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The effects of oscillator phase noises (PNs) onmultiple-inputmultiple-output (MIMO) orthogonal frequency divisionmultiplexing
(OFDM) systems are studied. It is shown that PNs of common oscillators at the transmitter and at the receiver have the
same influence on the performance of (single-stream) beamforming MIMO-OFDM systems, yet different influences on spatial
multiplexing MIMO-OFDM systems with singular value decomposition (SVD) based precoding/decoding. When each antenna is
equipped with an independent oscillator, the PNs at the transmitter and at the receiver have different influences on beamforming
MIMO-OFDM systems as well as spatial multiplexing MIMO-OFDM systems. Specifically, the PN effect on the transmitter
(receiver) can be alleviated by having more transmit (receive) antennas for the case of independent oscillators. It is found that
the independent oscillator case outperforms the common oscillator case in terms of error vector magnitude (EVM).

1. Introduction

Due to the spectrum congestion in the lower microwave fre-
quency range, millimeter wave (mmWave) communications
have received a lot of attention due to the broad bandwidth.
Multiple-input multiple-output (MIMO) techniques are usu-
ally employed for the radio access application, to overcome
the high propagation attenuation in mmWave bands [1–
3] and to enable high throughput [4, 5]. The orthogonal
frequency division multiplexing (OFDM) technique [6] (that
has been adopted in many modern communication systems)
is recently chosen to be the main waveform for 5G commu-
nications below 40GHz [7].

It is well-known that OFDM systems are sensitive to
oscillator phase noises (PNs) that increase with increasing
(carrier) frequency [8, 9]. The PN effects on OFDM or
MIMO-OFDM systems have been extensively studied in the

literature [10–26]. Most of the works assume free-running
oscillators, except for [10–13], where phase locked loop (PLL)
based oscillators were also assumed. Most of the studies
assume a common oscillator for all the transmit (receive)
antennas, except for [12, 24–26], where independent oscilla-
tors (i.e., each antenna is equipped with a different oscillator)
were also considered. (The independent oscillator case is also
considered for single carrier systems in [27, 28].) Moreover,
most works did not distinguish different effects of PNs on the
transmitter (Tx PN) and on the receiver (Rx PN), except for
[16] where the effects of PNs of free-running (common) oscil-
lators on receivers and transmitters were analyzed separately.
The variance of the PN of a free-running oscillator increases
with time. As the PN grows large, common phase error (CPE)
correction (that is necessary for reliable data detection) tends
to reduce the signal-to-noise ratio (SNR) [23]. Therefore, in
practice the PLL is usually used to stabilize the PN.As a result,
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we assume PLL-based oscillators in this work for simulations
and verifications (even though the analysis is applicable to
both free-running and PLL-based oscillators). In mmWave
MIMO systems, distribution of the high frequency clock
signal of a common oscillator for all the transmit/receive
antennas may cause high attenuation and waveform dis-
tortion, especially for large antenna arrays. To avoid this
problem, an independent oscillator can be used for each
antenna (at the cost of increased complexity). Nevertheless,
the common oscillator is still themost popular assumption in
the literature. In this work, we consider both common oscil-
lators and independent oscillators at the transmitter and the
receiver and compare their impairments on MIMO-OFDM
systems.

We evaluate the PN effect on the mmWave MIMO-
OFDM system in terms of the error vector magnitude (EVM)
[21, 27, 29], which is a popular performance metric for
hardware impairment evaluations, especially in the industry.
A conference version of this paper has been published in [30],
where the study was confined to single-stream beamforming
OFDM systems. In this paper, we extend the work by includ-
ing the spatial multiplexing OFDM systems as well. Spatial
multiplexing means transmitting multiple spatial streams
simultaneously in the same band. Note that, in the literature,
sometimes it is also referred to as adaptive beamforming
with multiple layers (streams), for example, [31]. In this
work, beamforming refers to single-stream beamforming
in order to distinguish it from spatial multiplexing. It is
noted that the (digital/analog) hybrid beamforming [5] is
the most popular assumption for mmWave cellular com-
munications. Nevertheless, other beamforming/precoding
architectures are also considered in practice. For example,
fully digital schemes with small MIMO orders and high
gain antennas are used for mmWave backhauling in the
industry.

New Contributions and Relation to Previous Work. It is
shown in this work that, for the common oscillator case, Tx
PN and Rx PN have the same level of influence on the
beamforming OFDM system (in terms of EVM), yet different
levels of influences on the singular value decomposition
(SVD) based spatial multiplexing OFDM system (in the
latter case, the conclusions are the same as in [16], where
open-loop spatial multiplexing MIMO-OFDM systems with
zero-forcing (ZF) decoders are considered). These findings
(including the link between SVD-based spatial multiplexing
OFDM and open-loop spatial multiplexing MIMO-OFDM
system with ZF decoder) have not been shown in the
previous literature. It is also shown that, for the independent
oscillator case, Tx PN and Rx PN have different levels of
influences on the beamforming and spatial multiplexing
OFDM systems, whose adverse effect reduces as the number
of antennas increases. Interestingly, it was reported in [28]
that the effect of Rx PNs of independent oscillators reduces
with increasing receive antennas for single carrier MIMO
systems with maximum ratio combining. In this work, we
show that the effect of PNs of independent oscillators can
be alleviated with more antennas at either Tx or Rx side
for both beamforming and SVD-based spatial multiplexing
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Figure 1: Phase noise model of PLL-based oscillator.

