with A; being
the highest weight of 56, is the highest weight module of V2 56 and we thus find

1463 © 56 = 56 & 6480 @ . .., (6.104)

where ... denote terms not present in the connection. We thus see that the non-torsion
part of the connection contains 56 ¢ 6480 while the remaining 56 @ 912 thus are torsion.
We continue with this example to determine which parts of the connection are specified by
imposing metric compatibility and vanishing torsion. Metric compatibility fixes the part
in 56 ® (g x R/¢) as argued above. Decomposing the remaining terms under the maximal
compact subalgebra we find

(28 ® 28) ® 63 = 28 © 36 ® 420 B 1280 & conj. (6.105)
Moreover, decomposing torsion and non-torsion respectively we find

56 © 912 — 28 36 & 420 & conj.,

6.106
56 & 6480 — 28 & 420 & $1280 & 1512 & conj, (6.106)

which by comparing with (6.105) shows that the modules 1280 @ 1280 of su(8) are not
determined by imposing metric compatibility and vanishing torsion. For the relevant
modules for other algebras in the eg4-series see [40].

The problem with having non-determined parts in the connection is that these would
lead to extra d.o.f. besides the ones that we are trying to describe, i.e. those of the gener-
alised metric. Thus, in order to write down a meaningful theory one should only acquire
expressions that are independent of these modules.

6.5 Generalised Ricci tensor

In Section 6.3 we derived an action that is invariant under generalised diffeomorphisms
which further can be used to derive the equations of motion for the generalised metric.
However, as stated above the invariance is not manifest. Below we will work towards a
manifest formulation following [40] by constructing a generalised Ricci tensor that trans-
forms covariantly under generalised diffeomorphisms. However, there are several intrinsic
problems due to the fact that the affine connection is not uniquely determined by metric
compatibility and vanishing torsion.

The most natural thing to start with is to derive curvature by taking commutators of
covariant derivatives (here the commutators act on an element in R(A) which we have
skipped)

[Dar, DNIF g = 20T wig" + 2T g5 T (6.107)

*We ignore the discrete Zo factor and consider only the double cover su(8) below.
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Expressing the connection with indices in the adjoint as in (6.101) the abelian part of the
second factor above vanish and we are left with

[D]\/[7 DN] PQ = QTaPQ 8[MF§"V] + 2558[MFN]

6.108

Consider the inhomogeneous transformation of dy/I" NQP which by a straightforward cal-
culation at this point is given by

AT g = 27 5p 0nONORE™ — AT N Tro”

(6.109)
+ AR T — ALy Twg"-

Anti-symmetrising in 57y we get

28T N = Y% Al gp T ol — TRy 5951 10,0567 T o — 21 (F[ o Taa" ) ,
(6.110)
where the first two terms come from the transformation of torsion, the last term from the

second line in (6.109) and the term containing 93¢ vanish due to symmetry. The last term
in (6.110) cancels the contribution from [I',I'] in [D, D] and we thus get

Ae[Dar, NI = Y™y Al gns T = Ty %5010 0105 T g (6.111)

It is worth to note that due to the symmetry properties of S only the part anti-symmetric
in p/p contributes in this expression. In double geometry with g = o(d, d) it is possible
to continue and construct a four-index object that indeed transforms covariantly. In the
general case this has not been done and instead we will use (6.111) to construct a two-
index tensor that transform like a tensor, this will then correspond to a generalised Ricci
tensor.

Contract (6.111) with 63 and symmetrise in (3/¢) to find

Ly rs s
The first term in the expression above is easily canceled and we thus have constructed a
symmetric two-index tensor Rjsn that transforms covariantly up to ancillary transforma-

tions. Explicitly Rasn is given by

RMN = a(MF‘PUV)P - aPF(MN)P + F(MN)SFPSP

1 (6.113)
—Tpa " Tys’ — §YRSTP Psp’ Trat,
and transforms as

Note that the transformation of Rysn is independent of whether the torsion vanishes or
not. At this point this is indeed a two-index tensor but the modules of the connection
which are not determined by metric compatibility and vanishing torsion may still appear
in Rysy. We can further project Ry on to g/¢ as follows

R = (G'TYMNRy . (6.115)
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It is the projection R* that is a possible candidate for the equations of motion for the
generalised metric. It would therefore be interesting to find a metric-compatible torsion-
free connection specified in terms of the generalised metric and compare R“ with the
equations of motion derived from (6.84). This procedure would correspond to imposing
that the undetermined modules in the connection vanish. For consistency one would then
have to make sure that the variation of R* does not contain any of these undetermined
modules as well. This is done for the exceptional case in [40].
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Flux compactifications and
(exceptional) generalised geometry

In this chapter we study (exceptional) generalised geometries. These are geometries based
on double geometries and exceptional geometries with a global solution to the section con-
straint. Especially this implies that fields are acted on naturally by the relevant duality
group and are patched together by the geometric subgroup of the duality group. Impor-
tantly this allows for the presence of a non-trivial form field as a part of the geometry.
Especially geometrical tools used for fluxless compactifications can be generalised and ap-
plied also in the presence of fluxes in the generalised geometric formulation. This merger
of gravitational degrees of freedom and non-gravitiational degrees of freedom is behind the
effectivness of generalised geometry in the study of flux compactifications.

In the first two sections we discuss shortly some phenomenology of compactification as
well as introducing geometrical tools to study supersymmetric compactifications without
fluxes. In Section 7.3 we consider supersymmetric backgrounds with fluxes and introduce
some basics of (exceptional) generalised geometry. The generalised geometrical tools are
then used in Section 7.4 to re-express the conditions of supersymmetric flux compactifica-
tions as integrability conditions of generalised structures. Since this topic by itself could
be a whole thesis we will not be able to give all the details, for more on compactifications in
general as well as Calabi-Yau compatictifications we refer to [12, 28]. For the formulation
of generalised geometry we refer to [45, 46, 47] and to [13, 16] for its application to study
flux compactifications.

7.1 Phenomenology and moduli stabilisation

As is well-known string theory/M-theory lives in a 10/11-dimensional spacetime, yet our
everyday experience tells us otherwise. Hence, in order for string theory/M-theory to be
able to describe the real world it has to have a consistent low-energy description that
matches our observations. Firstly, such a theory should reproduce the standard model
of particle physics which has been confirmed to high precision, i.e. among other things it
should be described by a gauge theory with gauge group SU(3) x SU(2) x U(1), together
with the correct particle spectrum. Another important notion is that of supersymmetry,
notably the standard model is not supersymmetric in contrast to string theory/M-theory.
The latter two are maximally supersymmetric theories and thus most, perhaps all, super-
symmetries needs to be spontaneously broken.
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The idea of compactification, where a compact internal manifold is “small” compared to
the typical size of say strings, is one way to obtain an effective theory in lower dimensions.
A generic feature of such compactifications is the presence of scalar fields typically due
to internal legs of some tensor field. Especially important are massless such scalar fields,
called moduli. The vacuum expection values of moduli are not fixed and appear as free
parameters in the theory. For a given compactification ansatz there are possibly hundreds
or thousands of such moduli which determine physical properties in the external theory,
e.g. gauge couplings, Yukawa couplings as well as the size and structure of the internal
manifold. However, if all these properties are free parameters the theory loses most of its
predictive power. Moreover, massless scalar fields would give rise to a long-ranged force
which would invalidate Einstein’s equivalence principle. Of course the coupling could be
extremely small such that these forces are not experimentally observable. However, this
approach comes with a lot of problems and instead one typically tries to generate mass to
these scalar fields, this is called moduli stabilisation. Generating a potential for the scalar
fields would imply that the moduli fields are no longer free parameters but rather fixed by
the procedure that stabilises the moduli, e.g. a complicated internal geometry or presence
of gauge fluxes.

The simplest internal manifold to compactify on is a torus but such a compactification
preserves all the supersymmetry, i.e. A" = 8 in four external dimensions. In order to break
some supersymmetry we could abandon the torus and compactify on something more
complicated, e.g. a Calabi-Yau three-fold which we will discuss further below. Another
possibility is to introduce a non-zero flux for some (p + 1)-form field

Cpi1 #0, (7.1)

Xpt1

corresponding to a p-brane winding some non-trivial cycle ¥, in the internal manifold.
Such a configuration schematically generates a potential for the moduli through the kinetic
term of such a form field

V ~ de+1 A\ *g de+1, (72)

Ming

where M, denotes the internal manifold, and the presence of the metric moduli in the
hodge dual * is the reason for a potential being generated. This can be seen by expanding
Cp+1 around its vacuum expectation value. This is one mechanism for generating mass to
a modulus (which by definition no longer is a modulus).

Phenomenology of flux compactifications could fill out a thesis of its own and for this
reason we refer the reader to the literature for further discussion about this. See e.g. [12,
28] and references therein.

7.2 Zero flux compactification

To begin with we will start by reviewing compactifications on backgrounds without fluxes.
The idea is to find vacua (solutions to the equations of motion and the Bianchi identities)
such that spacetime separates into an external spacetime My and an internal spacetime
Ming as

M= Mext X Mint- (73)
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However, finding such solutions by solving the equations of motion are generally rather
difficult and we will take a different route. Supergravity in D = 11 has N' = 1 local super-
symmetry, this is the maximal amount of supersymmetry with a total of 32 supercharges
and a generic vacuum solution will (spontaneuously) break all of this supersymmetry. By
restricting to solutions that preserve a certain amount of supersymmetry, say N/ = 1 in
D = 4, we will find constraints that give a more tractable way of finding vacua. Moreover,
we will assume that the external spacetime is Minkowski with possible generalisations,
especially to AdS.

