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Calculation of crack width and crack spacing
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ABSTRACT

The present paper discusses crack propagation and special attention is given
to how the combined effect of reinforcement and fibre bridging influences
the crack spacing and width in the serviceability limit state. Two analytical
approaches, for calculating the crack spacing and crack width, are
presented. The first model is a modification of the conventional crack
spacing model presented in Eurocode 2 and is valid for the case when
cracking is caused by an external load. The second model, which is based
on a bond-slip relationship and a compatibility requirement, is valid for
cracking caused by restraint stresses. Moreover, in the paper some
examples are provided of how the models can be used.

Key words: Fibre-reinforced concrete, Cracking, Restraint, Serviceability, Shrinkage.

1. INTRODUCTION

Concrete has a low tensile strength and tensile strain capacity and cracking is initiated at a
tensile strain of about 0.1 mm/m which can be compared to the drying shrinkage of concrete of
about 0.6 to 0.8 mm/m. Hence, cracks are almost unavoidable and reinforcement is needed to
control the behaviour after cracking and to limit crack widths. Large crack widths are not
aesthetic but may also lead to accelerated reinforcement corrosion in severe environments,
leakage in water-retaining/resisting structures, insanitary conditions, or obstructions and
interruptions in production processes. Cracking may be caused by external applied forces,
imposed deformations, by shrinkage or thermal strains which are externally and/or internally
restrained, or by a combination of these. When cracking is caused by an external applied force
the crack width, if sufficient amount of reinforcement is added, will depend on the applied force.
However, if cracking is caused by an imposed deformation the force in the member depends on
the actual stiffness and the crack width on the number of cracked formed. However, most codes
do not distinguish between these two cases. Furthermore, for structures having both fibre- and
bar reinforcement there exist almost no guidelines exists for structural engineers.

2. THE CRACKING PROCESS

The cracking process differs depending on whether it is caused by an external load, imposed
deformation or restrained shrinkage, see Figure 1. When cracking is caused by an external load
the reinforcement is usually designed such that it is able to transfer the load after cracking
without yielding. For this case the load will cause an immediate cracking process where several
cracks are formed and which are relatively uniformly distributed. For this type of situation the
standard method in Eurocode 2 can be used to determine the minimum reinforcement and for
estimating the crack spacing and crack width. For a member with combined reinforcement
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(fibre- and bar reinforcement) this approach has to be modified. When the cracking is caused by
an imposed deformation a different behaviour can be observed. When a crack is formed this is
accompanied by a sudden drop in the force N and the stiffness of the element also decreases. For
a new crack to be formed the deformation has to be increased so that the force N again reach the
critical value (N > N.;). However, the force depends on the stiffness of the member and if this is
low a large deformation may be required before a new crack can be formed, compare (b-1) and
(b-2) in Figure 1, and this results in fewer but larger cracks. For this type of cracking process the
standard approach for determining crack spacing and crack width cannot be used.
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Figure 1. A reinforced concrete member subjected to: (a) axial force; (b) imposed

deformation, (b-1) with a large reinforcement ratio and (b-2) with a small
reinforcement ratio. Based on Ghali et al [1].

Compared to plain concrete (i.e. without fibres) fibre-reinforced concrete exhibits the ability to
transfer tensile stresses also after cracking, see Figure 2. This material property is referred to as
the residual tensile strength or, for describing the whole curve, the stress-crack opening
relationship (o-w relationship). The residual tensile strength increases with increased fibre
dosage but is also influenced by the type of fibre (e.g. slenderness, geometry, material, etc.)
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Figure 2. Schematic description of the fracture behaviour of fibre-reinforced concrete (FRC).
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3. FORCE INDUCED CRACKING
The crack spacing in reinforced concrete structures (without fibres) can be calculated using the
following expression presented in Eurocode 2

