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Abstract

This thesis aims at constructing a superconformal higher spin theory in three spacetime
dimensions. Such theories are of great interest, for instance, since they are believed to ap-
pear in the tensionless limit of string theory. They can also directly be related to theories
of quantum gravity expressed as string and M-theories on AdS spaces, via the AdS/CFT
correspondence. The construction of the superconformal higher spin theory employed in
this thesis relies heavily on both the Cartan formalism of supergravity and gauge theory.
After these have been introduced, both the conformal and superconformal algebras are
constructed. These are then quantized in a way that enables a convenient extension to
their respective higher spin version. The corresponding superconformal higher spin the-
ory can either be formulated as a Chern-Simons gauge theory, or as a higher spin theory
expressed in the unfolded formalism. By utilizing this, the field equations of the theory
are derived using the equation of motion from respective approach, the zero field strength
equation and the unfolded equation. By studying the consistent spin 2 truncation of the
theory, the first steps towards a deeper understanding of the relation between the two
approaches are taken. Finally, it is discussed how the constructed superconformal higher
spin theory might also lead to new insights regarding the AdS/CFT correspondence and
how this, in turn, can be used to obtain results in string and M-theory.

Keywords: Conformal field theory, Chern-Simons theory, Higher spin theory, AdS/CFT,
String theory, M-theory
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Chapter 1

Introduction

One of the most fundamental goals of theoretical physics is to unify gravity and quantum
mechanics. The most promising candidate is string theory, in which the smallest con-
stituents of the Universe are described as vibrating, one-dimensional strings. On suffi-
ciently large length scales the strings appear as point particles, whose properties such as
mass and charge (after compactification of the extra dimensions) are determined by the
vibrational state of the string. String theories incorporating both bosonic and fermionic
states are known as superstring theories, and consistency requires them to have ten space-
time dimensions. This means that six of them must be compactified on a very small com-
pact manifold. In 1995, Witten showed that all known superstring theories could be uni-
fied into so-called M-theory, which instead describes the Universe’s smallest constituents
as two or five-dimensional branes living in eleven spacetime dimensions [1, 2].

The interaction between strings can be described by generalizing the perturbative formu-
lation of quantum field theory, which is conveniently described using Feynman diagrams.
Unlike for quantum field theory there is, however, no known non-perturbative formulation
of string theory. This motivates why Maldacena’s conjecture of the so-called AdS/CFT
duality completely revolutionized the field in 1997 [3]. It provides a correspondence be-
tween the anti de-Sitter spaces that are used in the string and M-theoretical descriptions
of quantum gravity, and the conformal quantum field theories living on their boundaries.
Since quantum field theories can be formulated non-perturbatively, this may enable exact
formulations of string and M-theory. The AdS/CFT correspondence is to this day one
of the most active fields of research in theoretical physics [4]. The correspondence most
relevant for this thesis is the AdS4/CFT3 correspondence, which can be used to relate
M-theory on the space AdS4 × S7, where S7 denotes the seven compactified dimensions,
to a three-dimensional conformal field theory. Since M-theory is a supersymmetric theory
incorporating both bosons and fermions, this must be a superconformal field theory.

An intriguing property of this correspondence is that if we apply Neumann boundary
conditions to the spin s ≥ 1 fields in the AdS4 space, the corresponding CFT3 can be
formulated as a Chern-Simons gauge theory [5]. This was first observed for the spin 1
case in [6] and then generalized to the spin 2 case in [7,8]. The possibility of formulating
the conformal field theories as Chern-Simons gauge theories enables us to express them
in terms of an action that is invariant under some local symmetry transformation. From
the action one can readily derive the Chern-Simons equation of motion, known as the
zero field strength equation.

1



2 Chapter 1 Introduction

An important feature of all string theories is that they contain an infinite mass-spectrum
of ever increasing spin. This property leads us to study the so-called higher spin theories
based on the superconformal algebra. In their original formulation the superconformal
field theories only include massless fields of spin 2 and lower, but by coupling them to a
spin 0 and a spin 1

2
field it can be shown that as soon as the spin 5

2
fermion and the spin 3

boson are included, massless fields of all half-integer and integer spins will inevitably
appear. Since this resembles the infinite tower of spins appearing in the tensionless
(massless) limit of string theory, there are reasons to believe that one can gain a deeper
understanding of string theory by studying superconformal higher spin theories [9].

Higher spin theory is an independent field of research which had been studied in several
other contexts before the connection to string theory had been considered, e.g., in super-
gravity in the seventies and eighties1 [9]. A disadvantage of higher spin theory is that it
is very difficult to find an exact formulation of the equation of motion. The only method
that has managed to provide exactly formulated examples of interacting higher spin the-
ories is the so-called unfolded formulation [10], developed by Vasiliev in [11–13].

With this background we understand how the equations of motion can be derived for a
three-dimensional superconformal field theory living on the boundary of an AdS4 space
on which a higher spin theory with Neumann boundary conditions has been implemented.
While the unfolded equation yields the spin 0 and 1

2
equations of motion, the spin s ≥ 1

equations can be derived from the Chern-Simons equation of motion. This indicates
that the zero field strength and unfolded equations must be compatible (and thus also
integrable). The exact relation between the two equations of motion is, however, still
unknown, and understanding this might be one of the keys to gaining a deeper under-
standing of the AdS/CFT correspondence.

The purpose of this thesis is to construct a superconformal higher spin theory in three
dimensions. To derive the field equations we will both utilize that the theory can be
expressed as a Chern-Simons gauge theory, but also implement the unfolded formulation
of higher spin theory. We are thereby able to compare the results stemming from the
two approaches. However, to achieve this we first have to quantize the three-dimensional
superconformal algebra in a way that enables a generalization to the corresponding higher
spin algebra. We can then in detail study the equation of motion of respective approach,
i.e. the field strength equation and the unfolded equation, for fields up to spin 2 in both
the purely bosonic and the supersymmetric case. Since the spin 2 algebra is closed this
is a consistent truncation.

In the bosonic case we follow the work of [14] and show that the field strength and
unfolded equations yield equivalent results. In the supersymmetric case we solve the
field strength equation, and by decomposing the unfolded equation into its irreducible
representations we manage to take the first steps towards a deeper understanding of
the exact relation between the two approaches in a superconformal higher spin context.
The long-term motivation for this endeavor is to, in detail, be able to study the relation
between three-dimensional superconformal field theories and M-theory on AdS4×S7 that
is proposed by the AdS/CFT correspondence.

1In fact, the low-energy limit of M-theory turns out to precisely correspond to eleven-dimensional supergravity,
although that was obviously not known back then.
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1.1 Outline of Thesis

The first four chapters of the thesis are introductory ones. These provide the concepts
necessary for the reader to be able to follow the explicit construction and investigations
of the superconformal higher spin theory that follows in the subsequent chapters. The
content of respective chapter looks as follows.

Chapter 2 Cartan Formalism of (Super)Gravity
Introduces the Cartan formalism of gravity, which is necessary since the metric
formulation of gravity can never include spinors. Also the extension to supergravity
is discussed, where contorsion will be the key concept.

Chapter 3 Gauge Theory
Gives an introduction to both abelian and non-abelian gauge theories, with partic-
ular emphasis on Chern-Simons theory.

Chapter 4 Conformal and Superconformal Symmetries
The concepts of conformal and superconformal symmetries are defined, and the cor-
responding algebras are constructed explicitly from the symmetry transformations
in three dimensions.

Chapter 5 Higher Spin Theory and the AdS/CFT Duality
Provides a general introduction to both higher spin theory, especially in the unfolded
formulation, and the AdS/CFT correspondence. Although it presents some essential
relations, in particular the unfolded equation, it is also a motivational chapter giving
the detailed explanation to why superconformal higher spin theories are of interest.

Chapter 6 Quantizing the Superconformal Algebra
Presents an explicit representation of the generators of the superconformal algebra
in three dimensions. This representation is constructed in a way that can easily be
generalized to the full higher spin algebra. Also two possible ways of quantizing the
algebra are given, the operator formulation and the star product formulation.

Chapter 7 The Zero Field Strength Equation
The zero field strength equation, stemming from Chern-Simons theory, is solved for
the spin 2 restrictions of both the purely bosonic and the supersymmetric conformal
field theory.

Chapter 8 The Unfolded Equation
The explicit unfolding of both the bosonic and the supersymmetric theory is carried
out, and the results are continuously compared to those obtained by solving the
zero field strength equation.

Chapter 9 Conclusions and Future Directions
Summarizes the obtained results and provides an outlook to future research.
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Chapter 2

Cartan Formalism of (Super)Gravity

When Einstein in 1916 formulated the general theory of relativity he used the metric ten-
sor to describe the geometric and causal structure of spacetime. The metric is uniquely
defined at each point in spacetime given the coordinates xµ in some coordinate system.
For our purposes it will however prove convenient to use an alternative formulation of
general relativity, the Cartan formalism. In the Cartan formalism, the set of basis vectors
used in the tangent space of each point in spacetime is not derived from a specific coor-
dinate system. Instead it is chosen as an arbitrary local Minkowski basis. This seemingly
subtle change of perspective will turn out to be crucial since it will not only help us to for-
mulate gravity as a gauge theory but also enable us to introduce spinors, which describe
fermionic degrees of freedom. The Cartan formalism is consequently essential when we
want to supersymmetrically extend general relativity to supergravity, which includes the
fermionic gravitino field.

To understand the Cartan formalism, a certain amount of differential geometry is needed.
This chapter will, thus, begin with a brief introduction to the subject, with focus on im-
portant concepts such as differential forms and exterior algebras. Then, the metric for-
mulation of general relativity and some important quantities therein are briefly reviewed,
before the transition to the Cartan formalism of general relativity is carried through.
Finally we discuss how general relativity can be extended to a supersymmetric theory of
gravity.

2.1 Differential Geometry

Since general relativity is a geometric theory where spacetime in general is curved, the
concept of smooth manifolds is essential. These are infinitely differentiable manifolds for
which all local regions resemble Euclidean (or Minkowski) space. Our first goal will thus
be to understand how these can be described.

5



6 Chapter 2 Cartan Formalism of (Super)Gravity

2.1.1 The Tangent and Cotangent Bases

A good starting point is to, given some local coordinates xµ, identify a set of basis
vectors on the manifold. Given some function f = f(xµ) on the manifold one can form
the directional derivatives ∂µf := ∂f

∂xµ
. Thus it is natural to use the partial derivatives

{∂µ} as a set of basis vectors. Note that this set, in general, differs for the different points
of the manifold, since the partial derivatives always lie in the tangent space of the specific
point of the manifold. For this reason, this basis is often referred to as the tangent basis.
On the tangent space we form vectors as V = V µ∂µ, although we often simply denote
them as V µ to refer to their components.

It will prove convenient to also introduce a basis for the dual of the tangent space, i.e., the
cotangent space. This dual basis will consist of one-forms which is a type of differential
forms, an important concept that will be presented in more detail in the subsequent
section. A one-form ω is a linear functional ω : Tp → R, where Tp is the tangent space
at point p. For now we only need to consider the gradient one-form of a function f . Its
action on a vector d

dλ
is merely the directional derivative

df

(
d

dλ

)
=

df

dλ
. (2.1)

In particular we note that

dxµ(∂ν) =
∂xµ

∂xν
= δµν . (2.2)

Hence, just like for the tangent basis, the coordinate system naturally induces a basis
{dxµ} of gradient one-forms. This is the cotangent basis, which can be used to expand
an arbitrary one-form ω into components as ω = ωµdxµ.

The tangent and cotangent bases can be used to expand all tensors on the curved manifold
into components. A general tensor T having m contravariant and n covariant components
can be expanded as

T = T µ1...µmν1...νn∂µ1 ⊗ . . .⊗ ∂µm ⊗ dxν1 ⊗ . . .⊗ dxνn . (2.3)

Once again it is worth pointing out that we often will use the phrase “tensor” to refer to
its components T µ1...µmν1...νn .

2.1.2 Differential Forms

The appeal of differential forms is that they provide a coordinate independent approach
to defining integrands over manifolds of arbitrary dimension. The set of all differential
k-forms on a manifold is always a vector space, with k being a non-negative integer. This
implies that differential forms satisfy the basic operations of addition and multiplication
by scalars induced by the vector space structure, but there are also other operations
defined on differential forms. The two we will consider here are the wedge product and
the exterior derivative. The former is even used in the construction of the differential
forms of order k ≥ 2.
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An arbitrary differential form ω of order k can be constructed as

ω = v1 ∧ . . . ∧ vk (2.4)

using k differential one-forms vi and the wedge product. Recalling from the previous
section that the k differential forms vi can be related to k covariant vectors vµ, via
the relation vi = (vµdxµ)i, we realize that the geometrical interpretation of ω is the
parallelepiped spanned by the covariant vectors vµ. An important property of the wedge
product of two one-forms is that it is anticommuting, meaning v1 ∧ v2 = −v2 ∧ v1. This
gives the orientation of the parallelepiped.

The anticommutativity of the wedge product of one-forms, together with the construction
of an arbitrary differential form in equation (2.4), directly tells us that two differential
forms ω1 and ω2 of order p and q must satisfy the relation

ω1 ∧ ω2 = (−1)pqω2 ∧ ω1. (2.5)

Equation (2.4) also implies that this object must be a differential (p + q)-form. The
algebra having the wedge product as its multiplication operation is known as the exterior
algebra, or the Grassmann algebra.

From equation (2.4) and the anticommutativity of the wedge product of one-forms we
also realize that the differential forms dxµ, equipped with the wedge product as the
multiplication operator, form a basis for the totally antisymmetric covariant tensors.
This means that we can extract the antisymmetric part of an arbitrary covariant tensor
T as

T =
1

n!
T[µ1...µn]dx

µ1 ∧ . . . ∧ dxµn . (2.6)

This basis will often be more convenient to use than the one in equation (2.3) using the
tensor product dxµ1 ⊗ . . .⊗ dxµn .

Another important operation on differential forms is the exterior derivative. For our
purposes we can define it as

d := dxµ∂µ. (2.7)

Note that this operation yields an (n+ 1)-form when acting on an n-form. In accordance
with our observation in equation (2.6) we realize that the exterior derivative is the an-
tisymmetric part of the partial derivative. The product rule for the exterior derivative
reads

d(ω1 ∧ ω2) = (dω1) ∧ ω2 + (−1)pω1 ∧ dω2, (2.8)

where ω1 is a differential p-form and ω2 is a differential form of arbitrary order.

The purpose of introducing the exterior derivative becomes obvious when studying the
transformation of the partial derivative of a tensor Aν under the coordinate transforma-
tion xµ → x′µ. By using the product rule we find that it transforms according to

∂µAν →
∂xρ

∂x′µ
∂xσ

∂x′ν
∂Aσ
∂xρ

+ Aσ
∂2xσ

∂x′µ∂x′ν
. (2.9)

In order for the LHS to transform as a tensor, the second term must vanish. Since the
partial derivatives commute, this term is symmetric in the µ and ν indices. If we instead
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study the transformation law for the exterior derivative dA of the one-form A = Aνdx
ν ,

the second term really vanishes. This due to our observation above that the exterior
derivative is the antisymmetrized partial derivative, and the antisymmetric part of a
symmetric expression is zero. Hence, the exterior derivative dA is a proper antisymmetric
tensor.

Another consequence of the partial derivatives commuting and the exterior derivative
being an antisymmetrized partial derivative is that the operator d2 = dxµ∧dxν∂µ∂ν
vanishes identically. Thus, if the exterior derivative is applied more than once, the result
is always zero. Although they will not be used in this thesis it is worth pointing out that
the exterior derivative enables metric-independent generalizations of Stokes’, Gauss’s,
and Green’s theorems to higher-dimensional manifolds.

2.2 The Metric Formulation of General Relativity

The setting of the metric formulation of general relativity is a four-dimensional Lorentzian
manifold, i.e. a smooth manifold that has a metric of signature (1, 3), with local coordi-
nates xµ. As we learned in section 2.1.1, these coordinates induce a tangent basis {∂µ}
and a dual cotangent basis {dxµ}. However, since both the tangent spaces Tp and the
cotangent spaces T ∗p differ for the different points p of the manifold, both these bases are
local. This, for instance, causes problems when we want to parallel transport a vector
along the manifold. To resolve these we introduce an affine connection, which is used to
connect the tangent spaces of different points on the manifold.

Hand in hand with the affine connection is often the covariant derivative introduced. Its
importance is, however, self-evident. There must, for instance, be a way to generalize
the equation for conservation of energy in flat spacetime, i.e. ∂µT

µν = 0 with T µν being
the stress–energy tensor, to curved manifolds. As illustrated in equation (2.9) the partial
derivative does not transform as a tensor, so we need to introduce a derivative that does.
By the definition of the affine connection Γρµν we can form the covariant derivatives

DµV
ν = ∂µV

ν + ΓνµρV
ρ (2.10)

DµVν = ∂µVν − ΓρµνVρ (2.11)

acting on a contravariant and covariant vector, respectively. For higher-rank tensors, an
additional term of the same form as the connection terms above is created for each free
index. The covariant derivative of a tensor measures the rate of change of the tensor
relative to parallel transport, in a certain direction.

Since the affine connection is defined in order for the covariant derivatives in equa-
tions (2.10) and (2.11) to transform like tensors under a coordinate transformation, we
can use this to determine how the affine connection itself must transform. A straightfor-
ward calculation gives that it transforms as

Γρµν →
∂x′ρ

∂xλ
∂xσ

∂x′µ
∂xη

∂x′ν
Γλση +

∂x′ρ

∂xλ
∂2xλ

∂x′µ∂x′ν
. (2.12)

Note the second term which tells us that the affine connection is not a proper tensor.
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Counting its components we realize that the affine connection introduced new degrees
of freedom, meaning it is not uniquely determined by the metric. To remove these
extra degrees of freedom we will introduce two constraints: metric compatibility and the
torsion-free condition. The metric compatibility condition reads

Dµgνρ = 0 (2.13)

and implies that the inner product of two vectors being parallel transported around the
same path is preserved (meaning the lengths of the vectors and the angle between them are
both preserved). It also implies the relation Dµg

νρ = 0 for the inverse metric, and makes
the covariant derivative commute with raising and lowering the indices, meaning

gµνDρV
ν = Dρ(gµνV

ν) = DρVµ (2.14)

for all vector fields V µ.

To introduce the torsion-free connection we first need to define the torsion tensor. We do
this by noting from equation (2.12) that the difference of any two affine connections Γρµν
and Γ̃ρµν will transform as a proper tensor, since the second term will be identical in the
two affine connections and thereby cancelling out. We also note that the affine connection
with the two lower indices permuted, i.e. Γρνµ, will transform precisely as Γρµν since the
partial derivatives in the second term commute. For every affine connection Γρµν we can
thus construct a proper tensor

Tµν
ρ = 2Γρ[µν] (2.15)

known as the torsion tensor. The torsion-free condition simply requires the torsion tensor
to vanish. The affine connection then obtained is known as a Levi-Civita connection, and
it is consequently symmetric in its lower two indices. The geometric interpretation of the
torsion-free condition is that it imposes all parallelograms formed by parallel transport of
two infinitesimal displacement vectors to be closed. Consistent theories of gravitation can
actually be constructed without imposing the torsion-free condition, one example being
the theory of supergravity that will be studied closer in section 2.5.

Having introduced the metric compatibility and torsion-free conditions we claim to have
removed all the extra degrees of freedom introduced by the affine connection. To prove
this it is enough to show that the Levi-Civita connection is uniquely determined by the
metric. By permuting the indices in the metric compatibility condition (2.13) we find
that

Dρgµν −Dµgνρ −Dνgρµ = ∂ρgµν − ∂µgνρ − ∂νgρµ
+ 2
(
Γσ(µν)gσρ + Γλ[µρ]gλν + Γλ[νρ]gλµ

)
= 0,

(2.16)

where the torsion-free condition imposes the last two terms to vanish. By then multiplying
by gλρ and solving for the Levi-Civita connection, we find it to read

Γλµν =
1

2
gλρ
(
∂µgνρ + ∂νgρµ − ∂ρgµν

)
, (2.17)

meaning it is uniquely fixed by the metric.

Finally we also want to introduce the important concept of curvature. It is obvious that
the curvature is intimately related to the connection describing the manifold, but a local
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description of the curvature at each point of the manifold would be to prefer. This is
provided by the Riemann curvature tensor. Loosely speaking, the curvature is supposed
to measure how far from being flat the manifold is. A characteristic property of flat
space is that parallel transport around a closed loop leaves a vector unchanged. We have
already stated that the covariant derivative of a tensor measures the rate of change of the
tensor relative to parallel transport, in a certain direction. A good measure of curvature
should thus be the commutator of two covariant derivatives (since this, at least in the
absence of torsion, corresponds to a closed parallelogram). A straightforward calculation
using the definitions above yields

[Dµ, Dν ]V
ρ =

(
∂µΓρνσ − ∂νΓρµσ + ΓρµλΓ

λ
νσ − ΓρνλΓ

λ
µσ

)
V σ − T λµνDλV

ρ, (2.18)

where the torsion-free condition has not yet been applied. This expression proves our
claim above that the torsion-free condition imposes all parallelograms formed by parallel
transport of two infinitesimal displacement vectors to be closed (since an infinitesimal
parallelogram always is flat and thus has Γρµν ≡ 0, so the entire expression in parentheses
vanishes). It even shows that the torsion can be directly interpreted as the extent to which
such infinitesimal parallelograms fail to close.

In general relativity we impose the torsion-free condition and realize that the expression
in parentheses then provides a local description of curvature. Consequently, we define
the Riemann curvature tensor to read

Rρ
σµν = 2(∂[µΓρν]σ + Γρ[µ|λ|Γ

λ
ν]σ). (2.19)

It is easily shown that the Riemann tensor in it its fully covariant form Rλσµν = gλρR
ρ
σµν ,

is antisymmetric in both its first and second pairs of indices, meaning

Rλσµν = −Rσλµν = −Rλσνµ = Rσλνµ (2.20)

and symmetric under the interchange of these pairs, meaning

Rλσµν = Rµνλσ. (2.21)

From the Riemann curvature tensor we can also construct the Ricci tensor

Rµν = Rλ
µλν (2.22)

and the Ricci scalar
R = gµνRµν . (2.23)

These are important objects appearing in the Einstein field equations

Rµν −
1

2
Rgµν + Λgµν = 8πGTµν , (2.24)

where Λ is the cosmological constant and G the gravitational constant. These equations
describe gravity as the curvature of spacetime caused by matter and energy. They can
be constructed from the so-called Einstein-Hilbert action

SEH =
1

16πG

∫
(R− 2Λ)

√
−gddx,+Smatter (2.25)

where g = det(gµν) and the variation of the second term yields the RHS of the Einstein
field equations including the stress-energy tensor Tµν .
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2.3 The Cartan Formulation of General Relativity

In the metric formulation of general relativity we used the partial derivatives {∂µ} as the
basis for the tangent spaces, and the metric gµν to describe the curvature of spacetime.
Both of these are, at each point in spacetime, dependent on the coordinate system we
choose. If we are to construct a quantum field theory of gravity we need to be able to
separate the physical degrees of freedom from the ones that are artefacts of the coordinate
system. This is very difficult to do using the metric tensor as our field, but standard
procedure if we instead introduce gauge fields.

To achieve this we, for each point of the manifold, introduce an arbitrary orthonormal
basis {ea} in the tangent space. Since the tangent space is Minkowskian we by “or-
thonormal” mean a basis having a Minkowski inner product satisfying η(ea, eb) = ηab.
To indicate that the indices labelling this basis are not related to a specific coordinate
system, they will be denoted by Latin letters and be referred to as “flat”, whereas the
indices labelling the coordinate basis will be denoted by Greek letters and be referred
to as “curved”. The invertible matrices ea

µ relating the basis {ea} to the coordinate
system-induced basis {∂µ}, thus satisfying

ea = ea
µ∂µ, (2.26)

are known as the frame fields or vielbeins. Also the inverse matrices eµ
a satisfying

eµ
aeb

µ = δab , are often referred to as the vielbeins.

Note that we for an arbitrary vector V = V µ∂µ = V aea can use equation (2.26) to relate
its components in the curved coordinate basis to the ones in the flat Minkowski basis
by

V µ = ea
µV a. (2.27)

Then acting with the inverse vielbein eµ
b we find the expected relation

V a = eµ
aV µ. (2.28)

The same reasoning can be applied to any tensor, thereby expressing it in either the
curved or the flat basis. For instance, we can write the metric of the spacetime manifold
as

gµν = eµ
aeν

bηab. (2.29)

Due to this relation, the vielbeins are sometimes referred to as the “square root” of the
metric.

It is also worth pointing out that the vielbein eµ
a has 1

2
D(D − 1) additional degrees of

freedom compared to gµν , which is restricted to be symmetric (D being the dimension of
spacetime). These extra degrees of freedom are, however, non-physical and correspond to
local Lorentz transformations. In section 7.1.1 we will understand how they conveniently
can be removed via a gauge choice.

Since also our new coordinate system-independent basis {ea} is a local basis spanning the
tangent space of a specific point, we once again need to introduce a covariant derivative
and a connection to be able to relate the tangent vectors of different tangent spaces.
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The connection acting on tensors with flat indices is known as the spin connection. The
covariant derivatives of vectors with flat indices thus take the forms

DµV
a = ∂µV

a + ωµ
a
bV

b

DµVa = ∂µVa − ωµbaVb,
(2.30)

where ωµ
a
b is the spin connection. Note in particular that the covariant derivative of the

flat metric ηab reads
Dµηab = ∂µηab − ωµcaηcb − ωµcbηac. (2.31)

Since this metric is just Minkowskian throughout the entire manifold, both the covariant
and the partial derivatives of it must vanish. This tells us that the spin connection must
be antisymmetric in its two flat indices, meaning ωµ(ab) = 0.

It is now natural to require the covariant derivatives of a vector V = V µ∂µ = V aea
to be equal whether its components are expressed in the flat or the curved basis. By
imposing this we can express the Levi-Civita connection in terms of the vielbein and spin
connection as

Γρµν = ea
ρ
(
∂µeν

a + eν
bωµ

a
b

)
. (2.32)

Multiplication by the inverse vielbein eρ
a yields that the vanishing of the covariant deriva-

tives of the vielbeins, i.e.

Dµeν
a = ∂µeν

a + ωµ
a
beν

b − Γρµνeρ
a = 0, (2.33)

is one possible solution to this equation. This is known as the “vielbein postulate”. For
the derivation of equation (2.32) we refer to [15], where it is claimed that this implies
the vielbein postulate as its unique solution. This has however been questioned (see,
e.g., [16] for a rigorous mathematical discussion), so for our purposes we can really regard
equation (2.33) as a postulate (the same is done also in, e.g., [17]).