Supersymmetry is generated by a supercharge Q and a parameter €, both being spinors
of SO(1, D—1). A vacuum |0) is supersymmetric if it is annihilated by the supersymmetry
transformation

€Q|0) = 0. (7.4)

By taking an arbitrary field © and looking at its variation under the supersymmetry
transformation we find

(6.0) = (0] [¢Q, ] |0) = 0. (7.5)

Schematically we have (from now variations should be understood implicitly to be valid
as expectation values)

556boson ~ é@fermiom 569fermion ~ 69boson- (76)

By the assumption that dim Mgy = d being a d-dimensional Minkowski space we have
to decompose the spinor representations under SO(1,d — 1) x SO(D — d), where D is the
dimension of the full spacetime. Typically these will transform in a non-trivial representa-
tion under SO(1,d — 1) and hence have to vanish in order to preserve Poincaré symmetry
of the vacuum. Thus in order to make sure that the vacuum preserve some amount of
supersymmetry we need to find non-trivial solutions of 6¢Ofermions = 0. Note that if such
a solution is found we also have to make sure that the equations of motion and Bianchi
identities are fulfilled.

With a constant dilaton and vanishing fluxes the supersymmetry variation of the grav-
itino s (which is always present in supergravity) [28] is given by

devpr =Vye=0 < V,e=0, Ve =0, (7.7)

where we have used that there is no mixing between greek external indices and latin
internal indices in the connection due to the metric being of a product form. A spinor
satisfying these conditions is called a Killing spinor. From this one can easily show by
taking a commutator of covariant derivatives that a necessary condition for the existence
of a covariantly constant spinor is that the internal manifold is Ricci-flat (obviously also
the external Minkowski space is Ricci-flat)

Ry = 0. (7.8)

Curvature of a manifold is closely connected to the way an object transforms upon par-
allel transport. In this spirit take some object v and parallel transport it around a closed
loop on the manifold. Generally the object transforms in some representation of the holon-
omy group . C O(d) under parallel transport for a d-dimensional Riemannian manifold,
since the norm does not change assuming a metric compatible connection. Likewise, a
spinor parallel transported in a loop transforms in a representation of JZ as well and
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hence, especially, also the Killing spinor. But since the Killing spinor is covariantly con-
stant it does not transform when parallel transported and needs to be a singlet under the
holonomy group. Hence, a necessary condition for the existence of a covariantly constant
spinor is related to the restriction of the holonomy group, which in turn put constraints on
the metric. Such features as reduction of holonomy and structure group are conveniently
described in terms of fibre bundles briefly explained below.

7.2.1 Mathematical interlude — Fibre bundles

A short introduction to the notion of fibre bundles are introduced in order to set the
terminology. This will be convenient for more complicated compactifications later on as
well for the discussion of generalised geometry. Just as a manifold is a topological space
that looks locally like R”, i.e. there exists some coordinate chart on U; C M such that
¢ : M — R" a bundle is a topological space that “looks locally” like a product of two
topological spaces. Moreover, in the cases we are interested in these topological spaces
will furthermore be differentiable manifolds.

A bundle is a triple (P, M, ), typically also denoted P -+ M, where P is the total
space, M the base space and 7 : P — M the projection, which is a surjection onto the
base space. The notion of a bundle is a rather general concept and we will instead only be
interested in (differentiable) fibre bundles. A (differentiable) fibre bundle (P, M, 7, F,G)
is defined by a bundle (P, M, ), a differentiable manifold F' called the fibre and a Lie
group G called the structure group. In order for a fibre bundle to “look locally” like a
product manifold there exists patches on U; C M diffeomorphisms and linear maps ¢; :
U; x F — 7 1(U;) such that mo ¢;(u, f) = u, where w € U;, f € F and 7 Y(U;) = F, & F
is the fibre at u € U;. The maps ¢; are usually called local trivialisations since the map
¢t on™! maps any U; to U; x F which “looks like a product manifold”. In order for this
to make sense there needs to be some compatibility on overlapping patches U; N U; # 0.
Take a point p € P such that 7(p) = u with u € U; N U;. Consider then mapping ¢y ;

¢u,i2F—>FU7
= fu=¢ilu, f),

which assigns to each point in F' an element in the fibre F;, at u. On the overlap we can
look at

(7.9)

¢j(u, f) = ¢i(u,ti;(f)), (7.10)

where t;; : f — f defined on U; N U; are called transition functions. Composing with ¢; !
we find

and by the definition of the transition functions we find ¢;;,, = ;. q} 0¢; . The compatibility
requirement is then to demand that ¢;; : U; N U; — R(G), with R(G) some representation
of G, such that fibres are patched together by the structure group G. This moreover
defines a left action of G on the bundle.

A section of a bundle P - M is defined as a map ¢ : M — P such that 7o o = idp.
A well known example is a section of the tangent bundle, T'M, which is a bundle defined
as

TM = U {(z,y)|zr e M,y € T,M}, (7.12)
reEM
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with T, M being the tangent space of M at a point z € M. A section then associates a
vector in the fibre 7, M to each point x € M

c: M—->MxT, M

7.13
z— (z,X), X eT M, ( )

which is just an ordinary vector field on M. Moreover, the space of sections of a bundle
P is often denoted I'(P).

An important class of fibre bundles are principal fibre bundles. A principal fibre bundle
(P,M,r,G) is a fibre bundle with a typical fibre being the structure group G itself, i.e.
for some u € U € M we have 7—!(u) = G. Moreover, there is a right action of G on P as

4:PxG— P, (7.14)

which is free. An important example of a principle fibre bundle is the frame bundle.
The frame bundle is a fibre bundle with a typical fibre consisting of all ordered basis
of the tangent space. In any patch U; on a d-dimensional manifold M there exist local
coordinates which spans a basis {0, } u=12,..d, and any other basis can be written as

ea = €, 0y, (7.15)

with a = 1,2, ...d. The elements e,/ can be seen as d x d-dimensional matrices and thus
the fibre is isomorphic to GL(d).

Importantly we also want to consider tensor fields on a manifold M which is formally
introduced by looking at associated vector bundles to a principle fibre bundle. Suppose
that (P,7, M,G) is a principle fibre bundle and (p,V) a G-representation. Then an
associated vector bundle Py is given by

Py=(PxV)/ ~g, (7.16)

with ~¢g defined by the natural action of G on both P and V. By construction elements
of the associated vector bundle is thus invariant under the action of the structure group
G, and the action of G on the first factor P can in some sense be considered as the inverse
action of G on V. As an example consider an element v = v%e,, in tangent bundle v € T M
which is an associated vector bundle, on which an element A € G acts as

v = p(A)aﬁvﬁevA'Ya. (7.17)
From invariance of v we find that p(A)%5 = (A)’laﬁ.

What we mainly will be interested in is the possibility of finding so-called reduced
structures or H-structures for some some closed subgroup H C G. A principal bundle
(P, 7, M,G) has an H-structure if it is possible to choose frames in P such that the
structure group reduces to H. A typical example of this is an O(d) C GL(d) structure
on Riemannian manifolds. Due to the presence of a metric we can consider orthonormal
frames €, such that

9(€a;s €p) = dab, (7.18)

with g being the metric. This defines an O(d) structure since on overlapping patches
orthonormal frames are related by O(d) transformations. The importance of this in what
will follow is the fact that finding a reduced structure is equivalent to the presence of a
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globally defined non-vanishing tensor on M. Especially this tensor is invariant under some
subgroup H C G. Since it is globally defined we can choose a frame {eq}q=12,.4 such
that the tensor is constant on overlapping patches which effectively reduce GL(d) to H.

The notion of reduced structure group is a vast subject and we will not go into more
details. Moreover, connections and the notion of holonomy is also best described in the
language of fibre bundles. We refer the reader to [48] for further discussion about these
topics.

7.2.2 Compactification on Calabi-Yau

Having reviewed the notion of reduced structure group and special holonomy a Calabi-Yau
n-fold, C'Y,,, can be defined as 2n-dimensional compact Riemannian manifolds with holon-
omy contained in SU(n)[28]. We will be particularly interested in CY3 such that starting
with D = 10 supergravity, or string theory, the external spacetime is four-dimensional.

Since there is a reduced holonomy group we know that for a CY3 there exists some p-
forms, or equivalently a Killing spinor, invariant under the holonomy group % = SU(3).
This can be found by looking at the decomposition of one-, two- and three-forms of
Spin(6) = SU(4) — SU(3)

6 — 3+ 3,
15 —>8+3+3+1,
2056+6+3+3+2-1.

It thus exist a one-form w and two three-forms (these actually combine into a complex
three-form)  that are singlets under . This pair of nowhere vanishing tensors defines
a structure. Note that we already know that such a structure is equally well defined by a
nowhere vanishing globally defined spinor 4 of SU(4) which decomposes under .7 as

4—3+1. (7.19)

Explicitly, a Weyl-spinor ¢ of Spin(1,9) decomposed under Spin(1,3) x Spin(6) can be
parameterised as
V=01 @€ +1-®ec, (7.20)

where 74 and €4 are Weyl-spinors with chirality +1 under Spin(1,3) and Spin(6) respec-
tively. Morever, imposing that v is a Majorana-Weyl spinor in ten dimensions further
imply that 7 is the charge conjugate of n_ and likewise for €.

