
THESIS FOR THE DEGREE OF DOCTOR OF PHILOSOPHY IN SOLID AND
STRUCTURAL MECHANICS

Modelling crack-induced ultrasonic scattering in a
thick-walled pipe

JACOB RUBENSON

Department of Applied Mechanics
CHALMERS UNIVERSITY OF TECHNOLOGY
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Abstract

Ultrasonic testing is used in several industries where there are high demands on safety,
e.g. nuclear power and aerospace industries. In the nuclear industry and elsewhere
there are many pipes that need to be tested. To this end this thesis considers ultrasonic
wave scattering from a crack inside a thick-walled pipe. Several different crack types
are considered: an infinite axial-radial crack, a finite axial-radial crack, and a radial-
angular crack. To solve these problems a hypersingular integral equation method has been
employed. The hypersingular integral equation is derived from an integral representation
for the elastodynamic field that involves the Green’s tensor of the pipe. The primary
unknown in the integral equation is the crack opening displacement (COD). The Green’s
tensor of the pipe consists of two terms, one is the free space part, called the singular part,
and an added part, called the regular part, to fulfil the stress free boundary conditions
on the walls of the pipe. The regular part is derived in the first paper and is the same
in all papers. The singular part for both the infinite and finite axial-radial cracks is a
double Fourier representation in rectangular coordinates. The Green’s tensor for the
angular-radial crack is instead a Hankel transform representation. The hypersingular
integral equation must be regularized and this is accomplished by expansions of the COD
in Chebyshev functions, which have the correct square root behaviour along the crack
edges. The integral equation also needs to be projected on the same set of Chebyshev
functions, and this concludes the regularization. The COD can thereby be determined.
The ultrasound in the pipe is excited by a probe on the outer wall of the pipe and a model
for such a probe acting as transmitter is developed. The ultrasound from this probe act
as the source term in the integral equation. As a receiver another probe is used and the
action of this probe is modelled by a reciprocity argument where the output is the electric
signal from the receiving probe. As a special and common case the same probe is acting
as both transmitter and receiver, this is called pulse-echo testing. A few examples are
given for the different crack types showing the influence of varying pipe diameter and
wall thickness.

Keywords: Non-Destructive Testing, Cylindrical pipes, Hypersingular integral method,
Ultrasonic waves, Crack
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Part I

Extended Summary

1 Introduction

1.1 Background

This thesis considers the mathematical modelling of non-destructive evaluation (NDE)
and testing (NDT) of cracks in thick-walled pipes. According to Hellier [4] both NDE
and NDT are common names for the technology to test objects without destroying it. It
should be noted that there are more specializations than NDE and NDT, e.g. Quantitative
Nondestructive Evaluation or QNDE, however, in this thesis there will be no distinction
between NDE, NDT and QNDE. The application of NDE in this thesis will only be
towards industry, however, there are other uses as well, e.g. medical ultrasound.

There are some structures where the structural integrity is paramount, e.g. nuclear
power plants, oil pipelines and airplanes. These are the industries which can and do
use NDE to ensure safety and functionality. There are many types of defects that can
be found inside any metal structure and thus there exists many different methods of
detecting these defects. The usage of NDE to continuously test for defects can increase
longevity and safety for the structure and perhaps lower the maintenance cost for the
industry.

There are several different types of defects; they can be located both inside (typically
cracks), they can be located on the surface (typically erosions) and they can be surface
breaking defects (typically cracks). The surface breaking defect is an obstruction that
has either started as a submerged crack and propagated toward the surface or vice versa.
The defects do not necessarily need to be empty, but can be filled with different materials
ranging from other solids to fluids.

There are many techniques to perform NDT, many of these are described by Hellier
[4] and some of these will be briefly mentioned here. Radiography is a technique which
is similar to X-rays, a detector is placed behind the test object which is radiated. This
method is used for welds and casts, however, there are limitations due to the thickness
of the test object and to the fact that radiation is hazardous. Liquid penetrant is the
utilization of dye to find surface breaking defects. Eddy current testing induces currents
in the test subject and measures how the test object reacts to the current. If there is a
defect present, a change in induced current can be measured, but this only works when
the defect is very close to the surface.