This far, the Cartan formulation of general relativity may seem almost completely anal-
ogous to the metric formulation. Important differences will, however, appear when we
apply our knowledge of differential forms from section 2.1.2. We do this inspired by the
antisymmetries of the torsion and Riemann tensors. The first step is to introduce a coor-
dinate system-independent basis {ea} also in the cotangent spaces T ∗p of each point on the
manifold. The transition matrix to the curved basis {dxµ}, used for the cotangent spaces
in the metric formulation, is obviously given by the inverse vielbeins eµ

a, meaning

ea = eµ
adxµ. (2.34)

By using this basis, an arbitrary tensor Aµ1...µn
a1...an antisymmetric in its curved indices

can be written as a tensor valued n-form

Aa1...an =
1

n!
Aµ1...µn

a1...andxµ1 ∧ . . . ∧ dxµn . (2.35)

Of particular interest is the torsion form

T a =
1

2
T aµν dxµ ∧ dxν , (2.36)
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and the curvature form

Ra
b =

1

2
Ra

bµν dxµ ∧ dxν . (2.37)

Similarly to how we expressed the torsion and Riemann tensors in terms of the Levi-Civita
connection, in equations (2.15) and (2.19), it should be possible to express the torsion
and curvature forms in terms of the spin connection. For this purpose we construct the
spin connection 1-form

ωab = ωµ
a
bdx

µ. (2.38)

By inserting the expression for the Levi-Civita connection from equation (2.32) into equa-
tions (2.36) and (2.37) for the torsion and curvature forms, we find the expressions

T a = dea + ωab ∧ eb (2.39)

Ra
b = dωab + ωac ∧ ωcb, (2.40)

which are known as the Maurer-Cartan structure equations.

We also want to be able to apply some sort of exterior derivative to the tensor valued
forms. But since derivatives on curved manifolds should take the curvature into account,
we need to extend the concept to an exterior covariant derivative. Since this derivative
should possess the same antisymmetric nature as the ordinary exterior derivative, the
Levi-Civita connection cannot appear because of its symmetry. The spin connection
form ωab is, however, completely antisymmetric and should be included. The exterior
covariant derivative of a contravariant and a covariant vector valued form thus read

DV a = dV a + ωab ∧ V b

DVa = dVa + ωa
b ∧ Vb,

(2.41)

respectively. The extension to higher-dimensional tensor valued forms is obvious, with
an additional spin term for each free index.

In particular, we note that the exterior covariant derivative of the vielbein one-form yields
the torsion form, i.e., T a = Dea. The torsion-free condition thus implies the relation

T a = Dea = dea + ωab ∧ eb = 0 (2.42)

in the Cartan formalism. By massaging this a bit, we find the relation

ωabc = e[a
µeb]

ν∂µeνc − e[aµec]ν∂µeνb − e[bµec]ν∂µeνa (2.43)

expressing the spin connection in terms of the vielbein.

2.4 Some Curvature-Related Tensors and Identities

We will now introduce some tensors and identities that are related to the curvature and
will prove to be of great importance in the subsequent chapters. In section 2.2 we defined
the Riemann curvature tensor to satisfy the relation

[Dµ, Dν ]V
ρ = Rµν

ρ
σV

σ, (2.44)
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where V ρ is an arbitrary contravariant vector and the torsion-free condition has been
assumed. This relation is known as the Ricci identity.

The Riemann tensor satisfies the so-called Bianchi identity

D[µRνρ]
σ
λ = 0, (2.45)

which will be derived in its most general form in section 3.3. Upon contraction of the ρ
and λ indices, which in accordance with the metric compatibility condition (2.13) can be
done by simply multiplying by the metric gρλ, this yields

DµRν
σ −DνRµ

σ +DρRµν
σρ = 0, (2.46)

where we have used the symmetry properties (2.20) and (2.21) of the Riemann tensor
and definition (2.22) of the Ricci tensor. By also contracting the ν and σ indices we find
that

DµR = 2DνRµ
ν , (2.47)

whereR is the Ricci scalar. This form of the Bianchi identity will prove useful later on.

Note that there must be a decomposition of the Riemann tensor into the Ricci tensor
and Ricci scalar in the form

Rµν
ρσ = xδ

[ρ
[µRν]

σ] + yδρσµνR, (2.48)

for some constants x and y. By contracting the ν and σ indices this yields

Rµ
ρ =

x

4

(
Rµ

ρ + δρµR
)

+ yδρµR, (2.49)

which implies that x = 4 and y = −1, and thus

Rµν
ρσ = 4δ

[ρ
[µRν]

σ] − δρσµνR, (2.50)

which is on the desired form.

There is also another, similar decomposition of the Riemann tensor reading

Rµν
ρσ = Wµν

ρσ + 4δ
[ρ
[µSν]

σ], (2.51)

where the Weyl tensor Wµνρσ is defined as the completely traceless part of the Riemann
tensor, and the Schouten tensor Sµν is used to construct the trace part. The Weyl
tensor has the same symmetry properties (2.20) and (2.21) as the Riemann tensor, but
in addition also satisfies

Wµν
µ
σ = 0, (2.52)

which together with the other symmetry properties makes it traceless in all pairs of
indices. The Weyl tensor is the only non-zero curvature component in the absence of
matter, and it thus describes, e.g., how gravitational waves propagate in vacuum. Another
important property is that it is invariant under conformal transformations of the metric
(a concept that will be introduced in chapter 4). This can be used to show that the
vanishing of the Weyl tensor is a necessary and sufficient condition for spacetime to be
conformally flat in D ≥ 4 dimensions. In D = 3, the Weyl tensor vanishes identically.
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This means that there is no curvature external to matter sources in three dimensions.
By comparing equations (2.50) and (2.51) we then realize that the Schouten tensor must
read

Sµν = Rµν −
1

4
Rgµν (2.53)

in three dimensions.

Also in three dimensions it is convenient to introduce a tensor whose vanishing implies
that spacetime is conformally flat, like the Weyl tensor does in D ≥ 4 dimensions. This
tensor is known as the Cotton tensor and reads

Cµν = εµ
ρσDρSσν , (2.54)

where εµ
ρσ is the Levi-Civita tensor that is related to the Levi-Civita symbol εµ

ρσ (which

is really a tensor density) via εµ
ρσ =

√
|g|εµρσ, with g denoting the determinant of the

metric. Note that Cµν is of third order in the derivatives of the metric1. We can easily
show that the Cotton tensor must be symmetric by noting that

ελ
µνCµν = −|g|

(
2δρσνλDρSσ

ν − 1

2
DλR

)
= −|g|

(
DρRλ

ρ − 1

2
DλR

)
= 0, (2.55)

where we in the last step have used the Bianchi identity (2.47). This can be used to
rewrite the Cotton tensor as

Cµν = ερσ(µDρSσ
ν) = ερσ(µDρRσ

ν), (2.56)

where we have inserted the Schouten tensor from equation (2.53).

2.5 The Extension to Supergravity

When we formulated the theory of general relativity above, we imposed two constraints:
metric compatibility and the torsion-free condition. In the Cartan formalism, the for-
mer was substituted by the vielbein postulate. In supergravity, we can still assume the
metric/vielbein postulate to hold, but the torsion-free condition will be broken due to
the fermionic gravitational fields that are introduced, the so-called gravitino fields [18].
There are still (less strict) constraints that can be imposed on the torsion, but for our
purposes it is sufficient to work with a general non-zero torsion tensor.

Working in the metric formulation, a non-zero torsion tensor implies that the affine
connection can no longer be written on the form of equation (2.17), since we reached that
expression by applying the torsion-free condition to equation (2.16). We will denote the
uniquely determined, torsion-free Levi-Civita connection of equation (2.17) by Γ̄λµν . We
then define the contorsion tensor Kλ

µν as the difference between the metric-compatible
affine connection Γλµν and the Levi-Civita connection Γ̄λµν , meaning

Γλµν = Γ̄λµν +Kµν
λ. (2.57)

1This in contrast to the Weyl tensor which is of second order in the derivatives.
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With this affine connection, equation (2.16) instead implies

Γσ(µν) =
1

2
gσρ
(
∂µgνρ + ∂νgρµ − ∂ρgµν

)
− gσρ

(
gλνΓ

λ
[µρ] + gλµΓλ[νρ]

)
= Γ̄σ(µν) −

1

2
gσρ
(
gλνTµρ

λ + gλµTνρ
λ
)
.

(2.58)

From equation (2.57) we then find the contorsion tensor to read

Kµν
λ = Γλ[µν] + Γλ(µν) − Γ̄λ(µν) =

1

2

(
Tµν

λ − Tνλµ + T λµν
)
, (2.59)

which expresses it completely in terms of the torsion tensor. Note the antisymmetry in
the ν and λ indices.

In the Cartan formalism we instead define the contorsion tensor as the difference between
the metric-compatible and torsion-free spin connections, meaning

ωµ
ab = ωµ

ab(e) + K̃µ
ab. (2.60)

Here ωµ
ab(e) is the torsion-free spin connection from equation (2.43) and the tilde on the

contorsion tensor denotes that it is not necessarily equivalent to the one introduced in
the metric formulation; it will show that a sign differs. There are now two possible ways
of formulating the supergravity version of the vielbein postulate (2.33). We will work
with the convention

Dµeν
a = Kµν

a. (2.61)

This is reasonable since the LHS can be seen to evaluate to

Dµeν
a = ∂µeν

a + ωµ
a
b(e)eν

b + K̃µ
a
beν

b − Γ̄ρµνeρ
a, (2.62)

where only K̃µ
a
ν remains on the RHS if we assume the bosonic vielbein postulate (2.33)

to hold true. By then imposing equation (2.61) and using the antisymmetry of Kµν
a

observed from equation (2.59), we see that a sign differs for the two contorsion tensors
we have introduced. This sign is merely a consequence of the differing index structure of
the spin and affine connections when they act in the covariant derivative.

Note that one instead could have chosen to include the contorsion tensor on the RHS of
equation (2.61) in the affine connection appearing in the covariant derivative on the LHS,
thereby interchanging Γ̄ρµν for Γρµν in equation (2.62), and then imposing Dµeν

a = 0 as
the vielbein postulate. This may seem like a more convenient choice, and is also in the
same form as the bosonic postulate. However, in the Chern-Simons formulation we will
employ in chapter 7, there are non-zero derivatives of the frame fields naturally appearing
in a way that indicates that the formulation of the vielbein postulate from equation (2.61)
is implicitly understood. It is consequently more convenient to use.



Chapter 3

Gauge Theory

The concept of symmetry is of great importance in physics. For instance, Noether’s
theorem states that each continuous symmetry corresponds to a conservation law. Of
particular interest are the gauge theories, which are field theories in which the Lagrangian
is invariant under a continuous group of local transformations. One of the most successful
gauge theories is the Standard model which is based on the gauge group SU(3)×SU(2)×
U(1), where the symmetries corresponding to each subgroup describe the strong, weak
and electromagnetic interaction, respectively. This is an example of a quantized gauge
theory, where the quanta of each gauge field is known as a gauge boson that mediates
interactions. For our purposes it is for the moment sufficient to consider the classical
continuous gauge theories. By doing this we will introduce the most important concepts
from gauge theory.

In this chapter we first give an introduction to Lie algebras, the mathematical foundation
of gauge theory. We then define two types of gauge theories, abelian and non-abelian
ones, and introduce a particularly important instance of the latter known as Chern-Simons
theory. Finally we show how general relativity in three dimensions can be expressed as a
Chern-Simons theory.

3.1 Brief Introduction to Lie Algebras

Motivated by Noether’s theorem we want to find a way to describe continuous symmetries.
This is done by continuous groups, and of particular interest are the Lie groups since they
themselves are smooth manifolds. The exact definition reads:

Definition 3.1: A group G is a Lie group if it is a smooth finite-dimensional manifold
such that the group multiplication

(g1, g2) ∈ G×G→ g1g2 ∈ G (3.1)

and the group inversion
g1 ∈ G→ g−11 ∈ G (3.2)

are smooth maps for all group elements g1 and g2.

17
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A Lie group can be characterized by its generators. These are transformations around the
unit element that can produce any group element when they are combined and multiplied
by arbitrary parameters. We let the generator Ti correspond to the group operation Ui
specified by a parameter φ (e.g. rotations or Lorentz transformations)1. Since each group
operation Ui(φ) can be divided into infinitesimally small parts, meaning

Ui(φ) = lim
N→∞

(
1 +

iφTi
N

)N
, (3.3)

it can be represented as
Ui(φ) = eiφTi . (3.4)

For a small parameter εi, this group operation can be expanded as

Ui(εi) = 1 + iεiTi −
1

2
ε2iT

2
i +O(ε3i ). (3.5)

Since closure is one of the group axioms, the element

U−1j U−1i UjUi = 1 + εiεj[Ti, Tj] +O(ε3) (3.6)

must belong to the group. Hence we can conclude that it must be possible to write the
commutator of two generators as

[Ti, Tj] = ifij
kTk, (3.7)

where the coefficients fij
k are known as the structure constants of the group. Since they

are representation independent, the structure constants are often used to characterize a
Lie group.

In equation (3.6) we defined the symbol [., .] to denote commutation, meaning we wrote
XY −Y X = [X, Y ]. By defining this operation we have actually indicated how a Lie alge-
bra g can be constructed from a Lie group G. The definition of a Lie algebra reads:

Definition 3.2: A Lie algebra g is a vector space together with a bilinear mapping
[., .] : g× g→ g known as the Lie bracket, such that all elements x, y, z ∈ g satisfy

[x, y] = −[y, x] (3.8)

and the Jacobi identity

[x, [y, z]] + [y, [z, x]] + [z, [x, y]] = 0. (3.9)

Hence, the infinitesimal generators of a Lie group form a Lie algebra with the Lie bracket
given by the commutator of these infinitesimal generators. For future purposes, we also
give the definition of an abelian group:

Definition 3.3: An abelian group is a group G together with an operator · for which all
elements g1, g2 ∈ G satisfy the commutative property

g1 · g2 = g2 · g1. (3.10)

By studying equation (3.8) in the definition of a Lie algebra, we realize that a Lie algebra
is abelian if and only if the Lie bracket of any two elements in it is zero, i.e., if [x, y] = 0 for
all x, y ∈ g. As will soon be apparent, there are some significant differences between gauge
theories having an abelian symmetry group and those having a non-abelian one.

1The group operations are often represented as matrices.
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3.2 Abelian Gauge Theories

To introduce the most important concepts in non-abelian gauge theory, we will study the
free Dirac Lagrangian

LD = iψ̄γµ∂µψ −mψ̄ψ, (3.11)

where ψ(x) is a spinor field and ψ̄ = ψ†γ0. The results obtained will be completely
general. This Lagrangian is obviously invariant under global phase transformations

ψ(x)→ eiθψ(x), (3.12)

with θ being a constant. Phase transitions like this generate the group of unitary 1 × 1
matrices, known as U(1). This is obviously an abelian group, since eiθ1eiθ2 = eiθ2eiθ1 .

Since we know from quantum mechanics that the phase of the spinor field ψ should
never be an observable, we do not only expect the complete Lagrangian to be invariant
under global phase transformations, but also local ones. Hence we want to construct a
Lagrangian that is invariant under

ψ(x)→ eiθ(x)ψ(x). (3.13)

The mass term in the Dirac Lagrangian LD is already invariant under such transforma-
tions, but the first term causes problem since the partial derivative transforms as

∂µψ(x)→ eiθ(x)
(
∂µψ(x) + iψ(x)∂µθ(x)

)
(3.14)

under ψ(x) → eiθ(x)ψ(x). In order for this term to be invariant, we need to construct a
covariant derivative Dµ that transforms like the field itself, i.e.,

Dµψ(x)→ eiθ(x)Dµψ(x). (3.15)

To achieve this we define the gauge potential Aµ(x) as the field that makes

Dµψ(x) := (∂µ + iAµ(x))ψ(x) (3.16)

transform covariantly. Comparison to equation (3.14) gives that the gauge potential must
transform as

Aµ(x)→ Aµ(x)− ∂µθ(x). (3.17)

Note that when we use our new covariant derivative (3.15) in the Lagrangian, a new
interaction term coupling the fermion to the gauge potential Aµ will appear. Hence, our
extension of phase transformations from a global to a local symmetry not only necessitates
the introduction of a new field, this field also carries physical meaning previously not
present in the theory. Such fields are referred to as gauge fields.

To construct the complete interacting Dirac Lagrangian, i.e. the Lagrangian of quantum
electrodynamics (QED), we should also include a purely kinetic term. Such a term must
both be gauge invariant and independent of the spinor field. Since repeated application
of covariant derivatives to a covariant field always will yield a covariant result, we are
guided to study the quantity

[Dµ, Dν ]ψ(x) = i(∂µAν − ∂νAµ)ψ(x) = iFµνψ(x), (3.18)
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where we at the last equality have defined the field strength tensor Fµν . Since the LHS is
covariant and ψ transforms covariantly, the field strength tensor must be gauge invariant.
As discussed in section 2.2 when introducing the Riemann tensor, the commutator of two
covariant derivatives gives a measure for the curvature. Hence, Fµν is sometimes referred
to as the curvature tensor. Since the field strength tensor is itself gauge invariant we can
write down the full QED Lagrangian as

LQED = iψ̄γµDµψ −mψ̄ψ −
1

4
FµνF

µν , (3.19)

where the coefficient for the last term has been chosen to give it the customary normal-
ization of a kinetic term. The field strength tensor itself being gauge invariant is a unique
property of abelian gauge theories. For non-abelian gauge theories this will not be the
case, and the kinetic term will take another form.

3.3 Non-Abelian Gauge Theories

Having discussed how a Lagrangian invariant under global U(1) transformations can be
extended to be invariant under local ones, the question arises how the corresponding pro-
cedure can be accomplished for non-abelian symmetry groups. To explore this we recall
from section 3.1 that an arbitrary Lie group element can be written as g = exp(θaTa),
with Ta being the generators of the group where we for future convenience have absorbed
a factor of i. Our starting point will thus be an arbitrary Lagrangian that is invariant
under the global transformations

ψi(x)→ exp(θaTa)ψ
i(x), (3.20)

where ψi(x) is a vector of the fundamental fields of the theory. We now want to extend
this Lagrangian to be invariant under the set of local gauge transformations

ψi(x)→ ψ′i(x) = exp(θa(x)Ta)ψ
i(x). (3.21)

The partial derivatives now transform as

∂µψ
i(x)→ exp (θa(x)Ta) (∂µ + Ta∂µθ

a(x))ψi(x), (3.22)

so the second term, that breaks the invariance, is Lie algebra-valued. Hence, the covariant
derivative is now introduced as

Dµψ
i(x) := (∂µ + AaµTa)ψ

i(x), (3.23)

where we henceforth will use the more compact notation Aµ = AaµTa for the gauge po-

tential. By studying equation (3.22) we realize that in order for Dµψ
i(x) to be covariant,

the gauge potential term must transform according to

Aµψ
i(x)→− ∂µψ′i(x) + (Dµψ

i(x))′ = −g(∂µψ
i(x))− (∂µg)ψi(x) + g(Dµψ

i(x))

=
(
gAµg

−1 − (∂µg)g−1
)
ψ′i(x), (3.24)

where g = exp(θa(x)Ta). A simple rewriting then gives the transformation rule

Aµ → gDµg
−1, (3.25)

for the gauge potential.
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Using this construction of the covariant derivative we can now extend our globally gauge
invariant Lagrangian to a locally gauge invariant one, thereby including interactions with
the gauge fields. But analogously to what we did for the abelian gauge theories, we also
want to include a kinetic term containing solely the gauge fields. For this purpose we
once again need to construct a field strength tensor. Using equation (3.23) we this time
find the field strength tensor to read

Fµν = [Dµ, Dν ] = ∂µAν − ∂νAµ + [Aµ, Aν ]. (3.26)

By now using that repeated application of covariant derivatives on the fields ψi(x) must
yield a covariant quantity, we can find out how the field strength tensor transforms. We
find that

Fµνψ
i(x)→ F ′µν gψ

i(x) = gFµνψ
i(x), (3.27)

meaning the field strength tensor must transform as

Fµν → gFµνg
−1. (3.28)

Hence, it is no longer a gauge invariant quantity and we can conclude that this is only
the case for abelian gauge theories.

In the abelian gauge theory studied in the previous section we found the kinetic term
to be proportional to FµνF

µν . Neither this quantity is gauge invariant for non-abelian
theories, since it transforms as

FµνF
µν → gF µνFµνg

−1. (3.29)

To find a gauge invariant quantity reminiscent of the kinetic term in the abelian case is,
however, easy. By applying the trace to both sides and using its cyclicity we find that
the quantity Tr(FµνF

µν) is gauge invariant.

It is now interesting to investigate whether this term still can be interpreted as the kinetic
energy. Since the field strength tensor is a Lie algebra-valued quantity we can expand it
in terms of the generators as Fµν = F a

µνTa. Then

Tr(FµνF
µν) = Tr(F a

µνTaF
µνbTb) = F a

µνF
µνbTr(TaTb), (3.30)

from which it is obvious that this term, after proper normalization, can be regarded as
the kinetic energy if

Tr(TaTb) ∼ δab. (3.31)

This is the case for compact groups. Examples of such include all SU(n) groups, which
are studied in Yang-Mills theory. A customary normalization is to include a factor of 1

2

on the RHS of equation (3.31), and consequently the kinetic term −1
2
Tr(FµνF

µν) in the
Lagrangian.

Finally, we derive an important relation known as the Bianchi identity that the field
strength tensor must always satisfy. We do this by writing

[Dµ, [Dν , Dρ]] + [Dν , [Dρ, Dµ]] + [Dρ, [Dµ, Dν ]] = 0, (3.32)

where the LHS vanishes identically after expansion of all terms. Then noting that

[Dµ, [Dν , Dρ]]φ = Dµ(Fνρφ)− FνρDµφ = (DµFνρ)φ (3.33)
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for all fields φ, we can rewrite equation (3.32) as

D[µFνρ] = 0. (3.34)

This is known as the Bianchi identity.

3.3.1 In the Language of Differential Forms

It will prove useful to utilize our knowledge in differential forms to compactify the nota-
tion. First we form a Lie algebra-valued gauge potential one-form

A = dxµAaµTa. (3.35)

Studying equation (3.26) we then form the field strength two-form

F =
1

2
Fµνdx

µ ∧ dxν =

(
∂[µA

a
ν] +

1

2
fbc

aAbµA
c
ν

)
Tadx

µ ∧ dxν = dA+ A ∧ A. (3.36)

Finally, inspired by equation (3.23), we also construct the exterior covariant derivative
D = d + A, where A is understood to act together with a wedge product. We can then
rewrite the Bianchi identity from equation (3.34) as

DF = 0, (3.37)

since we when expanding this three-form into components directly obtain the LHS of the
Bianchi identity (3.34).

3.4 Chern-Simons Theory

The formulation of the field strength as a two-form F enables us to write down La-
grangians that are easily integrated, thus suitable for an action formulation. Since we
saw in section 3.3 that Tr(FµνF

µν) was a gauge invariant quantity appearing in the kinetic
terms of non-abelian gauge theories, it is obvious that also the Lagrangian term

LC = Tr(F ∧ F ) (3.38)

must be gauge invariant. In general, Tr(F n) is referred to as the n-th Chern form, so this
is known as the second Chern form. Note that it is to be integrated over four spacetime
dimensions.

The Chern forms are particular in the sense that all gauge potentials A are stationary
points of them. Consequently, they cannot directly be used to find the equations of
motion of the theory. To prove this we note that the field strength two-form F , under a
variation δA of the gauge potential, varies as

δF = d(δA) + (δA) ∧ A+ A ∧ δA = D(δA). (3.39)

Using the additivity and the cyclicity of the trace we then find that the second Chern
form LC varies as

δLC = 2Tr
[
D(δA) ∧ F

]
. (3.40)
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But here we notice that we can write

D(δA) ∧ F = D
(
(δA) ∧ F

)
+ (δA) ∧DF. (3.41)

The first term is a boundary term that will vanish identically when we integrate the La-
grangian to form the action, whereas the second term vanishes according to the Bianchi
identity DF = 0. The action constructed by integrating the second Chern form in equa-
tion (3.39) can consequently not directly be used to find the equations of motion.

To construct a more convenient Chern-Simons action, we want to use the property that
the Chern forms are exact differential forms. This means that they can be written on the
form dΩ, for some differential form Ω known as the Chern-Simons form. In particular,
the second Chern form Tr(F ∧ F ) has

Ω = Tr

(
A ∧ dA+

2

3
A ∧ A ∧ A

)
. (3.42)

To show this we introduce a parameter s and define Fs = sdA + s2A ∧ A. We can then
write the second Chern form as

Tr(F ∧ F ) =

∫ 1

0

d

ds
Tr(Fs ∧ Fs)ds = 2

∫ 1

0

Tr

(
dFs
ds
∧ Fs

)
ds

= 2d

(∫ 1

0

Tr(A ∧ Fs)ds

)
= 2d

(∫ 1

0

Tr
(
sA ∧ dA+ s2A ∧ A ∧ A

)
ds

)
= dTr

(
A ∧ dA+

2

3
A ∧ A ∧ a

)
, (3.43)

which agrees with equation (3.42)2. By then applying Stokes’ theorem we find that the
three-dimensional Chern-Simons action can be written as

SCS =
k

4π

∫
M

Tr

(
A ∧ dA+

2

3
A ∧ A ∧ A

)
, (3.44)

where M is a three-dimensional manifold and k is a coupling constant. Notice that this
action does not contain obviously gauge invariant quantities. As argued in [19], it can
be shown that if the gauge group and the manifold M both are compact, the terms
appearing in addition to the integral itself after a gauge transformation are a vanishing
boundary term and a term of the form 2πn (for an appropriate constant k), with n ∈ Z
being the so-called winding number. Hence, it is now the quantity exp(iSCS) that is gauge
invariant, rather than the action itself. This makes the Chern-Simons action appropriate
for the path integral formulation of several theories. For our purposes, the subtle change
caused by the winding term can, however, be ignored, meaning we can still regard the
Chern-Simons action as gauge invariant.