MIMO-OFDM systems. Moreover, our results show that
the independent oscillator case can achieve better EVM
performance than the common oscillator case. Finally, it is
noted that, although digital beamforming is assumed for
tractable analysis, the findings hold for hybrid beamforming
[5] as well. This is rather intuitive if one regards each antenna
in our analysis as a (analog) phase-controlled subarray
in hybrid beamforming. This is verified by hybrid beam-
forming simulations using a sophisticated mmWave channel
model.

The rest of the paper is organized as follows. Section 2
presents the system models. PN effects of common and
independent oscillators on beamforming and spatial multi-
plexing OFDM systems are derived and discussed separately
in Section 3. Section 4 verifies the analytical results of the
previous section by simulations. Finally, Section 5 concludes
this paper.

Notations. Throughout this paper, ∗, 𝑇, and 𝐻 denote
complex conjugate, transpose, and Hermitian operators,
respectively. Lower case bold letter (x) and upper case bold
letter (X) represent column vector and matrix, respectively.
I𝑀 is the𝑀×𝑀 identity matrix. diag(x) denotes the diagonal
matrix whose diagonal elements are given by x. tr(X) denotes
the trace of X. ⊗ denotes the Kronecker product.

2. System Model

2.1. Phase Noise Model. In this work, we consider the
PLL-based oscillator that is used ubiquitously in practical
transceivers. The PN of the PLL-based oscillator consists of
three main noise sources, that is, noises from the reference
oscillator 𝜃ref , the phase-frequency detector, the loop filter𝜃LP, and the voltage controlled oscillator (VCO) 𝜃VCO, as
shown in Figure 1. The Laplace transform of the PN of the
PLL-based oscillator is given as [9]

𝜃out (𝑠) = 𝑁𝐷𝐾VCO𝑍 (𝑠) (𝐾𝐷𝜃ref (𝑠) + 𝜃LP (𝑠))𝑠𝑁𝐷 + 𝐾𝐷𝐾VCO𝑍 (𝑠)
+ 𝑠𝑁𝐷𝜃VCO (𝑠)𝑠𝑁𝐷 + 𝐾𝐷𝐾VCO𝑍 (𝑠) ,

(1)

where 𝐾𝐷 denotes the gain of the phase-frequency detector,𝐾VCO represents the sensitivity of the VCO, 𝑍(𝑠) represents
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Figure 2: PSD of the carrier phase noise.

the loop filter, and 1/𝑁𝐷 is the frequency divider [9]. The
noise sources include both white noise (thermal noise) and
colored noise (flicker noise) [8]. The detailed modeling
parameters are listed in Table 4-2 of [9]. As an example,
Figure 2 shows the estimated power spectral density (PSD)
of the carrier phase noise [11] (using the periodogram
method with 2 × 108 PN samples) at 28 and 60GHz,
respectively.

2.2. MIMO-OFDM System. The MIMO-OFDM system with𝑁R receive antennas, 𝑁T transmit antennas, and 𝑁 OFDM
subcarriers can be expressed as

y = Hx + w, (2)

where H is an 𝑁R𝑁 × 𝑁T𝑁 block diagonal channel matrix
whose 𝑘th diagonal block entry H𝑘 is the 𝑁R × 𝑁T MIMO
channel matrix of the channel transfer functions at the 𝑘th
subcarrier, x = [x𝑇1 x𝑇2 ⋅ ⋅ ⋅ x𝑇𝑁]𝑇 is the𝑁T𝑁× 1 frequency-
domain signal vector with x𝑘 denoting the𝑁T×1 transmitted
signal vector at the 𝑘th subcarrier, y = [y𝑇1 y𝑇2 ⋅ ⋅ ⋅ y𝑇𝑁]𝑇 is
the𝑁R𝑁×1 frequency-domain signal vectorwith y𝑘 denoting
the 𝑁R × 1 received signal vector at the 𝑘th subcarriers, and
w is an 𝑁R𝑁 × 1 additive white Gaussian noise (AWGN)
vector.

3. Phase Noise Effect

It is nontrivial to derive a general expression of PN effects on
MIMO-OFDM systems. Instead, we analyze the PN effect for
the independent and common oscillator cases (see Figure 3)
separately in this section.

3.1. CommonOscillator. When the common oscillator is used
at the transmitter and at the receiver, the time-domain input-
output relation of the MIMO system at the 𝑛th time sample
of one OFDM symbol can be expressed as

ỹ (𝑛) = exp (𝑗𝛽 (𝑛)) 𝐿−1∑
𝑙=0

C𝑙 exp (𝑗𝜑 (𝑛 − 𝑙)) x̃ (𝑛 − 𝑙)
+ w̃ (𝑛) ,

(3)

where x̃(𝑛) and ỹ(𝑛) are𝑁T × 1 and𝑁R × 1 vectors consisting
of the transmit and receive signals from all the antennas,
respectively, 𝜑(𝑛) and 𝛽(𝑛) denote the phase noises of the
common oscillators at the transmitter and at the receiver,
respectively, C𝑙 is an 𝑁R × 𝑁T MIMO channel impulse
response (CIR) matrix of the 𝑙th tap, and w̃(𝑛) is an 𝑁R × 1
vector consisting of the AWGNs.