Ultrasonic testing is usually performed by emitting a sound wave into the test object,
usually with the frequency in the megahertz range, and recording the signal after the
interaction with the defect. The test setup can be divided into pitch-catch, where
the transmitter and receiver are on different locations, and pulse-echo where both the
transmitter and receiver are on the same place. The pitch-catch method can use the
distance between the transmitter and receiver is known and the time of flight can be used



to determine if a defect is present. The pulse-echo system records as the signal is sent
and if there is an echo from a defect it can be recorded and interpreted. There are several
books written on the subject, e.g. Langenberg et al. [5] and Hellier [4]. There are several
possibilities to display the results, the most common ones are A-, B- or C-scans. The
A-scan shows the signal strength as a function of time as the transducer is moved along
the top of the test object. The B-scan is a side view scan that shows the depth of the
defects using time of flight measurements. The C-scan is without the time dimension and
can have both one or two spatial dimensions [4].

To model complex geometries often Finite Elements software or CIVA is used. CIVA
is a software platform containing many different NDE modelling methods, including
but not limited to ultrasound and radiography. CIVA is developed by the French
government agency CEA1. The CIVA software uses a variety of approaches for the
ultrasonic simulations, e.g. beam methods or FEA. The computational cost for purely
numerical methods is often exhaustive and thus can impose limitations on the geometry.
The solution is often to try to solve a 2D or simplified 3D version of the problem. There
are also methods that employ a substantial analytical work before the computations on
a computer begin, these are however limited to simple geometries but they can often
be extended to 3D. Waterman [6] uses a matrix formulation called the T-matrix or null
field approach. This method can be used to solve the scattering from several types of
scatterers, some are given by Waterman [6]. Olsson [7] has used the T-matrix method to
determine the scattered field from a spherical cavity inside a thick walled pipe.

There are also integral equation methods that can be applied to crack problems. These
methods seem to have been introduced by Robertson [8], at least with the application
towards elastodynamic problems. A type of integral equation method is the hypersingular
integral equation method, this method has been used to model ultrasonic scattering, see
Boström [9]. There are two different approaches to the hypersingular integral equation
method, one that considers a Fourier transform of an unknown function and one that
relates the Green’s function to the scattered field. Boström [9] writes about the differences
between the Green’s function and Fourier transform methods and concludes that the
Green’s function method is more general. This can be shown by considering a crack in a
layered medium, only the Green’s function method can solve the problem if the crack and
the layered medium are not aligned.

Considering the more specialized case of crack detection in pipes, most work has
been done using guided wave finite element analysis. Ratasepp et al. [10] consider the
interaction between the fundamental torsional mode and an axial crack in a pipe. The
work by Demma et al. [11] considers different finite element models applied to crack
detection in pipes. There is also research by Bai et al. [12] performed on a radial crack
in pipe, however, they make approximations which allow them to solve two quasi-one
dimensional equations instead of a three dimensional one. The research on cylindrical
pipes using analytical methods is not as common as compared to half spaces or unbounded
spaces. However, Olsson [7] has derived some interesting results on the reflection of
ultrasonic waves inside a pipe.

1http://www-civa.cea.fr/en/

http://www-civa.cea.fr/en/


1.2 Purpose

The purpose of this thesis is to further the understanding of the wave propagation and
scattering properties of different cracks inside a pipe. The behaviour of ultrasonic models
in plates is well studied, for thick-walled pipes, however, this is not the case. Models for
thick-walled pipes are needed to find out when the curvature of the pipe is important
to consider. This knowledge would increase the efficiency of the modelling and more
importantly, decide when it is a good approximation for the pipe to be approximated as
a plate. It is also important to develop software that can be used to study examples of
scattering inside pipes.

1.3 Limitations

This thesis is limited to cylindrical geometries, more specifically straight pipes. The work
presented in the thesis is also limited to linear, homogeneous and isotropic material with
complex Lamé parameters to simulate damping in the material.