From the Chern-Simons action (3.44) we can easily find the corresponding equations of
motion. Under a variation δA of the gauge potential it changes by

δSCS =
k

4π

∫
M

Tr
[
(δA) ∧ dA+ A ∧ d(δA) + 2(δA) ∧ A ∧ A

]
. (3.45)

2The procedure is completely analogous for higher order Chern forms.
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By using that the product rule (2.8) for exterior derivatives implies

A ∧ d(δA) = (δA) ∧ dA− d(A ∧ δA), (3.46)

where the second term is a boundary term that will vanish when it is integrated, we end
up with

δSCS =
k

2π

∫
M

Tr
[
(δA) ∧ (dA+ A ∧ A)

]
. (3.47)

The principle of stationary action then gives us the equation of motion

F = dA+ A ∧ A = 0, (3.48)

known as the zero field strength equation. As we noted earlier, the field strength measures
the curvature. This means that the gauge potential can be regarded as a connection, and
the vanishing of the field strength imposes this connection to be flat. Equation (3.48) is,
thus, sometimes referred to as the flatness condition.

3.5 Gravity as a Chern Simons Theory

It can now be shown that general relativity in three dimensions can be written as a
Chern Simons gauge theory. To prove this we need to show that the Einstein-Hilbert
action (2.25) can be written on the form of the Chern-Simons action (3.44) in the absence
of matter. Since the main focus of this thesis are conformal theories, and not general
relativity, we will keep this discussion to the point. In the Cartan formalism, the Einstein-
Hilbert action in three dimensions reads

SEH = − 1

8πG

∫ [
ea ∧

(
dωa +

1

2
εabdω

b ∧ ωc − Λ

6
εabce

a ∧ eb ∧ ec
)]

. (3.49)

This is easily proven by using equation (2.40) for the curvature one-form Ra and expand-
ing the differential forms into its components.

Next we will need a “gauge/gravity dictionary” identifying the tensors appearing in gen-
eral relativity as gauge quantities introduced in this chapter. As we noted in the end of
section 3.4, the gauge potential can be regarded as a connection. This means that the
Levi-Civita connection Γρµν can conveniently be identified as the matrix valued gauge
potential (Aµ)ρν . Insertion into equation (2.19) then yields that the Riemann tensor can
be written as

Rρ
σµν =

(
∂µAν − ∂νAµ + [Aµ, Aν ]

)ρ
σ = (Fµν)

ρ
σ, (3.50)

meaning we can identify it as the matrix valued field strength tensor from equation (3.26).
This is a very expected result, since we have already identified both the Riemann ten-
sor and the field strength tensor as the commutator of two covariant derivatives, which
measures the curvature.

Insertion of these results into equation (2.32) expressing the Levi-Civita connection in
terms of the vielbeins and spin connection, gives

(Aµ)ρν = eρa∂µe
a
ν + eρaωµ

a
be
b
ν , (3.51)
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which we note is a gauge transformation of the spin connection written on the matrix
valued form (ωµ)ab by the gauge field ebν . This indicates that the frame fields and spin
connections can be used as the gauge fields in a further formulation of general relativity
as a gauge theory. The gauge group whose generators these gauge fields will correspond
to is simply the isometry group of the background manifold.

Before being able to express the Einstein-Hilbert action as a Chern-Simons action, we
also have to understand the role of the cosmological constant Λ. It is a scalar curvature
measuring the vacuum energy density. The value of the cosmological constant determines
the geometry of (empty) spacetime, which we know is a Lorentzian manifold. Flat space
has Λ = 0 and can be described by the Minkowski metric

ds2 = −dt2 +
n∑
k=1

dx2k (3.52)

in n+1 dimensions. Spaces of negative scalar curvature Λ < 0 are known as Anti de-Sitter
(AdS) spaces. In n dimensions they can be regarded as embeddings of the Lorentzian
manifold in the space Rn−1,2, with the metric given by

ds2 =
n−1∑
k=1

dx2k − dt21 − dt22, (3.53)

that are parametrized as
n−1∑
k=1

x2k,−t21 − t22 = −`2, (3.54)

where ` is a non-zero constant known as the radius of curvature. AdS-spaces are of great
interest in theoretical physics, in particular for their role in the AdS/CFT correspondence
that will be discussed in chapter 5. Spaces of positive scalar curvature Λ > 0 are instead
known as de Sitter (dS) spaces. These can be defined as submanifolds of Minkowski
spaces of one higher dimensions. For the Minkowski space Rn,1 with the metric given by
equation (3.52), the de Sitter spaces are the submanifolds parametrized by

n∑
k=1

x2k − t2 = `2, (3.55)

where ` is again the radius of curvature.

We can now formulate the Einstein-Hilbert action (3.49) as a Chern-Simons action for all
possible values of the cosmological constant. For Λ = 0 we recall from special relativity
that the isometry group of Minkowski spacetime is the Poincaré group. The Poincaré
algebra is generated by the generators of translations and Lorentz transformations, which
in three dimensions can be written as Pa and Ma, respectively. The algebra reads

[Ma,Mb] = εab
cMc

[Ma, Pb] = εab
cPc

[Pa, Pb] = 0,

(3.56)
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where the trace relations

Tr(PaMb) =
1

2
ηab

Tr(MaMb) = Tr(PaPb) = 0.
(3.57)

can be assumed to hold [19]. Since we want to use this isometry group as the gauge group
of the Chern-Simons action, the gauge potential one-form will read

A = eaPa + ωaMa. (3.58)

By just inserting this into the Chern-Simons action (3.44) it is easily verified that it (up
to vanishing boundary terms) recreates the Einstein-Hilbert action (3.49) with Λ = 0,
assuming k = − 1

4G
.

To formulate the Einstein-Hilbert action as a Chern-Simons action for non-zero cosmolog-
ical constants, we first need to determine the isometry groups of the AdS and dS-spaces.
By studying the parametrizations given in equations (3.54) and (3.55), and recalling that
the Lorentz group in n + 1 dimensions is SO(n, 1), we realize that the isometry groups
of the (n + 1)-dimensional AdS and dS-spaces in must be SO(n, 2) and SO(n + 1, 1),
respectively.

In AdS spaces, where Λ = − 1
`2
< 0, the Einstein-Hilbert action can due to the iso-

morphism so(2, 2) ∼= sl(2,R) × sl(2,R) be constructed as the linear combination of two
Chern-Simons actions having SL(2,R) as their gauge groups. We write the action as

S = SCS(A+)− SCS(A−), (3.59)

where the gauge connections are given by

A± =

(
ωa ± ea

`

)
Ta, (3.60)

with Ta being the generators of sl(2,R) satisfying [Ta, Tb] = εab
cTc and Tr(TaTb) = 1

2
ηab.

Once again it is just a matter of inserting this into the Chern-Simons action (3.44) to
prove that the correct Einstein-Hilbert action is recreated, this time with k = − `

4G
.

In dS-spaces, where Λ = 1
`2
> 0, we instead use the isomorphism so(3, 1) ∼= sl(2,C).

Upon complexification, SL(2,C) can be written as two copies of itself, which means we
can once again create the Einstein-Hilbert action as a linear combination of two Chern-
Simons actions, this time with SL(2,C) as their gauge groups. We once again write the
action on the form of equation (3.59), but this time with

A± =

(
ωa ± ie

a

`

)
Ta, (3.61)

with Ta being the generators of SL(2,C). In this case we find that the correct Einstein-
Hilbert action is obtained for k = − i`

4G
.

We have thus shown that the Einstein-Hilbert action (3.49) in three dimensions always can
be formulated as a Chern-Simons action (3.44) and have thus formulated general relativity
as a gauge theory, which was what we set out to do. There is, however, one subtlety that
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remains to be resolved. None of the isometry groups we used as gauge groups when
constructing the Chern-Simons actions are compact. Recall how we in equations (3.30)
and (3.31) found that the Lagrangian term Tr(FµνF

µν) could be regarded as the kinetic
energy only if the gauge group was compact. For non-compact gauge groups we will
instead obtain terms of differing signs, meaning there will be terms of negative energy.
In the quantum theory this would lead to non-unitarity due to negative norm states
propagating locally. However, since general relativity in three dimensions has no local
degrees of freedom there are no such states that can actually propagate, which resolves
the issue.

Although this section has provided a good example of how theories of gravitation can be
reformulated as Chern-Simons gauge theories, the main interest of this thesis is not gen-
eral relativity but conformal and superconformal field theories. In the following chapter
we introduce the symmetries upon which these theories are constructed.
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Chapter 4

Conformal and Superconformal
Symmetries

The aim of this thesis is to construct a superconformal higher spin theory. Superconformal
field theories are by definition invariant under superconformal transformations, which is
the supersymmetric extension of conformal transformations.

In this chapter we start from the definition of a conformal transformation and use it to
construct the conformal algebra, also giving an explicit representation of the generators.
We then discuss how this algebra can be supersymmetrically extended by also including
fermionic generators, thereby constructing the superconformal algebra.

4.1 The Conformal Algebra

The conformal group is an extension of the Poincaré group, which is the symmetry
group of special relativity requiring it to be invariant under spacetime translations and
Lorentz transformations (in turn consisting of rotations in space and Lorentz boosts). The
generator of translations has four degrees of freedom (in four-dimensional spacetime) and
is denoted Pµ, whereas the Lorentz generators are denoted Mµν and have six degrees of
freedom due to the antisymmetry requirement. The Poincaré algebra takes the form

[Pµ, Pν ] = 0

[Pµ,Mνρ] = i(ηµνPρ − ηµρPν)
[Mµν ,Mρσ] = i(ηνρMµσ + ηµσMνρ − ηµρMνσ − ηνσMµρ),

(4.1)

with the sign convention ηµν = diag(−1, 1, 1, 1). This can easily be derived by study-
ing which infinitesimal coordinate transformation that leave the Minkowski metric un-
changed.

A conformal transformation is defined as a coordinate transformation x→ x′ which leaves
the Minkowski metric invariant up to a rescaling Λ(x), i.e. such that

ηµν(x)→ η′µν(x
′) = Λ(x)ηµν(x). (4.2)

29
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The name “conformal” refers to the fact that such transformations preserve the angle
between any two vectors. Note that the special case Λ(x) = 1 yields the Poincaré group,
whence it is already here clear that it must be a subgroup of the conformal group.

To investigate what conformal transformations there are, in addition to translations and
Lorentz transformations, we study an infinitesimal coordinate transformation

xµ → x′µ = xµ + ξµ(x). (4.3)

To first order in ξ, the metric then transforms as

ηµν → η′µν =
∂xρ

∂x′µ
∂xσ

∂x′ν
ηρσ = (δρµ − ∂µξρ +O(ξ2))(δσν − ∂νξσ +O(ξ2))ηρσ

= ηµν − (∂µξν + ∂νξµ) +O(ξ2). (4.4)

In order for this to be a conformal transformation there must, in accordance with equa-
tion (4.2), be a function f(x) such that

∂µξν + ∂νξµ = f(x)ηµν . (4.5)

By computing the trace of both sides we find that

f(x) =
2

D
∂µξ

µ, (4.6)

where D is the dimension of spacetime. By first applying another partial derivative to
equation (4.5), then permuting the indices and constructing a linear combination we
obtain

2∂µ∂νξρ = ηµρ∂νf(x) + ηνρ∂µf(x)− ηµν∂ρf(x). (4.7)

Contraction with ηµν then yields

2∂2ξµ = (2−D)∂µf(x), (4.8)

where ∂2 = ∂ρ∂
ρ. By now applying the partial derivative ∂ν to this equation (notice that

this gives a RHS that is symmetric in the µ and ν indices) and ∂2 to equation (4.5), we
see that

(2−D)∂µ∂νf(x) = ηµν∂
2f(x). (4.9)

This, in turn, yields
(D − 1)∂2f(x) = 0. (4.10)

By using equations (4.5)– (4.10) we can now easily derive the explicit forms of all possible
conformal transformations in D dimensions.

For spacetime dimensions D ≥ 3, which will be the case throughout this thesis, equa-
tions (4.9) and (4.10) imply that ∂µ∂νf(x) = 0. This means that f(x) is at most linear
in the coordinates and, thus, can be written as

f(x) = A+Bµx
µ (4.11)

for some constants A and Bµ. Insertion of this expression into equation (4.7) shows that
∂µ∂νξ

ρ must be constant. Consequently, ξµ is at most quadratic in the coordinates and
can be written on the form

ξµ = aµ + bµνx
ν + cµνρx

νxρ, (4.12)
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where the symmetry condition cµνρ = cµρν must hold. Since the constraints (4.5)– (4.7)
should hold for all coordinates x, we can insert our expression for ξµ order by order.
Since only derivatives of ξµ appear in the constraints, the constant term ξµ = aµ is free of
constraints. This corresponds to the infinitesimal translations xµ → xµ + aµ recognized
from the Poincaré group.

For ξµ = bµνx
ν , constraint (4.5) gives

bµν + bνµ =
2

D
bρ
ρηµν , (4.13)

which implies that bµν can be written as the sum of a pure trace and an antisymmetric
part mµν , i.e., on the form

bµν = βηµν +mµν . (4.14)

The trace part corresponds to an infinitesimal rescaling (or “dilation”)

xµ → xµ + βηµνxν ≡ αxµ, (4.15)

whereas the antisymmetric part corresponds to the infinitesimal Lorentz transformations
xµ → mµνxν .

By finally inserting the quadratic term xµ = cµνρx
νxρ into constraint (4.7) we find

that
cµνρ = ηµρbν + ηµνbρ − ηνρbµ, (4.16)

where we have defined bµ ≡ 1
D
cσσµ. The corresponding infinitesimal transformation is

thus
xµ → xµ + 2(bνx

ν)xµ − (xνxν)b
µ (4.17)

and is referred to as the special conformal transformation (SCT).

The generalizations to finite conformal transformations xµ → x′µ from the infinitesimal
ones, read

(translations): x′µ = xµ + aµ

(dilations): x′µ = αxµ

(Lorentz transformations): x′µ = Mµ
νx

ν

(SCT): x′µ =
xµ − (xνxν)b

µ

1− 2(bµxµ) + (bµbµ)(xνxν)
.

(4.18)

These generalizations are obvious for the translations, dilations, and Lorentz transfor-
mations, but perhaps a bit less intuitive for the special conformal transformations. It is,
however, trivial to verify that the infinitesimal version of this transformation really is the
one in equation (4.17), and that it really is a conformal transformation (i.e., that it can
be written on the form of equation (4.2)) with a scale factor given by

Λ(x) =
(
1− 2(bµx

µ) + (bµbµ)(xνxν)
)2
. (4.19)

To summarize we have now found that conformal symmetry, in addition to the Poincaré
symmetries of translations and Lorentz transformations, also contains dilations and spe-
cial conformal transformations. In four-dimensional spacetime, the generators of these
symmetry transformations introduce five additional degrees of freedom. We next want to
find a representation of these generators and thereby be able to construct the conformal
algebra.
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4.1.1 Representations of the Conformal Algebra

Since we have already found the infinitesimal forms of the four types of conformal trans-
formations, we can directly write down a representation of the generators. This repre-
sentation reads

Pµ = i∂µ
D = −ixµ∂µ

Mµν = −i(xµ∂ν − xν∂µ)

Kµ = i(2xµx
ν∂ν − xνxν∂µ)

(4.20)

for the generators of translations, dilations, Lorentz transformations, and special confor-
mal transformations, respectively. Note that we, compared to when we in equation (3.4)
constructed group transformations from the generators, have absorbed an additional i
into the generators. The overall sign of respective generator can be chosen arbitrarily,
and have been chosen to coincide with the conventions of [5].

Using this representation it is trivial to construct the conformal algebra, i.e., the commu-
tation relations of the generators. Straightforward calculations give the following non-zero
commutation relations,

[D,Pµ] = iPµ
[D,Kµ] = −iKµ

[Pµ, Kν ] = 2i(−ηµνD +Mµν)

[Kµ,Mνρ] = i(ηµρKν − ηµνKρ)

[Pµ,Mνρ] = i(ηµρPν − ηµνPρ)
[Mµν ,Mρσ] = i(ηνρMµσ + ηµσMνρ − ηµρMνσ − ηνσMµρ).

(4.21)

These commutation relations define the conformal algebra. Note, in particular, that the
Poincaré algebra (4.1) is recreated.

By studying the commutation relations a bit further one can prove that the conformal
algebra in D > 2 dimensions must be isomorphic to so(D, 2) in Minkowski space (or
so(D + 1, 1) in Euclidean space). To do this we define the antisymmetric generators Jij
according to

J−1,D = D J−1,µ =
1

2
(Pµ −Kµ)

Jµν = Mµν JD,µ =
1

2
(Pµ +Kµ)

(4.22)

where i, j ∈ {−1, 0, . . . , D} and µ, ν ∈ {0, 1, . . . , D − 1}. It is then straightforward to
verify that these generators satisfy the commutation relation

[Jij, Jkl] = i(ηilJjk + ηjkJil − ηikJjl − ηjlJik), (4.23)

where ηij = diag(−1,−1, 1, . . . , 1) in Minkowskian spacetime (and ηij = diag(−1, 1, . . . , 1)
in Euclidean spacetime). This is precisely the so(D, 2) algebra. For our purposes, the
generators Jij would nevertheless be quite inconvenient to use, since we often want to
keep the different degrees of freedom apart.
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The conformal field theory we are to construct (starting in chapter 6) will be three-
dimensional. Since the Lorentz generators Mµν are antisymmetric we can in three dimen-
sions use the Levi-Civita symbol to rewrite them as

Mµ =
1

2
εµ
νρMνρ. (4.24)

The inverted relation is found by acting with εσλ
µ on both sides and reads Mµν = −εµνρMρ

(the signs here are purely conventional). By using these two relations we can easily express
the conformal algebra (4.21) in terms of the new Lorentz generator Mµ. For instance, we
find that

[Mµ, Pν ] =
1

2
εµ
ρσ[Mρσ, Pν ] =

i

2
εµ
ρσ(ηνρPσ − ηνσPρ) = iεµν

σPσ. (4.25)

Working analogously for the other commutation relations we find the conformal algebra
to read

[D,Pµ] = iPµ
[D,Kµ] = −iKµ

[Pµ, Kν ] = −2i(ηµνD + εµν
ρMρ)

[Mµ, Pν ] = iεµν
ρPρ

[Mµ, Kν ] = iεµν
ρKρ

[Mµ,Mν ] = iεµν
ρMρ.

(4.26)

This is the representation of the three-dimensional conformal algebra that will henceforth
be used in this thesis.

In particular we note that all commutators including the generator of dilations, D, and
another generator Xµ can be written on the form

[D,Xµ] = iwXµ. (4.27)

We say that the algebra is graded by D and refer to the constant w as the weight
of respective generator Xµ with respect to this grading. The weights of the different
generators are summarized in table 4.1.

Weight Generator

1 Pµ
0 Mµ, D
−1 Kµ

Table 4.1: The weights of the conformal generators with respect to the grading in D.

4.2 The Superconformal Algebra

The fact that all generators of the conformal group are of integer weight with respect
to the grading in the dilation generator D reflects the fact that they all correspond to
bosonic degrees of freedom. If we also want to include fermionic degrees of freedom,
thereby enabling the group to describe a supersymmetric theory, we need to introduce
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generators of half-integer weight. We define the fermionic generator QαI to have weight
w = 1/2 and Sα

I to have weight w = −1/2. Here, α is a spinor index indicating that
we are now working with fermions, whereas I is an internal vector index related to the
so-called R-symmetry in a way we will soon understand.

We now want to construct the superconformal algebra. By studying the grading in
table 4.1 we realize that the commutator of the two fermionic generators QαI and QβJ

must be proportional to the generator of translations. But since our construction of a Lie
algebra from section 3.1 only applies for bosonic generators, and not for the Grassmann
generators describing fermions, we first need to extend the concept of a Lie algebra to a
Lie superalgebra. Its definition is very similar to definition 3.2 of a Lie algebra, but the
Lie bracket is exchanged for the Lie superbracket. It reads:

Definition 4.1: A Lie superalgebra g is a vector space together with a bilinear mapping
[., .] : g× g→ g known as the Lie superbracket, such that all elements x, y, z ∈ g satisfy
super skew-symmetry

[x, y] = −(−1)|x||y|[y, x] (4.28)

and the super Jacobi identity

(−1)|x||z|[x, [y, z]] + (−1)|y||x|[y, [z, x]] + (−1)|z||y|[z, [x, y]] = 0, (4.29)

where |x| denotes the Grassmann parity of x which is 0 (even) if x is bosonic and 1 (odd)
if x is fermionic.

The Lie superbracket can be realized by the so-called supercommutator

[x, y} = xy − (−1)|x||y|yx. (4.30)

Note that this becomes an anticommutator if both x and y are fermionic, and otherwise
an ordinary commutator. Following our discussion above we can, thus, conclude that one
of the commutation relations of the superconformal algebra, at least up to a multiplicative
factor, must be of the form

{QαI , QβJ} = −2δIJ(γµ)αβPµ, (4.31)

where γµ are the gamma matrices. A completely analogous argument for the fermionic
operator Sα

I yields the relation

{SαI , SβJ} = −2δIJ(γµ)αβKµ. (4.32)

The fermionic generator QαI is often referred to as the “generator of supersymmetry”.
Together with Pµ and Mµν it forms the super-Poincaré algebra, which is a subalgebra of
the superconformal algebra. In the same way as the generator Kµ of special conformal
transformations naturally appeared when we extended the Poincaré algebra to the confor-
mal algebra, the generator Sα

I appears when we want to combine this Q-supersymmetry
with conformal symmetry. Sα

I is, thus, referred to as the generator of special conformal
supersymmetry transformations [18].

Sticking to the analogy with the conformal algebra we realize that there should also be
some symmetry relating the Q- and S-supersymmetries, just like Pµ and Kν were related
via Mµ and D in the algebra (4.26). Such symmetries are known as R-symmetries. The
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generator of this symmetry must have weight w = 0 and carry two vector indices, and we
choose to denote it as T IJ . Studying table 4.1 we see that also Mµ and D should appear
in the commutator {QαI , SJβ } since also they are of weight zero. It should consequently
be of the form

{QαI , SJβ } = −2δIJδαβD − 2δIJ(γµ) α
β Mµ + 4δαβT

IJ , (4.33)

where we, once again, point out that the specific coefficients depend on conventions. By
closer studying the Lie superalgebra constructed this way, one can show that the R-
symmetry generators T IJ , in three dimensions, must be the generators of SO(N) where
N is the number of supersymmetries in the theory (i.e., the number of values the vector
indices I and J can take) [20]. Hence, T IJ must satisfy the commutation relation (4.23)
of the SO(N) generators. With a normalization that will prove to be convenient for the
theory we will construct in chapter 6, we can thus write

[TIJ , T
KL] = −2iδ

[K
[I TJ ]

L]. (4.34)

Furthermore, since the generators QαI and Sα
I are the only generators of weight 1

2
and

−1
2
, respectively, we realize that their commutation relations with T IJ must be of the

forms
[T IJ , Qα

K ] = −iδIJKLQαL, [T IJ , SαK ] = −iδIJKLS L
α . (4.35)

The generators of the superconformal algebra are summarized in table 4.2, where also
their weights with respect to the grading in D are given.

Weight Generator

1 Pµ
1/2 QαI

0 D, Mµ, T
IJ

−1/2 SIα
−1 Kµ

Table 4.2: The weights of the superconformal generators with respect to the grading in D.

Above we have derived all commutation relations including only the generators that did
not appear in the conformal algebra, i.e., QαI , Sα

I and T IJ . By construction we also
know that

[D,QαI ] =
1

2
QαI , [D,SIα] = −1

2
SIα. (4.36)

However, studying the grading in table 4.2 we realize that there must be four more non-
zero commutators consisting of one “new” and one “old” generator in the algebra. We
could in principle write down the form of these four commutators already, but since the
coefficients will not be uniquely determined until we have chosen a specific representation
of the generators, we leave it be until chapter 6. There we will construct the entire su-
perconformal algebra working with a representation of the generators that is particularly
suitable for higher spin theory.

It should be mentioned that there actually is an additional R-symmetry, corresponding
to global U(1) transformations of the fermionic generators [21]. However, as we will
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only construct the superconformal algebra explicitly for the spin 2 case, the gauge fields
corresponding to this symmetry will vanish. This is for the moment not at all obvious,
but after having introduced both higher spin theory and our explicit construction of the
superconformal field theory it will become very clear.



Chapter 5

Higher Spin Theory and
the AdS/CFT Duality

Two of the main reasons why superconformal field theories are of interest in string and
M-theory are their role in the AdS/CFT correspondence and the possibility to construct
higher spin versions of them that have clear resemblances with essential features of string
and M-theory. In this chapter we will explain these motivations for studying supercon-
formal field theories in more detail.

The first part of the chapter motivates why higher spin theory in general is of interest,
and why we want to apply it to the superconformal algebra. We then discuss how the
higher spin algebras can be constructed and provide the so-called unfolded formalism of
higher spin theory, which enables us to write down an explicit equation of motion known
as the unfolded equation. In the second part of the chapter we introduce the AdS/CFT
duality and discuss its relevance for the theory we are to construct.

5.1 Higher Spin Theory

Although all elementary particles contained in the Standard Model have spin 1 or lower
and the (hypothetical) graviton and its supersymmetric partner the gravitino have spin 2
and 3/2 respectively, theories describing states of even higher spins have, for a long time,
been studied in theoretical physics. The motivation for these studies have, however,
varied in time. Already in 1939, Fierz and Pauli studied the free field equations for
massive fields of arbitrary spin [22]. Their motivation was simply that there are higher
spin representations of the Poincaré group, and therefore it was natural to search for
field theories with particles carrying these representations (since Lorentz invariance is
required, all elementary particles must be irreducible representations of the Poincaré
group in Minkowski space).

Along with the discovery of supergravity in the mid-1970s, the search for consistent inter-
actions of massless higher spin fields was intensified, e.g., since one hoped that inclusion
of such interactions would yield a better quantum behavior of the theory [9]. A big
breakthrough came in 1978 when Flato and Fronsdal in [23] moved the setting from

37
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Minkowski to Anti-de Sitter space. They there showed that two Dirac singletons in AdS4

give rise to an infinite tower of massless higher spin representations (we will come back
to the Dirac singleton representation in section 8.1). One year later, Fronsdal suggested
that a theory of interacting singletons would yield interactions between massless higher
spin fields [24]. In 1987, Fradkin and Vasiliev proved that gravitational interaction terms
of massless higher spin fields exist but involve inverse powers of the cosmological con-
stant [25]. This explained why the studies in the flat space limit Λ → 0 had not been
successful. These observations made in the 1970s and 1980s are the motivation for many
applications of higher spin theory yet today, with the superconformal field theory we are
about to construct being one of them. This will become clear in chapter 8.