In the frequency-flat fading channel, (3) reduces to

ỹ (𝑛) = exp (𝑗𝛽 (𝑛)) exp (𝑗𝜑 (𝑛))C0x̃ (𝑛) + w̃ (𝑛) . (4)

It is self-evident that the phase noises at the transmitter and
at the receiver have equal influence on the MIMO-OFDM
system in the frequency-flat fading channel. Note that this
holds for both (single-stream) beamforming and SVD-based
spatial multiplexing MIMO-OFDM systems.

To study the effects of Tx PN and Rx PN on the MIMO-
OFDM system in the frequency-selective channel, we resort
to the frequency-domain input-output relation. For better
illustration, we start the derivation from a single-antenna
OFDM system,

y1 = F diag (exp (𝑗𝛽)) F𝐻H1F diag (exp (𝑗𝜑)) F𝐻x1
+ w1, (5)

where H1 is a diagonal matrix consisting of the channel
transfer functions at all the 𝑁 subcarriers of one OFDM
symbol, 𝜑 and 𝛽 denote 𝑁 × 1 vectors consisting of the
time-domain Tx PN and Rx PN of one OFDM symbol,
respectively, F denotes an 𝑁 × 𝑁 unitary discrete Fourier
transform (DFT) matrix, whose elements are given by
exp(−𝑗2𝜋𝑘𝑙/𝑁)/√𝑁 (𝑘, 𝑙 = 0, . . . , 𝑁 − 1), and w1 is an𝑁× 1
AWGN vector. The𝑁 × 1 frequency-domain transmit signal
x1 is first transformed into time-domain by F𝐻x1, then the Tx
PN corrupted (time-domain) signal is transformed back to
the frequency domain by F diag(exp(𝑗𝜑))F𝐻x1. Similarly, the
received frequency-domain signalH1F diag(exp(𝑗𝜑))F𝐻x1 is
first transformed to the time-domain and corrupted by Rx
PN and then transformed back to the frequency domain,
resulting in the input-output relation (5). Note that (5) only
holds approximately since the PN at the cyclic prefix (CP)
and the end of the time-domain OFDM symbol are different.
Nevertheless, it is a good approximation [16, 21].

For notational convenience, we denote

GT = F diag (exp (𝑗𝜑)) F𝐻,
GR = F diag (exp (𝑗𝛽)) F𝐻, (6)
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Figure 3: (a) Common oscillator; (b) independent oscillators.

where GT takes the form of

GT =
[[[[[[[
[

𝑔Tx0 𝑔Tx𝑁−1 ⋅ ⋅ ⋅ 𝑔Tx1
𝑔Tx1 𝑔Tx0 ⋅ ⋅ ⋅ 𝑔Tx2... ... d

...
𝑔Tx𝑁−1 𝑔Tx𝑁−2 ⋅ ⋅ ⋅ 𝑔Tx0

]]]]]]]
]
. (7)

Analogously, the (𝑘, 𝑙)th entry ofGR is 𝑔Rx(𝑘−𝑙)𝑁 , where (𝑘 − 𝑙)𝑁
denotes (𝑘 − 𝑙)mod𝑁. For an ideal oscillator, GT (GR) boils
down to the identity matrix I𝑁.

The input-output relation for the MIMO-OFDM system
can be readily derived as [16]

y = (GR ⊗ I𝑁R)H (GT ⊗ I𝑁T) x + w. (8)

Let GT = 𝑔Tx0 I𝑁 + PT and GR = 𝑔Rx0 I𝑁 + PR, where PT (PR)
contains all the off-diagonal entries ofGT (GR) and has zeros
at all its diagonal entries, then (8) can be rewritten as

y = 𝑔Rx0 𝑔Tx0 Hx + e + w, (9)

where

e = (PR ⊗ I𝑁R)H (PT ⊗ I𝑁T) x + 𝑔Rx0 H (PT ⊗ I𝑁T) x
+ 𝑔Tx0 (PR ⊗ I𝑁R)Hx. (10)

Note that, when Tx (Rx) PN is absent, PT (PR) becomes an all
zero matrix.

Let the SVD of H be H = UΛV𝐻, where U,Λ, and V
are block diagonal matrices, whose 𝑘th diagonal block entries
are the corresponding SVD ofH𝑘, that is, U𝑘, Λ𝑘, and V𝑘. In
the sequel, we discuss PN effects on beamforming and spatial
multiplexing MIMO-OFDM systems separately.

3.1.1. Beamforming MIMO-OFDM. The transmit and receive
beamforming can be expressed as x = Ṽs and r = Ũ𝐻y,
respectively, where s and r are𝑁 × 1 vectors of transmit and
receive subcarrier signals, and Ũ and Ṽ are block diagonal
matrices, whose 𝑘th diagonal block entries, u𝑘 and k𝑘, are
the left and right eigenvectors corresponding to the largest
singular value ofH𝑘. Let Λ̃ be a diagonal matrix consisting of
the largest singular values at the 𝑁 subcarriers. Substituting
these parameters into (9) and after simple mathematical
arrangement, the estimated signal is obtained as

ŝ = s + 1𝑔Rx0 𝑔Tx0 Λ̃
−1Ũ𝐻e + 1𝑔Rx0 𝑔Tx0 Λ̃

−1Ũ𝐻w. (11)

The term 𝑔Rx0 𝑔Tx0 is the common phase error (CPE) [10]
caused by the PN, which can be readily estimated [17]. For the
convenience of analysis, we assume the CPE can be estimated
perfectly. The 2nd term of the right-hand side (RHS) of (11)
corresponds to the intercarrier interference (ICI) [10] caused
by the phase noise. The 3rd term of the RHS of (11) is the
additive noise. We study ICIs due to Tx PN and Rx PN
separately in the sequel.