In what follows we will mainly consider structures defined by some bosonic forms, such
as (w, ), but from the observation above we know that this corresponds to the existence
of a globally defined nowhere vanishing spinor. To preserve supersymmetry such a spinor
also satisfies a differential condition and, hence, also the structure (w, £2) needs to satisfy
certain differential conditions. In fact, the structure (w, ) is related to the Killing spinor
as

Wmn = :Fieirl:’}/mne:l:a (7'21)

Qnp = —ieT_ymnpeJr. (7.22)
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Moreover, in order for the structures to be compatible they should satisfy the compatibility
conditions

3i —
WwAQ=0 w/\w/\w:ZIQ/\Q. (7.23)

Taking the covariant derivative of these definitions we find that solving the Killing spinor
equations in terms of the structure (w, §2) is simply the statement that they are both closed
forms

dw=0, dQ=0. (7.24)

7.3 Flux compactifications and generalised geometry

In the case of vanishing flux we have seen that the Killing spinor equation led to special
holonomy, which in turn put restrictions on the connection of the internal manifold. In
the presence of fluxes the Killing spinor is no longer covariantly constant, however, the
existence of globally defined nowhere vanishing spinors still imply a reduced structure
group. This is summarised by

vanishing flux <= special holonomy,

non-zero flux <= reduced structure group.

In the presence of fluxes the Killing spinor equations of type II supergravity are given by
[28]

1 1
by = (vM + ngPHMNP@ + Ee‘b > Fnngzn> € =0,
. . " (7.25)
SeA = (acp + EFMNPHMNPW + ge‘I’ d(=1)"(5 - n)Fn9n> €=0,
where & and &, are 2 x 2-matrices, J,, = STMiMzMupy 0 and no€ {0,1,...,10}

are even(odd) for type ITA(B). In the case of vanishing flux and a constant dilation this
reduces to a covariantly constant spinor € as discussed above. We thus see that the presence
of gauge fluxes are according to (7.25) obstructions to the Killing spinor being covariantly
constant with respect to the Levi-Civita connection.

The obstruction to the Killing spinor being covariantly constant is conveniently analysed
in terms of intrinsic torsion. It is always possible to construct a connection V with tor-
sion, such that the Killing spinor is covariantly constant with respect to that connection.
Consider therefore a connection V = V' — k such that V,,V,,, = 9,,V;,, — F/nmpr — B! Vi,
where V' is the Levi-Civita connection and « is the so-called contorsion tensor. Gener-
ically the connection coefficents T',,,P take values in A' ® g, where Al is the one-form
representation of G = GL(d) and g = gl(d) is the corresponding Lie algebra. Assuming
metric compatibility fixes the part in gl(d)/so(d) as we saw in Section 6.4 of the pair ,P.
This is contained in the Levi-connection but the Levi-Civita connection contain further
terms that ensures vanishing torsion, F[mn}p = 0. This implies that the contorsion take
values in

'%mnp € Al & ha (726)
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where h = s0(d) is the maximal compact subalgebra of gl(d). Assuming a reduced structure
group G’ C SO(d) implies that we can separate the contorsion into two parts

K = Kint + Ko, where ko €A1 ®g and ki € A1 ® gl. (7.27)

The point now being that since the Killing spinor is a singlet under g, the failure of
the Killing spinor to be covariantly constant with respect to the Levi-Civita connection
is given by Kint, i.e. the intrinsic torsion. The part ki can further be decomposed into
irreducible representations of g’ called torsion classes. As an example take G = GL(6)
and G’ = SU(3). Under G’ we have the following decompositions A1 — 3@ 3, g’ = 8 and
gt =1®3®3and

5
kint € EP ¥, (7.28)
i=1
where %#; are the five torsion classes given by
M =1®1,
Wy =8@8,
W3 =636,
Wy =3d3,
Ws=3D3.

Using complex geometry and cohomology one can show, see [28] for details, that the
exterior derivative of the structure (w,€2) can be written in terms of torsion classes as

dw = glm(771(2) + W Nw+ s (7.29)
and

dQ=HwAw+ W Nw+H#s5AQ. (7.30)

We thus see that all five torsion classes vanish for C'Y3 in order for (w, () to be closed.
Moreover, we have seen explicitly that the presence of intrinsic torsion corresponds to
compactifications with fluxes, which in turn is an obstruction to finding a covariantly
constant Killing spinor.

7.3.1 Generalised geometry

We have seen above that demanding some preserved supersymmetry in fluxless compact-
ifications led to two constraints:

e the existence of globally defined spinors led to a reduced structure group charac-
terised by (w, ),

e imposing the Killing spinor equation led to a reduced holonomy.

Including fluxes alters the Killing spinor equation and the holonomy group need no longer
be reduced. This effectively weakens the constraints of the internal manifold which at the
same time make things more complicated. In the spirit of extended geometries we will try
to generalise the notion of geometry in order to accommodate flux degree of freedoms in
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terms of what is called (exceptional) generalised geometry. The reason for doing this being
that it is then possible to define an appropriate generalisation of the holonomy, or rather
of the structure, together with some integrability conditions. This will imply that a super-
symmetric compactification should have vanishing so-called generalised intrinsic torsion.
Especially, since gauge degrees of freedom are included in the geometry, this holds true
even when non-trivial fluxes are present. Below we will briefly introduce (exceptional) gen-
eralised geometry needed for discussing flux compactifications and generalised structures,
for a complete introduction to this field we refer to the literature [45, 46, 47, 49].

In extended geometries we enlarged spacetime by introducing coordinates in some mod-
ule of the underlying structure group G, and imposed a section constraint specifying a
GL(d) — G embedding. Generalised geometry can be considered as an extended geom-
etry with a global solution to the section constraint and a structure group given by the
“geometric” subgroup of G as we will see.

Therefore consider a manifold M and its associated tangent bundle T M. A basis of the
tangent space in local coordinates is simply given by {9/9z'};—1 4, where d = dim M.
Now recall that in DFT space-time is enlarged to 2d-dimensions by letting z* — (2%, %;),
where the latter is the vector representation of O(d, d). In generalised geometry one instead
considers only a generalised tangent bundle on which, in the DFT case, O(d,d) x Rt acts
naturally and, in the exceptional case, FEgg) x R* acts naturally. In the former case the
generalised tangent bundle is isomorphic to a sum of the tangent bundle and the cotangent
bundle

EZTM®TM, (7.31)

i.e. at a point x € M the typical fibre is isomorphic to the formal sum of a vector and a
one-form. These are precisely the parameters for ordinary diffeomorphisms and the NS-NS
sector two-form gauge transformations.

There exists a natural inner product on sections X! = & + X\, Y! = 5 + p, where
X, Y e'(TM & T*M), given by

1
(X,¥) = 5 (p(a) + X)), (7.32)
which also can be written as 7y v XMYYN with XM YN being the components of X,Y
respectively and

1(0 1
MMN = g (1 O> : (7.33)
This inner product is manifestly invariant under SO(d, d) transformations parameterised
by elements in the algebra
A B
o=(3 %), -

with A € gl(d), an anti-symmetric two-vector 8 = 8 and B a two-form.

In order to include the presence of the NS-NS two-form B we will look at “twisted”
elements. T]r}ese are sections of E that provide explicitly the isomorphism stated between
an element X € I'(F) and X =v+ A e I'(T'M & T*M), and is given by

X =ePX =v+(\+wB), (7.35)
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with ¢,B(y) = B(v,y) denoting the interior product. The two-form B is not globally
defined, instead on overlapping patches U; N U; # 0 it is possibly shifted by an exact
two-form

By — Bj) = dAa), (7.36)
with A¢;;) a one-form. This means that the twisted vectors are patched together as

Patching of twisted vectors are therefore done by elements in the geometric subgroup
GL(d) x A%(M), with A%(M) being closed two-forms on M. There are some further
consistency conditions which implies that this specifies a “gerbe structure” [50], but this
is outside the scope of the thesis and will not be needed. The infinitesimal action of a
generalised diffeomorphisms, with the structure group O(d,d) x R*, are parameterised by
elements in Y = w + p € I'(E) using the generalised Lie derivative on X = x 4+ \ € T'(E)
as

Ly XM = VNN XM (9 x0q V)M XN, (7.38)

Here we embedded the ordinary derivative in 0y as 9y = (0;,0), and we denoted (V' X D),q
the projection on the adjoint of E x E as (D Xaq V)MN = DNVM —pnpy™SDgVP. This
agrees with the definition of the generalised Lie derivative introduced in DFT.

7.3.2 Exceptional generalised geometry
In the same spirit we discuss exceptional generalised geometry (d < 7) based on Ey(g) x R*
and a generalised tangent bundle

EXTM&TMS ..., (7.39)

where ... denote extra terms coming from the decomposition of the coordinate module
of Eq(g) under the GL(d,R) subgroup. As an example consider dim M = 7, then the
coordinate module is the fundamental 56 module of E;(7) which decompose under GL(7, R)
as

56 — 7+ 7+ 21+ 21, (7.40)

corresponding to a vector, a one-form, a two-form and a five-form. The generalised tangent
bundle E' is then given by

E=TM®NT Mo NT Mo (T"Me AT M). (7.41)

This is the general form for FE for d < 7 with the last term absent if d < 7. A section
X € I'(F) on a patch U; is given by

X=v+w+o+r, (7.42)

with v € T(TU;), w € T(A2T*U;), o € T(AST*U;) and 7 € T(T*U; @ A"T*U;). Likewise
the adjoint of e7(7) X R decompose as

133 194877 @ 35 @ 35. (7.43)
The corresponding adjoint tangent bundle is therefore given by

adF 2R @ (T"M@TM) @ AN3T*M @ AT*M S A3TM @ ATM, (7.44)
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with a section W € I'(ad F) on a patch U; given by
W=l+r+a+a+a+a, (7.45)

with [ € R, r € (T*U; @ TU;), a € A3T*U;, a € A°T*U;, a € A3TU; and & € ASTU;. Note
especially the presence of a three-form and a six-form which corresponds to the three-form
and the dualised six-form of M-theory. Moreover, a section of I'(E) contains a vector,
a one-form, a two-form and a five-form which parameterise diffeomorphisms and gauge
transformations of these form fields.