In the late 1980s, also string and M-theorists were drawn to higher spin gauge theories.
All string theories contain an infinite mass-spectrum of ever higher spins. This resembles
the infinite tower of spins that inevitably appears in higher spin theories as soon as one
state with spin greater than two is included (we will see explicitly how this infinite tower
appears in section 6.3), with the difference that these states are massless. For this reason,
the efforts of formulating string theories as higher spin gauge theories have been focused on
the tensionless (and thereby massless) limits of the string theories. A successful example
of such a reformulation was recently found in [26]. The motivation for M-theorists to
study higher spin theories emerged with the discovery of the supermembrane in 1987,
and in particular the observation that its local fermionic symmetries requires the eleven-
dimensional supergravity equations of motion to be satisfied [27]. Theories studying
supermembranes in AdS4 × S7 backgrounds, whose spectra was proposed to contain the
massless higher spin states created by two AdS4 singletons, were launched the following
year [28]. The singletons proposed in these theories were N = 8 singletons, meaning
they obeyed 8 supersymmetries, and had propagating degrees of freedom only on the
boundary of the AdS4 space. In accordance with the AdS/CFT correspondence they can
then be described by a three-dimensional conformal field theory. In section 8.1 we will
see explicitly how such singletons appear.

Even more attention has been directed towards higher spin theories since Maldacena’s
discovery of the AdS/CFT correspondence in 1997. This conjectured duality relates
theories in the bulk of AdS spaces, such as string and M-theories, to the conformal field
theories on its boundaries [3]. The duality will be described in more detail in section 5.2,
but the usefulness of higher spin theories when trying to understand it is already apparent.
Since the precise formulation of string and M-theories in AdS spacetimes are yet not in
place, it is mainly a weaker form of the duality that has been investigated; one including
gauged supergravities in the AdS bulk. These are believed to describe the low energy limit
of string/M-theory in AdS backgrounds [9]. Since both these theories and the conformal
field theories living on the boundary can be formulated as higher spin gauge theories,
this enables a convenient method of investigating the claimed correspondence between
the two.

The AdS/CFT duality most relevant for this thesis is the AdS4/CFT3 duality, which
enables a correspondence between M-theories in AdS4 × S7 backgrounds and three-
dimensional conformal field theories. As discussed above, the former can be described
as a higher spin theory with a spectrum created by two N = 8 singletons. A complete
higher spin formulation of the three-dimensional conformal field theories have, however,
still not been found for N > 1. If this can be achieved, the AdS4/CFT3 duality could be
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studied in detail, and we would hopefully gain new insights about M-theory in AdS4×S7

backgrounds, and thereby also about M-theory itself.

The explicit procedure of generalizing a theory to include higher spins varies a lot for
different theories. In section 3.5 we briefly discussed how a three-dimensional AdS theory
of gravity could be described as a Chern-Simons gauge theory with SL(2,R)×SL(2,R) as
its gauge group. For such a theory, the extension to higher spins is (at least in principle)
almost trivial. To couple this theory of spin 2 gravity to all spins up to some integer n
we simply have to extend the gauge group to SL(n,R)× SL(n,R). Higher spin theories
of this kind have proven to have a lot of interesting geometrical features, especially with
regard to singularity resolution. They have for instance been used to resolve the Big
Bang singularity in [29], and to construct higher spin black holes in [30].

For conformal theories, the extension to higher spins requires more sophisticated meth-
ods. One possibility is to employ a metric-like formulation where symmetric higher spin
fields φµ1...µs of spin s are introduced analogously to how the metric is introduced in the
metric formulation of general relativity. This is often referred to as the Fronsdal formula-
tion. Another possibility is a frame-like formulation, where the higher spin fields φµ1...µs
are replaced by frame-like fields eµ

a1...as−1 and spin-like connections ωµ
a1...as−1

b. This is
completely analogous to how we reformulated (super)gravity in the Cartan formalism, to
be able to form spinors. Since we want to construct a supersymmetric higher spin theory
we once again choose the frame-like formulation. To find the equations of motion we will
use a method called unfolding, developed by Vasiliev in [11–13].

5.1.1 The Higher Spin Algebra and Unfolded Formalism

Unfolding is a general approach for reformulating systems of differential equations to first
order form. It is especially valuable in applications to interacting higher spin systems,
since it provides the only known examples of exact formulations of such systems [10].
The solutions to the equations of motion describing a field theory are, in general, zero-
forms (functions) of the local coordinates of the manifold. By introducing the gauge
potential 1-form, which makes it easy to ensure the necessary invariance under local
gauge transformations, we unfortunately interweave the dynamical degrees of freedom
with the ones that are gauge artefacts. In the unfolded formulation, one introduces a
master gauge field and a master scalar field in an extended spacetime, which in addition
to the usual (commuting) spacetime coordinates also has non-commutative (Grassmann
even) spinorial coordinates [9]. By doing this, the physical degrees of freedom can be
extracted in a clever way.

For the purposes of this thesis, only a fraction of the vast subject of unfolding will be
of interest. First, a brief understanding of the three-dimensional conformal higher spin
algebras in the unfolded formalism will be needed1. Then, the so-called unfolded equation
(of scalar fields) can be formulated.

In section 4.1.1 we proved that the conformal algebra in D dimensions is so(D, 2). In
D = 3 we can, due to the isomorphism so(3, 2) ∼= sp(4,R), easily construct the conformal
algebra using the two-dimensional quantum harmonic oscillator as our starting point. We

1There is a very similar formulation for the higher spin algebras of AdS4, see, e.g., [31]
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know that this can be constructed from two pairs of creation and annihilation operators
a1, a

†
1, a2, and a†2. In higher spin theory we gather these into a quartet Ŷ A (where

A = 1, 2, 3, 4) of operators satisfying the canonical commutation relation

[Ŷ A, Ŷ B] = 2iCAB, (5.1)

where CAB is the antisymmetric invariant tensor of sp(4,R) (often referred to as the
charge conjugation matrix). The higher spin algebra is then defined as the algebra of

all even functions f(Y ) in Ŷ A, which is an associative algebra. Since it is often more

convenient to work with ordinary commuting variable Y A than the operators Ŷ A we
want to introduce an associative product multiplying these. A convenient choice is the
(Moyal) star product ? defined by

(f ? g)(Y ) = f(Y ) exp
(
i ~∂AC

AB~∂B
)
g(Y ), (5.2)

where ~∂ denotes a partial derivative acting to the left.

One of the strengths of the unfolded formalism is that it encapsulates the entire infinite
tower of spins into simple equations. To achieve this, some quantities must be gathered
into so-called master forms: differential forms summing up the contributions from all
spins. In the unfolded equation for scalar fields, two such master forms appear: the
master gauge connection (which is a one-form) and the zero-form master field. The
former reads

A =
∞∑
n=1

(−i)nAn =
∞∑
n=1

(−i)nAa1...ann Ta1...an (5.3)

and is a just a generalization to higher spin theory of the gauge potential one-form
introduced in equation (3.35), although with a different normalization.

To form the zero-form master field we need a convenient basis to express the higher spin
fields in. Due to the Lie algebra isomorphism so(3, 2) ∼= sp(4,R), the conformal algebra
in three dimensions can be constructed by means of two commuting SL(2,R) ∼= Sp(2,R)
spinors qα and pα, since they together span a real four-dimensional spinor. The SL(2,R)
spinors qα and pα will be studied in more detail in the next chapter, where they will also
be given an interpretation, but for now we merely need to use one of them to expand the
master field into its higher spin components. We write

Φ(x) =
∞∑
n=0

φα1...αn(x)pα1 . . . pαn , (5.4)

where the term with n = 0 corresponds to the scalar field φ(x).

With these concepts in place we can formulate the (sourceless) unfolded equation. It
reads

DΦ(x) = 0, (5.5)

where D = d + A is the covariant derivative containing the master gauge potential and
Φ(x) is the master field.

Motivation for the unfolded equation can be found in the Bargmann–Wigner equations,
which describe free particles of arbitrary spin. For a free particle of spin s they are a
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set of 2s coupled linear partial differential equations, each resembling the Dirac equation,
which read

(γµ)αrα
′
rDµψα1...α′r...α2s(x) = 0 (5.6)

for r = 1, . . . , 2s. Here Dµ = ∂µ + Ωµ (with Ωµ being the connection) is the covariant
derivative and ψα1...α′r...α2s(x) is the wave function. Massless fields in four dimensions can
be described as higher-spin Weyl tensors Cα1...α2s and Cα̇1...α̇2s [32]. Such fields obey the
Bargmann–Wigner equations in the form

εβγ∂ββ̇Cγα2...α2s = 0, εβ̇γ̇∂ββ̇Cγ̇α̇2...α̇2s = 0, (5.7)

where εβγ is the invariant metric of the Lorentz algebra so(3, 1). By identifying the higher
spin fields of our master field expansion (5.4) as a composition of such higher-spin Weyl
tensors, we realize that the step from the Bargmann–Wigner equations (5.6) and (5.7) to
the unfolded equation (5.5) is not very far.

5.2 The AdS/CFT Duality

The AdS/CFT duality was first proposed by Juan Maldacena in 1997 [3]. It gives a
relation between the AdS spaces used in theories of quantum gravity and the conformal
field theories used in, e.g., Yang-Mills and Chern-Simons theories to describe elementary
particles. It is often described as a holographic duality, since it claims that the bound-
ary of the “bulk” AdS space can be regarded as the spacetime for the dual conformal
field theory. This implies that the conformal field theory that is dual to a theory in d-
dimensional AdS-space must be (d− 1)-dimensional, meaning we have an AdSd/CFTd−1
correspondence. The AdS/CFT duality provides the most successful realization of the
conjectured holographic principle which, e.g., could resolve the black hole information
paradox [33].

The perhaps greatest appeal of the AdS/CFT duality is that it enables non-perturbative
formulations of string and M-theories. The interactions of strings (or membranes) is
usually expressed in perturbation series generalizing the Feynman diagrams of quantum
field theory. However, since there is also a non-perturbative formulation of quantum field
theory, the AdS/CFT duality opens the door for non-perturbative formulations of string
and M-theories on AdS-spaces. One of the most interesting AdS/CFT correspondences
is the one between type IIB string theory compactified on AdS5 × S5 (meaning the
gravitational theory effectively lives in five-dimensional space-time, whereas the remaining
five dimensions are compact) and N = 4 supersymmetric Yang-Mills theory, which is a
four-dimensional CFT. Another interesting correspondence is the one between M-theory
compactified on AdS4×S7 and superconformal field theories that can either have N = 6
(ABJM theories) or N = 8 (BLG theories) depending on which kind of M-theory one
is studying. Since these superconformal field theories will be three-dimensional, this
correspondence will be to one of most relevance for this thesis.

Already in the beginning of this chapter we discussed the observation first made in
the 1980s, that infinite towers of massless states with increasing spin appear in both
higher spin theory and the tensionless limits of AdS compactifications of string and M-
theories. This leads us to suspect that there might also be a correspondence between
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higher spin gauge theories on AdS-spaces and conformal field theories. In 2002, Klebanov
and Polyakov conjectured such a correspondence for CFTs with O(N) symmetries [34].
This was further evidenced by Giombi and Yin when they in 2009 verified the corre-
spondence for the higher spin theory in AdS4 (expressed in the unfolded formalism) [35].
Hopefully, the higher spin correspondences can help to gain a better understanding of
the string/M-theoretical versions of the AdS/CFT correspondences.

The AdS/CFT is a strong-weak duality in the sense that strongly interacting fields of the
quantum field theory correspond to weakly interacting fields in the gravitational theory.
Since weak fields are easier to treat mathematically, using e.g. perturbation theory, the
AdS/CFT has found applications in several fields aiming at describing strongly coupled
quantum systems. Examples include the study of quark-gluon plasmas in QCD and
the phase transitions of superconductors and superfluids in condensed matter physics
[36,37].



Chapter 6

Quantizing the Superconformal Algebra

Any theory aiming at describing the most fundamental constituents of the Universe must
be quantized. In analogy with this, we should before constructing the superconformal
higher spin theory we are aiming at, first quantize the superconformal algebra.

We will begin this chapter by giving two equivalent ways of quantizing the (purely
bosonic) conformal algebra, the star product formulation and the operator formulation.
In this process we will also introduce a new representation of the generators of the con-
formal group, one that can easily be generalized to also include the corresponding higher
spin generators. We then extend both methods supersymmetrically and use them to
derive the superconformal algebra in its entirety. Finally we discuss how the higher spin
algebras based on the conformal and superconformal algebras can be constructed.

6.1 The Bosonic Part of the Algebra

In the previous chapter we identified the Lie algebra isomorphism so(3, 2) ∼= sp(4,R),
where SO(3, 2) is the conformal group in three dimensions. This indicates that we can
construct the algebra using two commuting SL(2,R) ∼= Sp(2,R) spinors qα and pα, since
they together span a real four-dimensional spinor. The variables qα and pα can be inter-
preted as the phase-space variables, which classically can be regarded as the generalized
coordinates and conjugate momenta, respectively. This construction was first used in [38].
We now want to construct the explicit star product for this representation.

The invariant tensor appearing in equation (5.2) defining the star product can now be
taken to be the invariant tensor εαβ of SL(2,R) (see appendix A for conventions). Note,
however, that there is a factor of 1

2
differing equation (5.1) from the ordinary canonical

commutation relation of the position and momentum operators1. The star product in

1This assumes that we let the doublet Ŷ A consist of the operators q̂α and p̂α and not, e.g., q̂α and p̂α.
Then we would also catch an additional minus sign, since the index of p̂γ in the canonical commutation relation
[q̂α, p̂γ ] = iδαγ can be raised with εβγ , resulting in [q̂α, p̂β ] = −iεαβ . In the end this is only a matter of convention.
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our construction of the conformal algebra will consequently read

(f ? g)(q, p) = f(q, p) exp

[
i

2

(
~∂q ~∂p

)( 0 1
−1 0

)(
~∂q
~∂p

)]
g(q, p)

= f(q, p) exp

[
i

2

(
~∂q~∂p − ~∂p~∂q

)]
g(q, p). (6.1)

In explicit calculations it is often convenient to perform a Taylor expansion in this ex-
pression.

To construct the (bosonic) conformal algebra we will consider star commutators of the
form [f, g]? = f ? g − g ? f with f and g being generators. Before the extension to the
corresponding higher spin algebra, the conformal algebra only contains spin 2 generators
which are of second order in the phase-space variables qα and pα, something we will soon
see explicitly. This means that the star product can be written as

(f ? g)spin-2 = f

[
1 +

i

2

(
~∂q~∂p − ~∂p~∂q

)
− 1

4

(
~∂q~∂p − ~∂p~∂q

)2]
g, (6.2)

which gives the star commutator

[f, g]spin-2? = i

(
∂f

∂qα
∂g

∂pα
− ∂g

∂qα
∂f

∂pα

)
= i{f, g}PB, (6.3)

where the zeroth and second order terms vanish since qα and pα are commuting vari-
ables (of which f and g are functions)2. Note that the result, up to a factor of i, is
precisely the Poisson bracket, which thus can be regarded as the spin 2 limit of the star
commutator.

Let us also compute the star commutator of the phase-space variables. We find that

[qα, pβ]? =
i

2

[
qα( ~∂q~∂p)pβ + pβ( ~∂p~∂q)q

α
]

= iδαβ , (6.4)

whereas [qα, qβ] = [pα, pβ] = 0. Note that these imply the Poisson bracket relations
of the canonical coordinates well-known from the Hamiltonian formalism of classical
mechanics.

6.1.1 An Explicit Representation of the Generators

We now want to find a representation of the generators, in terms of the phase-space
variables qα and pα, that recreates the conformal algebra (4.26). To be able to construct
vector representations of the generators from spinors, we will use the three-dimensional
gamma matrices. Our representation follows the conventions of [39] and reads

P a = −1
2
(γa)αβq

αqβ

Ma = −1
2
(γa) β

α qαpβ

D = −1
2
qαpα

Ka = −1
2
(γa)αβpαpβ.

(6.5)

2It is actually easy to realize that all terms of even order in the Taylor expansion of a star commutator must
cancel out, since they appear pairwise with opposite signs.
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It must now be verified that these generators really satisfy the conformal algebra, provided
that we use the star commutator in the construction.

We will here verify two of the six non-zero commutation relations. First we note that

[P a, Kb]? =
1

4
(γa)αβ(γb)γδ

[
qαqβe

i
2

(
~∂q~∂p− ~∂p~∂q

)
pγpδ − pγpδe

i
2

(
~∂q~∂p− ~∂p~∂q

)
qαqβ

]
= i(γaγb)α

βqαpβ

= i
(
εabc(γ

c)α
βqαpβ + ηabqαpα

)
= −2iεabcM

c − 2iηabD,

(6.6)

and then

[D,P a]? =
1

4
(γa)αβ

[
qαpαe

i
2

(
~∂q~∂p− ~∂p~∂q

)
qαqβ − qαqβe

i
2

(
~∂q~∂p− ~∂p~∂q

)
qαpα

]
= − i

2
(γa)αβq

αqβ

= iP a.

(6.7)

Note that both results agree with the conformal algebra (4.26). Since the generators
are only of second order in the phase-space variables and all terms of even orders in an
expansion of a star commutator must vanish, what we have computed is (modulo a factor
of i) just the Poisson brackets. Working completely analogously one easily verifies that
also the rest of the conformal algebra is satisfied by the generators in equation (6.5).

6.1.2 The Equivalent Operator Formulation

Inspired by the quantum mechanical operator formulation of the canonical commutation
relations, one may wonder if an analogous formulation is possible also here. Then we
can abandon the star products. This would be especially tempting when we are to
extend the theory to include higher spins, and thereby will obtain more non-vanishing
terms in the star commutator expansions. In the operator formulation, the phase-space
variable no longer commute, but are instead regarded as operators satisfying the canonical
commutation relation

[qα, pβ] = iδαβ . (6.8)

In a quantum mechanical formulation, each observable should correspond to a Hermitian
operator having real eigenvalues. Since [qα, qβ] = [pα, pβ] = 0 still holds, the generators
P a and Ka from equation (6.5) are obviously already Hermitian.

To check if Ma is Hermitian we first need to clarify how the spinorial indices should be
raised and lowered. The indices of pα and qα are by definition raised and lowered from the
left with the antisymmetric εαβ. Since the first spinor index of the gamma matrices (γa)α

β

is raised and lowered from the left but the second one from the right, this implies

qα(γa)α
β = εαγqγ(γ

a)α
β = −qγεγα(γa)α

β = −qα(γa)αβ, (6.9)

whereas
(γa)α

βpβ = (γa)α
βεβγp

γ = (γa)αβp
β. (6.10)
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Hence we only pick up a sign when we flip the first spinorial index of a gamma matrix
with the index of either qα or pα.

We can now easily identify Ma as Hermitian, since

(Ma)† = −1

2
(γa)β

αpβqα = −1

2
(γa)α

βpβq
α = −1

2
(γa) β

α qαpβ = Ma, (6.11)

where we at the third equality used equation (6.8) and that the three-dimensional gamma
matrices are traceless; see appendix A for an explicit representation. The generator D
from equation (6.5) is, however, obviously not Hermitian. This can easily be adjusted by
rewriting it as

D = −1

4
(qαpα + pαq

α), (6.12)

which for the commuting phase-space variables is equivalent to equation (6.5). The
process of constructing Hermitian generators is often referred to as a Weyl-ordering of
the operators qα and pα.

We now want to verify that the four Hermitian generators, i.e. P a, Ma and Ka from equa-
tion (6.5) and D from equation (6.11), satisfy the conformal algebra (4.26) provided that
qα and pα are regarded as operators satisfying the canonical commutation relation (6.8).
Let us verify the same two commutation relations as we did in equations (6.6) and (6.7)
for the star product construction. We find that

[P a, Kb] =
1

4
(γa)αβ(γb)γδ[qαqβ, pγpδ]

=
i

2
(γaγb)α

β
(
qαpβ + pβq

α
)

=
i

2

[
2εabc(γ

c)α
βqαpβ + ηab(qαpα + pαq

α)
]

= −2iεabcM
c − 2iηabD

(6.13)

and

[D,P a] =
1

8
(γa)αβ

(
[qγpγ, q

αqβ] + [pγq
γ, qαqβ]

)
= − i

2
(γa)αβq

αqβ

= iP a,

(6.14)

which both agree with the conformal algebra. The calculations for the remaining com-
mutators are completely analogous, and show that the operator formulation constructed
above obeys the conformal algebra.

6.2 The Supersymmetric Extension

In order to describe a supersymmetric theory we must also include the fermionic gen-
erators, i.e., extending the conformal algebra to the superconformal algebra introduced
in section 4.2. We will first conduct this extension in the operator formulation, before
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illustrating how the analogous procedure can be carried through via the introduction of
an extended star product.

Since the fermionic generators, as we saw in section 4.2, are supposed to be anticommuting
operators3 we cannot construct them from the commuting (Grassmann even) operators
qα and pα. Consequently, an anticommuting (Grassmann odd) object must be introduced
in their construction. We will use the vectors λI to write the fermionic generators as

QαI = qαλI (6.15)

Sα
I = pαλ

I . (6.16)

We choose the normalization of these vector such that they obey the Clifford algebra

{λI , λJ} = 2δIJ . (6.17)

By using the vectors λI we should also be able to construct the bosonic SO(N) R-
symmetry generators T IJ that was discussed in section 4.2.

Since we require all generators to be Hermitian, T IJ must be of the form

T IJ =
i

8

(
λIλJ − λJλI

)
. (6.18)

These generators commute as

[TIJ , T
KL] = − 1

16

[
λ[IλJ ], λ

[KλL]
]

= −1

8

(
λ[Iδ

[K
J ] λ

L] − δ[K[I λJ ]λ
L] + λ[Kλ[Iδ

L]
J ] − λ

[Kδ
L]
[I λJ ]

)
=

1

4

(
δ
[K
[I λJ ]λ

L] + λ[Kδ
L]
[I λJ ]

)
=

1

4

(
δ
[K
[I

(
λJ ]λ

L] − λL]λJ ]
)

= −2iδ
[K
[I TJ ]

L], (6.19)

which is precisely the so(N) algebra (4.34), as we expected. At the second equality we
used the relation

[λIλJ , λK ] = λI{λJ , λK} − {λI , λK}λJ = 2(δJKλI − δIKλJ), (6.20)

from which also the commutation relations with the two fermionic generators follow
directly as

[TIJ , Q
αK ] = −iδKLIJ Qα

L

[TIJ , Sα
K ] = −iδKLIJ SαL.

(6.21)

We should also prove that these constructions of the fermionic generators satisfy the
commutation relations (4.31)– (4.33). By acting with (γa)

αβ on both sides of the definition
of P a in equation (6.5), we directly find that

qαqβ = −(γa)
αβP a (6.22)

and thus
{QαI , QβJ} = qαqβ{λI , λJ} = −2δIJ(γa)

αβP a, (6.23)

3In the sense that their Lie superbracket should become an anticommutator, not in the sense that they
anticommute to zero.
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which agrees with equation (4.31). A completely analogous calculation starting from the
generator Ka yields equation (4.32), i.e.,

{SαI , SβJ} = −2δIJ(γa)αβK
a. (6.24)

To compute the commutator {QαI , Sβ
J} we first note that the definitions of the (Her-

mitian) generators Ma in equation (6.5) and D in (6.12) imply that we can write the
Hermitian operator qαpβ + pβq

α as the linear combination

qαpβ + pβq
α = xδαβD + y(γa)

α
βM

a (6.25)

for some constants x and y. Upon multiplication of both sides by δβα we see that x = −2.
Instead multiplying by (γa)α

β we see that also y = −2. Consequently,

{QαI , Sβ
J} = {qαλI , pβλJ} = qαpβ{λI , λJ} − [qα, pβ]λJλI = 2δIJqαpβ − iδαβλJλI

= δIJ
(
qαpβ + pβq

α
)

+
i

2
δαβ
(
λIλJ − λJλI

)
= −2δIJδαβD − 2δIJ(γa) α

β Ma + 4δαβT
IJ , (6.26)

which agrees with equation (4.33). At the second line we used that the number terms
that appear when we construct Hermitian objects from the two terms, i.e. when we Weyl
order them, cancel each other out.

We have now derived all commutation relations that contain two of the new generators
QαI , Sα

I and T IJ . There are also some non-zero commutation relations including one
new generator and one of the conformal ones. These are completely trivial to derive in
the operator formulation. One of them is derived as follows:

[Ka, QαI ] = −1

2
(γa)βγ[pβpγ, q

αλI ] =
i

2
(γa)βγ

(
δαγ pβ + δαβpγ

)
λI = i(γa)αβSβ

I , (6.27)

and the other five in the same manner.

With these commutation relation in place, we have derived the entire superconformal
algebra. It reads

[Ma, M b] = iεabcM
c

[Ma, P b] = iεabcP
c

[Ma, Kb] = iεabcK
c

[P a, Kb] = −2iεabcM
c − 2iηabD

[D, P a] = iP a

[D, Ka] = −iKa

[D, QαI ] = i
2
QαI

[D, S I
α ] = − i

2
S I
α

[P a, S I
β ] = −i(γa)βαQαI (6.28)

[Ka, QαI ] = i(γa)αβS I
β

[Ma, QαI ] = i
2
(γa) α

β QβI
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[Ma, S I
α ] = − i

2
(γa) β

α S I
β

[T IJ , Qα
K ] = −iδIJKLQαL

[T IJ , SαK ] = −iδIJKLS L
α

{QαI , QβJ} = −2δIJ(γµ)αβPµ

{S I
α , S J

β } = −2δIJ(γµ)αβKµ

{QαI , S J
β } = −2δIJδαβD − 2δIJ(γa)

α
β Ma + 4δαβT

IJ

[TIJ , T
KL] = −2iδ

[K
[I TJ ]

L]

and we will in the following chapters use it to construct a supersymmetric conformal field
theory in three dimensions.

6.2.1 The Extended Star Product

Exactly like for the conformal algebra, the superconformal algebra can also be constructed
using an extended (super)star product. In the star product formulation, the phase-space
variables qα and pα were regarded as Grassmann even quantities commuting to zero. The
vectors λI were, however, introduced as Grassmann odd quantities, meaning their Lie
superbracket is an anticommutator. In the extended star product formulation they must,
consequently, anticommute to zero, meaning

λIλJ = −λJλI . (6.29)

Such quantities are often simply referred to as “Grassmann numbers”.

In the previous section we saw that, in an operator formulation, λI can be taken to
satisfy the Clifford algebra {λI , λJ} = 2δIJ . This indicates that their invariant tensor
can simply be chosen as the Kronecker delta, which can also be regarded as a consequence
of the vectors λI generating the whole so(N) algebra themselves. The generalization to
an extended (super)star product must, consequently, read

(f ? g)(q, p, λ) = f(q, p, λ) exp

[
i

2

(
~∂q~∂p − ~∂p~∂q

)
+ ~∂λ~∂λ

]
g(q, p, λ). (6.30)

To verify that also this construction satisfies the superconformal algebra (6.28) is now a
trivial matter. The only difference to the purely bosonic case is that, since we are now
studying a superalgebra, we have to extend the concept of the star commutator to the
star supercommutator satisfying

[x, y}? = x ? y − (−1)|x||y|y ? x. (6.31)

We will not give the calculations of all 18 non-zero star supercommutators of the gener-
ators, but settle with two to illustrate the process.