When there is only Tx PN, (10) boils down to e =𝑔Rx0 H(PT ⊗ I𝑁T)x. Substituting it and x = Ṽs into the 2nd
term of the RHS of (11), the ICI caused by the Tx PN can be
readily derived as

𝜉T = 1𝑔Tx0 Λ̃
−1Ũ𝐻H (PT ⊗ I𝑁T) Ṽs

= 1𝑔Tx0 Ṽ𝐻 (PT ⊗ I𝑁T) Ṽs.
(12)

𝜉T at the 𝑘th subcarrier is

𝜉T,𝑘 = 1𝑔Tx0 k𝐻𝑘
𝑁−1∑
𝑖=0,𝑖 ̸=𝑘

𝑔Tx(𝑘−𝑖)𝑁k𝑖𝑠𝑖. (13)
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Assuming independent and identically distributed (i.i.d.)
transmit symbol 𝑠𝑖, the power of 𝜉T,𝑘 is

𝐽Tx𝑘 = 𝐸 [𝜉∗T,𝑘𝜉T,𝑘] = ( 𝜎𝑠𝑔Tx0 )
2 𝑁−1∑
𝑖=0,𝑖 ̸=𝑘

𝐸 [󵄨󵄨󵄨󵄨󵄨𝑔Tx(𝑘−𝑖)𝑁 󵄨󵄨󵄨󵄨󵄨2] , (14)

where 𝐸 denotes the expectation and 𝜎2𝑠 = 𝐸[|𝑠𝑖|2].
Assuming that the ICI and AWGN are independent, the

EVM is the ratio of the sum of ICI power and AWGN power
to the signal power. The corresponding EVM at the 𝑘th
subcarrier can be readily derived as

𝜖Tx𝑘 = ( 1𝑔Tx0 )
2 𝑁−1∑
𝑖=0,𝑖 ̸=𝑘

𝐸 [󵄨󵄨󵄨󵄨󵄨𝑔Tx(𝑘−𝑖)𝑁 󵄨󵄨󵄨󵄨󵄨2] + ( 1𝑔Tx0 )
2 𝜎2𝑤𝜎2𝑠 𝜎2𝑘 , (15)

where 𝜎2𝑤 = 𝐸[|𝑤𝑖|2] is the variance of the AWGN and 𝜎𝑘 is
the largest singular value ofH𝑘.

Similarly, the ICI caused by the Rx PN is given as

𝜉R = 1𝑔Rx0 Λ̃
−1Ũ𝐻 (PR ⊗ I𝑁R)HṼs

= 1𝑔Rx0 Λ̃
−1Ũ𝐻 (PR ⊗ I𝑁R) ŨΛ̃s.

(16)

𝜉R at the 𝑘th subcarrier is

𝜉R,𝑘 = 1𝜎𝑘𝑔Rx0 u𝐻𝑘
𝑁−1∑
𝑖=0,𝑖 ̸=𝑘

𝑔Rx(𝑘−𝑖)𝑁u𝑖𝜎𝑖𝑠𝑖, (17)

whose power is

𝐽Rx𝑘 = 𝐸 [𝜉∗R,𝑘𝜉R,𝑘]
= ( 𝜎𝑠𝑔Rx0 )

2 𝑁−1∑
𝑖=0,𝑖 ̸=𝑘

𝐸 [󵄨󵄨󵄨󵄨󵄨𝑔Rx(𝑘−𝑖)𝑁 󵄨󵄨󵄨󵄨󵄨2] 𝐸 [𝜎
2
𝑖𝜎2
𝑘

] , (18)

where𝜎𝑖 is the largest singular value ofH𝑖.The corresponding
EVM is

𝜖Rx𝑘 = ( 1𝑔Rx0 )
2 𝑁−1∑
𝑖=0,𝑖 ̸=𝑘

𝐸 [󵄨󵄨󵄨󵄨󵄨𝑔Rx(𝑘−𝑖)𝑁 󵄨󵄨󵄨󵄨󵄨2] 𝐸 [𝜎
2
𝑖𝜎2
𝑘

]

+ ( 1𝑔Rx0 )
2 𝜎2𝑤𝜎2𝑠 𝜎2𝑘 .

(19)

Comparing (14) and (18) or (15) and (19), it is safe to
conclude that the ICIs (averaged over all the subcarriers)
caused by Tx PN and Rx PN are the same for large 𝑁,
which holds for practical OFDM systems. Since it suffices to
compare the ICI terms of Tx PN and Rx PN, we skip the EVM
expressions in the sequel.