As in the introduction to O(d, d) generalised geometry above, sections of E and ad F are
twisted by the form fields of the adjoint bundle, providing the isomorphism stated above.
Explicitly, a section X € I'(E) of the generalised tangent bundle is twisted by the form
fields in the adjoint bundle as

X =etTax, (7.46)

with an action of Er(7) x RT defined below. Elements in the generalised tangent bundle
are therefore patched together on Uy NU;) # 0 as

X = oA TdAqy) Xj), (7.47)

with a three-form dA(;; and a six-form dA(ij) corresponding to the gauge symmetry of
the three-form and six-form potential in M-theory respectively.

There is a natural action of Eyq) x RT, given in e.g. [16], on a section X € T'(E) as
E' =W - E which in components is given by

=lv+r-v+aiw— aio,

/
v
!/ ~
w =lw+r- -w+via+ aio + ar,
/
g
/
-

- (7.48)
=lo+r-oc+vid+aAw+ air,
=lr+r-7T—jaANw+ jaAo,

with the definitions
L A I . .
(v A V)2 = wv[hwmv%ﬂmln/],
nln'!
"\
,  (n+n) ,
(w N w )21...zn+"/ = Ww[hiz---winﬂmiwrn/]’
3 ) - jle---jn .. .. . ] !
(UJw)zl...zn/in = n'U Wiig2..gni1. s _p, if n<n',
1 (7.49)
-y o faedotig i e
(vw)iLint—n = ﬁUyuz N T if n’ <n,
(~ . T . 1 ik1ko...kn—1 .
jUJ]W) § = WU Wik ka...kp_1>
d! ,

(Jw A w/)izi1i2~~-id = (n—1)(d+1- n)!wi[ili2...in—lwinin+1...id}.

Moreover, the gl(d) subalgebra parameterised by an element r acts naturally as r - v* =

rijvi, Wi = —rkiwkj — rkjwik with obvious extensions to other fields. The adjoint action
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W" = [W,W'] with elements W € I'(ad F') and W' € T'(ad F) is further given by

1 2
" = g(a_na' —a'ia) + g(d'jz —aaa'),
1
" =r-r' + jasjd — jo sja — gl(a_na’ —ad/a)
2

+ ja'aja — jaoja’ — g1(5/Ja — aud'), (7.50)
d'=r-d -1 -a+d -a—aid
CNL//:T“O/—T‘/-O[—(I/\CL/,
o' =r-o —r'-a+d a—asd,

d"=r-&—-r-a-and.

Just as in the O(d, d) generalised case, as well as extended geometries, we introduce a
generalised Lie derivative by the now well-known structure

LB XM = YNoN XM — Oy xaq V)M N XV, (7.51)

where we again embedded the ordinary partial derivative as dyy = (0;,0,0,0) in obvious
notation. Moreover, X ,q denotes the projection of E® E to the adjoint. Using (0 X.qX) =
0 X v+ dw + do it is easily found that

Lx X' =Ly + (Lyw — v/ 2dw) + (Lyo’ — v/ 2do — W' A dw)
+ (Lym" — jw' Ado — jo' A dw) (7.52)
—LX — WX,

with L, being the ordinary Lie derivative with respect to the GL(7) vector component v
and W =dw +do € I'(ad F).

7.4 Generalised structure

The bosonic sector of M-theory is given by the metric gasy and the three-form form field
A, and its corresponding four-form field strength F' = dA. We consider a warped product
ansatz for the metric

ds? = 2AW a2 (RVYPY) 4 ds? (M), (7.53)

where z,y are coordinates on RMP~! and M respectively, and A depends only on the

internal manifold to preserve external Poincaré invariance. The non-trivial fluxes will be
chosen to lie entirely in M, again to preserve the symmetries in the external spacetime.
For simplicity we will consider the specific example of D = 4, such that the internal
manifold is seven-dimensional following the work of [16]. The generalised tangent space
with respect to an Er7) X R* exceptional generalised geometry is then given by

E=TM®NT Mo AT Mo (T"Me AT M). (7.54)

In ordinary geometry the reduction of the structure group to some G-structure, where G
is a subgroup of the structure group, proved fruitful to characterise geometries preserving
some amount of supersymmetry. The goal is therefore to again find “reduced structures”,
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this time for some G C Ey(7) subgroup. This is done by looking for tensors invariant under
the action of G, or in other words, finding singlets when decomposing modules of E7)
under G.

To this end decompose the adjoint representation 133 of E(7y under SU(2)x Spin*(12) C
E(7), with Spin*(12) a specific real form of the double cover of SO(12),

133 — (1,66) + (2,32) + (3,1). (7.55)

We thus find a triplet of E7(7y tensors which are invariant under Spin*(12). Such a triplet,
Jo, of invariant tensors define a structure, called the hyper-multiplet structure, and are
sections of the adjoint bundle

Jo €T(ad F @ (T*M)"?). (7.56)
This hyper-multiplet structure then satisfies the su(2) algebra
[Jas J8]) = 2p€apyJy, (7.57)

with p € detT*M. Note that, as in the case of vanishing flux, the hyper-multiplet
structure J, can be written in terms of the Killing spinors. Before moving on to the
integrability condition that the hyper-multiplet structure should satisfy we look for another
structure. Decomposing the fundamental 56 of E7(7) under ;) we find two more singlets,

56 — 27 +27+2-1. (7.58)

The two singlets in this decomposition V' and V defines the vector-multiplet structure,
and hence also an Eg(9) sub-bundle. There is a further requirement that the singlet V' is
chosen such that

q(V) >0, (7.59)

where ¢ is the quartic invariant of F;. This ensures that the stabiliser group is precisely
the real form Fg9) [51]. The structure V' is further defined in terms of V as

s(Y,V) =

2
q(Y, V.V, V), (7.60)

q(V)

with s(:, ) being the symplectic invariant of E7 7y and this should be valid for any section

Y e T'(E). It is also convenient to combine these into a complex object as X := V +iV.

Just as in ordinary Calabi-Yau there are certain consistency conditions between the in-
variant tensors that defines the structure. Specifically, this further restricts the structure
group to their overlap defining a SU(6) = Eg2) N Spin*(12) structure [13]. The compat-
ibility condition between the hyper-multiplet J, and the vector-multiplet X =V + iV is
given by

Jp - X=J_-X=0 — Jo- V=0

J— (7.61)
5ls(X,X):,ﬂ — K(Jas I5) = —21/a(V)dugs

with p € det T*M= and Jy = J; +iJs.
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7.4.1 Integrability of structures

Integrability of the hyper-multiplet structure and of the vector-multiplet structure are in
analogy to the fluxless case given by differential conditions on the corresponding invariant
tensors. In other words, these differential conditions are necessary for the Killing spinor
satisfying the Killing spinor equation, which in turn is the condition for preserving a cer-
tain amount of supersymmetry. In the case of vanishing flux this was related to vanishing
intrinsic torsion, i.e. given a G-structure the existence of a G-compatible torsion-free con-
nection implied that the structure was integrable. Motivated by this analogy we will look
at the conditions of vanishing generalised intrinsic torsion.

7.4.1.1 Generalised intrinsic torsion

To define generalised intrinsic torsion we first have to define a covariant derivative, D, as
follows

Dy - VYN =0y Vi + Ty pNV7E, (7.62)
where V € I'(E), I'y,p"Y € I(E* ® ad F) and 9y = (9, 0,0,0). Imposing Leibniz rule

Dy (fV)=(Duf)@V + f(DuV), (7.63)

the action of a covariant derivative is easily extended to sections of any associated vector
bundle, i.e. to any other generalised tensor field, analogous to the covariant derivative in
Section 6.4. The torsion of such a connection is then defined by

T(V) - X =LPX - Ly X, (7.64)

where X is an arbitrary generalised tensor field, L‘[/) is the generalised Lie derivative with
the replacement 0 — D and - denotes the adjoint action. Note that this definition agrees
with the one presented in extended geometries, i.e. torsion is the part of the connection
that transforms homogeneously under generalised diffeomorphisms, at least when ancillary
transformations are absent. In the Ey) case we already know from Section 6.4.1, that
the torsion 7 of the E7(7) covariant derivative are given by

T €56 @ 912. (7.65)

We define a G-compatible connection as one that preserves G-invariant tensors defining
the structure. As an example an FEg (o) structure were defined by an Fg (o invariant tensor
V € I'(E), the connection D is then Eg () compatible if DV = 0. Assuming a connection D
is compatible with the G-structure any other compatible connection is given by D — D+,
with

Y el(E*®adPg), (7.66)

where ad P has a typical fibre Lie G = g. Given a G-compatible connection with torsion
we define the intrinsic torsion as the part of torsion that can not be removed by adding
a term Y. With this definition it is clear that the presence of intrinsic torsion is an
obstruction to finding a G-compatible torsion-free connection. This is analogous to the
appearence of intrinsic torsion introduced for ordinary geometry.
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Another way to put it is to define a map ¢ that projects X onto its torsion part. The
intrinsic torsion is then given by

Wint = W/im ¢, (7.67)

with Wiy and W being the space of intrinsic torsion and the space of torsion respectively.
For more discussion about this see [16].