First we compute the star anticommutator

{QαI , Sβ
J}? = qαλIe

i
2

(
~∂q~∂p− ~∂p~∂q

)
+ ~∂λ~∂λpβλ

J + pβλ
Je

i
2

(
~∂q~∂p− ~∂p~∂q

)
+ ~∂λ~∂λqαλI

= qαpβ
{
λI , λJ

}
+
i

2
δαβ
[
λI , λJ

]
+ δIJ

(
qαpβ + pβq

α
)

+
i

2
δαβ δ

IJ(1− 1)

= −2δIJδαβD − 2δIJ(γa) α
β Ma + 4δαβT

IJ , (6.32)
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where we in the last step used equations (6.25) and (6.29). It is easy to realize that all
terms of even order in the Taylor expansion must cancel out, also for the star anticom-
mutator. We also compute the star commutator

[T IJ , QαK ]? =
i

4

(
λIλJe

~∂λ~∂λqαλK − qαλKe ~∂λ~∂λλIλJ
)

=
i

2
qα
(
δJKλI − δIKλJ

)
= −iδIJKLQαL.

(6.33)

Here there is a small subtlety involved at the second equality. One has to recall that
the product rule for the Grassmann derivative ∂θ of two Grassmann numbers θj and θk
reads

∂

∂θi
(θjθk) =

∂θj
∂θi

θk −
∂θk
∂θi

θj, (6.34)

since the Grassmann derivative must be anticommuted with θj to reach the second term,
thereby picking up a sign. Note that both star supercommutators above agree with
the superconformal algebra (6.28). It can easily be shown that the same holds for the
entire superstar product construction. The reason we tenaciously keep formulating two
equivalent constructions of the superconformal algebra is simply that the suitability of
respective construction varies greatly depending on what one wants to compute.

6.3 Including Higher Spins

Our formulation of the bosonic generators in terms of the SL(2,R) spinors qα and pα
is constructed in a way that is easily generalized to include higher spins. It is merely a
question of including more spinors in the generators. If we let nq and np denote the number
of qα and pα spinors in the generators, the spin s generators must contain nq+np = 2(s−1)
spinors in total. If we also let c ≤ min(nq, np) denote the number of contracted spinor
pairs q · p ≡ qαpα, the generators can be written on the form

G(nq, np, c)
α1...α2N =

(
−1

2

)1
2
(nq+np)

q(α1 . . . qαnq−cpαnq−c+1 . . . pα2N )(q · p)c, (6.35)

where we have let 2N = nq+np−2c (which makes it redundant to explicitly write out the
value of c on the LHS). Note that due to the antisymmetry of the SL(2,R) metric εab, all
these generators must be irreducible representations (irreps) of sl(2,R) and thus totally
traceless, i.e., traceless in all pairs of indices. Also note that these generators contain all
polynomials of even degree in qα and pα, which agrees with how we defined the higher
spin algebra in section 5.1.1, and that they are not Weyl ordered by construction but
that this easily can be implemented.

These generators can then easily be written on tensorial form carrying spacetime indices
by combining the 2N spinors into N pairs contracted with one gamma matrix each. This
results in

G(nq, np)
a1...aN =(−1)

⌊
np−c
2

⌋ (
−1

2

)1
2
(nq+np)

(γa1)α1α2 · · · (γaN )α2N−1α2N
q(α1 . . . qαnq−cpαnq−c+1 . . . pα2N )(q · p)c, (6.36)
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where the new signs come from raising the indices on the
⌊np−c

2

⌋
pαn spinors that are con-

tracted with the first index of a gamma matrix, in accordance with equation (6.9). Since
the generators in equation (6.35) were irreducible representations of sl(2,R) and, thus,
symmetric and traceless in the spinorial indices α1, . . . , α2N , also the tensorial generators
must be irreducible representations of sl(2,R). We say that the (flat) spacetime indices
a1, . . . , aN are in the symmetrized traceless representation.

It is easily verified that equation (6.36) reproduces the generators from equation (6.5)
in the spin 2 case, when nq + np = 2. For spin 3, equation (6.36) instead yields the
generators

Gab(4, 0) = 1
4
(γa)αβ(γb)γδq

αqβqγqδ, G(2, 2) = 1
4
(q · p)2,

Gab(3, 1) = 1
4
(γa)αβ(γb)γδq

(αqβqγpδ), Gab(1, 3) = −1
4
(γa)αβ(γb)γδq

(αpβpγpδ),

Ga(3, 1) = 1
4
(γa)αβq

αqβ(q · p), Ga(1, 3) = −1
4
(γa)αβp

αpβ(q · p),
Gab(2, 2) = −1

4
(γa)αβ(γb)γδq

(αqβpγpδ), Gab(0, 4) = 1
4
(γa)αβ(γb)γδp

αpβpγpδ.

Ga(2, 2) = 1
4
(γa)αβq

αpβ(q · p), (6.37)

To construct the spin 3 algebra we need to compute the star commutators of these
generators, so let us first investigate how the star product of two generators of arbitrary
spins look. We introduce the notation G(2n), where 2n = np +nq, to denote an arbitrary
generator of spin s = n + 1. By studying the star product given in equation (6.1) we
see that the total number of spinors qα and pα will be decreased by two in the first non-
vanishing term in the Taylor expansion of the star commutator [G(2n1), G(2n2)]?, by six
in the second non-vanishing term, and so on4. Hence we can write

[G(2n1), G(2n2)]? = G
(
2(n1 + n2 − 1)

)
+G

(
2(n1 + n2 − 3)

)
+ . . .+G(n0), (6.38)

which continues down to the generator G(n0) corresponding to the lowest possible spin.
This is either the spin 2 generator G(2), if both n1 and n2 are either even or odd, or
the spin 3 generator G(4) if one of n1 and n2 is even and the other one odd. The spin 1
generator G(0) would correspond to a central charge and is not included in the theory.
Recall that the first term of the star product correspond to the Poisson bracket (modulo
a factor of i).

We now note that the star commutator of two spin 2 generators G(2) yields another spin
2 generator, which is consistent with the conformal algebra (4.26) being closed. If we
instead want to construct the spin 2-spin 3 algebra we need to compute all commutation
relations of one spin 2 generator G(2) and one spin 3 generator G(4). In accordance
with equation (6.38), the result must always be another spin 3 generator G(4). Since
this is the only term appearing on the RHS of equation (6.38), deriving the spin 2-spin 3
algebra is merely a question of calculating the Poisson brackets of the spin 2 and spin 3
generators, found in equation (6.5) and (6.37), respectively. This can easily be done, and
the resulting algebra can be found in [5].

We also want to construct the pure spin 3 algebra. Equation (6.38) then states that the
commutation relations we need to compute are of the form

[G(4), G(4)]? = G(6) +G(2), (6.39)

4Recall that all terms of even order in the Taylor expansion of the star commutator must vanish.
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where the spin 4 generator G(6) appears on the RHS. Hence it is impossible to construct
a theory that includes spin 3 fields, without also including the spin 4 fields. The spin 4
generators can, however, easily be constructed from equation (6.36). But when we then
want to construct the spin 3-spin 4 algebra we find that

[G(4), G(6)]? = G(8) +G(4), (6.40)

meaning we must also include the spin 5 generators G(8). In this way it continues until
the entire infinite tower of integer spins has been included. We have thus illustrated the
most essential property of all (bosonic) higher spin theories; as soon as the spin 3 field is
included, fields of all integer spins must be included.

So far we have only constructed the higher spin algebra based on the conformal algebra.
To construct the complete superconformal higher spin algebra is a bit more intricate and
will not be done in detail, although it is conceptually easy. The reason for this is that
the fermionic generators QαI = qαλI and Sα

I = pαλ
I contain one SL(2,R) spinor and

one vector λI each, where I = 1, . . . , N with N being the number of supersymmetries of
the theory. Since λI satisfies the Clifford algebra (6.17) they can be represented as the
SO(N) gamma matrices. This tells us that the set {λI , . . . , λI1...IN} forms a basis, which
in the matrix representation is the basis of all 2N × 2N complex matrices.

Taking the fermionic spin 3 generators as an example we can, e.g., construct generators
of the form QaαI ∼ P aqαλI , QaIJ ∼ P aλIJ and QαIJK ∼ qαλIJK and so on, where P a

is just the generator from equation (6.5). By studying the extended star product from
equation (6.30) we realize that also the star supercommutator of these generators (which
is now a star anticommutator) must satisfy equation (6.38), i.e., the exact same relation
as the bosonic higher spin generators satisfied. As we will soon understand, a fermionic
spin s generator will correspond to a gauge field of spin s − 1

2
; for instance, the gauge

field corresponding to the spin 2 generator Sα
I will be the spin 3

2
gravitino field ψαI .

Completely analogous to the bosonic case, equation (6.38) thus implies that as soon as
the fermionic spin 5

2
field is included in the theory, fields of all half-integer spins up to

infinity must also be included in order to close the algebra.

In the following two chapters we will study two possible ways of deriving the field equa-
tions of the superconformal field theory. We will, however, restrict these calculations
to only include fields of spins up to 2, meaning we will not actually need the explicit
representations of neither the bosonic nor the fermionic higher spin generators. Note
that this spin 2 truncation is consistent, since we have shown that the spin 2 algebra is
closed.



Chapter 7

The Zero Field Strength Equation

Having constructed the superconformal higher spin algebra there are, at least, two meth-
ods for deriving the field equations of the corresponding theory. Either we can use the
unfolded formalism known from section 5.1.1, or we can use that it can be formulated as
a Chern-Simons gauge theory and apply the methods from section 3.4. In section 3.5 we
illustrated how this can be done in general relativity by expressing the Einstein-Hilbert
action as a Chern-Simons action. The explicit procedure for conformal gravity in three
dimensions was first conducted by Horne and Witten in [40], and then extended to super-
gravity by Fradkin and Linetsky in [41]. The explicit construction of the Chern-Simons
action will not be of interest to us. It suffices to know that it is feasible, so we can apply
the equation of motion for Chern-Simons gauge theories.

The Chern-Simons equation of motion was in equation (3.48) derived to be the flatness
condition F = 0, also known as the zero field strength equation. In this chapter we will
solve this equation explicitly for the spin 2 fields, first for the purely bosonic theory and
then for the supersymmetric theory.

7.1 The Setting

The zero-field strength equation reads

F = dA+ A ∧ A = 0, (7.1)

where the gauge potential one-form is Lie-algebra valued and, in the spin 2 case, can be
expanded in terms of the generators as A = dxµAaµTa. We can thus write

d(AaT
a) +

1

2
{AaT a, AbT b} = 0. (7.2)

When at least one of the generators is bosonic, the anticommutator evaluates to

{AaT a, AbT b} = Aa ∧ Ab [T a, T b], (7.3)

where the sign in the second term of the commutator comes from changing the order
of the one-forms Aa and Ab. For two fermionic generators, the anticommutator evalu-
ates to

{AaT a, AbT b} = −Aa ∧ Ab{T a, T b}, (7.4)

53
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since both the fermionic generators and the one-forms are Grassmann odd. This can be
summarized in the form

d(AaT
a) +

(−1)|a||b|

2
Aa ∧ Ab [T a, T b} = 0 (7.5)

of the zero field strength equation, where | · | denotes the Grassmann parity that was
introduced in definition 4.1.

Since we later intend to relate the obtained results to those emerging from the unfolded
formulation of the theory, it is convenient to use consistent conventions in the two ap-
proaches1. We will (almost) follow the convention of the unfolded formalism, with the
gauge potential given in equation (5.3). The gauge potential we will use to solve the
spin 2 equation is thus A = (−i)A1 with

A1 = eaP
a + ωaM

a + bD + faK
a + aIJT

IJ + i(χαIQ
αI + ψαISα

I), (7.6)

where the factor of i in front of the fermionic generators makes these terms Hermitian.
That the frame field and spin connection can be used as gauge fields was something
we observed already in section 3.5. Similarly we introduce the gauge fields b and fa
corresponding to the generators of scalings and special conformal transformations. Since
T IJ generates SO(N), which is non-abelian for N > 2, the gauge fields aIJ will usually
be non-abelian. The gauge fields χαI and ψαI correspond to the fermionic generators and
the latter will be given an interpretation as the gravitino field.

With these definitions in place, deriving the field equations is merely a matter of applying
the flatness condition (7.5) to the superconformal algebra (6.28). It is then convenient
to project out the terms proportional to respective generator, thereby obtaining seven
equations in total. Before conducting this procedure it is convenient to contemplate the
gauge freedoms of the theory. It will prove possible to fix a gauge that simplifies the
calculations considerably.

7.1.1 Fixing a Gauge

For clarity, the gauge fixing procedure will be illustrated in the purely bosonic case. The
procedure for the supersymmetric theory is completely analogous, and we will work in
the same gauge in both cases. To study the gauge freedom of the system it is convenient
to introduce the gauge parameter

Λ = Λ(P )
a P a + Λ(M)

a Ma + Λ(D)D + Λ(K)
a Ka, (7.7)

which is a Lie-algebra valued zero-form generating the gauge transformations. The Chern-
Simons action (3.44) is then invariant under gauge transformations of the form

δA = dΛ + [A,Λ]. (7.8)

1It is important to point out that the exact relation between the two approaches is still unknown, meaning
they are not necessarily equivalent. This motivates why we want to compare the results stemming from them.



7.2 The Bosonic Case 55

By inserting the commutation relations of the conformal algebra and projecting out the
equation corresponding to each of the four generators, this yields

δeµ
a = DµΛa

(P ) − εµabΛ
(M)
b − eµaΛ(D) + bµΛa

(P ),

δωµ
a = DµΛa

(M) + 2εµ
abΛ

(K)
b − 2εabcfµbΛ

(P )
c ,

δbµ = DµΛ(b) − 2eµ
aΛ(K)

a + 2fµ
aΛ(P )

a ,

δfµ
a = DµΛa

(K) − bµΛa
(K) + εabcfµbΛ

(M)
c + fµ

aΛ(D).

(7.9)

Here, Dµ is the Lorentz covariant derivative, first defined in equation (2.41), containing
the spin 2 connection ωµ

a, meaning

Dea = dea + ωac ∧ ec = dea +
1

2
εabcε

bdeωde ∧ ec = dea + εabcω
b ∧ ec. (7.10)

Studying the scaling transformations δbµ above we realize that this is an equation that

can be solved for the symmetry parameter Λ
(K)
a assuming the vielbeins eµ

a are invert-
ible, which we declared them to be in section 2.3. This means that we can use the
special conformal transformations to fix a gauge where bµ = 0, which is a very conve-

nient choice. This should then, together with the Λ
(K)
a solving δbµ = 0, be inserted into

the expressions for δeµ
a, δωµ

a and δfµ
a, resulting in new expressions for these gauge

transformations.

7.2 The Bosonic Case

Let us first solve the zero field strength equation in the purely bosonic case, i.e., when
only the conformal algebra is considered. By first implementing our gauge choice b = 0
and then inserting the commutator relations of the conformal algebra into equation (7.5)
we find the equations

(Pa) : Dea = 0

(Ma) : dωa + 1
2
εabcω

b ∧ ωc − 2εabce
b ∧ f c = 0

(D) : ea ∧ fa = 0

(Ka) : Dfa = 0,

(7.11)

for the projection of respective generator.

The (Pa) equation is precisely the torsion-free condition (2.42), which can be used to
express the spin connection in terms of the frame fields.

Studying the curvature form Ra
b from equation (2.40), we realize that it written in the

one-index form Ra = 1
2
εabcR

bc precisely contains the first two terms in the (Ma) equation
above. By extracting the components of the differential forms we can thus write the (Ma)
equation as

Rµν
a = 4εabce[µ

bfν]
c. (7.12)

Multiplication by ερµa yields the Ricci tensor Rν
ρ on the LHS, since

ερµaRµν
a =

1

2
ερµaε

a
bcRµν

bc = −δρµbc Rµν
bc = −Rµν

ρµ = Rν
ρ, (7.13)
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which means that equation (7.12) implies

Rν
ρ = −8δρµbc e[µ

bfν]
c = −8δ

[ρ
[µfν]

µ] = 2
(
fν
ρ + δρνfµ

µ
)
. (7.14)

By computing the trace of both sides we find that

fµ
µ =

1

8
R, (7.15)

where R is the Ricci scalar. Insertion of this into equation (7.14) then yields

fµν =
1

2

(
Rµν −

1

4
Rgµν

)
, (7.16)

after some renaming of the indices and usage of the metric to lower the upper index.
Note that this, up to a factor of 1

2
, is precisely the Schouten tensor Sµν introduced in

equation (2.53).

Expanding the differential forms, the (D) equation simply states that f[µν] = 0, i.e., that
fµν is symmetric. Since the (Ma) equation implied fµν = 1

2
Sµν which we already know

is a symmetric tensor (since both the Ricci tensor and the metric are symmetric), the
(D) equation is merely an identity providing no new physical information.

The (Ka) equation can be written as

D[µfν]
a = 0. (7.17)

By using the vielbein eρ
a to lower the upper index, which the vielbein postulate (2.33)

allows us to, and implementing equation (7.16) this can be rewritten as

εσ
µνDµSνρ = 0. (7.18)

The quantity on the LHS is precisely the Cotton tensor Cσρ, introduced in equation (2.54).
The vanishing of the Cotton tensor implies that spacetime is conformally flat, which is
an expected result since our theory has not been coupled to matter.

While the (Pa) and (Ma) equations related the different gauge fields to each other and the
(D) equation was merely an identity, the Cotton equation Cµν = 0 is the field equation
for free three-dimensional conformal gravity. The seven equations projected from F = 0
in the supersymmetric case will play similar roles. But here, also a corresponding field
equation for the fermionic fields, the so-called Cottino equation, and a field equation
for the non-abelian gauge field aIJ must appear. Both the (super)Cotton and Cottino
equations will prove to couple the bosonic gauge fields to the fermionic ones.
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7.3 The Supersymmetric Case

By inserting the superconformal algebra (6.28) into the zero field strength equation (7.5)
we find the following seven equations:

(Pa) : dea + εabcω
b ∧ ec + i(γa)αβχαI ∧ χβI = 0

(QαI) : dχαI − aIJ ∧ χαJ − (γa)αβe
a ∧ ψβI + 1

2
(γa)α

βωa ∧ χβI = 0

(Ma) : dωa + 1
2
εabcω

b ∧ ωc − 2εabce
b ∧ f c + 2i(γa)β

αχαI ∧ ψβI = 0

(D) : −ea ∧ fa + iχαI ∧ ψαI = 0

(T IJ) : daIJ + a[I|K| ∧ aKJ ] + 4iχα[I ∧ ψαJ ] = 0

(Sα
I) : dψαI − aIJ ∧ ψαJ − 1

2
(γa)β

αωa ∧ ψβI + (γa)
αβfa ∧ χβI = 0

(Ka) : dfa + εabcω
b ∧ f c − i(γa)αβψαI ∧ ψβI = 0.

(7.19)

After having introduced the shorthand notation

χ̄µ
IγaχνI ≡ χµ

αI(γa)α
βχνβI , (7.20)

which will be used frequently throughout this thesis, the (Pa) equation can be written
as

∂[µeν]
a + εab[νωµ]

b − iχ̄[µ
Iγaχν]

I = 0. (7.21)

By multiplying with ερ
µν and solving for the spin connection we find that

ωa
ρ = ea

ρω − ερµν∂µeνa + iερ
µνχ̄µIγaχν

I , (7.22)

where the trace ω ≡ ωµ
µ can easily be solved for after multiplication by eaρ. This yields

ω =
1

2

(
εaµν∂µeνa + iεµνρχ̄µIγρχν

I
)
, (7.23)

which after insertion into equation (7.22) gives the spin connection

ωa
ρ = −ερµν∂µeνa +

1

2
ea
ρ
(
εb
µν∂µeν

b
)

+ iερµνχ̄µIγaχν
I +

i

2
ea
ρ
(
εµνσχ̄µIγνχσ

I
)
. (7.24)

To show that the first two terms after multiplication by εbρc recreates the torsion-free
connection ωabc(e) from equation (2.43) is merely a question of multiplying Levi-Civita
symbols. In section 2.5 we defined the contorsion as the difference between the complete
(supersymmetric) spin connection and the torsion-free (purely bosonic) one. Hence we
write

ωaρ = ωaρ(e) +Kaρ(χ), (7.25)

where the contorsion is given by

Kaρ(χ) = i

(
ερ
µνχ̄µIγaχν

I +
1

2
eaρ
(
εµνσχ̄µIγνχσ

I
))

. (7.26)

Before setting out to solve the (QαI) equation we will introduce the relevant covariant
derivative. Since the superconformal algebra contains a non-abelian generator, its gauge
field aIJ must be included. The full covariant derivative thus reads

D̂ = d + ω + a, (7.27)
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where ω is the supersymmetric spin connection from equation (7.25), including the con-
torsion. To determine how this derivative acts on fields carrying spinor indices we recall
that the generators of the Lorentz group in the spinor representation2 can be written as
Sab = 1

4
γab. Consequently,

D̂χαI = dχαI + ωab(Sab)α
β ∧ χβI + aJI ∧ χαJ

= dχαI − 1
4
(γab)α

βεabcωc ∧ χβI − aIJ ∧ χαJ

= dχαI + 1
2
(γa)α

βωa ∧ χβI − aIJ ∧ χαJ . (7.28)

With this in mind, the (QαI) equation can be written as

D̂[µχν]αI = (γa)αβe[µ
aψν]

β
I , (7.29)

which implies

ερ
µνD̂µχναI = ψραI − (γρ)α

γ(γν)γβψν
β
I , (7.30)

where we have used the gamma relation (A.7). Upon multiplication of both sides by
(γρ)δ

α we find the γ-trace

(γρ)δ
αψραI = −1

2
ερ
µν(γρ)δ

αD̂µχναI . (7.31)

Insertion into equation (7.30) then yields

ερ
µνD̂µχναI =

1

2
εσ
µν(γργ

σ)α
βD̂µχνβI + ψραI . (7.32)

By once again using the gamma relation (A.7) and solving for ψραI we end up at

ψραI =
1

2

(
ερ
µνD̂µχναI + (γµ)α

βD̂µχρβI − (γν)α
βD̂ρχνβI

)
, (7.33)

which expresses the gravitino field ψ completely in terms of the gauge field χ correspond-
ing to the Q-supersymmetry.

Precisely as in the bosonic case we note that the first two terms in the (Ma) equation
constitute the curvature form Ra written in one-index form. It thus implies

ερµνRµν
a − 4ερµνεabceµ

bfν
c + 2iερµνψ̄µγ

aχν = 0. (7.34)

Solving for the gauge field faρ this yields

faρ =
1

4
ερµνRµν

a + eρaf + iερµνψ̄µIγ
aχν

I . (7.35)

By computing the trace of both sides we obtain

f = −1

8
εa
µνRµν

a +
i

2
εµνλψ̄µIγνχλ

I , (7.36)

2It is easy to verify that these generators obey the Lorentz algebra (4.23).
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which inserted into equation (7.35) gives the gauge field

faρ =
1

8

(
2ερµνRµν

a − eρaεbµνRµν
b
)

+ i

(
ερµνψ̄µIγ

aχν
I +

1

2
eρa
(
εµνλψ̄µIγνχλ

I
))

. (7.37)

It will prove convenient to decompose the dual Riemann tensor Rµν
a appearing here into

its (bosonic) torsion-free and supersymmetric parts. By using equation (7.25) we can
write the curvature form as

Ra = dωa +
1

2
εabcω

b ∧ ωc = d
(
ωa(e) +Ka

)
+

1

2

(
ωb(e) +Kb

)
∧
(
ωc(e) +Kc

)
=

(
dωa(e) +

1

2
εabcω

b(e) ∧ ωc(e)
)

+
(
dKa + εabcω

b(e) ∧Kc
)

+
1

2
εabcK

b ∧Kc

= Ra(e) +D(e)Ka +
1

2
εabcK

b ∧Kc, (7.38)

where we have let Ra(e) denote the purely bosonic curvature form and D(e) = d + ω(e)
is the purely bosonic covariant derivative. Then we can write

Rµν
a = Rµν

a(e) + 2D[µ(e)Kν]
a + εabcKµ

bKν
c, (7.39)

which is the dual Riemann tensor that should be inserted into equation (7.37) for the
gauge field faρ. Note that all quantities appearing in the expression for faρ – i.e. the
bosonic spin connection, the contorsion and the gravitino gauge field – have already
been expressed in terms of the frame field and the gauge field χµαI corresponding to the
Q-supersymmetry. So what we have found is really a solution for faρ.

The (D) equation simply yields

e[µ
afν]a = iχ[µ|αI|ψν]

αI , (7.40)

or equivalently
f[µν] = −iψ̄[µ

Iχν]I . (7.41)

Since we have already found the solutions for the gauge fields fµν and ψµαI , in equa-
tions (7.37) and (7.33) respectively, this equation must precisely as in the bosonic case be
an identity. To verify that this identity is really satisfied by our obtained solutions pro-
vides an excellent check of our previous calculations. Since this calculation is quite lengthy
we will only perform the first steps here, and then leave the rest for appendix B.

Insertion of the dual Riemann tensor Rµν
a into equation (7.37) yields

fσρ =
1

2

( 1

2
ερµνRµν

σ(e)− 1

4
gρσεb

µνRµν
b(e) + ερµνD[µ(e)Kν]

σ +
1

2
ερµνεσbcKµ

bKν
c

+ 2iερµνψ̄µ
IγσχνI + igρσεµνλψ̄µ

IγνχλI

)
, (7.42)

where we have also multiplied by ea
σ. The first two terms constitute the purely bosonic

part which we, in accordance with equation (7.16), expect to equal 1
2
Sσρ with Sσρ being

the bosonic Schouten tensor. This can easily be proven by noting that the relation
Rµν

σ(e) = 1
2
εσληRµν

λη(e) implies

ερµνRµν
σ(e) = 2ερµνεσληδ

λ
µS

η
ν (e) = 2

(
Sσρ(e)− gρσS(e)

)
, (7.43)
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where we have used equation (2.51) relating the Riemann tensor to the Schouten tensor.
By computing the trace of both sides we obtain

S(e) = −1

4
εσ
µνRµν

σ(e). (7.44)

These results imply that the purely bosonic part of fσρ from equation (7.42) can be
written as

1

2

(
1

2
ερµνRµν

σ(e)− 1

4
gρσεb

µνRµν
b(e)

)
=

1

2
Sσρ(e), (7.45)

just like we expected. Since we know that both the Schouten tensor and the metric are
symmetric, the antisymmetric part of fσρ can be written as

f [σρ] = εµν[ρ
(

1

2
Dµ(e)Kν

σ] +
1

4
εσ]bcKµ

bKν
c + iψ̄µIγ

σ]χν
I

)
. (7.46)

In appendix B we prove that this expression for f [σρ] satisfies the identity (7.41).