—kycak ok, k2 [mm] (1)
seff

rmax

where:

c is the concrete cover

¢ 1is the bar diameter

psir 18 the effective reinforcement ratio, Lo :AS/ Ac)gﬁ and Acerr 1s the effective area of

concrete in tension surrounding the reinforcement

k1 = 0.8 for high bond bars and 1.6 for bars with an effectively plain surface

ka = 0.5 for bending, 1.0 for pure tension or (g, +&,)/(2-&,) for eccentric tension
k=34

ky=0.425

For a section with combined reinforcement a similar expression, which takes into account the
contribution from the fibre reinforcement, can be derived. Consider a reinforced tension rod
loaded with the crack load, N,,, according to Figure 3. The rod is reinforced with a centrally

placed reinforcement bar, with an area of A, and fibres. The force equilibrium in the region
between two cracks with the maximum crack distance sy max = 2/t max 15 analysed, see Figure 3.
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Figure 3. Equilibrium of forces for a tension rod.

At the crack the fibre reinforced concrete transfers a stress frres. At the midpoint between the
two cracks the concrete is about to crack and the stress is thus o, = f;,,,,- The increase of stress is
a result of stresses being transferred from the reinforcement to the concrete through bond. The
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bond stress 7, varies along the transmission length and has an average value of 7, which can be
calculated as:

l/‘ max
T, (x)dx
Tom = Ll 2)

t,max

If the tension rod is cut in the middle between the two cracks and along the interface between
the reinforcement and concrete the following equilibrium condition can be formulated:

z-bm T ¢(05 : Sr,max) + fﬁ.res : Ac = fctm : Ac (3)
The concrete gross cross-sectional area can be formulated as:
A, A
A =4 =" 4)
| 4 p

with ps = reinforcement ratio

Inserted in (3) gives

2
Tbm 7T ¢(05 : Sr,max) = Zﬁ( cm fft.res) (6)
SN /AN ™
’ 2 Tbm Ps

The minimum crack spacing is equal to half the maximum crack spacing. Accordingly, the
minimum crack spacing can be calculated as:

1 VL) ¢

= 8
r,min 4 Tbm ps ( )

The average crack spacing during the crack formation can be estimated as the average value of
(7) and (8) which gives (in Eurocode 2 it is assumed that s; max = 1.7%Srm):
_ 3 (fctm _fﬁJ’ES) ¢
)’"1_7'—.7 (9)
8 Tbm p K
The stress transfer from the reinforcement to the surrounding concrete depends partly on the
surface properties of the reinforcement and partly on the properties of the concrete. Based on
experimental results, it has been found that the average bond stress can be calculated as:
3

z-hm 2 . kl fctm (10)
If the expression for the average bond stress is introduced into (9), the following expression is
obtained for the crack spacing of a tension rod:

s =025k Mﬂ [mm] (11)

ct N

s, =025k [1 - J;ﬂm J A [mm] (12)

ctm N

The conclusion is that for calculating the crack spacing the basic formula as suggested in

Eurocode 2 can be used but it has to be modified with the relationship between the residual
tensile strength and the tensile strength with the introduced variable as follows:
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fft.resJ
ke =|1-21e 13
( fctm ( )

If the effect of concrete cover, the spacing of the reinforcement, and type of loading (tension or
flexural) the following expression can be used to calculate the crack spacing:

S, max =k3~c+k1-k2-k4-k5-L [mm] (14)
sseff’
1 ¢
Sy average = 7 5 " k3.c+k1.k2.k4.k5.7 [mm] (15)
s 17 Py

3.1 Example

In order to investigate the proposed crack spacing formula full-scale beams were casted and
tested. The experimental program consisted of five series (three beams in each series) with
different fibre dosage and type and amount of reinforcement, sees Table 1. The full-scale beams
were simply supported with 1800 mm span and subjected to a four-point load, see Figure 4. The
full details of the experiments can be found in Gustafsson and Karlsson [2].

Table 1. Test series without and with fibre reinforcement (type Dramix® RC-65/35 from
Bekaert) and amount of conventional reinforcement.