To clarify this take our main example with E77y x R* and G' = Spin*(12) x SU(2). To
see what parts are intrinsic torsion decompose the torsion 56 & 912 under G to find

56 @912 — 2 (12,2) + (32,1) + (32,3) + (220,2) + (352,1). (7.68)
Likewise we decompose ¥ under G using 56 — (12,2) + (32,1)

((12,2) + (32,1)) x (66,1) =(220,2) + (12,2) + (560,2) + (22,1)

+(1728,1) + (352, 1). (7.69)

The two big modules containing 1728 and 560 are not torsion and, hence, we find that
the intrinsic torsion are given by

Wine = (12,2) + (32, 3). (7.70)

Performing the same analysis for G = FEjy) is straightforward, especially, the torsion
decompose as
56 +912 - 1+2-27+ 78 + 351 + c.c. (7.71)

We also have
(14+27+cc))x78=T8+27+ 351+ 1728 + c.c. (7.72)

We thus find the intrinsic torsion in the Fgy) case to be

W 1 427 1 e (7.73)

int

Consider the definition of an FEg,) compatible covariant derivative DV = 0. From the
definition of torsion it is easily found that
L VM = gPyM _ gy M
= VNDNVM — DyvMYyN g7y M, (7.74)
=0 =0

By definition of intrinsic torsion we can split 7 = Jin + J, with Finy € 56 @ (e7(7) ¥
R/eg(2)) and Fp € 56 @ eg(2), and since V' is invariant under eg(2) we find

LV =~ T - V. (7.75)

Demanding that the intrinsic torsion vanish thus gives the integrability condition on the
vector-multiplet structure
LV =0. (7.76)

This is further equivalent to £xX = 0.

It was further shown in [16] that the vanishing of intrinsic torsion and, hence integrability
of the generalised structure, is equivalent to vanishing of so-called momentum maps. For
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the hyper-multiplet structure these are given by a triplet of momentum maps, ., acting
on any element Y € I'(E) as

1
oY) =~ casy /M w(Js, Ly ), (7.77)

with x being the e7(7) Killing form. The integrability is then the requirement that the
triplet of momentum maps vanish for any element in the generalised tangent bundle,

pa(Y) =0 for any Y € T'(E). (7.78)

Likewise the integrability condition in (7.76) can be equivalently written as a momentum

map p given by
1
u(Y) = —7/ s(V, 4V, (7.79)
2 Jm

and an integrable vector-multiplet structure V' satisfies

p(Y) =0, for any Y € I'(E). (7.80)

If the hyper-multiplet structure and the vector-multiplet structure separately satisfies
the integrability condition they define a reduced structure. To define a SU(6) structure
they also need to satisfy the compatiblity condition given in (7.61), as well as the condition

ZLxJo =0, (7.81)

with X = V 4 iV. This is needed in order for the intrinsic torsion with respect to the
SU(6) structure to vanish [16].

In [16, 52] it was shown that vanishing intrinsic torsion, and hence vanishing of the
momentum maps, with respect to a Spin*(12) N Ego) = SU(6) structure is equivalent to
preserving N/ = 2 supersymmetry. The idea is that vanishing supersymmetry variations
of fermionic fields are naturally expressed as Killing spinors being generalised covariantly
constant. One then shows that this demands vanishing intrinsic torsion with respect to a
SU(6) structure. Moreover, since the gauge degrees of freedom are naturally included in
the geometry, these also appear naturally through the covariant derivative; this should be
compared to the ordinary formulation discussed above, were they instead were obstructions
to finding covariantly constant Killing spinors. Using exceptional generalised geometry we
have thus seen how to use generalised geometrical tools to study supersymmetric flux com-
pactifications, especially this is similar to the way geometrical tools, introduced in Section
7.2, are used to study supersymmetric compactifications with vanishing flux. The appear-
ance of SU(6) can be further understood by noting that the Killing spinor transforms in
8 under (the double cover) of the maximal compact subgroup SU(8) of E7(7). Demanding
N = 2 preserved supersymmetry is then equivalent to the Killing spinor being stabilised
by SU(6) C SU(8).

There are further interesting models to study using the tools introduced above. In [14,
53] compactifications with an external AdS spacetime are examined. This is further applied
to study the AdS/CFT correspondence in [54], in which they compare deformations of the
CF'T to deformations of the hyper-multiplet and vector-multiplet in generalised geometry.
In [55] it was further shown that any supersymmetric flux compactification is equivalent
to some integrable GG structure.
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7. Flux compactifications and (exceptional) generalised geometry

7.4.2 Example Calabi-Yau

To clarify some of the concepts introduced above we consider a specific example of com-
pactification on CY3 x S* following [16]. Especially, we would like to reproduce the known
results obtained from ordinary geometric tools. However, in order to continue with a gen-
eralised geometry based on Er(7) x R* we consider a slight extension by adding a circle S*.
Just as in the Calabi-Yau case discussed above, there exists a closed symplectic two-form
w, a closed complex three-form €2 and then there also exists a closed one-form ( = dy,
with y being the coordinate on S'. These structures satisfy the following compatibility
conditions

wAQ=0,

wAwAw=3QAQ, (7.82)

Lepw = LC#Q =0,

where we have defined an isomorphism # on any form field as (p? )2 = gitj1 gi2jz Pirjo.ips
especially ¢(#* = 0y, with y being the coordinate along S 1. Moreover, the integrability con-
ditions state that w, {2 and ( are all closed and the volume form is given by

p? = voly = %Q AQAC (7.83)

These invariant tensors can be written explicitly in a basis {€%}q=12.7, with e; = ( = dy,
as
w=e'?+e*+ e

7.84

Q= (el +ie?) A (€3 +1iet) A (€5 +ie®), (7.84)

with e = e'AJ. From this it follows immediately that the compatibility conditions are
satisfied. Especially, in this basis we define the hodge dual, %, as

* ettt — aenlz---lpjlhqu63132_,_3(1’ (7.85)

12..d — ¢12.-d — 1 Tmportantly the inner product of forms with the same degree \, p

and e
is then given by
voly (p™ Jp) = X A xp. (7.86)

Moreover, it is easily found that *2 = iQ2 A ¢ which will be useful below.

We then want to show that there exists an integrable hyper-multiplet structure, J,,
and an integrable vector-multiplet structure, V', given in terms of (w,(2,() which satis-
fies the generalised compatibility and integrability conditions. We will assume that the
forms (w, €2, () are given by the expressions above and satisfy the same compatibility and
integrability conditions. In [16] these conditions are on the other hand derived from the
generalised conditions.

The hyper-multiplet structure is given by

1 1
TP TR

S~ ——
a «
1 - 1
_ = =pQ—=pQ*
Jo = 5=, (7.87)
—— —
a (0%
1 1 _ 1 _
= —pl —i—pQ A Q ——ipQ# A QF
T = Pl =i AR =3 EipT A QT
N~~~ v v
T a (6%
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7. Flux compactifications and (exceptional) generalised geometry

with ™, = —w™, = L(Q™Plw,pg — QP0,,) being the complex structure, and we have

for convenience identified the elements with the general decomposition given in (7.45).
The vector-multiplet structure on the other hand is given by

1
— H# iy _j
X={" +_ iw 2C/\w/\z,u il ® voly . (7.88)
v W N——— T'

o

First we need to check that J, indeed is a su(2) triplet using the action defined in (7.50).
Denoting W” = [J4, J_]| we find

I = (i + Q) = 0,

12
1 1 1 1
no__ 2. # . 2 . # .
= 02 (—=Q Q) — p%i(—=0 -0
= p%j( 5 )JJ(2> p7i( 5 )JJ(2)
2
p 1o, 15 1, —1
Lot S+ 070
g L5750+ 5 07.—-0)
_ sT 2
= —2lp7, (7.89)
a//:O,
2
~n _ P O
a’ = 4(2/\(2,
o’ =0
2
i = P o# A O
4

It is then seen that indeed W” = —4ipJs. Now instead let W = [J, J3] and we find

1" =0,

r" =0,
d"=—-pT-Q+ —p* Q" L(QAQ),
8 32
» (7.90)
pu— O7
o épQI QF — LpQ(Q# A Q)Q,
d// _

which, using I-Q = —3iQ and I - Q¥ = —3iQ#, gives [J,, J3] = 2ipJ and indeed {J4, J3}
is a su(2) triplet.

In order to check the compatibility condition J; - X = J_ - X = 0 we repeat the action
of an element W =r+a+a+a+ac€adF. onanelement Y =v+w+ o+ 7,

-V + auw — auo,

~

‘WA vaa + auo 4 G,
Semeee e (7.91)

~

co+wvia+aAw+ aar,

54 9 & <
1
T

T —jaNw+jaAo.

Il
=
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7. Flux compactifications and (exceptional) generalised geometry

Consider first X’ = J; - X = 0, then by the action (7.91) we find

/

v = —%pQ#_:w,

1 1
W= §pC#JQ + ZpQ#_n(g ANwAw),

o' = %pQ ANw+ %pQ#J(C ® voly),

1
T/:—ZPQ/\C/\W/\W-

(7.92)

Using the explicit form of  and w it is easily found that v/ = Q% Jw = 0, which also sets
w’ = 0 using that LC#Q = Lepw = 0. The second term in ¢’ also vanish since vol; o< wAwAw
and QAw = 0. Moreover, since QAwAw = 0 it follows that 7/ vanish as well. Likewise it is
found that J_-X = 0. We also need to check the normalisation condition %is(X ,X) = p?,
with the symplectic invariant given for any vector V.Y’ € I'(E)

1
s(Y,Y') = —Z(LUT —yT+oAw —d Aw). (7.93)

We thus find 1 1
—is(X, X): = —gi (—2iLC#CVOI7 +iCAwAwA w)

2 (7.94)

=
where we used p? = vol; = éiQ/\Q/\C and the compatibility condition wAwAw = %iQ/\Q.
This shows that J, and X indeed defines a compatible SU(6) structure. Moreover, this

reproduces the known compatibility condition from ordinary Calabi-Yau compactification
introduced in Section 7.2.2.