The (T IJ) equation implies

iχ[µ
α[Iψν]α

J ] = −1

4

(
∂[µaν]

IJ + a[µ
[I|K|aν]K

J ]
)
. (7.47)

Since aIJ is a non-abelian gauge field it has an associated field strength tensor F IJ
µν on

the form of equation (3.26), reading3

F IJ
µν = 2

(
∂[µaν]

IJ + a[µ
[I|K|aν]K

J ]
)
. (7.48)

Then we can simply write

iχ[µ
α[Iψν]α

J ] = −1

8
F IJ
µν , (7.49)

which is the field equation for the non-abelian gauge field.

The (Sα
I) equation can be written as

D̂[µψν]
α
I + (γa)

αβf[µ
aχν]βI = 0. (7.50)

This is the field equation for the spin 3
2

gravitino field. Since it is the fermionic analogue to
the spin 2 Cotton equation it is known as the Cottino equation. From the solution (7.33)
for the gravitino field, we can conclude that the Cottino equation contains derivatives up
to second order on the gauge field χµαI .

The (Ka) equation reads

D̃[µfν]
a − i(γa)αβψ[µ

αIψβν]I = 0, (7.51)

where D̃ ≡ d +ω(e) +K is the full supersymmetric covariant derivative. Note that when
the first two terms in this derivative act on the bosonic part of fν

a they recreate the
LHS of the bosonic (Ka) equation (7.17), which upon multiplication by εσ

µνeρ
a resulted

3Cf., e.g, the gluon field strength tensor in QCD.
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in the bosonic Cotton tensor Cσρ(e). Since we yet have not coupled the field theory to
matter, it must still be conformally flat. This implies that the LHS of equation (7.51),
upon multiplication by εσ

µνeρ
a, must yield the supersymmetric Cotton tensor Cσρ. The

(Ka) equation, thus, once again results in the Cotton equation Cσρ = 0, which is the field
equation for the spin 2 gravitational field.

To summarize, the zero field strength equation resulted in three equations that could be
solved to express the gauge fields ωµ

a, ψµαI and fµ
a in terms of aIJ (appearing only in the

covariant derivatives), eµ
a and χµαI , one identity that these solutions satisfy and three

field equations describing the dynamics of the theory.
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Chapter 8

The Unfolded Equation

In the previous chapter we derived the field equations of our superconformal field theory
by solving the zero field strength equation stemming from Chern-Simons theory. In
this chapter we will instead employ the unfolded formulation of higher spin theory to
describe the theory. The exact relation between these two approaches is still unknown.
An understanding of this might be one of the keys in the process of utilizing the theory
to gain new insights in string and M-theory via the AdS/CFT correspondence.

The initial part of this chapter will be devoted to establishing the setup of the unfolded
formalism. In particular, we will give the explicit form of the unfolded equation in the
context of superconformal field theories. Then we will perform the explicit unfolding of
the bosonic spin 2 theory. By continuously comparing the obtained results with those
from section 7.2 stemming from the zero field strength equation we will illustrate that
the two approaches yield equivalent result in this case, something that was first observed
in [14]. Finally, we will explicitly unfold the spin 2 truncation of the full supersymmetric
theory.

8.1 The Unfolded Setup

From equation (5.4) we know that the zero-form master field appearing in the unfolded
equation (5.5) can be expanded in terms of the SL(2,R) spinors pα as

Φ(x) =
∞∑
n=0

φα1...αn(x)pα1 . . . pαn . (8.1)

In chapter 6 we gave two possible interpretations of pα, either as the phase-space variable
of conjugate momentum or as the momentum operator. We also expressed the generator
of special conformal transformations as Ka = −1

2
(γa)

αβpαpβ. This indicates that Φ(x)
can instead be expanded in terms of products of the generators Ka. However, since we
will employ the operator formulation of the algebra, Φ(x) must act on a state. We let
the operators pα take the role of creation operators and introduce a vacuum |0〉 that is

63
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excited by them. The other SL(2,R) operator qα must then correspond to the operators
annihilating the vacuum, which we consequently denote by |0〉q1.

Following this analysis we can write the bosonic part of Φ(x), i.e. the terms containing
an even number of pα operators, as

Φ̃(x) |0〉q =
∞∑
n=0

(−i)nφa1...an(x)Ka1...an |0〉q , (8.2)

where Ka1...an ≡ Ka1 . . . Kan and we have employed a different normalization. Similarly,
we can write the fermionic part of Φ(x), i.e. the terms containing an odd number of pα
operators, as

ϕ(x) |0〉q =
∑
n=0

(−i)nϕαa1...an(x)Ka1...anpα |0〉q . (8.3)

Note that the fields on the RHS will always carry a spinor index α, indicating that they
are fermionic.

Although this decomposition of the master field Φ(x) into its bosonic and fermionic parts
is conceptually correct, we need to understand it in more detail to be able to solve the
unfolded equation. In particular the role played by the vacuum state will prove to be
of great importance. We have already introduced a vacuum state |0〉q and argued that
it should be excited by the pα operators and annihilated by the qα operators. However,
when we in section 6.2 constructed the superconformal algebra we also had to introduce
the generators T IJ = i

4
λ[IλJ ] of the SO(N) R-symmetry, with N being the number of

supersymmetries of the theory. Also this symmetry must have associated creation and
annihilation operators which we will denote a†i and ai, respectively, where i = 1, . . . , N

2
.

Assuming2 N = 8, the complete decomposition of Φ(x) must thus be of the form

Φ(x) |0〉q,a =
[(
φ+ φija†ia

†
j + φ̃a†1a

†
2a
†
3a
†
4

)
+
(
ϕαia†i + ϕαijka†ia

†
ja
†
k

)
pα

−i
(
φa + φaija†ia

†
j + φ̃aa†1a

†
2a
†
3a
†
4

)
Ka − i

(
ϕαaia†i + ϕαaijka†ia

†
ja
†
k

)
Kapα

+ . . .
]
|0〉q,a , (8.4)

where we have introduced a vacuum state |0〉q,a that is annihilated by both qα and ai and
the spacetime dependence of the fields has not been written out explicitly.

It is now convenient to collect the bosonic and the fermionic states that are annihilated
by the operator qα into one vector each. We name them |S〉A and |C〉Ȧ, respectively, and
assuming that |0〉q,a is bosonic they must read

|S〉A ≡

 |0〉q,a
a†ia
†
j |0〉q,a

a†1a
†
2a
†
3a
†
4 |0〉q,a

 , |C〉Ȧ ≡

(
a†i |0〉q,a

a†ia
†
ja
†
k |0〉q,a

)
. (8.5)

1To be completely rigorous we should not regard this vacuum state as a Fock vacuum but as an eigenstate
with eigenvalue zero, meaning |0〉q ≡ |q = 0〉, a description well-known from ordinary quantum mechanics.

2Such theories are known as BLG theories and were, in the context of M-theory, introduced independently by
Bagger and Lambert in [42,43] and by Gustavsson in [44].
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Although these vectors are only annihilated by qα, and not by ai, we will refer to them
as the |S〉A and |C〉Ȧ-vacua. Since the indices labelling these vacua are in different repre-
sentations of SO(8) (the so-called chiral irreducible representations 8s and 8c associated
with bosonic and fermionic fields, respectively) we have put a distinguishing dot on one
of them. Note, however, that |S〉A and |C〉Ȧ both contain 8 states. We can now rewrite
the expansion of Φ(x) from equation (8.4) as

Φ(x) |0〉q =
∞∑
n=0

(−i)n
(
φAa1...an(x)Ka1...an |S〉A + ϕȦαa1...an(x)Ka1...anpα |C〉Ȧ

)
, (8.6)

which we note resembles the expansions from equations (8.2) and (8.3) a lot. This is the
expansion of the master field Φ(x) we will use in the unfolded equation.

In section 6.3 we identified the higher spin generators Ka1...an as totally traceless and
symmetric in all pairs of the indices a1, . . . , an (meaning they are irreducible representa-
tions of sl(2,R)). The same must consequently hold both for the bosonic fields φAa1...an

and the fermionic fields ϕȦαa1...an . Note, however, that also the operators Ka1...anpα must
be irreducible representations. This implies that also the gamma traces of the fermionic
fields must vanish, meaning

(γa1)βαϕ
Ȧαa1...an = 0. (8.7)

These are all properties that will be frequently used when the explicit unfolding is to be
performed.

The possibility of representing the three-dimensional conformal group SO(3, 2) as the
direct sum of one fermionic and one bosonic representation was first discovered by Dirac
in 1963 [45], and is referred to as the singleton representation. In the context of field
theory, this corresponds to decomposing the massless master field Φ(x) |0〉 into the direct
sum of a spinorial master field (the second term in equation (8.6)) and a scalar master field
(the first term). Cleverly enough, the former is known as the Rac-singleton RacA |S〉A
and the latter as the Di-singleton DiȦ |C〉Ȧ, so the decomposition can be written as
Φ(x) |0〉 = Di⊕Rac.

8.1.1 Explicit Construction of the Singleton Representation

In the previous section we decomposed the master field Φ(x) |0〉q,a into the Dirac singleton

representation by describing the SO(N) R-symmetry in terms of abstract annihilation and

creation operators ai and a†i , where i = 1, . . . , N
2

. In this section we will illustrate how
this is done explicitly in terms of the operators λI that we in section 6.2 used to construct
the SO(N) generators T IJ . In this process we will understand how both λI and T IJ act
on the two singleton vacua |S〉A and |C〉Ȧ. This will be absolutely necessary to know
when we in section 8.3 want to solve the supersymmetric unfolded equation.

Since the operators λI in accordance with equation (6.17) satisfy the Clifford algebra,
they can be represented as the 16× 16 dimensional gamma matrices of SO(8), which we
will denote ΓI (we keep studying BLG theories, having N = 8). A convenient way to find
a representation of these is to construct direct products of the three-dimensional gamma
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matrices listed in appendix A. Assuming we want ΓI to be real and off-diagonal matrices
we can use the construction

Γ1 = γ1 ⊗ 1 ⊗ 1 ⊗ 1, Γ5 = γ0 ⊗ 1 ⊗ γ1 ⊗ γ0,
Γ2 = γ0 ⊗ γ0 ⊗ γ0 ⊗ γ0, Γ6 = γ0 ⊗ 1 ⊗ γ2 ⊗ γ0,
Γ3 = γ0 ⊗ γ1 ⊗ γ0 ⊗ 1, Γ7 = γ0 ⊗ γ0 ⊗ 1 ⊗ γ1,
Γ4 = γ0 ⊗ γ2 ⊗ γ0 ⊗ 1, Γ8 = γ0 ⊗ γ0 ⊗ 1 ⊗ γ2.

(8.8)

By studying the representations of γµ we see that Γ1 =
(

0 18
18 0

)
. The remaining ΓI have

γ0 as the leftmost gamma matrix in their direct products. This implies that all ΓI can
be written in the form

ΓI =

(
0 σI

σ̄I 0

)
, (8.9)

where σI = (1, σĨ) and σ̄I = (1,−σĨ) for some 8× 8 matrices σĨ , Ĩ = 2, . . . , 8.

Knowing that the operators λI can be represented as gamma matrices ΓI , the method for
constructing the creation and annihilation operators a†i and ai is well-known. We simply
let

a†i =
1

2

(
λ2i−1 − iλ2i

)
, ai =

1

2

(
λ2i−1 + iλ2i

)
, (8.10)

where i = 1, . . . , N
2

. It is trivial to verify that these operators satisfy the commutation
relations of creation and annihilation operators, i.e.,

{a†i , aj} = δji

{a†i , a
†
j} = {ai, aj} = 0.

(8.11)

By inverting the relations in equation (8.10) we find that the operators λI can be written
as

λ2i−1 = ai + a†i , λ2i = i(a†i − ai), (8.12)

for i = 1, . . . , N
2

. When working with this representation we should modify the extended
star product from equation (6.30) to contain the creation and annihilation operators
instead of λ.

In the previous section we decomposed |0〉q – i.e., the set of states created by powers

of the creation operators a†i acting on the vacuum state |0〉q,a – into a direct sum of a

bosonic vacuum |S〉A and a fermionic vacuum |C〉Ȧ. This means it can be written on the
form3

|0〉q =

(
|S〉A
|C〉Ȧ

)
. (8.13)

By acting with the operators from equation (8.12) on this state, one easily verifies that

λI
(
|S〉A
|C〉Ȧ

)
= ΓI

(
|S〉A
|C〉Ȧ

)
, (8.14)

3Note that the notation in equation (8.6) thus is a little bit sloppy. Instead of writing |S〉A and |C〉Ȧ on

the RHS we should really have written the vectors
( |S〉A

0

)
and

(
0
|C〉

Ȧ

)
, respectively. This subtlety is henceforth

implicitly understood.
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with ΓI being the gamma matrix representations from equation (8.8) (at least up to
uninteresting multiplicative factors). By using that the matrices ΓI can be written on
the form in equation (8.9) we can write

λI
(
|S〉A
|C〉Ȧ

)
=

(
0 (σI)A

Ȧ

(σ̄I)Ȧ
A 0

)(
|S〉A
|C〉Ȧ

)
=

(
(σI)A

Ȧ |C〉Ȧ
(σ̄I)Ȧ

A |S〉A

)
, (8.15)

which tells us how the operators λI act on the different vacua. This way of representing the
gamma matrices is generally referred to as the Weyl (chiral) representation. There, the
two subrepresentations are often referred to as the S (positive chirality) and C (negative
chirality) representations, which explains our naming of the vacua.

We also want to know how the SO(N) generators T IJ ≡ i
4
λ[IλJ ] look in this representa-

tion. By definition they can be represented as the matrices

i

4
Γ[IΓJ ] =

i

4

(
σ[I σ̄J ] 0

0 σ̄[IσJ ]

)
=
i

4

(
σIJ 0
0 σ̄IJ

)
, (8.16)

where the last equality is customary notation. When T IJ acts on the vacuum we ob-
tain

T IJ
(
|S〉A
|C〉Ȧ

)
=
i

4

(
(σIJ)A

B |S〉B
(σ̄IJ)Ȧ

Ḃ |C〉Ḃ

)
, (8.17)

which will be a useful fact when we in section 8.3 set out to solve the supersymmetric
unfolded equation.

8.2 Unfolding the Bosonic Equation

To illustrate the explicit unfolding procedure we will begin by solving the significantly
less complicated bosonic unfolded equation, truncated at the spin 2 level. Since we
in section 6.3 showed that the spin 2 algebra is closed, this is a consistent truncation.
In addition to showing how the field equations can be extracted, we will continuously
compare the obtained results with those stemming from the bosonic zero field strength
equation, which was studied in section 7.2. By doing so we will be able to show that the
two approaches yield completely equivalent results in this case.

The source-free, bosonic unfolded equation reads

DΦ(x) |0〉q = 0, (8.18)

where the master field Φ(x) can be expanded as in equation (8.2), i.e.,

Φ(x) |0〉q =
∞∑
n=0

(−i)nφa1...an(x)Ka1...an |0〉q . (8.19)

The exterior covariant derivative is given by D = d + A with

A =
∞∑
n=1

(−i)nAn, (8.20)
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where the m-th term contains the spin s = m+ 1 generators

Am = ea1...amPa1...am + ωa1...amMa1...am + fa1...amKa1...am , (8.21)

and we have implemented the gauge choice b = 0 that was discussed in section 7.1.1.

The LHS of the unfolded equation (8.18) thus contains terms of all spins s and all levels
n of the generators Ka1...an up to infinity. We will truncate it at spin s = 2 and level
n = 2. Due to the former we can set A = (−i)A1 and due to the latter we can truncate
the expansion (8.19) of the master field after the n = 3 term4. Hence we can write the
LHS of the unfolded equation as

DΦ(x) |0〉q =
[(

d− iA1

) 3∑
n=0

(−i)nφa1...anKa1...an

]
|0〉q +O(n = 3, s = 3). (8.22)

To explicitly unfold this expression into respective level n = 0, 1, 2, we first need to
investigate how the different generators act on the vacuum. We find that

Pa |0〉q = −1

2
(γa)αβq

αqβ |0〉q = 0, (8.23)

Ma |0〉q = −1

2
(γa)

β
α qαpβ |0〉q = −1

2
(γa)

β
α [qα, pβ] |0〉q = − i

2
(γa)

α
α |0〉q = 0, (8.24)

D |0〉q = −1

4
(qαpα + pαq

α) |0〉q = − i
4
δαα |0〉q = − i

2
|0〉q , (8.25)

meaning that the vacuum is translationally and rotationally invariant but not scale in-
variant, which is a reasonable result.

To derive the level n = 0, 1 and 2 equations is now simply a matter of inserting the gauge
potential A1 into equation (8.22) and using the commutation relations of the conformal
algebra (4.26) to eliminate the generators appearing in addition to Ka1...an . At level n = 0
we get the contribution dφ(x) |0〉q from the exterior derivative, but also

− ebφaPbKa |0〉q = 2iebφa(ηabD + εab
cMc) |0〉q = eaφa |0〉q (8.26)

from the term −A1φ
aKa in the expansion. By writing out the form-index explicitly, the

level n = 0 unfolded equation can thus be written as(
∂µφ+ φµ +O(s = 3)

)
|0〉q = 0, (8.27)

where O(s = 3) denotes all terms of spin 3 and higher.

At level n = 1 we have, in addition to the derivative (−i)(dφa)Ka |0〉q, contributions from

the first three potential terms in equation (8.22). The first one yields the contribution
(−i)faφKa |0〉q, the second one yields

(−i)2ωbφaMbKa |0〉q = −iε c
ab ω

aφbKc |0〉q , (8.28)

4Recall that we want to keep terms of order Kab in the generators after having applied the covariant derivative,
and the generators of A1 appearing in this derivative may lower this level at most one step.
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and the third one yields

(−i)3φabecPcKaKb |0〉q = iφabec
(
KaPc − 2i(ε d

ca M
d + ηacD)

)
Kb |0〉q

= 2φabec
(
KaηbcD + iεac

dεdb
eKe −

i

2
ηacKb − iηacKb

)
|0〉q

= −i
(
φabebKa + 3φabeaKb + 2φabebKa − 2φ a

a e
bKb

)
|0〉q , (8.29)

where we have used equation (8.25). By now using our observation that the flat indices
are in symmetrized traceless representations, which implies that φab = φba and φ a

a = 0,
this can be written as

iφabecPcKaKb |0〉q = −6iφabebKa |0〉q . (8.30)

By adding up all contributions, also writing out the form-index, we find the level n = 1
equation to read (

Dµφ
a + fµ

aφ+ 6φµ
a +O(s = 3)

)
Ka |0〉q = 0. (8.31)

Here we have combined the partial derivative and the contribution from equation (8.28)
into the covariant derivative D = d + ω containing only the spin 2 connection, used
extensively previously in this thesis (see, e.g, equation (7.10)).

Also at level n = 2, there are three potential terms contributing. The first contribution
reads (−i)2f bKbφ

aKa |0〉q = −faφbKab |0〉q and the second one reads

(−i)3ωcMcφ
abKab |0〉q = iωcφab(KaMc + iεca

dKd)Kb |0〉q = 2εac
dωcφabKbd |0〉q , (8.32)

which we note is the spin connection part of the derivative term (−i)2(Dφab)Kab |0〉q.
Finally, from the term (−i)4A1φ

abcKabc |0〉q we get the contribution

φabcedPdKabc |0〉q = φabced(KaPd − 2iεda
eMe − 2iηadD)KbKc |0〉q

= φabced
(
KaKbPd − 2iKaεdb

eMe − 2iKaηbdD − 2iε e
da KbMe

+ 2εda
eεeb

fKf − 2iηadKbD − 2ηadKb

)
Kc |0〉q

= −φabc
(
ecKaKb + 4δcedbe

dKaKe + 3ebKaK
c + 4δcedae

dKbKe

+ 2ebKaK
c + 5eaKbK

c
)
|0〉q

= −15φabcecKab |0〉q ,

(8.33)

where we again have used that the flat indices are in the symmetrized traceless represen-
tation. Adding up the different contributions we find the level n = 2 unfolded equation
to read (

Dµφ
ab + fµ

aφb + 15φµ
ab +O(s = 3)

)
Kab |0〉q = 0. (8.34)

Here we need to be careful, we cannot just set the expression in parentheses to zero.
While the scalar fields φa1...an are symmetric and traceless in the flat indices, this is not
the case for the term fµ

aφb. Hence, if we want to eliminate the generator Kab from
the equation (which imposes the a and b indices to be in the symmetrized traceless
representation), we must only include the symmetric and traceless part of fµ

aφb, which
reads fµ

(aφb) − 1
3
ηabfµcφ

c.
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We have now derived the unfolded equations up to spin 2 at level n = 0, 1 and 2. For
clarity, we repeat our results:

n = 0 : ∂µφ+ φµ +O(s = 3) = 0, (8.35)

n = 1 : Dµφ
a + fµ

aφ+ 6φµ
a +O(s = 3) = 0, (8.36)

n = 2 : Dµφ
ab + fµ

(aφb) − 1

3
ηabfµcφ

c + 15φµ
ab +O(s = 3) = 0. (8.37)

To solve this set of equations we will decompose each of them into its constituent irre-
ducible representations.

8.2.1 The Decomposition into Irreducible Representations

Since the n = 0 unfolded equation only carries one index, it is already irreducible. The
level n ≥ 1 equations can, however, be split further into three irreducible parts: a trace,
an antisymmetric part and a traceless symmetric part5. We will refer to these as the
n−, n0 and n+ equations, respectively. To reach the n− equations we need, for instance,
to multiply the original equations by the frame field ea

µ. Note that we thanks to the
vielbein postulate (2.33) can let ea

µ pass the covariant derivative without any correctional
term.

For n = 1 we then find the irreducible equations

n = 1− : Dµφ
µ + fµ

µφ = 0, (8.38)

n = 10 : εµνa(Dµφν + fµνφ) = 0, (8.39)

n = 1+ : D(µφν) + f(µν)φ+ 6φµν = 0, (8.40)

where we have omitted the higher spin terms. By using that the level n = 0 equa-
tion (8.35) implies φµ = −∂µφ, these can be rewritten as

n = 1− : −�φ+ fµ
µφ = 0, (8.41)

n = 10 : εµνafµνφ = 0, (8.42)

n = 1+ : −D(µ∂ν)φ+ f(µν)φ+ 6φµν = 0. (8.43)

The n = 1− is the Klein-Gordon equation in curved spacetime. When we in a moment
will have found the solution for the gauge field fµν (from the n = 2− equation), we will
see how it looks explicitly. The n = 10 equation states that f[µν] = 0, i.e., that the
gauge field fµν is symmetric. This agrees with what we found from the zero field strength
equation in section 7.2. The n = 1+ can be solved for the field φµν , yielding

φµν =
1

6

(
D(µ∂ν)φ− f(µν)φ

)
, (8.44)

which can be used to solve the n = 2 equations.

5This decomposition should be implemented for the curved and one of the flat indices; we already know that
the flat indices are in the symmetrized traceless representation in these equations.
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Similarly, we find the irreducible representations of the n = 2 equation (8.37) to read

n = 2− : Dµφ
µa +

1

2
fµ

µφa +
1

6
fabφb = 0, (8.45)

n = 20 : εµν(a
(
Dµφν

b) +
1

2
fµ

b)φν

)
= 0, (8.46)

n = 2+ : D(µφνρ) + f(µνφρ) + 15φµνρ = 0, (8.47)

where we have repeatedly used that the n = 10 equation implied fµν to be symmetric. We
will now solve the n = 2− equation. By inserting the expression (8.44) for φµν stemming
from the n = 1+ equation, it can be written as

�∂µφ−
1

3
Dµ�φ− (Dνfµ

ν)φ− 2fµ
ν∂νφ+

1

3
(Dµfν

ν)φ− 8

3
fν
ν∂µφ = 0. (8.48)

The first term can be rewritten as

�∂µφ = Dµ�φ+ [�, Dµ]φ = Dµ�φ+Rν
µν
ρDρφ = Dµ�φ+Rµ

ν∂νφ, (8.49)

where we have used the Ricci identity (2.44) and that the Riemann curvature tensor
acting on the scalar field φ yields zero. We can then use the Klein-Gordon equation (8.38)
to write

Dµ�φ = Dµ(fν
νφ) = (Dµfν

ν)φ+ fν
νDµφ. (8.50)

Insertion of these results into equation (8.48) yields

(Rµν − 2fµν − 2fρ
ρgµν)∂

νφ− (Dνfµ
ν −Dµfν

ν)φ = 0. (8.51)

The solution to this equation is simply

fµν =
1

2
Sµν =

1

2

(
Rµν −

1

4
Rgµν

)
, (8.52)

since both expressions in parentheses then vanish. The first one vanishes directly upon
insertion and the second one after implementation of the relation in equation (2.47),
stemming from the Bianchi identity. Note that this is the exact same solution for fµν as
the one we found in equation (7.16), by solving the zero field strength equation.

By inserting the solution for fµν into the Klein-Gordon equation (8.41) we find it to read

�φ− 1

8
Rφ = 0, (8.53)

which is the correct form of the Klein-Gordon equation in curved spacetime [14]. This
indicates that the unfolded formulation we used when constructing the scalar master
field was really correct. We also want to insert the solution for fµν into the n = 20

equation (8.46). By first using the result φµ = −∂µφ from the n = 0 equation and the so-
lution (8.44) for φµν from the n = 1+ equation, we can write the n = 20 equation as

εµν(a
[
DµDν∂

b)φ− (Dµfν
b))φ− 2fµ

b)∂νφ
]

= 0. (8.54)
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We now note that the Ricci identity and equation (2.50) for the Riemann tensor, can be
used to write

εµν(ρDµDν∂
σ)φ =

1

2
εµν(ρRµν

σ)λ∂λφ = ενλ(ρRν
σ)∂λφ, (8.55)

which can be applied to the first term above. We then find the n = 20 equation to
read

εµν(a
[
Rµ

b)∂νφ− (Dµfν
b))φ− 2fµ

b)∂νφ
]

= 0. (8.56)

By finally inserting the solution (8.52) for fµν this yields

εµν(aDµRν
b)φ = 0. (8.57)

Note that the LHS is precisely Cabφ, with the Cotton tensor Cab written on the form of
equation (2.56). Hence we have once again obtained the Cotton equation, just like we
did by solving the zero field strength equation.