3.1.2. Spatial Multiplexing MIMO-OFDM. For the conve-
nience of analysis, we assume the number of spatial stream𝑁𝑠 equals 𝑁T, unless otherwise specified. Analogously, the
transmit precoder and receive decoder can be expressed as

x = Vs and r = Ŭ𝐻y, respectively, where s and r are𝑁T𝑁× 1
vectors of transmit and receive subcarrier signals, and Ŭ is a
block diagonal matrix, whose 𝑘th diagonal block entries Ŭ𝑘
are an𝑁R×𝑁T matrix consisting of the left eigenvectors of the𝑁T singular values of H𝑘. Let Λ̆ be a diagonal matrix whose𝑘th diagonal block entry consists of the𝑁T singular values of
H𝑘. The estimated signal is

ŝ = s + 1𝑔Rx0 𝑔Tx0 Λ̆
−1Ŭ𝐻e + 1𝑔Rx0 𝑔Tx0 Λ̆

−1Ŭ𝐻w. (20)

Substituting e = 𝑔Rx0 H(PT ⊗ I𝑁T)x and x = Vs into the
2nd term of the RHS of (20), the ICI caused by the Tx PN can
be readily derived as

𝜉T = 1𝑔Tx0 Λ̆
−1Ŭ𝐻H (PT ⊗ I𝑁T)Vs

= 1𝑔Tx0 V𝐻 (PT ⊗ I𝑁T)Vs.
(21)

𝜉T at the 𝑘th subcarrier is

𝜉T,𝑘 = 1𝑔Tx0 V𝐻𝑘
𝑁−1∑
𝑖=0,𝑖 ̸=𝑘

𝑔Tx(𝑘−𝑖)𝑁V𝑖s𝑖, (22)

where s𝑖 is an𝑁T × 1 vector consisting of the transmit signals
at the 𝑖th subcarrier. The power of 𝜉T,𝑘 is

𝐽Tx𝑘 = 𝐸 [𝜉𝐻T,𝑘𝜉T,𝑘] = ( 𝜎𝑠𝑔Tx0 )
2𝑁T

𝑁−1∑
𝑖=0,𝑖 ̸=𝑘

𝐸 [󵄨󵄨󵄨󵄨󵄨𝑔Tx(𝑘−𝑖)𝑁 󵄨󵄨󵄨󵄨󵄨2] . (23)

Note that, due to the i.i.d. symbol assumption, 𝐸[‖s𝑖‖2] =𝜎2𝑠𝑁T.
Similarly, the ICI caused by the Rx PN is given as

𝜉R = 1𝑔Rx0 Λ̆
−1Ŭ𝐻 (PR ⊗ I𝑁R)HVs

= 1𝑔Rx0 Λ̆
−1Ŭ𝐻 (PR ⊗ I𝑁R)UΛs.

(24)

𝜉R at the 𝑘th subcarrier is

𝜉R,𝑘 = 1𝑔Rx0 Λ̆
−1

𝑘 Ŭ
𝐻
𝑘

𝑁−1∑
𝑖=0,𝑖 ̸=𝑘

𝑔Rx(𝑘−𝑖)𝑁U𝑖Λ𝑖s𝑖, (25)

whose power is

𝐽Rx𝑘 = tr {𝐸 [𝜉R,𝑘𝜉𝐻R,𝑘]}
= ( 𝜎𝑠𝑔Rx0 )

2𝑁T

𝑁−1∑
𝑖=0,𝑖 ̸=𝑘

𝐸 [󵄨󵄨󵄨󵄨󵄨𝑔Rx(𝑘−𝑖)𝑁 󵄨󵄨󵄨󵄨󵄨2]
× tr {𝐸 [U𝑖Λ𝑖U𝐻𝑖 Ŭ𝑘Λ̆−2𝑘 Ŭ𝐻𝑘 ]} .

(26)
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Assuming i.i.d. subcarrier channels, spatially white MIMO
channel [16], and𝑁R > 𝑁T, (26) can be rewritten as

𝐽Rx𝑘 = ( 𝜎𝑠𝑔Rx0 )
2𝑁T

𝑁−1∑
𝑖=0,𝑖 ̸=𝑘

𝐸 [󵄨󵄨󵄨󵄨󵄨𝑔Rx(𝑘−𝑖)𝑁 󵄨󵄨󵄨󵄨󵄨2]
× tr {𝐸 [U𝑖Λ𝑖U𝐻𝑖 ] 𝐸 [Ŭ𝑘Λ̆−2𝑘 Ŭ𝐻𝑘 ]}

= ( 𝜎𝑠𝑔Rx0 )
2 𝑁2T𝑁R − 𝑁T

𝑁−1∑
𝑖=0,𝑖 ̸=𝑘

𝐸 [󵄨󵄨󵄨󵄨󵄨𝑔Rx(𝑘−𝑖)𝑁 󵄨󵄨󵄨󵄨󵄨2] .
(27)

The last step in (27) is obtained by recognizing that𝐸[U𝑖Λ𝑖U𝐻𝑖 ] is the correlation matrix at the receiver, which
is an identity matrix in spatially white MIMO channels, and
that Ŭ𝑘Λ̆

−2

𝑘 Ŭ
𝐻
𝑘 is an inverse Wishart matrix, whose trace

expectation is𝑁T/(𝑁R − 𝑁T) when𝑁R > 𝑁T [32].
Comparing (23) and (27), it is found that Tx PN and Rx

PNhave different influences on SVD-based spatialmultiplex-
ing MIMO-OFDM systems. Specifically, (1) the Tx PN has
more influence than the Rx PN does when𝑁R > 2𝑁T; (2) the
Rx PN has more influence than the Tx PN does when 𝑁T <𝑁R < 2𝑁T; (3) Tx PN and Rx PN have the same influence
when 𝑁R = 2𝑁T. Interestingly, the same conclusions were
drawn in [16] for open-loop MIMO-OFDM systems with
spatial multiplexing and ZF decoder. Note that, when 𝑁R =𝑁T, the expectation of the inverse Wishart matrix does not
exist [32]. Thus, there is no analytical expression for the ICI
power due to Rx PN when𝑁R = 𝑁T. (Due to the singularity
in (27), simulations for the𝑁R = 𝑁T case do not converge.)