We also need to check if this structure is integrable, corresponding to satisfying the
differential conditions on the underlying Killing spinor. As we will see this reproduce the
known integrability condition on the Calabi-Yau structure. Consider therefore the triplet
of momentum maps f1,(V) = 0, which determines the integrability of the hyper-multiplet
structure. These can be rewritten in a J4 basis as

i

pa¥) = =5 [ (I B 0)

== 3 ), fU-Lode) + 5 /M K(J-, (dw + do) - J4) (7.95)

— o [ KU L) 42 [ p(do + do )
2 Im M

where going to the second line we have used the observation in (7.52), and going to the
last line we used the invariance of the Killing form together with the fact that the hyper-
multiplet is a su(2) triplet. Likewise we can define the plus component of the momentum
map as

pa(Y) = =i [ w(s, J)

= *i/ K(J3, Ly Jt) + 2/ pr(dw + do, J4),
M M

with similar steps as above and it straightforward to define an analogous expression for p_.
These momentum maps s, p+ should vanish for any generalised vector Y = v+&+o0+7 €
I'(E) and since the momentum maps are linear we can consider each GL(7) component

(7.96)
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separately. Note that we have denoted the two-form & to not cause confusion with the
two-form w present in the structure. Note also that the component 7 of Y drops out of
the momentum maps trivally. To continue we need the e7(7) Killing form given by

1
k(W,W') = §tr(r)tr(r') +tr(rr') + asd’ + o’ sa — ala’ — & La. (7.97)

Consider then
pa(e) =2 [ pr(do, 1) =0, (7.98)
M

since J4 does not contain any six-form. Likewise L,J+ contains a three-form and an
anti-symmetric three-vector, but since J3 does not we find using the Killing-form

114 (v) = 0. (7.99)

The only non-zero contribution from g thus comes from the @ component, x(dw, % pQ#) =
% o2 1d@, and we thus get the momentum map

pg (@) o / p? O da. (7.100)
M
Using that
/ vol; Q% .dw = / da A+
M M (7.101)
—i / A AQAC,
M
and integration by parts this reduces to
14 () o / AQAC)AG =0, (7.102)
M

which indeed is fulfilled since €2 and ¢ are closed. Considering the g3 momentum map we
find

13(&) = 2i / (A, J3) = 0, (7.103)
M
since J3 does not contain any anti-symmetric three-vector. For the action of the six-form
we find
p3(o) = 21/ pr(do, J3)
M

1 (7.104)
=—= [ p2Q" AQ7).d5.
8 Jm
Using the same procedure as above we find
/ voly (% A Q) Ldo = / do Ax(QAQ) x / d¢ Ao =0, (7.105)
M M M

which indeed is fulfilled since ( is closed. The last condition from the triplet of momentum
maps is the following

p3(v) = —i (J—>L J4)
(7.106)
8/ (% AL (092) + Lo (p2#) )
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Since € is closed it is also covariantly constant and Q% ., is constant. We can then use
I Q7 JQL,p? = 0, assuming that the boundary term vanishes, to move p outside of the
Lie derivative. Using p?Q% 1L,Q = L,Q A «Q we then find

,ug(v)oc/ L, A%Q
M

- (7.107)
- —i/ (dio + 1 dQ) AQAC = 0,
M

which follows from integration by parts and that 2 and € are closed. This shows that the
hyper-multiplet is integrable.

The integrability condition for the vector-multiplet structure is given by #xX = 0, i.e.
IxX =LexX —idw-X = ((AwAdw)- X =0. (7.108)

This can be seen to vanish immediately by noting that ¢# is a Killing vector and using that
dw is a closed form. This shows that X defines an integrable vector-multiplet structure.

In order to define an exceptional Calabi-Yau the structures, i.e. to set to zero the intrinsic
torsion of the SU(6) structure, must also satisfy £xJy = £xJ_ = 0. This is given by

1

which again is easily seen to be fulfilled by the same reasoning as above.

We thus see that the hyper-multiplet structure in (7.87) and the vector-multiplet struc-
ture in (7.88) together with the compatibility conditions and integrability conditions re-
produce the known conditions obtained via ordinary results. Although fluxes were not
included in this example the formalism applies equally well when they are, for examples
of this see [16, 53]. The main difference when including fluxes is that one has to look at
elements that are “twisted” by the adjoint action of flux fields, the twisting in the case
above were trivial.
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Conclusions

String theory/M-theory are the most prominent frameworks of quantum gravity, but there
is still much about these theories that we do not know. Especially the notion of describing
extended objects has led to interesting dualities such as T-duality and U-duality. As
we have argued the corresponding low-energy effective theories, supergravity theories,
have related “hidden” symmetry groups when compactified on torii. The role of these
symmetries in M-theory is the motivation for this thesis and for developing extended
geometries.

Gravitational degrees of freedom and non-gravitational degrees of freedom are typically
mixed under these dualities and hence a covariant formalism suggest a merger of the un-
derlying fields leading to the notion of extended geometries. This extension is done by
introducing generalised diffeomorphisms and demanding that fields transform covariantly
under such transformations. The latter is equivalent to the closure of the algebra of dif-
feomorphisms which in turn demands the section constraint, i.e. a local embedding of
ordinary geometry. One can then construct an action invariant under generalised diffeo-
morphisms that encodes the dynamics of a generalised metric. Moreover, it is also possible
to construct geometrical objects such as a covariant derivative, torsion and a generalised
Ricci tensor which characterise the extended geometry.

With a global solution to the section constraint and a “twisting” by form fields an ex-
tended geometry reduces to what is called generalised geometry. This formalism is potent
in describing, among other things, compactifications of supergravity with fluxes. Including
fluxes typically invalidates the geometrical tools that works well to describe compactifica-
tions without fluxes. Since extended geometries merge gravitational and non-gravitational
degrees of freedom appropriate generalisations appear naturally and compactifications can
be dealt with using generalised geometrical tools.

In Chapter 6 a covariant formalism was introduced as well as a generalised Ricci tensor.
The latter is a candidate for the equations of motion for the generalised metric and it
would be interesting to compare this with the equations of motion derived from the action
introduced in the same chapter. In order to do this one should find a metric-compatible and
torsion-free connection in terms of the generalised metric. However, these two conditions
do not fully specify the connection and we were not able to find such an expression for a
general structure algebra. This would be an interesting direction for future studies.

Another pressing issue that would be interesting to solve is that of the global structure
and global transformations. As of yet the extended geometries are generally restricted to
the local behaviour, exceptions are for example double geometries. Another interesting
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8. Conclusions

question is that of the section constraint which we have seen play a crucial part in defining
a consistent theory. A truly different theory would be obtained if the section constraint
could be dropped completely.

Extended geometries ultimately presents an interesting way to merge gravitational and
non-gravitational degrees of freedom in order to exploit a larger part of the underlying
symmetry of M-theory. The full réle of extended geometries in a complete formulation
of M-theory remains to be seen, but unification and symmetries have been incredibly
successful guiding tools to a better understanding of the fundamental laws of nature more
than once before.
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A

Closure of generalised
diffeomorphisms

In this appendix we provide the explicit calculation of the closure of generalised diffeo-
morphisms. We want to look at [%, %, ]VM and start with one term
Le( L VM) = Ze(n"opV M — 0pnMVE 4 YMEp 0pnSVT)

= (ZLen")opV M +0F Z(0pV M) — (Leopn)VE —opnM £V (A1)

+ YMRST (o%aRT]S)VT + YMRST 8RnS$§VT.
The first term gives

(ZLen)opVM = Xogn"opV ™ — oM opV T + ot o v
+ Y M (0r€%)0pVT = YT p (0RE%)0rV. (A.2)

=0 section constraint

The second term gives
0" (LeopVM) = ek oopVM — oM opv i 4T opet o v
+ Y M (0r€%)0pVT = YT Hp (9RE°)0rVY, (A.3)

=0 section constraint

where we note that the first terms is symmetric in £ <+ 1 and will vanish in the commutator.
The third term gives

—(ZLopVMVE = —eK0iopn™ VT + 0 eMopn VP — opeX ogn™M VP
— YME L (9p%)0TVE + YTR L (0peS)or VT . (A.4)

=0 section constraint

The fourth term is given by

—opnM LV = =0 R0k VY + 0pnM o PV — 0pn™M Y PE L (0r€%)0Pn™ . (AL5)

=0 section constraint

The fifth term is given by

YME (Lo VT =Y ME L VT <§K3K5R773 — Ok &5 0rn™ + aRfKaKnS)
+ YMRST vT (YSKLQ (8K5L)8R77Q _ YQKLR (aKéL)aQnS)- (A.6)

=0section constraint
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A. Closure of generalised diffeomorphisms

And finally the last term is given by

VMR (0pn®) LV T = Y M (0rn R0V — €TV + YTH p (0K€QVT)

(A.7)
We also want to calculate 2 (% ton — L, gnf)VM to this end calculate
LoV = Lexg VM = Lopee VY + Lyon,, opesnr V. (A.8)
The first term gives
LeronV™ = 50 opVM — (0pe" duen™ + X Orc0pn™ ) VP "
+ Y M (0F dxen® + €5 0rcopn®) V7
The second term gives
—faKgnKVM = —8K§P77KapVM + (nKaKapr + 8K§M8p77K) VP ( )
A.10

— VM (0r0KE 0" + 0500 ) VT

And the last term gives

Lyon ppesyr V™ = Y For (0570 0 VM —y M v E (aKaRgs nT + Opes aKnT)
=0 section constraint

+ VM YR VE (3QaRfS77T + 3R§S3Q77T> :

(A.11)
It is then straightforward but tedious to calculate [%, £, ]VM — %(gffgn —ZL4,e)VM and
one finds that the contribution from the terms proportional to 9%¢ is given by

1 1
5 (YMRST 8K8R§S _ YMQLK YLRST aQaRES) VKT]T _ _§ZMQLKYLRST aQaRénS'VT K’

(A.12)

which is nothing but an ancillary transformation. The remaining terms are proportional
to (0£0n) and given by
1
§YMRST YSKLQ 8K§LaR77QVT + YMRST YTKQP 8R7758K5QVP

(A.13)
1 !
—§YMRST 8K€T8R77$VK - YMRST aKé-SaRnKVT - (g A 77) =0.