To summarize we have now showed that the zero field strength equation and the unfolded
equation yield equivalent results for the purely bosonic theory, the solution fµν = 1

2
Sµν for

one of the gauge fields and the Cotton equation as the field equation. The Klein-Gordon
equation we found from the unfolded n = 1− equation only contains information on the
scalar field that is introduced together with the unfolded formalism. Since it neither
contains dynamics for the higher spin fields nor couples them to the scalar field, it carries
no physical information on the higher spin theory itself.

8.3 Unfolding the Supersymmetric Equation

To solve the supersymmetric unfolded equation, we will use the singleton expansion
constructed in equation (8.6) as our master field Φ(x) |0〉q. The spin 2 gauge potential
appearing in the covariant derivative D = d + A is now

A1 = eaP
a + ωaM

a + faK
a + aIJT

IJ + i(χαIQ
αI + ψαISα

I), (8.58)

which is equation (7.6) with the gauge choice b = 0 implemented. By once again trun-
cating after level n = 2 and spin s = 26, we find the contributing terms on the LHS of
the unfolded equation to read

DΦ(x) |0〉q =(d− iA1)
[(
φA − iφAaKa + (−i)2φAabKab + (−i)3φAabcKabc

)
|S〉A

+
(
ϕȦα − iϕȦαaKa + (−i)2ϕȦαabKab

)
pα |C〉Ȧ

]
+O

(
n = 5

2
, s = 3

)
. (8.59)

The unfolding procedure will be analogous to the bosonic case. We will first implement
the commutation relations of the superconformal algebra to split the unfolded equation
into its different levels n, and then further decompose these into their irreducible repre-
sentations. Note that the terms appearing in the bosonic equations (8.35)-(8.37) must
once again appear7. However, there will also be supersymmetric contributions, stemming

6Recall that this is consistent since we in section 6.3 showed that the spin 2 algebra is closed.
7But now with an additional index A on the scalar fields φa1...an and acting on the bosonic |S〉A vacuum.
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both from the new terms in the gauge potential (8.58) and from the new spinorial sin-

gleton fields ϕȦαa1...an . It will also appear two new equations, the level n = 1
2

and n = 3
2

equations yielding the fermionic field equations.

At level n = 0 there are two supersymmetric contributions. From the term (−i)A1φ
A |S〉A

we get the contribution

(−i)aIJT IJφA |S〉A =
1

4
aIJ(σIJ)A

BφA |S〉B , (8.60)

where we have used our observation from equation (8.17) how the generators T IJ act
on the vacuum states. Note that this is the non-abelian part of the covariant derivative
DφA |S〉A written in the spinor representation, where D = d + ω + a as introduced in

equation (7.27). Furthermore, the term (−i)A1ϕ
Ȧαpα |C〉Ȧ yields the contribution

χβIQ
βIϕȦαpα |C〉Ȧ = χβIλ

IqβϕȦαpα |C〉Ȧ = −iχαIϕȦαλI |C〉Ȧ
= −iχαI(σ̄I)Ȧ

AϕȦα |S〉A , (8.61)

where we have used that λI and ϕȦα are both Grassmann odd, meaning they anti-
commute, and we in the last step used equation (8.14) telling us how λI acts on the
vacuum states. By combining these contributions with the purely bosonic ones from
equation (8.35), we find the n = 0 unfolded equation to read

(Dµφ
A + φµ

A − iχµαI(σ̄I)Ȧ
AϕȦα) |S〉A = 0, (8.62)

where we have written out the form-index explicitly and used that the spin connection
term in the covariant derivative does not exist for n = 0.

To derive the n = 1
2

equation, it is first convenient to derive how the bosonic generators
act on the state pα |0〉q. We find that

Papα |0〉q=−1

2
(γa)βγq

βqγpα |0〉q=−1

2
(γa)βγq

β(pαq
γ + iδγα) |0〉q = 0, (8.63)

Mapα |0〉q=−1

2
(γa)

γ
β q

βpγpα |0〉q=− i
2

(γa)
γ
β (δβαpγ + δβγpα) |0〉q=− i

2
(γa)

γ
α pγ |0〉q, (8.64)

Dpα |0〉q=−1

4
(qβpβ + pβq

β)pα |0〉q=−1

2
(i+ pβq

β)pα |0〉q=−ipα |0〉q , (8.65)

which will be used repeatedly below. Studying equation (8.59) we realize that there, in

addition to the exterior derivative dϕȦα |C〉Ȧ, are four more terms contributing to the

unfolded n = 1
2

equation. The term (−i)A1ϕ
Ȧαpα |C〉Ȧ yields the contribution

−i
(
ωaM

a+aIJT
IJ
)
ϕȦαpα |C〉Ȧ=

(
−1

2
(γa)β

αωaϕ
Ȧβ +

1

4
aIJ(σ̄IJ)Ḃ

ȦϕḂα
)
pα |C〉Ȧ , (8.66)

which we note is precisely the spin connection and non-abelian parts of the covariant

derivative (DϕȦα)pα |C〉Ȧ, see equation (7.28). There are also contributions from the
terms

ψαISα
IφA |S〉A = ψαIφ

AλIpα |S〉A = ψαI(σ
I)A

ȦφApα |C〉Ȧ (8.67)
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and

(−i)χαIQαIφAaKa |S〉A=−χαI(γa)αβSβIφAa |S〉A=−χαI(γa)αβ(σI)A
ȦφAapβ |C〉Ȧ , (8.68)

where we have used that φA and φAa by construction are Grassmann even (bosonic). The
final contribution to the n = 1

2
equation reads

−ϕȧαaebPbKapα |C〉Ȧ = 2iϕȦαaeb(εba
cMc + ηabD)pα |C〉Ȧ

= ϕȦαaeb
(
εba

c(γc)
β
α pβ + 2ηabpα

)
|C〉Ȧ

= ϕȦαaeb
(
(γbγa)

β
α pβ + ηabpα

)
|C〉Ȧ . (8.69)

Here, we note that the first term can be written on the form

ϕȦαaeb(γbγa)
β
α pβ |C〉Ȧ = ϕȦαaeb

(
(γa)α

γ(γb)γ
β + 2ηabδ

β
α

)
pβ |C〉Ȧ , (8.70)

where the first term is the gamma trace we from equation (8.7) know must vanish. The
total contribution from this term is thus

− ϕȧαaebPbKapα |C〉Ȧ = 3ϕȦαbebpα |C〉Ȧ . (8.71)

By collecting the terms we then find the unfolded n = 1
2

equation to read

(Dµϕ
Ȧα + 3ϕµ

Ȧα + ψµ
α
I(σ

I)A
ȦφA − χµβI(σI)AȦ(γa)

βαφAa)pα |C〉Ȧ = 0, (8.72)

with the form-index written out explicitly.

The procedure for deriving the level n = 1, 3
2

and 2 equations is completely analogous.
Since the calculations of some of the terms appearing in these equations are a bit lengthy,
and to avoid repetition, we refer to appendix C for these derivations. There we show that
the first five levels of the source-free unfolded equations can be written as

n = 0 : (Dµφ
A + φµ

A − iχµαI(σ̄I)Ȧ
AϕȦα) |S〉A = 0, (8.73)

n = 1
2

: (Dµϕ
Ȧα + 3ϕµ

Ȧα + ψµ
α
I(σ

I)A
ȦφA − χµβI(γa)βα(σI)A

ȦφAa)pα |C〉Ȧ = 0, (8.74)

n = 1 : (Dµφ
Aa + fµ

aφA + 6φµ
Aa + iψµ

β
I(γ

a)βα(σ̄I)Ȧ
AϕȦα

− 3iχµαI(σ̄
I)Ȧ

AϕȦαa)Ka |S〉A = 0, (8.75)

n = 3
2

:
(
Dµϕ

Ȧαa + 10ϕµ
Ȧαa + fµ

aϕȦα + ψµ
α
I(σ

I)A
ȦφAa

− 2χµβI(γb)
βα(σI)A

ȦφAab
)
Kapα |C〉Ȧ = 0, (8.76)

n = 2 :
(
Dµφ

Aab + fµ
aφbA + 15φµ

Aab + iψµ
β
I(γ

b)βα(σ̄I)Ȧ
AϕȦαa

− 5iχµαI(σ̄
I)Ȧ

AϕȦαab
)
Kab |S〉A = 0, (8.77)

where all terms of spin 3 and higher have been omitted. The next step will be to split
these equations into their irreducible representations.
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8.3.1 The Decomposition into Irreducible Representations

The unfolded n = 0 equation is already irreducible and can be solved for the field φµ
A,

yielding

φµ
A = −Dµφ

A + iχµαI(σ̄
I)Ȧ

AϕȦα. (8.78)

The n = 1
2

equation contains two irreducible representations. The n = 1
2

−
equation is

found by computing the gamma trace of the equation, and by then subtracting this from
the original equation we obtain the n = 1

2

+
equation. Thus we find the equations

n = 1
2

−
: (γµ)γα

(
Dµϕ

Ȧα + ψµ
α
I(σ

I)A
ȦφA − χµβI(γa)βα(σI)A

ȦφAa
)

= 0, (8.79)

n = 1
2

+
: Dµϕ

Ȧα + 3ϕµ
Ȧα + ψµ

α
I(σ

I)A
ȦφA − χµβI(γa)βα(σI)A

ȦφAa − trace = 0, (8.80)

where we in the n = 1
2

−
equation have used that the field ϕµ

Ȧα, in accordance with

equation (8.7), is γ-traceless. By studying the first term we identify the n = 1
2

−
equation

as the Dirac equation in curved spacetime. Note, in particular, that it contains terms
that couple the matter fields to gravity.

The term written as “trace” in the n = 1
2

+
equation simply denotes the gamma trace

from the n = 1
2

−
equation. This means that it must always vanish on shell, i.e., when

the Dirac equation is satisfied. Assuming this is the case, the n = 1
2

+
equation can be

solved for the field ϕµ
Ȧα, yielding

ϕµ
Ȧα = −1

3

(
Dµϕ

Ȧα + ψµ
α
I(σ

I)A
ȦφA − χµβI(γa)βα(σI)A

ȦφAa
)
, (8.81)

which can then be inserted into the higher level equations.

Before decomposing the higher level equations into irreducible representations, we will

make an important observation. The solutions we have found above for φµ
A and ϕµ

Ȧα

carry a curved index, whereas the n = 1 equation contains these fields with a flat index.
Hence we want to act on the n = 1 equation with a vielbein eνa. But then we need to recall
that the vielbein postulate Dµeν

a = 0 only holds in the bosonic case. In equation (2.61)
we saw that the vielbein postulate of supergravity reads

Dµeν
a = Kµν

a = εabcKµ
beν

c, (8.82)

where Kµ
b is the contorsion tensor. Since

eνaDµφ
Aa = Dµφν

A − (Dµeνa)φ
Aa, (8.83)

the contorsion term will appear as a compensating term in all higher level equations.
The contorsion tensor of our theory was derived in equation (7.26). Insertion of this into
equation (8.82) yields

Dµeνa = iεabc

(
εbρσχ̄ργµχσ +

1

2
eµ
bερσλχ̄ργσχλ

)
eν
c

= i
(

2δρσac χ̄ργµχσeν
c +

1

2
εaµν(ε

ρσλχργσχλ)
)

= i
(
2χ̄aγµχν − χ̄µγνχa + χ̄µγaχν + χ̄νγµχa

)
= i
(
χ̄aγµχν − χ̄µγνχa + χ̄µγaχν

)
, (8.84)
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where we repeatedly have used that

χ̄νγµχa = χν
α(γµ)α

βχaβ = −χνα(γµ)β
αχa

β = −χ̄aγµχν (8.85)

and we have suppressed the vector index I labelling all χ-fields. Equation (8.84) can now
be used to very conveniently derive the contorsion terms that should be included in the
irreducible representations of the level n = 1, 3

2
and 2 unfolded equations.

By using what we just learned we can write the n = 1 equation (8.75) as

Dµφν
A + fµνφ

A + 6φµν
A + iψµ

β
I(γν)βα(σ̄I)Ȧ

AϕȦα − 3iχµαI(σ̄
I)Ȧ

Aϕν
Ȧα

− i
(
χ̄aIγµχν

I − χ̄µIγνχaI + χ̄µIγaχν
I
)

= 0. (8.86)

The decomposition into irreducible representation then reads

n = 1− : Dµφ
µA + fµ

µφA + iψµ
β
I(γ

µ)βα(σ̄I)Ȧ
AϕȦα − 3iχµαI(σ̄

I)Ȧ
AϕµȦα

− 2iχ̄aIγ
µχµ

IφAa = 0, (8.87)

n = 10 : εµνa
[
Dµφν

A + fµνφ
A + iψµ

β
I(γν)βα(σ̄I)Ȧ

AϕȦα − 3iχµαI(σ̄
I)Ȧ

Aϕν
Ȧα

− iχ̄µIγbχνIφAb
]

= 0, (8.88)

n = 1+ : D(µφν)
A + f(µν)φ

A + 6φµν
A + iψ(µ

β
|I(γν))βα(σ̄I)Ȧ

AϕȦα

− 3iχ(µ|αI(σ̄
I)Ȧ|

Aϕν)
Ȧα − 2iχ̄aIγ(µχν)

IφAa = 0. (8.89)

By inserting the solution (8.78) for φµ
A we see that the first term in the n = 1− equation

reads −�φA so this is once again the Klein-Gordon equation, although this time with
additional supersymmetric corrections. After insertion of the solution for φµ

A into the
n = 10 equation, the first term can be rewritten as the field strength tensor for the
non-abelian gauge field. This is, thus, the field equation for the gauge field aIJ . Hence,
if we insert the expression for the field strength tensor we found in equation (7.49) by
solving the zero field strength equation, this should become an identity. In the end of
this chapter we will prove this, thereby verifying that the unfolded level n ≤ 1 equations
we have derived are consistent with the results we derived in section 7.3 from the zero
field strength equation. The n = 1+ equation can directly be solved to give the field
φµν

A.

When we want to decompose the n = 3
2

equation (8.76) into irreducible representations,
we once again need to be a bit careful. If we want to set the expression in parenthesis to
zero, we need to explicitly implement the gamma tracelessness that the operator Kapα
implies. This is in complete analogy with how we explicitly had to impose symmetricity
and tracelessness in the a and b-indices when eliminating Kab from the n = 2 equation
in section 8.2. By subtracting the gamma trace we find the n = 3

2
equation to read

Dµϕ
Ȧαa + 10ϕµ

Ȧαa + fµ
aϕȦα + ψµ

α
I(σ

I)A
ȦφAa − 2χµβI(γb)

βα(σI)A
ȦφAab

− 1

3
(γa)αβ(γb)

β
γ

(
fµ

bϕȦγ + ψµ
γ
I(σ

I)A
ȦφAb

)
= 0. (8.90)

The gamma traces of the first and second terms have vanished due to equation (8.7),

i.e., the gamma tracelessness of ϕȦαa. The gamma trace of the last term has vanished
since

(γbγc)
βδφAbc = (ηbc + γbc)

βδφAbc = 0, (8.91)
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where the first term equals zero due to the tracelessness and the second one due to the
symmetry of φAbc in the flat indices.

This equation can now be decomposed into three irreducible representations. We will first
act on the entire equation with the vielbein eν

a to change a vector index to a curved one,
meaning we will once again need to include the contorsion terms from equation (8.84).
The irreducible representations can then be obtained in exactly the same way as for
the integer level equations, i.e., as the trace, the antisymmetric part and the traceless
symmetric part in the curved indices. Thus we find the equations

n = 3
2

−
: Dµϕ

µȦα + fµ
µϕȦα + ψµ

α
I(σ

I)A
ȦφµA − 2χµβI(σ

I)A
Ȧ(γb)

βαφµAb

− 2iχ̄aIγ
µχµ

IϕȦαa − 1

3
(γµγb)

α
β

(
fµ

bϕȦβ + ψµ
β
I(σ

I)A
ȦφAb

)
= 0, (8.92)

n = 3
2

0
: εµνa

[
Dµϕν

Ȧα + fµνϕ
Ȧα + ψµ

α
I(σ

I)A
Ȧφν

A − 2χµβI(σ
I)A

Ȧ(γb)
βαφν

bA

− iχ̄µIγbχνIϕȦαb −
1

3
(γνγb)

α
β

(
fµ

bϕȦβ + ψµ
β
I(σ

I)A
ȦφAb

)]
= 0, (8.93)

n = 3
2

+
: D(µϕν)

Ȧα + 10ϕµν
Ȧα + f(µν)ϕ

Ȧα + ψ(µ
α
|I(σ

I)A|
Ȧφν)

A

− 2χ(µ|βI(γb)
βα(σI)A|

Ȧφν)
Ab − 2iχ̄aIγ(µχν)

IϕȦαa

− 1

3
(γ(ν)

α
|β(γb)

β
γ|
[
fµ)

bϕȦγ + ψµ)
γ
I(σ

I)A
ȦφAb

]
= 0. (8.94)

Since the n = 3
2

−
equation contains both gauge fields fµν and ψµαI it cannot yet be used

to find a solution expressed only in terms of the frame fields eµ
a and χµαI for any of them.

This problem will, however, soon be resolved as also the n = 2− equation will contain

these two gauge fields. The n = 3
2

0
equation must be the spin 3

2
field equation, i.e.,

the Cottino equation. It will not be of interest to write it out on a more explicit form.

However, by inserting the solution (8.81) for ϕν
Ȧα we note that it, exactly as the form of

the Cottino equation we found in equation (7.50) by solving F = 0, contains derivatives

up to second order. The 3
2

+
equation can easily be solved to give the field ϕµν

Ȧα.

To decompose the n = 2 equation (8.77) into its irreducible parts, we first have to recall
to explicitly make the equation traceless and symmetric in the two flat indices when we
eliminate the generator Kab. Then we also need to include the contorsion terms from
equation (8.84). After having done so, we can decompose the equation into the usual
irreducible representations and end up with the equations

n = 2− : Dµφ
µAa +

1

2
fµ

µφAa +
1

2
f baφAb −

1

3
fabφAb + iψµ

β
I(γ

a)βα(σ̄I)Ȧ
AϕµȦα

− 5iχµαI(σ̄
I)Ȧ

AϕµȦαa − 2iχ̄bIγµχ
µIφAab = 0, (8.95)

n = 20 : εµν(a
[
Dµφν

b)A +
1

2
fµ

b)φν
A +

1

2
fµνφ

b)A + i(γb))βαψµ
β
I(σ̄

I)Ȧ
Aϕν

Ȧα

− 5iχµαI(σ̄
|I)Ȧ

Aϕν
Ȧα|b) − iχ̄µIγcχν |IφA|b)c

]
= 0, (8.96)

n = 2+ : D(µφνρ)
A + f(µνφρ)

A − 1

3
g(µνfρ)aφ

Aa + 15φµνρ
A + iψ(µ

β
|I|(γρ)|βα(σ̄I)Ȧ|

Aϕν)
Ȧα

− 5iχ(µ|αI(σ̄
I)Ȧ|

Aϕνρ)
Ȧα − 2i

(
χ̄aIγ(µχν)Ieρ

b + χ̄bIγ(µχρ)Ieν
a
)
φAab = 0. (8.97)
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Note that the n = 2− equation contains both fµν and ψµαI . Together with the n = 3
2

−

equation it can thus be used to solve for these fields in terms of the frame fields eµ
a and the

gauge fields χµαI . In analogy with what we found in the bosonic case in equation (8.57),
the n = 20 equation must be the spin 2 field equation, i.e., the Cotton equation. By
inserting the solution of the n = 1+ equation for the field φν

bA, we see that our Cotton
equation is of third order in the derivatives, which agrees with what we observed in
section 2.4. The n = 2+ equation is easily solved for the field φµνρ

A.

We have now proposed a set of supersymmetric unfolded equations (8.73)–(8.77) and
divided them into their constitutional irreducible representations. In the bosonic case we
could at this stage prove that these equations were equivalent to those stemming from
the zero field strength equation. We did this by showing that both the solution for the
gauge field fµν , which was fµν = 1

2
Sµν , and the field equation, which was the Cotton

equation Cµν = 0, that emerged were equivalent to those we found from solving F = 0.

In the supersymmetric case this would correspond to first proving that the n = 3
2

−
and

n = 2− unfolded equations yield the same solutions for the gauge fields fµν and ψµαI as
F = 0 did, i.e., the solutions found in equations (7.42) and (7.33), respectively. Then one

would have to verify that the n = 3
2

0
equation is really the correct Cottino equation and

can be rewritten on the form of equation (7.50) derived from F = 0, and that the n = 20

equation is the same supersymmetric Cotton equation as the F = 0 equation (7.51).

Since this procedure would be very complicated in the supersymmetric case, we will
instead use another (weaker) approach to check the consistency of the unfolded and zero
field strength equations. By implementing our solutions for the gauge fields fµν and ψµαI
from F = 0, we intend to verify that the level n = 10 unfolded equation (8.88) is really
the same field equation for the non-abelian gauge field as equation (7.49) stemming from
F = 0. Hence, if we assume this field equation to hold true we should obtain an identity.
In the process of proving this identity we will not only need to use results from the zero
field strength equation, but also from all level n ≤ 1 unfolded equations. By proving the
identity we will thus have checked the consistency with F = 0 for all level n ≤ 1 unfolded
equations derived above.

8.3.2 Proof of the n = 10 Identity

The n = 10 unfolded equation (8.88) can be written as

D[µφν]
A + f[µν]φ

A + iψ[µ
β
|I|(γν])βα(σ̄I)Ȧ

AϕȦα − 3iχ[µ|αI(σ̄
I)Ȧ|

Aϕν]
Ȧα

− iχ̄[µ
Iγ|a|χν]Iφ

Aa = 0. (8.98)

Insertion of the solutions for φµ
A and ϕµ

Ȧα that we derived in equations (8.78) and (8.81)

from the n = 0 and n = 1
2

+
equations, respectively, yields

−D[µDν]φ
A + i(σ̄I)Ȧ

A(D[µχν]αI)ϕ
Ȧα + f[µν]φ

A + iψ[µ
β
|I|(γν])βα(σ̄I)Ȧ

AϕȦα

− i(σ̄IσJ)AB
(
χ̄[µ|I|ψν]Jφ

B + χ[µ|αI(γa|)
αβχν]βJφ

Ba
)
− iχ̄[µ

Iγ|a|χν]Iφ
Aa = 0, (8.99)

where the product rule has been used to cancel one of the terms emerging from the
first term of equation (8.98) with one emerging from the fourth term. We now need to
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recall what the matrices σI represent. We introduced them in equation (8.9) to con-
struct the Weyl representation of the SO(8) gamma matrices ΓI . Since these satisfy the
relation

ΓIΓJ = ΓIJ + δIJ , (8.100)

we can by studying the representation of ΓIJ derived in equation (8.16) conclude that

(σ̄IσJ)AB = δIJδAB + (σ̄IJ)AB, (8.101)

which should be inserted on the second line of equation (8.99). By also implementing the
condition

f[µν] = −iψ̄[µ
Iχν]I = iχ̄[µ

Iψν]I , (8.102)

which was derived from the (D) projection of F = 0 in equation (7.41), we find two
more terms that cancel out. Also note that since the middlemost term on the second
line of equation (8.99) is antisymmetric in µ and ν but symmetric in α and β, it must
be symmetric in the I and J indices. This means that the σ̄IJ -term emerging after
application of equation (8.101) will vanish for this term. We are thus left with

−D[µDν]φ
A + i(σ̄I)Ȧ

A
(
D[µχν]αI

)
ϕȦα + iψ[µ

β
|I|(γν])βα(σ̄I)Ȧ

AϕȦα

− iχ̄[µ|I|ψν]J(σ̄IJ)ABφ
B + iχ̄[µ

Iγ|a|χν]Iφ
Aa − iχ̄[µ

Iγ|a|χν]Iφ
Aa = 0, (8.103)

where we note that also the last two terms cancel out. Since the last term is the contorsion
term, this illustrates the importance of remembering to include these in the supersym-
metric unfolded equations.

Next we will use that we in equation (7.49) found the (T IJ) projection of the zero field
strength equation to imply

iχ̄[µ
[Iψν]

J ] = −1

8
F IJ
µν . (8.104)

as the non-abelian field equation. Furthermore, definition (3.26) of the non-abelian field
strength tensor, in the (conjugate) spinor representation, implies that

D[µDν]φ
A =

1

8
F IJ
µν (σ̄IJ)ABφ

B. (8.105)

This gives that the leftmost term on the first line and the leftmost term on the second
line of equation (8.103) will cancel each other out. After this observation we are left with
merely

i(σ̄I)Ȧ
A
[
(D[µχν]αI) + ψ[µ

β
I(γν])βα

]
ϕȦα = 0. (8.106)

To prove that this hold true we will insert our solution (7.33) from F = 0 for the gravitino
field. After application of the gamma relation γµγν = εµνργρ+gµν , the equation evaluates
to

i

2
(σ̄I)Ȧ

Aερσ [µ
[
(γν])α

βDρχσβI − (γ|ρ)α|
βDν]χσβI + (γ|ρ)α

βDσ|χν]
β
I

]
ϕȦα = 0. (8.107)

Here we note that the LHS can be obtained via cycling in the four curved indices according
to

6ερσ [µγνDρχσ] = ερσ [µ
(
γν]Dρχσ − γ|ρ|Dν]χσ + γ|ρDσ|χν]

)
, (8.108)
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where the other indices have been omitted for clarity. But since we are working in three
dimensions, all antisymmetrizations over more than three spacetime indices must vanish
identically. Consequently, the LHS of equation (8.107) vanishes identically.

This proves that the n = 10 unfolded equation is really satisfied by our solutions stem-
ming from F = 0. Note that if we would not have assumed the non-abelian field equa-
tion (8.104) stemming from F = 0 to hold true, this field equation would be precisely
what we would have been left with instead of an identity. We have thereby shown that
our level n ≤ 1 unfolded equations are consistent with the zero field strength equation,
as desired.



Chapter 9

Conclusions and Future Directions

In this thesis we have realized the superconformal algebra in terms of two SL(2,R) spinors
qα and pα and a Grassmann odd vector λI , a construction that conveniently can be
generalized to the infinite dimensional higher spin algebra. We gave two possible ways
of quantizing this algebra, either utilizing the operator formulation or the (super)star
product.