Fibre dosage Reinforcement Number of beams
Series [vol-%] and [kg/m’] Number and diameter [mm]
1 V=0 % (0 kg/m’) 348 3
2 V,=0.5 % (39.3 kg/m’) 348 3
3 V,=0.25 % (19.6 kg/ m’) 346 3
4 V;=0.5% (39.3 kg/ m’) 346 3
5 V,=0.75 % (58.9 kg/ m®) 346 3
) 600 ) 600 ) 600 }
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Figure 4.  Test set-up (full-scale beams).

In addition to the full-scale beams wedge-splitting test (WST) were conducted, see NT-BUILD
511 [3], and in order to determine the residual tensile strength inverse analyses were carried out,
see Lofgren [4]. In Figure 5(a) the WST-method is outlined and in Figure 5(b) the stress-crack
opening relationships can be seen.
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Figure 5. (a) Schematic description of the WST-method. (b) Obtained stress-crack opening
relationships.

In Figure 6 the calculated crack spacing is compared with the crack spacing obtained in the
experiments. In addition, a comparison is also made with the proposal according to RILEM TC
162-TDF [5], where the crack spacing is calculated as:

s,, = [50+0.25-k1 -k, -%J(SO) (16)
N

As can be seen in Figure 6, the RILEM proposal does not consider the effect of increased fibre
content but whereas the proposal according to equation 15 takes into account the residual tensile
strength of the fibre-reinforced concrete and thus are able to predict that the crack spacing
decreases with increased fibre content, or with increased fibre slenderness as this also increases
the residual tensile strength.
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Figure 6. Comparison between calculated crack spacing and the crack spacing obtained in
the experiments.
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4. RESTRAINT INDUCED CRACKING

Engstrom [6] has proposed a model for analysing restraint induced cracking and the cracking
process is analysed by modelling the cracks as non-linear springs, see Figure 7. Lofgren [7]
extended the model to include the effect of fibre reinforcement.

b b b 88 848 ¢ 8¢

non-linear springs
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combined reinforcement (fibre and bar No,) <= = (o))
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Figure 7. Model for analysing restraint induced cracking.

Engstrom’s model is based on a bond-slip relationship which has been used to derive an

analytical expression describing the crack width as a function of the reinforcement stress:
0.826

W(O‘S ) =042

2
$-0; + %«4¢ (with ¢in mm) (17)
0221 F - LB A ,
E, 4,

Where ¢ is the bar diameter, oy is the stress in the reinforcement, f., is the average compressive
concrete strength, Es and E. is the modulus of elasticity of the reinforcement respectively the
concrete, and A.r is the effective concrete area. The effective concrete area can be calculated as
A, =b-h, , where heris the part of the tensile zone which has the same centre of gravity as the

reinforcement. The last additional term in (eqv. 17) considers the influence of a zone nearby the
crack where bond is assumed to be fully broken due to radial cracks towards the free surface.

The response during the cracking process can described with the following deformation criteria:

]\W.(l_kwef)_pn.y\/(o's):]e'&‘“'l (18)
E.-A, ‘

where N(os, fires) 1S the force acting on un-cracked parts, / is the length of the member,
A =4 + A, (ES JE. —1), @er 15 the effective creep coefficient, » is the number of cracks and R

is the degree of restraint (R=0 for no restraint and R=1 for full restraint). N(os, fires) can be
calculated as:

N(Gs ’fﬁ,res ): O-s : As + fﬁ,res ’ (Ae/ - As) (19)
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If N(os, frres) 1s larger than the force required to initiate a new crack, N, more cracks will be
formed. However, if it is smaller only one crack will be formed. The force required to initiate a
new crack, N1, can be calculated as:

E
N =f.,. -[Aef +(Ec IJ ASJ (20)

where f.m 1S the average tensile strength.

If N(os, fires) > N1 a new crack is initiated (n increases). If N( o, fires) < V) the cracking process
stops and the actual crack width can be determined using expression (17).

4.1 Example
In order to exemplify how the crack width depends on the residual tensile strength, the amount
of reinforcement, and the bar diameter the following example has been analysed, see Figure 8.

Example:
A reinforced “slab-on-grade”, 20 meter long, with full restraint (R=1).