The identities that the Y tensor need to satisfy given in (6.13a)-(6.13b) are then easily
derived from this expression.

94



1]

Bibliography

E. Witten. String theory dynamics in various dimensions. Feb. 1995. bo1: 10.1016/
0550-3213(95)00158-0. eprint: hep-th/9503124.

E. Cremmer and B. Julia. “The N = 8 supergravity theory. I. The lagrangian”.
In: Physics Letters B 80.1 (1978), pp. 48—-51. 1SSN: 0370-2693. DOI: https://doi.
org/10.1016/0370-2693(78)90303-9. URL: http://www.sciencedirect.com/
science/article/pii/0370269378903039.

E. Cremmer and B. Julia. “The SO(8) Supergravity”. In: Nucl. Phys. B159 (1979),
pp. 141-212. por: 10.1016/0550-3213(79)90331-6.

E. Cremmer, B. Julia, Hong Lu, and C. N. Pope. “Dualization of dualities. 1.” In:
Nucl. Phys. B523 (1998), pp. 73-144. DOL: 10 .1016/S0550-3213(98) 00136~ 9.
arXiv: hep-th/9710119 [hep-th].

M. Cederwall and J. Palmkvist. Faxtended geometries. 2017. arXiv: 1711 . 07694
[hep-th].

J. Palmkvist. Fxceptional geometry and Borcherds superalgebras. Nov. 2015. DOTI:
10.1007/JHEP11(2015)032. arXiv: 1507.08828 [hep-th].

M. Cederwall and J. Palmkvist. Superalgebras, constraints and partition functions.
Aug. 2015. DOI: 10.1007/JHEP08(2015)036. arXiv: 1503.06215 [hep-th].

Jakob Palmkvist. “The tensor hierarchy algebra”. In: J. Math. Phys. 55 (2014),
p. 011701. por: 10.1063/1.4858335. arXiv: 1305.0018 [hep-th].

Lisa Carbone, Martin Cederwall, and Jakob Palmkvist. “Generators and relations
for Lie superalgebras of Cartan type”. In: (2018). arXiv: 1802.05767 [math.RT].
Martin Cederwall and Jakob Palmkvist. “ L., algebras for extended geometry from
Borcherds superalgebras”. In: (2018). arXiv: 1804.04377 [hep-th].

Olaf Hohm and Barton Zwiebach. “Ls, Algebras and Field Theory”. In: Fortsch.
Phys. 65.3-4 (2017), p. 1700014. DOI: 10.1002/prop.201700014. arXiv: 1701.08824
[hep-th].

Mariana Grana. “Flux compactifications in string theory: A Comprehensive review”.
In: Phys. Rept. 423 (2006), pp. 91-158. DOI: 10.1016/ j . physrep.2005.10.008.
arXiv: hep-th/0509003 [hep-th].

Mariana Grana, Jan Louis, Aaron Sim, and Daniel Waldram. “E7(7) formulation of
N=2 backgrounds”. In: JHEP 07 (2009), p. 104. poI: 10.1088/1126-6708/2009/
07/104. arXiv: 0904.2333 [hep-th].

Mariana Grana and Praxitelis Ntokos. “Generalized geometric vacua with eight su-
percharges”. In: JHEP 08 (2016), p. 107. DOI: 10.1007/JHEP08(2016) 107. arXiv:
1605.06383 [hep-th].

Andre Coimbra, Charles Strickland-Constable, and Daniel Waldram. “Supergravity
as Generalised Geometry II: Eqg) x R* and M theory”. In: JHEP 03 (2014), p. 019.
DOI: 10.1007/JHEP03(2014)019. arXiv: 1212.1586 [hep-th].

95


https://doi.org/10.1016/0550-3213(95)00158-O
https://doi.org/10.1016/0550-3213(95)00158-O
hep-th/9503124
https://doi.org/https://doi.org/10.1016/0370-2693(78)90303-9
https://doi.org/https://doi.org/10.1016/0370-2693(78)90303-9
http://www.sciencedirect.com/science/article/pii/0370269378903039
http://www.sciencedirect.com/science/article/pii/0370269378903039
https://doi.org/10.1016/0550-3213(79)90331-6
https://doi.org/10.1016/S0550-3213(98)00136-9
http://arxiv.org/abs/hep-th/9710119
http://arxiv.org/abs/1711.07694
http://arxiv.org/abs/1711.07694
https://doi.org/10.1007/JHEP11(2015)032
http://arxiv.org/abs/1507.08828
https://doi.org/10.1007/JHEP08(2015)036
http://arxiv.org/abs/1503.06215
https://doi.org/10.1063/1.4858335
http://arxiv.org/abs/1305.0018
http://arxiv.org/abs/1802.05767
http://arxiv.org/abs/1804.04377
https://doi.org/10.1002/prop.201700014
http://arxiv.org/abs/1701.08824
http://arxiv.org/abs/1701.08824
https://doi.org/10.1016/j.physrep.2005.10.008
http://arxiv.org/abs/hep-th/0509003
https://doi.org/10.1088/1126-6708/2009/07/104
https://doi.org/10.1088/1126-6708/2009/07/104
http://arxiv.org/abs/0904.2333
https://doi.org/10.1007/JHEP08(2016)107
http://arxiv.org/abs/1605.06383
https://doi.org/10.1007/JHEP03(2014)019
http://arxiv.org/abs/1212.1586

Bibliography

[16]

[17]

96

Anthony Ashmore and Daniel Waldram. “Exceptional Calabi-Yau spaces: the geom-
etry of N/ = 2 backgrounds with flux”. In: Fortsch. Phys. 65.1 (2017), p. 1600109.
DOI: 10.1002/prop.201600109. arXiv: 1510.00022 [hep-th].

J. Fiichs and C. Schweigert. Symmetries, Lie Algebras and Representations. A grad-
uate course for physicists. Cambridge University Press, 1997.

W. Fulton and J. Harris. Representation Theory. Springer, 2004.

M.R. Gaberdiel. Symmetries in physics — Lecture notes ETH Zirich. 2013.

V. G. Kac. Infinite dimensional Lie algebras. 3rd ed. Cambridge University Press,
1990.

G. Aldazabal, M. Grana, D. Marqués, and J. A. Rosabal. The gauge structure
of exceptional field theories and the tensor hierarchy. Apr. 2014. pDoI: 10. 1007/
JHEP04(2014)049. arXiv: 1312.4549 [hep-th].

B. de Wit, H. Nicolai, and H. Samtleben. Gauged supergravities, tensor hierarchies,
and M-theory. Feb. 2008. DOI: 10.1088/1126-6708/2008/02/044. arXiv: 0801.1294
[hep-th].

J. Palmkvist. “Exceptional Lie algebras and M-theory”. PhD thesis. 2009. arXiv:
0912.1612 [hep-th].

D. Persson. “Arithmetic and Hyperbolic Structures in String Theory”. PhD thesis.
2010. arXiv: 1001.3154 [hep-th].

P. West. Ey1 and M theory. Nov. 2001. DOTI: 10.1088/0264-9381/18/21/305. eprint:
hep-th/0104081.

U. Ray. Automorphic forms and lie superalgebras. 1st ed. Dordrecht: Springer, 2006.
DOI: 10.1007/978-1-4020-5010-7.

O. Hohm, D. Liist, and B. Zwiebach. The spacetime of double field theory: Review,
remarks, and outlook. Oct. 2013. DOI: 10.1002/prop.201300024. arXiv: 1309.2977
[hep-th].

Ralph Blumenhagen, Dieter Liist, and Stefan Theisen. Basic concepts of string the-
ory. Theoretical and Mathematical Physics. Heidelberg, Germany: Springer, 2013.
ISBN: 9783642294969. DOI1: 10.1007 /978-3-642-29497-6. URL: http://www.
springer.com/physics/theoretical’,6C%2C+mathematical+),5C%26+computational+
physics/book/978-3-642-29496-9.

D. Tong. Lectures on String Theory. Aug. 2009. arXiv: 0908.0333 [hep-th].

E. D’Hoker and D. Z. Freedman. Supersymmetric Gauge Theories and the AdS/CFT
Correspondence. Jan. 2002. eprint: hep-th/0201253.

C.N. Pope. Kaluza-Klein Theory.

J. Maldacena. The Large-N Limit of Superconformal Field Theories and Supergrav-
ity. 1999. DOI: 10.1023/A:1026654312961. eprint: hep-th/9711200.

C. M. Hull and P. K. Townsend. “Unity of superstring dualities”. In: Nucl. Phys.
B438 (1995). [,236(1994)], pp. 109-137. poI: 10.1016/0550-3213(94) 00559 -W.
arXiv: hep-th/9410167 [hep-th].

D. S. Berman and D. C. Thompson. Duality Symmetric String and M-Theory. June
2013. arXiv: 1306.2643 [hep-th].

C. Hull and B. Zwiebach. Double field theory. Sept. 2009. DOI: 10.1088/ 1126 -
6708/2009/09/099. arXiv: 0904.4664 [hep-th].