After having introduced the unfolded formulation of higher spin theory we set out to
solve both the zero field strength equation, stemming from Chern-Simons gauge theory,
and the unfolded equation. This was performed for fields up to spin 2 in both the purely
bosonic case (following the work of [14]) and the supersymmetric case. In the bosonic case
we showed that the two approaches yielded both the same solution for the gauge field fµν
and the same field equation, the Cotton equation. Also for the supersymmetric extension
we managed to solve the zero field strength equation, resulting in explicit solutions for
the gauge field fµν and the gravitino field, as well as three field equations; the Cotton
equation, the Cottino equation and a Chern-Simons equation for the non-abelian gauge
field. We then decomposed the unfolded equation into its irreducible representations and
gave an interpretation to each of them. In particular, we showed that the n = 10 equation
is consistent with our solutions to the zero field strength equation.

A natural continuation of this work would be to explicitly solve the given n = 3
2

−
and

n = 2− unfolded equations, and verifying that the solutions for the gauge field fµν and
the gravitino field agree with those solving the zero field strength equation. It would then
be interesting to verify that the unfolded spin 3

2
and spin 2 field equations really can be

rewritten on the form of the Cottino and Cotton equations obtained from the zero field
strength equation. If this can be achieved, it has been shown that the zero field strength
and unfolded equations yield compatible results, as in the bosonic case.

In the case of N = 8, the obtained (BLG) theory for spins s ≤ 2 should be coupled
to three-dimensional superconformal gravity. This coupled theory was first constructed
in [46], where also its relation to M-theory was discussed. To be able to show that the
obtained results agree with this theory would be very intriguing and a first step towards
possible applications in M-theory.

An interesting extension would be to study the zero field strength and unfolded equations
for fields of spins higher than two. Using our construction of the algebra this would
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conceptually be very easy, it is merely a question of including the higher spin generators
defined in section 6.3 and truncating the unfolded equation at higher spins than two.
Hopefully this process would also uncover a possible action formulation of the higher
spin theory, with the unfolded equation as its field equation. Such a formulation may be
the key to a detailed understanding of the relation between the zero field strength and
unfolded equations.

There are also several intriguing continuations related to the AdS/CFT correspondence.
It has been shown that higher spin theories in AdS4 can be constructed from complex
SL(2,C) variables which are able to relate to the SL(2,R) variables qα and pα that we
used to construct the three-dimensional conformal higher spin theory [31]. Since this
enables very explicit studies of the AdS4/CFT3 correspondence in a higher spin context,
it is of great interest. A detailed understanding of this correspondence may result in a
deeper understanding of the AdS/CFT correspondence in general.

Recall also the earlier discussed observation that an infinite tower of massless higher spin
states is constructed by the product of two Dirac singletons in AdS4, which in addition
only have propagating degrees of freedom on the boundary. Since the theory living on
the boundary is a three-dimensional conformal field theory, there are hopes that theories
similar to the one we have constructed can actually be used to prove the AdS/CFT
correspondence.

A long-term goal of constructing the superconformal higher spin theory in three dimen-
sions is also to gain new insights in M-theory on AdS4 × S7, via the AdS/CFT corre-
spondence. Perhaps it may even be the first step towards a complete, non-perturbative
formulation of M-theory.



Appendix A

Conventions

We here present the conventions that have been adopted in the thesis. Spinorial indices
are denoted by the first part of the Greek alphabet, i.e. by α, β, γ, δ. For the curved
spacetime indices we use the remaining part of the Greek alphabet, while we for the
flat (tangent) space indices use the Latin lowercase letters a, b, . . .. The uppercase Latin
letters I, J,K denote the internal SO(N) R-symmetry indices.

A.1 The Levi-Civita Symbol

The Levi-Civita symbol is a totally antisymmetric tensor density which, in three dimen-
sions, is defined as

εµνρ =

1 if (µνρ) is an even permutation of (012),
−1 if (µνρ) is an odd permutation of (012),
0 if two indices are equal.

(A.1)

The generalization to other dimensions is obvious. The indices are raised and lowered
using the metric gµν , meaning εµνρ = gµσgνηgρτ ε

σητ . Two Levi-Civita symbols can be
contracted as

εµνρεσλκ = −6δµνρσλκ

εµνρερσλ = −2δµνσλ
εµνρενρσ = −2δµσ
εµνρεµνρ = −6,

(A.2)

where the generalized Kronecker delta is defined as

δµ1...µpν1...νp
=


1
p!

if (ν1 . . . νp) is an even permutation of (µ1 . . . µp),

− 1
p!

if (ν1 . . . νp) is an odd permutation of (µ1 . . . µp),

0 otherwise.

(A.3)

Furthermore, we let εµνρ =
√
|g|εµνρ, with g being the determinant of the metric, denote

the Levi-Civita tensor which is really a proper tensor and not a tensor density.
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A.2 The Three-Dimensional Gamma Matrices

The three-dimensional gamma matrices constitute a basis for the real, traceless 2 × 2
matrices, and can be constructed from the Pauli matrices σi as

(γ0) β
α = (iσ2) β

α =

(
0 1
−1 0

)
,

(γ1) β
α = (σ1) β

α =

(
0 1
1 0

)
, (A.4)

(γ2) β
α = (σ3) β

α =

(
1 0
0 −1

)
.

It is easily checked that they satisfy the Clifford algebra {γµ, γν} = 2ηµν . To obtain
the full basis for the real 2 × 2 matrices we also need to include the identity matrix
1 = γ0γ1γ2.

The spinorial indices α and β are raised and lowered using the two-dimensional Levi-
Civita symbol εαβ and its inverse εαβ. From definition (A.1) of the Levi-Civita symbol
we note that we must have εαβ = γ0 and consequently εαβ = −γ0, so that εαγε

γβ = (1)α
β.

By using this we find that

(γ0)αβ =

(
1 0
0 1

)
, (γ1)αβ =

(
1 0
0 −1

)
, (γ2)αβ =

(
0 −1
−1 0

)
, (A.5)

which we note are all symmetric. By also including the antisymmetric εαβ we can once
again form the full basis of real 2× 2 matrices.

We also define the antisymmetrized products of gamma matrices as

γµν = γ[µγν] = γµγν − gµν

γµνρ = γ[µγνγρ] = εµνρ.
(A.6)

These matrices satisfy some important identities, including

γµγµ = 3

γµνγν = 2γµ

γµνργρ = γµν (A.7)

γµνργνρ = −2γµ

γµγνγρ = γµνρ + 2γ[µgν]ρ + gµνγρ,

which have all been used repeatedly in this thesis.

A.3 The Superconformal Algebra

We define the generators of the spin 2 conformal algebra using the two bosonic SL(2,R)
spinors qα and pα. Classically they can be regarded as the phase-space variables satisfying
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the Poisson bracket relation {qα, pβ}PB = δαβ . In the quantized case they instead cor-
respond to the position and momentum operators satisfying the canonical commutation
relation [qα, pβ] = iδαβ . The conformal generators can then be represented as

P a = −1
2
(γa)αβq

αqβ

Ma = −1
2
(γa) β

α qαpβ

D = −1
4
(qαpα + pαq

α)

Ka = −1
2
(γa)αβpαpβ.

(A.8)

To extend the algebra supersymmetrically we also need to include the generators

QαI = qαλI

S I
α = pαλ

I (A.9)

T IJ = i
8
(λIλJ − λJλI),

where λI is a Grassmann odd vector satisfying the Clifford algebra {λI , λJ} = 2δIJ .
QαI and S I

α are the fermionic generators, whereas T IJ are the generators of the SO(N)
R-symmetry “rotating” the N supersymmetries of the theory into each other.

The non-zero commutation relations of these seven generators are

[Ma, M b] = iεabcM
c

[Ma, P b] = iεabcP
c

[Ma, Kb] = iεabcK
c

[P a, Kb] = −2iεabcM
c − 2iηabD

[D, P a] = iP a

[D, Ka] = −iKa

[D, QαI ] = i
2
QαI

[D, S I
α ] = − i

2
S I
α

[P a, S I
β ] = −i(γa)βαQαI

[Ka, QβI ] = i(γa)βαS I
α

[Ma, QβI ] = i
2
QαI(γa) β

α

[Ma, S I
β ] = − i

2
(γa) α

β S I
α

[T IJ , Qα
K ] = −iδIJKLQαL

[T IJ , SαK ] = −iδIJKLS L
α

{QαI , QβJ} = −2δIJ(γa)αβPa

{S I
α , S J

β } = −2δIJ(γa)αβKa

{QαI , S J
β } = −2δIJδαβD − 2δIJ(γa)

α
β Ma + 4δαβT

IJ

[TIJ , T
KL] = −2iδ

[K
[I TJ ]

L].

(A.10)

We can here notice an important feature of the superconformal algebra; it is graded by
the generator D in the sense that all generators X of the algebra satisfy the relation

[D, X} = iwX, (A.11)
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for some weight w. The weights of the generators are summarized in table A.1.

Weight Generator

1 P a

1/2 QαI

0 D, Ma, T IJ

−1/2 Sα
I

−1 Ka

Table A.1: The weights of the superconformal generators with respect to the grading in D.



Appendix B

Proof of the (D)-identity

Here we set out to show that the identity

f [σρ] + iψ̄[σ|I|χρ]I = 0, (B.1)

originating from the (D)-projection of F = 0, really is satisfied by the expression we
found for fσρ and ψµαI . In equation (7.46) we found that

f [σρ] = εµν[ρ
(

1

2
Dµ(e)Kν

σ] +
1

4
εσ]bcKµ

bKν
c + iψ̄µγ

σ]χν

)
, (B.2)

where the contorsion, in accordance with equation (7.26), is given by

Kaρ = i

(
ερ
µνχ̄µIγaχν

I +
1

2
eρaε

µνσχ̄µIγνχσ
I

)
. (B.3)

The gauge field ψµαI was in equation (7.33) found to read

ψµαI =
1

2

(
εµ
νρD̂νχραI − (γν)α

βD̂µχνβI + (γν)α
βD̂νχµβI

)
. (B.4)

Let us first comment on the different derivatives appearing in these expressions. D(e) =

d + ω(e) is the purely bosonic covariant derivative, D̂(e) = d + ω(e) + a also includes

the non-abelian gauge field a but not the contorsion, whereas D̂ = d + ω + a is the
full covariant derivative. Consequently D̂ = D̂(e) + K, which can be applied to the
expression for ψµαI above. The fact that f [σρ] in equation (B.2) contains the purely
bosonic derivative may seem like a problem. However, as it only acts on K ∼ χ2 we
can exchange it for D̂(e), since the additional non-abelian terms appearing in D̂(e)Kν

σ]

vanish when the internal I-indices of the χ-fields are contracted as in equation (B.3).

Since the only derivative appearing after these rewritings is D̂(e) we will for convenience
simply refer to it as D.

From our expression for f , K, and ψ above it is obvious that equation (B.1) only contains
two kinds of terms: χDχ-terms and χ4-terms. We will begin by showing that the former
of these cancel out.
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B.1 Cancellation of the χDχ-terms

After multiplication of both sides by (−2i), the χDχ-terms on the LHS of equation (B.1)
read

LHS(χDχ) =εµν[ρ
(
− iDµKν

σ] + εµ
|ητ (Dηχ̄τ )

α|(γσ]χν)α + (Dµχ̄τ )γ
|τ |γσ]χν

+ (γ|τDτχµ)α|(γσ]χν)α

)
+ εµν[σ(Dµχ̄ν)χ

ρ] − (γµD[σχµ)|α|χρ]α + (γµDµχ
[σ)|α|χρ]α, (B.5)

where all χ-fields also carry an internal index I which has not been written out. The sign
of the third term is explained by the relation

−(γτ )αβ(Dµχτβ)(γσ)α
γχνγ = −(Dµχτβ)(γτγσ)βγχνγ = (Dµχτ

β)(γτγσ)β
γχνγ. (B.6)

Let us now rewrite these seven terms a bit:

I = −iεµν[ρDµKν
σ] = εµν[ρ

(
Dµε

σ]τη(χ̄τγνχη) +
1

2
Dµ(δσν ε

abcχ̄aγbχc)

)
= εµν[ρεσ]τη

(
(Dµχ̄τ )γνχη + χ̄τγν(Dµχη)

)
+

1

2
εµσρεabc

(
(Dµχ̄a)γbχc + χ̄aγb(Dµχc)

)
II = εµν[ρεµ

|ητ |(Dηχ̄τ )
α(γσ]χν)α = −(Dνχ̄

[ρ)(γσ]χν) + (D[ρχ̄ν)(γ
σ]χν)

III = εµν[ρ(Dµχ̄
τ )γτγ

σ]χν = εµν[ρ(Dµχ̄
τ )(ετ

σ]ηγη + δσ]τ )χν

= εµν[ρετ
σ]η(Dµχ̄

τ )γηχν + εµν[ρ(Dµχ̄
σ])χν (B.7)

IV = εµν[ρ(γτDτχµ)α(γσ]χν)α = εµν[ρ(γτ )αβ(Dτχµβ)(γσ])α
γχνγ

= εµν[ρ(Dτ χ̄µ)εσ]τηγηχν − εµν[ρ(Dσ]χ̄µ)χν

V = εµν[σ(Dµχ̄ν)χ
ρ] = −εµν[ρ(Dµχ̄ν)χ

σ]

VI = −(γµD[σχµ)|α|χρ]α = −(γµ)αβ(D[σχµβ)χρ]α = −(D[ρχ̄µ)γ|µ|χσ]

VII = (γµDµχ
[σ)|α|χρ]α = (γµ)αβ(Dµχ

[σ
β)χρ]α = (Dµχ̄

[ρ)γ|µ|χσ].

Note that the covariant derivatives in all expressions but the first one always act on the
conjugate field χ̄. Hence it is desirable to rewrite also the first expression on this form.
By using that

χ̄τγν(Dµχη) = −χτα(γν)
αβ(Dµχηη) = (Dµχηβ)(γν)

βαχτα = −(Dµχ̄η)γνχτ (B.8)

we find that

I = εµν[ρDµKν
σ] = 2εµν[ρεσ]τη(Dµχ̄τ )γνχη + εµσρεabc(Dµχ̄a)γbχc. (B.9)

In the list above we can identify two kinds of terms, those with a γ-matrix and those
without. These kinds of terms must consequently cancel out separately.

We begin by showing that the terms without a γ-matrix cancel out. Such terms appear
in the expressions denoted by II, III and IV. Collecting them they read

εµν[ρ
[
(Dµχ̄

σ])χν − (Dσ]χ̄µ)χν − (Dµχ̄ν)χ
σ]
]
, (B.10)
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which can be written as

εµν[ρ
[
(Dµχ̄

σ])χν − (Dσ]χ̄µ)χν − (Dµχ̄ν)χ
σ]
]

= −6εµν
[ρ(Dσχ̄µ)χν]. (B.11)

Note that as we write out the antisymmetrization in the µ and ν-indices explicitly, half
of the terms will vanish as an index will be repeated in the Levi-Civita symbol, thereby
only leaving the three terms on the LHS. Since the RHS is antisymmetrized over four
spacetime indices and we are working in three dimensions it must vanish identically.

Let us now move on to the terms that include a γ-matrix. These appear in all expressions
but the fifth one in our list above. To show that they vanish we first have to compute the
products of Levi-Civita symbols appearing in some of the expressions. We find that

−εµν[ρεσ]τη(Dµχ̄τ )γηχν = −(D[ρχ̄ν)γ
σ]χν + (Dµχ̄

[ρ)γ|µ|χσ] − (Dµχ̄
µ)γ[ρχσ] + (D[ρχ̄σ])γνχν

εµν[ρ(Dτ χ̄µ)εσ]τηγηχν = (Dνχ̄
[ρ)γσ]χν − (D[ρχ̄µ)γ|µ|χσ] + (Dµχ̄

µ)γ[ρχσ] + (D[ρχ̄σ])γνχν

2εµν[ρεσ]τη(Dµχ̄τ )γνχη = 2
(
(D[ρχ̄ν)γ

|ν|χσ] − (Dµχ̄
[ρ)γσ]χµ − (Dµχ̄

µ)γ[ρχσ] − (D[ρχ̄σ])γνχν
)

εµσρεabc(Dµχ̄a)γbχc = 2
(
(Dµχ̄

µ)γ[ρχσ] − (Dµχ̄
[ρ)γ|µ|χσ] + (Dµχ̄

[ρ)γσ]χµ
)
. (B.12)

After these rewritings we simply add all the γ-terms from equation (B.7) together. We
identify six different kinds of terms and find directly that they all vanish identically.

B.2 Cancellation of the χ4-terms

It remains to show that also the χ4-terms on the LHS of equation (B.1) vanish identically.
To do this it is first convenient to note that it can be rewritten as

f [σρ] − iχ̄[σψρ] = 0, (B.13)

where both χ and ψ carry an internal index I which has not been written out. We note
that there are seven χ4-terms which, after multiplication by a factor of (−4i), read

I = −iεµν[ρεσ]bcKµ
bKν

c = 2iK [ρσ]K + 2iKµ
[ρKσ]µ

II = εµν[ρχ̄µγ
σ]εν

ητγaKηaχτ = Kµ
aχ̄µ(γ[σγ|a|)χρ] −K [ρ

aχ̄ν(γ
σ]γa)χν

= −εaτ [ρK |µ|aχ̄µγτχσ] −Kµ[ρχ̄µχ
σ] −K [ρσ]χ̄νχν

III = −εµν[ρχ̄µ(γσ]γηγa)Kνaχη = εµν[ρKµaχ̄ν
(
εσ]ηa + γσ]gηa − gσ]aγη + gσ]ηγa

)
χη

= −K [ρ|ν|χ̄σ]χν +Kη[ρχ̄ηχ
σ] +K [ρσ]χ̄νχν

+ εµν[ρ
(
Kµ

σ]χ̄ηγ
ηχν −Kµaχ̄

σ]γaχν −Kµ
|η|χ̄ηγ

σ]χν
)

(B.14)

IV = εµν[ρKηaχ̄µ(γσ]γηγa)χν = εµν[ρKηaχ̄µ
(
εσ]ηa + γσ]gηa − gσ]aγη + gσ]ηγa

)
χν

= εµν[ρ
(
−Kη

σ]χ̄µγ
ηχν +Kσ]

aχ̄µγ
aχν +Kχ̄µγ

σ]χν
)

V = −εµν[ρKµaχ̄
σ]γaχν

VI = K [ρ
aχ̄

σ](γµγa)χµ = εµaηK [ρ
aχ̄

σ]γηχµ +K [ρ|µ|χ̄σ]χµ

VII = Kµaχ̄
[ρ(γ|µγa|)χσ] = εµaηKµaχ̄

[ργηχ
σ].
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Here we have repeatedly used that χ̄[ρχσ] = 0 and in term I we used that

K [ρ
µK
|µ|σ] = Kµ[σKρ]

µ = −Kµ[ρKσ]
µ,

K [ρ
µK

σ]µ = 0, (B.15)

Kµ[ρKµ
σ] = 0,

where the latter two equalities follow from [Kµν , Kρσ] = 0. K simply denotes the trace,
i.e. K = Kµ

µ.

To check that these seven terms cancel out it is useful to use equation (B.3) for the
contorsion to derive an expression for χ̄µγνχρ. By multiplying equation (B.3) by eτ

a and
eρa one finds that

Kτρ = i

(
ερ
µνχ̄µγτχν +

1

2
eτρε

µνσχ̄µγνχσ

)
(B.16)

and

K =
i

2
εµνρχ̄µγνχρ, (B.17)

respectively. Consequently,

Kτρ = iερ
µνχ̄µγτχν + eτρK. (B.18)

By now multiplying this by εση
ρ and using that χ̄µγτχν = −χ̄νγτχµ we, after some

renaming of the indices, find that

χ̄µγνχρ =
i

2

(
εµρ

σKνσ + εµνρK
)
. (B.19)

This result can now be applied to several of the terms in the list above. After having
multiplied all Levi-Civita symbols together and using the relations in equation (B.15) we
end up at

I = 2iKµ
[ρKσ]µ + 2iK [ρσ]K

II = − i
2
K [ρσ]K −Kµ[ρχ̄σ]χµ −K [ρσ]χ̄µχµ

III = −K [ρ|µ|χ̄σ]χµ +Kµ[ρχ̄σ]χµ +K [ρσ]χ̄µχµ − i
2
Ka

[ρKσ]a − i
2
K [ρσ]K

IV = −iKa
[ρKσ]a − iK [ρσ]K (B.20)

V = i
2
Ka

[ρKσ]a + i
2
K [ρσ]K

VI = − i
2
K [ρσ]K +K [ρ|µ|χ̄σ]χµ

VII = −iKµ
[ρKσ]µ.

We identify two types of terms, Kχ̄χ and KK-terms, that must cancel separately.

By collecting all Kχ̄χ-terms we find them to yield

(−1 + 1)K [ρσ]χ̄µχµ + (−1 + 1)Kµ[ρχ̄σ]χµ + (−1 + 1)K [ρ|µ|χ̄σ]χµ = 0. (B.21)

Similarly, the KK-terms yield

i
(
2− 1

2
− 1 + 1

2
− 1
)
Kµ

[ρKσ]µ + i
(
2− 1

2
− 1

2
− 1 + 1

2
− 1

2

)
K [ρσ]K = 0. (B.22)

This proves that also the χ4-terms on the LHS of equation (B.1) vanish. Consequently we
have now proved that equation (B.1), which is the (D)-projection of the zero field strength
equation, really is an identity for our solutions for the gauge fields f and ψ.



Appendix C

Derivation of the Supersymmetric
Unfolded Equations

We here set out to derive the supersymmetric contributions to the unfolded equations
of level n = 1, n = 3

2
and n = 2. This is just a question of applying the commutation

relations of the superconformal algebra (6.28) to equation (8.59), which is the unfolded
equation truncated after level n = 2 and spin s = 2, and identify the terms of the different
levels. Note that the bosonic terms of the n = 1 and n = 2 equations were derived already
in section 8.2.

At level n = 1 we first find the supersymmetric contribution

(−i)2aIJT IJφAa |S〉A = − i
4
aij(σ

IJ)B
AφBa |S〉A , (C.1)

where we have used equation (8.17). This is the non-abelian part of the term including
the covariant derivative acting on the field φAa. It appears in the exact same way at all
levels. We also have the supersymmetric contributions

ψβI S
I
βϕ

Ȧαpα |C〉Ȧ = −ψβI pβpαϕ
ȦαλI |C〉Ȧ = ψβI (σ̄I)Ȧ

A(γa)βαϕ
ȦαKa |S〉A , (C.2)

where we have used that Ka = −1
2
(γa)αβpαpβ implies pαpβ = −(γa)αβKa, and

−iχβIQβIϕȦαaKapα |C〉Ȧ = iϕȦαaχβIλ
I(−Kaq

βpα + i(γa)
βγpγpα) |C〉Ȧ

= ϕȦαa(σ̄I)Ȧ
A(χαIKa − χβI(γa)βγpγpα) |S〉A

= ϕȦαa(σ̄I)Ȧ
A
(
χαIKa + χβI(γa)

βγ(γb)γαKb

)
|S〉A

= ϕȦαa(σ̄I)Ȧ
A
(
χαIKa + χβI(−γbγa + 2ηba)

β
αKb

)
|S〉A

= −3χαI(σ̄
I)Ȧ

AϕȦαaKa |S〉A , (C.3)

where we have used equation (8.7) for the vanishing of the gamma trace. Thus we end
up with equation (8.75) as our unfolded n = 1 equation.

At level n = 3
2

there is no bosonic analogue, so we have to derive all terms from

the beginning. First there is the trivial contribution −ifaϕȦαKapα |C〉Ȧ. The term
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(−i)2A1ϕ
ȦαaKapα |C〉Ȧ then yields both the non-abelian part of the term including the

covariant derivative DϕȦαa, reading − i
4
aIJ(σ̄IJ)Ḃ

ȦϕḂαaKapα |C〉Ȧ, and the spin connec-
tion part

−ϕȦαaωbMbKapα |C〉Ȧ = −ϕȦαa(Kaω
bMb + iωbεba

cKc)pα |C〉Ȧ

= i

(
1

2
ωb(γb)

β
α ϕȦαa − εabcωbϕȦβ c

)
Kapβ |C〉Ȧ . (C.4)

Furthermore, we also find the contribution

−iψαI SIαφAaKa |S〉A =− iψαI φAaλIKapα |S〉A = −iψαI (σI)A
ȦφAaKapα |C〉Ȧ , (C.5)

as well as

−χβIQβIφAabKab |S〉A = −φAabχβI
(
KaQ

βI − i(γa)βγSγI
)
Kb |S〉A

= iφAabχβI
(
Ka(γb)

βγ +Kb(γa)
βγ
)
SγI |S〉A

= 2iφAabχβI(σ
I)A

Ȧ(γb)
βγKapγ |C〉Ȧ , (C.6)

and

iϕȦαabecPcKabpα |C〉Ȧ = iϕȦαab
[
Kae

cPc − 2iec(εca
dMd + ηacD)

]
Kbpα |C〉Ȧ

= 2ϕȦαabec
[
Ka(εcb

dMd + ηbcD) +Kb(εca
dMd + ηacD) + iεca

dεdb
eKe

− iηacKb

]
pα |C〉Ȧ

=− 2iϕȦαabec
[
(ε d
cb (γd)

β
α pβ + 2ηbcpα)Ka + (ηbcKa − ηabKc)pα

+ ηacKbpα
]
|C〉Ȧ

=− 2iϕȦαabec
[
(−γbγc + ηbc)

β
α pβ + 4ηbcpα

]
Ka |C〉Ȧ

=− 10iϕȦαabebKapα |C〉Ȧ , (C.7)

where we repeatedly have used that the indices of the singleton fields are in the sym-
metrized traceless representations. By adding these six contributions together we obtain
the unfolded n = 3

2
equation (8.76).

At level n = 2 we once again find the term including the non-abelian part of the covariant
derivative, i.e., 1

4
aIJ(σIJ)B

AφBab |S〉A. In addition to this, we find the contributions

−iψβI S
I
βϕ

ȦαaKapα |C〉Ȧ = −iϕȦαaψβI λ
IKapβpα |C〉Ȧ

= iϕȦαaψβI (σ̄I)Ȧ
A(γb)αβKab |S〉A (C.8)

and

−χβIQβIϕȦαabKaKbpα |C〉Ȧ = −ϕȦαabχβI(KaQ
βI − i(γa)βγSIγ)Kbpα |C〉Ȧ

= −ϕȦαabχβI(Kabλ
Iqβ − iKa(γb)

βγλIpγ − iKb(γa)
βγλIpγ)pα |C〉Ȧ

= −iϕȦαab(χαIλIKab + 2χβIλIKa(γb)
γ
β (γc)γαKc) |C〉Ȧ

= −5iϕȦαabχαI(σ̄
I)Ȧ

AKab |S〉A , (C.9)

which give us equation (8.77) as the unfolded n = 2 equation.
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