It should be noted that (27) is only valid under the
assumptions of i.i.d. subcarrier channels and spatially white
MIMO channels. In practice, the channels may be correlated
in both frequency and spatial domains. Nevertheless, the
spatial correlation can be reduced with sufficient antenna
spacing and scattering; the time correlation diminishes when
the channel length is comparable to the OFDM symbol
and the channel taps are uncorrelated. Moreover, these
assumptions allowmore insight into the PN impairments and
the findings hold for arbitrary MIMO channels in general.
To demonstrate this, a spatially correlated MIMO channel is
studied by simulations in Section 4.

3.2. Independent Oscillator. For simplicity, we consider the
frequency-flat fading channel for the independent oscillator
case. Although the independent oscillator results are derived
from the frequency-flat fading channel, as will be shown
by simulations in the next section, it holds for frequency-
selective fading as well.

When each antenna is equipped with an independent
oscillator, the received time-domain signal can be expressed
as

ỹ (𝑛)
= diag (exp (𝑗𝛽̃ (𝑛)))C0 diag (exp (𝑗𝜑̃ (𝑛))) x̃ (𝑛)
+ w̃ (𝑛) ,

(28)

where 𝜑̃(𝑛) and 𝛽̃(𝑛) are𝑁T ×1 and𝑁R ×1 vectors consisting
of the 𝑛th samples of phase noises at the transmit and receive
antennas, respectively. For notational convenience, we drop
the time index 𝑛 hereafter.
3.2.1. BeamformingMIMO. After transmit and receive beam-
forming, the estimated signal can be readily derived from (28)
as

𝑠 = 𝜎−1u𝐻 diag (exp (𝑗𝛽̃))C0 diag (exp (𝑗𝜑̃)) v𝑠
+ 𝜎−1u𝐻w̃, (29)

where u and k are the eigenvectors corresponding to the
largest singular value of C0, 𝜎. The first term of the RHS of
(29) can be rewritten as

( 𝑁R∑
𝑚=1

exp (𝑗𝛽𝑚) 󵄨󵄨󵄨󵄨𝑢𝑚󵄨󵄨󵄨󵄨2)(
𝑁T∑
𝑛=1

exp (𝑗𝜑𝑛) 󵄨󵄨󵄨󵄨V𝑛󵄨󵄨󵄨󵄨2) 𝑠. (30)

Although the PN at mmWave frequencies is more severe,
thanks to the PLL, the PN value (i.e., each realization of
the random variable PN) is still much smaller than 1 [9].
Hence, the first-order Taylor expansion can be used; that
is, exp(𝑗𝜑𝑛) ≈ 1 + 𝑗𝜑𝑛 and exp(𝑗𝛽𝑚) ≈ 1 + 𝑗𝛽𝑚. (The
Taylor expansion for small PN has been widely used in the
literature. Nevertheless, it should be noted that the Taylor
expansion may not be applicable to the PN of a free-running
oscillator, whose variance increases linearly with time, after
long transmission.) As a result, (30) can be approximated as

𝑠 + (𝑗 𝑁R∑
𝑚=1

𝛽𝑚 󵄨󵄨󵄨󵄨𝑢𝑚󵄨󵄨󵄨󵄨2 + 𝑗
𝑁T∑
𝑛=1

𝜑𝑛 󵄨󵄨󵄨󵄨V𝑛󵄨󵄨󵄨󵄨2

− 𝑁R∑
𝑚=1

𝛽𝑚 󵄨󵄨󵄨󵄨𝑢𝑚󵄨󵄨󵄨󵄨2
𝑁T∑
𝑛=1

𝜑𝑛 󵄨󵄨󵄨󵄨V𝑛󵄨󵄨󵄨󵄨2) 𝑠,
(31)

where the second term represents the PN impairment. It can
be seen from (31) that, for the independent oscillator case, the
PN effect on beamforming MIMO systems can be reduced
by having more antennas at either side since the phase noises
at different antennas are independent. The Rx PN has more
influence than the Tx PN when𝑁T > 𝑁R, the Tx PN and the
Rx PN have the same influence when 𝑁R = 𝑁T, and the Tx
PN has more influence than the Rx PN side when𝑁R > 𝑁T.

3.2.2. Spatial Multiplexing MIMO. After SVD precoding and
decoding, the estimated signals can be readily derived from
(28) as

ŝ

= Λ−1𝑐 U𝐻𝑐 u𝐻 diag (exp (𝑗𝛽̃))C0 diag (exp (𝑗𝜑̃))V𝑐s
+ Λ−1𝑐 U𝐻𝑐 w̃,

(32)
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whereU𝑐,Λ𝑐, andV𝑐, are SVDofC0.Thefirst termof theRHS
of (32) can be rewritten as Ξs, where Ξ is a diagonal matrix
whose 𝑖th diagonal element is

( 𝑁R∑
𝑚=1

exp (𝑗𝛽𝑚) 󵄨󵄨󵄨󵄨𝑢𝑖𝑚󵄨󵄨󵄨󵄨2)(
𝑁T∑
𝑛=1

exp (𝑗𝜑𝑛) 󵄨󵄨󵄨󵄨V𝑖𝑛󵄨󵄨󵄨󵄨2) 𝑠𝑖, (33)

with 𝑢𝑖𝑚 and V𝑖𝑛 denoting the (𝑖, 𝑚)th and (𝑖, 𝑛)th elements
of U and V, respectively. Following the same lines as in
the previous subsection, that is, exp(𝑗𝜑𝑛) ≈ 1 + 𝑗𝜑𝑛 and
exp(𝑗𝛽𝑚) ≈ 1 + 𝑗𝛽𝑚, (33) can be approximated as