2 Theory

2.1 Elastodynamics

Elastodynamic wave propagation is a well known phenomenon, several books have been
written about this e.g. Graff [13], Achenbach [14] and Krautkrämer [15]. The elastody-
namic equation of motion can be written is several different ways for a variety of different
assumptions. This thesis will only consider linear wave motion inside in medium which is
assumed to be isotropic and for a single frequency, ω. The equation of motion for the
displacement field u can be written as (Graff [13], Achenbach [14])

k−2p ∇∇ · u(r)− k−2s ∇∧∇∧ u(r) + u(r) = 0. (2.1)

Here kp and ks are wave numbers and are defined accordingly k2p = ρω2/(2µ + λ) and
k2s = ρω2/µ. The subscript represent a pressure wave, kp, or transverse wave, ks. Here µ
and λ are complex Lamé parameters and ρ is the density of the material. Throughout
the thesis the factor exp(−iωt) is omitted for brevity. The traction operator is defined as
follows

t (n) = n̂λ∇ · u+ 2µn̂∇u+ µn̂ ∧ (∇ ∧ u). (2.2)

Depending on the geometry where the elastic waves propagate there are several possibilities
to represent the solution. Boström et al. [16] have described several solutions in an
unbounded geometry. In this thesis only the cylindrical basis functions will be discussed
in detail and these are as follows,

χ1σm(α; r) =

√
εm
8π

1

ks sin(α)
∇∧

(
ẑHm(rks sin(α))eiks cos(α)z

{
sin(mϕ)
cos(mϕ)

})
,

χ2σm(α; r) =

√
εm
8π

1

ks2 sin(α)
∇∧∇∧

(
ẑHm(rks sin(α))eiks cos(α)z

{
sin(mϕ)
cos(mϕ)

})
, (2.3)

χ3σm(α; r) =

√
εm
8π

kp
k3s

∇
(

Hm(rkp sin(α))eikp cos(α)z

{
sin(mϕ)
cos(mϕ)

})
.

Here, Hm is a Hankel function of the first kind and of order m, this set of basis functions
represents outwards traveling waves. There are also regular waves (Reχτσm), which are
obtained by replacing the Hankel functions with Bessel functions, Jm. The Neumann
factor is defined as εm = 2− δm0. The basis functions have several indices that represent
the mode (τ = 1, 2, 3), parity (σ = o, e) and order (m = 0, 1, 2...), which are combined to
a multi-index, χk ≡ χτσm. The first two modes are shear waves (τ = 1, 2) and the third
is a pressure wave (τ = 3), the parity is determined by the parity of the trigonometric
function. The complex parameter α belongs to [0, π], C, C−, C+, the latter three curves
can be seen in Fig. 2.1. Using these basis functions and the integral paths Green’s tensors
or vector representations for the displacement field can be created. The most common is if
α is chosen to belong to C, this is a Fourier representation with the Fourier variable in the
axial direction. The choice of C− or C+ will result in a Hankel transform representation,
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Figure 2.1: The different integration paths for the complex parameter α.

where the transform variable is in the radial direction. These will be used to construct
the Green’s tensor of the pipe and will be discussed later.

The basis functions in Eq. (2.3) cannot be used directly to solve for the scattered field
from the crack since the geometry of the problem is not the same as for the free space
problems. To mitigate this an alternative formulation can be is used, consider an infinite
space with a scatterer present. This volume can be seen in Fig. 2.2, here both a scatterer
with the volume Vs enclosed by a surface Ss and a transmitter with volume Vin enclosed
by a surface Sin is inside a large spherical volume V which are enclosed by a surface SR.
The volume V becomes the entire space if the radius of the sphere approaches infinity,
these situations have been investigated by Ström [17] and especially how to handle the
boundary conditions at infinity. The integral representation is

−ks
µ

∫
SR−Sin−Ss

dS
(
u(r′) · t(n)(G(r, r′))− G(r, r′) · t (n)(u(r′))

)
=

{
0, r′ /∈ (V )

u(r′), r′ ∈ (V )

(2.4)

with the surfaces as shown in Fig. 2.2. Here G is the free space Green’s tensor which
satisfies the following equation

k−2p ∇∇ · G(r, r′)− k−2s ∇ ∧ (∇ ∧ G(r, r′)) + G(r, r′) = −k−3s δ(r − r′)I, (2.5)

where I is the unit dyadic. The integral representation is derived by taking the difference
between the equation of motion for the displacement field, Eq. (2.1), multiplied with the
Green’s tensor and the equation of motion for the Green’s tensor, Eq. (2.5), multiplied
with the displacement field and this difference is integrated over the volume V − Vin − Vs.
The integral representation in its final form is found after using Gauss theorem. The
details are omitted for brevity but are given by Ström [17].

There are many surfaces present in the present state of the integral representation,
Ström [17] show that the contribution from the spherical surface integral becomes zero as
the radius approaches infinity. In this thesis only passive scatterers are considered, and
thus the displacement field can be divided into an incoming and a scattered field,

u = uin + usc. (2.6)
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Figure 2.2: The geometry for the integral representation.