G. Aldazabal, D. Marqués, and C. Nunez. Double field theory: a pedagogical review.
Aug. 2013. DOI: 10.1088/0264-9381/30/16/163001. arXiv: 1305.1907 [hep-th].
O. Hohm and H. Samtleben. Exceptional field theory. 1. E6(6)-covariant form of
M-theory and type IIB. Mar. 2014. DOI: 10.1103/PhysRevD .89 .066016. arXiv:
1312.0614 [hep-th].


https://doi.org/10.1002/prop.201600109
http://arxiv.org/abs/1510.00022
https://doi.org/10.1007/JHEP04(2014)049
https://doi.org/10.1007/JHEP04(2014)049
http://arxiv.org/abs/1312.4549
https://doi.org/10.1088/1126-6708/2008/02/044
http://arxiv.org/abs/0801.1294
http://arxiv.org/abs/0801.1294
http://arxiv.org/abs/0912.1612
http://arxiv.org/abs/1001.3154
https://doi.org/10.1088/0264-9381/18/21/305
hep-th/0104081
https://doi.org/10.1007/978-1-4020-5010-7
https://doi.org/10.1002/prop.201300024
http://arxiv.org/abs/1309.2977
http://arxiv.org/abs/1309.2977
https://doi.org/10.1007/978-3-642-29497-6
http://www.springer.com/physics/theoretical%5C%2C+mathematical+%5C%26+computational+physics/book/978-3-642-29496-9
http://www.springer.com/physics/theoretical%5C%2C+mathematical+%5C%26+computational+physics/book/978-3-642-29496-9
http://www.springer.com/physics/theoretical%5C%2C+mathematical+%5C%26+computational+physics/book/978-3-642-29496-9
http://arxiv.org/abs/0908.0333
hep-th/0201253
https://doi.org/10.1023/A:1026654312961
hep-th/9711200
https://doi.org/10.1016/0550-3213(94)00559-W
http://arxiv.org/abs/hep-th/9410167
http://arxiv.org/abs/1306.2643
https://doi.org/10.1088/1126-6708/2009/09/099
https://doi.org/10.1088/1126-6708/2009/09/099
http://arxiv.org/abs/0904.4664
https://doi.org/10.1088/0264-9381/30/16/163001
http://arxiv.org/abs/1305.1907
https://doi.org/10.1103/PhysRevD.89.066016
http://arxiv.org/abs/1312.0614

Bibliography

O. Hohm and H. Samtleben. Ezceptional field theory. II. Eqy. Mar. 2014. DOT:
10.1103/PhysRevD.89.066017. arXiv: 1312.4542 [hep-th].

O. Hohm and H. Samtleben. Ezceptional field theory. III. E8(8). Sept. 2014. DOI:
10.1103/PhysRevD.90.066002. arXiv: 1406.3348 [hep-th].

Martin Cederwall, Joakim Edlund, and Anna Karlsson. “Exceptional geometry and
tensor fields”. In: JHEP 07 (2013), p. 028. pOI: 10.1007/JHEP07(2013)028. arXiv:
1302.6736 [hep-th].

Olaf Hohm and Barton Zwiebach. “Large Gauge Transformations in Double Field
Theory”. In: JHEP 02 (2013), p. 075. pDO1: 10 . 1007 / JHEP02(2013) 075. arXiv:
1207.4198 [hep-th].

David S. Berman, Martin Cederwall, and Malcolm J. Perry. “Global aspects of
double geometry”. In: JHEP 09 (2014), p. 066. DOI: 10.1007/JHEP09(2014) 066.
arXiv: 1401.1311 [hep-th].

D. S. Berman, M. Cederwall, A. Kleinschmidt, and D. C. Thompson. The gauge
structure of generalised diffeomorphisms. Jan. 2013. DOI: 10. 1007/ JHEP01(2013)
064. arXiv: 1208.5884 [hep-th].

G. Bossard, M. Cederwall, A. Kleinschmidt, J. Palmkvist, and H. Samtleben. Gen-
eralized diffeomorphisms for Eg. Nov. 2017. DOI: 10.1103/PhysRevD.96.106022.
arXiv: 1708.08936 [hep-th].

C. M. Hull. “Generalised Geometry for M-Theory”. In: JHEP 07 (2007), p. 079. DOTI:
10.1088/1126-6708/2007/07/079. arXiv: hep-th/0701203 [hep-th].

André Coimbra, Charles Strickland-Constable, and Daniel Waldram. “Egg x R
generalised geometry, connections and M theory”. In: JHEP 02 (2014), p. 054. DOI:
10.1007/JHEP02(2014)054. arXiv: 1112.3989 [hep-th].

Andre Coimbra, Charles Strickland-Constable, and Daniel Waldram. “Supergravity
as Generalised Geometry I: Type II Theories”. In: JHEP 11 (2011), p. 091. DOI:
10.1007/JHEP11(2011)091. arXiv: 1107.1733 [hep-th].

D. Joyce. Compact Manifolds with Special Holonomy. Oxford University Press, 2000.
Praxitelis Ntokos. “Flux backgrounds, AdS/CFT and Generalized Geometry”. PhD
thesis. Paris, LPTHE, 2016. URL: http://ipht . cea. fr /Docspht / /search/
article.php?IDA=11510.

Nigel J. Hitchin. “Lectures on special Lagrangian submanifolds”. In: Proceedings,
Winter School on Mirror Symmetry and Vector Bundles: Cambridge, Massachusetts,
January 4-15, 1999. 1999, pp. 151-182. arXiv: math/9907034 [math].

Sergio Ferrara and Murat Gunaydin. “Orbits of exceptional groups, duality and
BPS states in string theory”. In: Int. J. Mod. Phys. A13 (1998), pp. 2075-2088. DOI:
10.1142/80217751X98000913. arXiv: hep-th/9708025 [hep-th].

André Coimbra, Charles Strickland-Constable, and Daniel Waldram. “Supersym-
metric Backgrounds and Generalised Special Holonomy”. In: Class. Quant. Grav.
33.12 (2016), p. 125026. DOT: 10.1088/0264-9381/33/12/125026. arXiv: 1411.5721
[hep-th].

Anthony Ashmore, Michela Petrini, and Daniel Waldram. “The exceptional gener-
alised geometry of supersymmetric AdS flux backgrounds”. In: JHEP 12 (2016),
p. 146. DOI: 10.1007/JHEP12(2016)146. arXiv: 1602.02158 [hep-th].

Anthony Ashmore, Maxime Gabella, Mariana Grana, Michela Petrini, and Daniel
Waldram. “Exactly marginal deformations from exceptional generalised geometry”.
In: JHEP 01 (2017), p. 124. por: 10.1007/JHEP01(2017) 124. arXiv: 1605.05730
[hep-th].

97


https://doi.org/10.1103/PhysRevD.89.066017
http://arxiv.org/abs/1312.4542
https://doi.org/10.1103/PhysRevD.90.066002
http://arxiv.org/abs/1406.3348
https://doi.org/10.1007/JHEP07(2013)028
http://arxiv.org/abs/1302.6736
https://doi.org/10.1007/JHEP02(2013)075
http://arxiv.org/abs/1207.4198
https://doi.org/10.1007/JHEP09(2014)066
http://arxiv.org/abs/1401.1311
https://doi.org/10.1007/JHEP01(2013)064
https://doi.org/10.1007/JHEP01(2013)064
http://arxiv.org/abs/1208.5884
https://doi.org/10.1103/PhysRevD.96.106022
http://arxiv.org/abs/1708.08936
https://doi.org/10.1088/1126-6708/2007/07/079
http://arxiv.org/abs/hep-th/0701203
https://doi.org/10.1007/JHEP02(2014)054
http://arxiv.org/abs/1112.3989
https://doi.org/10.1007/JHEP11(2011)091
http://arxiv.org/abs/1107.1733
http://ipht.cea.fr/Docspht//search/article.php?IDA=11510
http://ipht.cea.fr/Docspht//search/article.php?IDA=11510
http://arxiv.org/abs/math/9907034
https://doi.org/10.1142/S0217751X98000913
http://arxiv.org/abs/hep-th/9708025
https://doi.org/10.1088/0264-9381/33/12/125026
http://arxiv.org/abs/1411.5721
http://arxiv.org/abs/1411.5721
https://doi.org/10.1007/JHEP12(2016)146
http://arxiv.org/abs/1602.02158
https://doi.org/10.1007/JHEP01(2017)124
http://arxiv.org/abs/1605.05730
http://arxiv.org/abs/1605.05730

Bibliography

[55] André Coimbra and Charles Strickland-Constable. “Supersymmetric Backgrounds,
the Killing Superalgebra, and Generalised Special Holonomy”. In: JHEP 11 (2016),
p. 063. DOI: 10.1007/JHEP11(2016)063. arXiv: 1606.09304 [hep-th].

98


https://doi.org/10.1007/JHEP11(2016)063
http://arxiv.org/abs/1606.09304

	Introduction
	Dualities and extended geometries
	Flux compactifications and generalised geometry
	Outline

	Symmetry algebras
	Lie groups and their connection to Lie algebras
	Lie algebras
	Example – Chevalley set
	Roots, weights and representations
	Cartan matrix and Dynkin diagram
	Real forms
	Invariant tensors

	Extended algebras
	Kac-Moody algebras
	Borcherds superalgebras
	The invariant Y-tensor


	String theory, supergravity & dualities
	String theory
	Supergravity and Kaluza-Klein compactification
	Non-linear sigma model

	Dualities

	Double field theory
	Generalised diffeomorphisms and the section constraint
	DFT action

	Exceptional field theory
	E6 – Exceptional field theory 
	Solving the section constraint


	Extended Geometries
	Extended spacetime and setup
	Generalised diffeomorphisms
	Section constraint
	Ancillary transformation and closure of algebra

	Dynamics
	Covariant formalism
	Torsion

	Generalised Ricci tensor

	Flux compactifications and (exceptional) generalised geometry
	Phenomenology and moduli stabilisation
	Zero flux compactification
	Mathematical interlude – Fibre bundles
	Compactification on Calabi-Yau

	Flux compactifications and generalised geometry
	Generalised geometry
	Exceptional generalised geometry

	Generalised structure
	Integrability of structures
	Generalised intrinsic torsion

	Example Calabi-Yau


	Conclusions
	Closure of generalised diffeomorphisms
	Bibliography