Reinforced with ¢ 8, 10 or 12 (0.2% < p< 0.8%)

250

.

# 7

i

I 20 m

Material properties, concrete C30/37 (w/c = 0.55):
Tensile strength: foum = 2.9 MPa (fiu 0.0s = 2.0 MPa)
Residual tensile strength: 0 MPa < ff s < 2.5 MPa
Creep coefficient: @.r=2.5

Concrete shrinkage: &, = 600 10°

Figure 8. Calculation example.

Since the calculation procedure requires iterations, where the number of cracks is step-wise
increased, it is better suited for computer calculations. Hence, the presented model has been
implemented in a small Excel program where the calculation can be made automatically, see
Figure 9.
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B3 Microsoft Excel - Analysis of cracking-Example.xls
(2] arkiv  Redigera Visa Infoga  Format  Verkiyg Data  Fonster  Hialp Skeiv en Fréga fér
TR T BEVEE RN N N e A R N T - @ itnestienronen <10 - [[Flx U | = E]=E|® w00
D33 - A& =D3TF10005D4F 10000 (D 14*2*¥D2 1) * (14D 16¥D 15 D25¥D23+D5*D 17HD4*F1000)
& B © [ o E H G [ H 1 7 1 K [t Twm [ v [ o |7
Calculate ‘ Width Stress Transm. Force Crackf. Checkof  Def.

1 In-put geometry MNotation Value — No.cracks | Spacing from] ] [BIPa] length fmm] | [kN] Ly | stress  criteria
[ 2 | Width. b [mun] 1000 Min. reinforcement 1 20000 727 2303 200 697 438 Tot QK = fyk 0.0000
B Heigth: h [man] 250 Ho. of bars (BEK 04) 2 10000 343 1305 612 697 438 Tot QK = fyk 0.0000
z Length. T[] 200 500 3 L 242 1172 524 697 438 Tot QK = fyk 0.0000
| 5 | Degree of restraint | R[] 1.00 Area (mo®) (BEK 04) 4 5000 132 581 469 697 458 TotOK = fyk 0.0000
| 6 | Koefficient of frction against sub-base | HI 0o 393 5 4000 145 855 431 697 458 Tot OK = fyk 0.0001
| 7 | Conerete cover: ¢ [mm] 30 [ 3333 121 763 402 697 458 Tot QK = fyk 0.0000
Ea Rebar diameter. # o] 10 spacing reint. [mm] 7 2857 104 604 79 697 458 TotOK = fyk 0.0000

9 Mumber of rebars | Mg [ a7 150 8 2500 091 638 361 697 458 Tot O = fyk 0.0000
| 10 | In-put material properties Risk of cracking 9 3322 0g1 393 345 697 458 Tot OK = fyk 0.0000

11 Average compressive strength: Feem [WIPa] 320 Restraint stress 10 2000 073 355 332 [ 458 Tot OK = fyk 0.0000
12 | Average tensile strength|  fom [MPa] 200 566 " 1o1e nas ) n &t 450 Tee AT S Al 0ANAN
13 Residual tensile strength|  fres [MPa] 125 Crack sisk s - |
14 E-modulus concrete:| B, [MFPa] 33000 28 ] |
115 | Effective creep cosfficient | @g [ 250 Lia ] 409 500 4 |
| 16 | Ageing coefficient)) x[- 030 B0 ’E 35 4 . |
7| Heed for movement (shrinkage is negative) £ [ -6.00E-04 = a0 4 & a0 4 i
| 15 | Field strenigth of reinfore ement: S [MPa] 300 '§ 75 4 % |
| 19 | E-modulus teinforcement. B, [MFPa] 200000 - = 300 !
| 20 | Caleunlations Reinf. ratio (%) ; 27 E |
| 21 | Cross-sectional area Ar [mmg] 133006 of eross-section E 157 % 200 1 |
| 22 | Reinforcement atea; A [mmg] 3234 0.42% = 109 100 4 |
| 23 | Effective heigth: b gr [man] 70 of effective atea ER |
| 24 | Effective concrets area: Ag [imar’] 70000 0.75% 0 T T T T 0 T T T T |

25 Number of cracks: 7o [s1] a0 0o 0z 04 [1F3] 14 10 0o 0z 04 0 02 10
| 26 | Crack spacing:|  syp [mum] 513 Crack width [mm] Crack width [mm] !