𝑠𝑖 + (𝑗
𝑁R∑
𝑚=1

𝛽𝑚 󵄨󵄨󵄨󵄨𝑢𝑖𝑚󵄨󵄨󵄨󵄨2 + 𝑗
𝑁T∑
𝑛=1

𝜑𝑛 󵄨󵄨󵄨󵄨V𝑖𝑛󵄨󵄨󵄨󵄨2

− 𝑁R∑
𝑚=1

𝛽𝑚 󵄨󵄨󵄨󵄨𝑢𝑖𝑚󵄨󵄨󵄨󵄨2
𝑁T∑
𝑛=1

𝜑𝑛 󵄨󵄨󵄨󵄨V𝑖𝑛󵄨󵄨󵄨󵄨2) 𝑠𝑖.
(34)

As can be seen, the PN effect of independent oscillators on
spatialmultiplexingMIMOsystems can be reduced by having
more antennas.

Even though spatially whiteMIMO channels are assumed
in this section for tractable analysis, the analysis also
holds for spatially correlated MIMO channels. Moreover, by
regarding each antenna in the analysis as a (analog) phase-
controlled subarray in hybrid beamforming, the findings
are also applicable to hybrid beamforming. These obser-
vations will be demonstrated by simulations in the next
section.

4. Simulation

Throughout the simulations, we assume 𝑁 = 1024 subcar-
riers, including 𝑁𝑎 = 834 active subcarriers, 𝑁𝑔 = 158
guard band subcarriers (79 zero subcarriers in the beginning
and end of each OFDM symbol), 𝑁𝑝 = 32 number of
scattered pilots, 16 quadrature amplitude modulation (16-
QAM), 240-MHz useful bandwidth (sampling frequency of
about 284MHz), and 60-GHz carrier frequency. The phase
noise model of the PLL-based oscillator (cf. Section 2.1) (in
the “high” mode [7]) is employed. The CP length is set to be
no smaller than the channel length.The CSI is assumed to be
known at the transmitter and at the receiver. For simplicity,
we assume spatially white MIMO channels throughout this
section, unless otherwise specified.

4.1. Common Oscillator. The EVM performances of an 8 × 4
(𝑁R ×𝑁T) beamforming MIMO-OFDM system with a com-
mon oscillator at the transmitter (Tx PN) and at the receiver
(Rx PN) in frequency-flat and frequency-selective Rayleigh
fading channels are shown in Figure 4. As a reference, the
ideal oscillator case (no PN) is also shown in the plot. As can
be seen, the Tx PN and the Rx PN of the common oscillator
have the same influence on the beamformingMIMO-OFDM
system. Note that the mmWave channel is sparse, thus it
can be modeled by a few taps [33]. In this work, a 4-
tap Rayleigh fading channel (whose taps are at the 0, 20,
30, and 60th time samples with equal average tap gain) is

chosen as the frequency-selective channel. (Without further
specification, frequency-selective channels in this section
refer to this model.) As the analysis in the previous section is
general for any frequency-selective channel, the conclusions
drawn here hold for frequency-selective fading channels with
any number of taps. For the sake of conciseness, results of
frequency-selective channels with different numbers of taps
are not shown in this paper.

For simplicity, we have assumed spatially white MIMO
channels. Nevertheless, the conclusion also holds for spatially
correlated MIMO channels. To demonstrate this, we assume
a uniform linear array with half-wavelength interelement
distance at both Tx and Rx and introduce antenna corre-
lations at both sides using the Kronecker channel model
with the Bessel correlation function 𝐽0(2𝜋𝑑𝑚𝑛/𝜆) [34], where𝐽0 is the zeroth-order Bessel function of the first kind,𝑑𝑚𝑛 is the distance between the 𝑚th and 𝑛th antenna
elements in the Tx (or Rx) array, and 𝜆 is the wavelength.
The corresponding results are shown in Figure 4(c). As
can be seen, with spatial correlations, the EVM perfor-
mance degrades, however, the Tx PN and the Rx PN of
the common oscillator still have the same influence on
the beamforming OFDM system. For the sake of concise-
ness, results of spatially correlated MIMO channels are not
shown in the sequel, except for simulations of hybrid beam-
forming with a sophisticated mmWave channel model in
Section 4.2.

In order to verify the effects of Tx PN and Rx PN
on SVD-based spatial multiplexing MIMO-OFDM systems
(Section 3.1.2), we generate i.i.d. subcarrier channels (with a
channel length of 𝑁) and set the CP length to 𝑁. Figure 5
shows EVM performances of 3 × 2, 4 × 2, and 5 × 2 MIMO
systems. As can be seen, the Rx PN has more influence than
the Tx PN does when𝑁T = 2 < 𝑁R = 3 < 2𝑁T = 4; Tx PN
and Rx PN have the same influence when 𝑁R = 4 = 2𝑁T;
the Tx PN has more influence than the Rx PN does when𝑁R = 5 > 2𝑁T = 4.
4.2. Independent Oscillator. Figure 6 shows the EVM perfor-
mances of 8 × 4 and 4 × 8 beamforming MIMO-OFDM with
independent oscillators in the frequency-selective Rayleigh
fading channel. As can be seen, the Tx PN hasmore influence
(than the Rx PN) on the 8 × 4 beamforming MIMO-OFDM
system and less influence (than the Rx PN) on the 4 × 8
beamforming MIMO-OFDM system. This is because PNs
of independent oscillators (at either side) are reduced by
averaging over the antennas (cf. Section 3.2). In Figure 6(a),
the Tx PN has more influence because there are more receive
antennas than transmit antennas. Similarly, in Figure 6(b),
the Rx PN has more influence because there are more
transmit antennas than receive antennas.

As mentioned before, by regarding each antenna in the
analysis as a (analog) phase-controlled subarray in hybrid
beamforming, the findings are also applicable to hybrid
beamforming. To verify this, we run simulations of a hybrid
beamforming system with independent oscillators using the
QuaDRiGa channel model [35]. The QuaDRiGa model is a
three-dimensional geometry-based stochastic channelmodel
that is under constant development. Its current version allows
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Figure 4: EVM performances of an 8 × 4 beamforming MIMO-OFDM with common oscillators in (a) frequency-flat fading channel, (b)
frequency-selective fading channel, and (c) spatially correlated frequency-selective fading channel.

channel simulations up to 100-GHz carrier frequency. Accu-
rate as it is, the channel emulation can be time-consuming,
especially for large antenna arrays. In order to focus on
the PN effects and to reduce simulation time, we assume
8 and 16 antenna elements as Tx and Rx arrays (both
with perfect channel state information), and vice versa.
(In practice, the channels can be estimated using adaptive
compressive sensing algorithms [5].) We further assume one
radio frequency (RF) chain is connected to a subarray of 4
antenna elements and each subarray is a uniform linear array
with half-wavelength interelement distance.That is, there are
2 and 4 RF chains at Tx and Rx, and vice versa. Figure 7 shows
the simulated results.The same conclusions are drawn; that is,

the effects of PNs of independent oscillators at Tx (Rx) side
are alleviated with more Tx (Rx) antennas.

In order to demonstrate the antenna averaging effect on
the phase noises of independent oscillators, we simulate an𝑁R × 1 receive beamforming OFDM system with different
numbers of receive antennas and a 4 × 𝑁T SVD-based
spatial multiplexing OFDM system with different numbers
of transmit antennas at 15-dB signal-to-noise ratio (SNR) in
frequency-selective fading channels. Figure 8(a) shows that
the influence of the Rx PN reduces by increasing𝑁R, whereas
the influence of Tx PN stays almost the same with increasing𝑁R. Similar conclusions can be drawn for the Tx PN effect
on the 4 ×𝑁T spatial multiplexing OFDM system (where the
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Figure 5: EVMperformances of SVD-based spatialmultiplexingMIMO-OFDMsystemwith commonoscillators in i.i.d. subcarrier channels:
(a) 3 × 2MIMO system; (b) 4 × 2MIMO system; (c) 5 × 2MIMO system.

number of spatial streams is set to 4); see Figure 8(b); that is,
the influence of the Tx PN reduces by increasing𝑁T, whereas
the influence of Rx PN stays almost the same with increasing𝑁T.

Figure 9 shows the EVM performances of beamforming
OFDM systems without any phase noise correction (no cor-
rection) and with CPE correction, for the common oscillator
and independent oscillator cases. (For the common oscillator
case, the scalar CPE can be estimated and corrected using
the standard CPE correlation algorithm [17], whereas, for
the independent oscillator case, the CPEs of the independent
oscillators can be jointly corrected using the CPE correction

algorithm.) It can be seen that the independent oscillator case
has better EVM performance than the common oscillator
case. Note that, for the conciseness of the paper, we only
present the results for beamforming OFDM systems in this
paper, while the same conclusion can be drawn for the spatial
multiplexing case.

5. Conclusion

In this paper, the phase noise (PN) effects on beamforming
MIMO-OFDM systems were investigated. We showed that,
in frequency-selective fading channels, the PNs of common
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Figure 6: EVM performances of (a) 8 × 4 and (b) 4 × 8 beamforming MIMO-OFDM with independent oscillators in frequency-selective
fading channel.
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Figure 7: EVM performances of (a) 16 × 8 and (b) 8 × 16 hybrid beamforming MIMO-OFDM with independent oscillators in mmWave
channel.

oscillators at the transmitter and at the receiver have the same
influence on (single-stream) beamforming OFDM systems,
yet different influences on spatial multiplexing OFDM sys-
tems. For the independent oscillator case, however, it was
shown that the phase noise effect at either side can be alle-
viated by having more antennas for both beamforming and
spatial multiplexing OFDM systems. It was also shown that
the independent oscillator case can have better error vector
magnitude (EVM) performance than the common oscillator

case for MIMO-OFDM systems. Simulations show that the
analysis holds not only for spatially white/correlated MIMO
channels, but also for hybrid beamforming in mmWave
channels.
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Figure 8: EVM performances of MIMO-OFDM system with independent oscillators at 15-dB SNR in frequency-selective fading channel: (a)𝑁R × 1 receive beamforming; (b) 4 × 𝑁T SVD-based spatial multiplexing.
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Figure 9: EVM performances of 8 × 4 beamforming MIMO-OFDM with both Tx PN and Rx PN in frequency-selective fading channel: (a)
the common oscillator case; (b) the independent oscillator case.
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