7 Reinforcement siress:| o5 [MPa] 2682 Force reinf. [kN] |
(23 | Transmission length: 72 [mm] 216 2809 o ] |
E Crack widih: w [mm] 023 Force fbres [kN] 25000 " |

30 Cracking load: N [BN] 7772 1737 |
En Force acting on un-cracked parts: N{ o, fres ) (N 4546 | Frictional force [kN] 40 |
B Force needed fo initiate new crack:| Ny [kN] 4582 00 g & R \
53 | Check of deformation criteria: [_o.o00 £ = 30 4 i

£ 1 LR

34 E o |
2 [ Mamal *? 1o 1 E f: |
% For autamatic calculation with a macro press the button "Caleulate” = g 0 :
22| The macro is based on iterations and that the number of cracks is step-wise increased (starts with one 5000 4 = I
o [ eracio) andfor each step the reinforcement stress and crack width are detemined by solving the 5 4 ‘
40| deformation criteria. The number of cracks are increase d until N(o,, far.) <= N1 1] . 1 ! 1 1] ! ! ! |
| 41 | 0 200 400 600 200 1000 a 200 400 600 200
47 || 4n caloulation can also be made using the function " goal seek” - available in the menu "tools”. Cuess the o i
4 || rsmber of eracks (cell D25), start the *goal seek” and choose the goal vell as D33 which should have the Transission length [mm] Fotce actiong on un-cracked parts [kKN]
4 || walue 0, cell D2T is the variable (reinforcement stress). Press "OK", check the force acting on uncracked
| 45 || parts and compare this with the force required to initiate a ne crack. If N(oy, fere) <= Nyincrease the
46 || nsmber of cracks (cell D25)
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W < v ¥ \Calculation 4 Description [/ |< |
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Figure 9. Calculation program in Excel.

The calculation results for the calculation example are presented in Figure 10 to Figure 12. As
can be seen the crack width decreases significantly with increasing reinforcement ratio (o) and
with increasing residual tensile strength. In addition, it can be seen that a small bar diameter is
beneficial; see also Figure 13 which shows how the crack width depends on bar diameter and
reinforcement stress.

9(12)



Presented at Nordic Mini-seminar: “Fibre reinforced concrete”, Trondheim, November 15" 2007.

' C30/37 ¢ 12
p =0.8% 0.69
0.0 T T T
02 0.3 0

0.0 0.1 4 0.5 0.6

[\
(V)

[\
S
1

[
W
1

—_
S
1

=}
W
1

Residual tensile strength [MPa]

Crack width [mm]

Figure 10. Influence of the residual tensile strength and reinforcement ratio (p) for 12 mm bar.
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Figure 11. Influence of the residual tensile strength and reinforcement ratio (p) for 10 mm bar.
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Figure 12. Influence of the residual tensile strength and reinforcement ratio (p) for 8 mm bar.
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Figure 13. Influence of the bar diameter.

5. DISCUSSION AND CONCLUSIONS

In this paper two models for calculating the crack width for structures with combined
reinforcement (i.e. fibre- and bar diameter) have been presented. The first model is valid for the
case when cracking is caused by an external force while the second model is for structures
subjected to restraint forces. In conclusion it can be said that:
= It 1s relatively simple to introduce the effect of fibre reinforcement (residual tensile
strength) in models for force induced cracking (crack spacing and crack width).
= Restraint induced cracking, for which models currently is lacking in codes, can be
analysed with the proposed model.
= The Restraint cracking model is more complicated but can easily be implemented in e.g.
Excel for automatic calculations.
* Combined reinforcement (fibre- and bar reinforcement) is effective for crack control.
*= However, test methods able to accurately determine the residual tensile strength (or even
better the o-w relationship) of FRC is required.
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