The integral representation can now be simplified to

uin +
ks
µ

∫
Ss

dS
(
u+(r′) · t(ϕ)(G(r, r′))− G(r, r′) · t(ϕ)(u+(r))

)
=

{
0, r′ /∈ (V )

u(r′), r′ ∈ (V )
,

(2.7)

where u+ is the displacement field evaluated in the limit on the surface Ss and uin is the
incoming field from the volume Vin and is assumed to be known. This can be simplified
even further if one only considers a crack surface, i.e. the volume has been collapsed to
a surface. This also changes the displacement field u+ to ∆u which is called the crack
opening displacement (COD). The COD is the discontinuous jump in displacement over



the crack surface. The integral representation is now written as

uin +
ks
µ

∫
Sc

dS∆u(r′) · t(n)(G(r, r′)) =

{
0, r′ /∈ V,
u(r′), r′ ∈ V. (2.8)

One way to solve for the COD is to establish an integral equation.

2.2 Integral equations

To establish an integral equation the traction operator is applied to the integral represen-
tation, the boundary condition on the crack is used and the field point is taken on the
crack surface to obtain the following

t (n)(uin(r′))
∣∣∣
r′=ro

= − lim
r′→ro

ks
µ

∫
Sc

dS′∆u(r′) · t(n)(G(r, r′)), ro ∈ Sc. (2.9)

It should be noted that ro is not a constant but a parameterization such that the field
point, r′ is placed on the crack surface. However, the limit cannot be taken inside
the integral when the traction operator has been applied. This is because the integral
becomes hypersingular and cannot be evaluated in a proper sense. Martin and Rizzo [18]
discuss hypersingular integrals and how to regularize them. The regularization process is
depending on the shape of the crack, but generally it is about expanding the COD in
functions that behave as the COD at the crack edges, where the COD goes as a square
root.

2.3 A scalar example

The solution technique is quite complicated and as an illustrative example it is instructive
to consider the similar 2D antiplane shear wave problem with a crack in a half plane.
The boundary conditions on the boundary along the half plane and the tilted crack are
stress free, i.e. the normal derivative is zero. The crack has a length 2a, is tilted with
the angle β counter clockwise and is placed in the upper half plane at the distance d to
the boundary, as seen in Fig. 2.3. Two coordinate systems xy and xcyc are introduced
according to Fig. 2.3 and they are related as

x =xc cos(β)− yc sin(β), (2.10)

y =d+ xc sin(β) + yc cos(β), (2.11)

where d is the distance between the crack and the half plane surface.
The displacement field has only a z component u = u(x, y)ẑ which satisfies Helmholz

equation

∇2u+ k2u = 0, (2.12)
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Figure 2.3: The geometry of the half space with the crack.

where k is the wave number. The Green’s function for the half plane satisfies the same
equation with a delta function on the right-hand side and can easily be expressed as

G(x, y;x′, y′) =
i

4π

∫ ∞
−∞

dq

h

(
ei|h(y−y

′)| + eih(y+y
′)
)

eiq(x−x
′), y′ > 0 (2.13)

where h =
√
k2 − q2 with the chosen branch Imh ≥ 0. The first term in the Green’s

function is the singular part and the second term is the regular part which is added to
satisfy the stress free boundary condition at y = 0. Inserting the coordinates into the
Green’s function, the final Green’s function in the half plane becomes

G(xc, yc;x
′
c, y
′
c) =

i

4π

∫ ∞
−∞

dq

h

(
ei|h(yc−y

′
c)|eiq(xc−x′c) +

1

h
exp[i(xc(h sin(β) + q cos(β))

(2.14)

+x′c(h sin(β)− q cos(β)) + yc(h cos(β) + q sin(β)) (2.15)

+y′c(h cos(β)− q sin(β)) + 2dh)]
)
. (2.16)

The integral representation in this simple example becomes

uin(xc, yc) +
k

µ

∫
Sc

dS′∆u(x′c)
∂G(xc, yc;x

′
c, y
′
c)

∂y′c

∣∣∣
y′c=0

=

{
0, y′ < 0

u(xc, yc), y′ > 0
, (2.17)

where µ is the Lamé parameter. The integral representation has been simplified by the
assumption that the traction on the crack surface is stress free. The next step is to apply
the normal derivative to the integral representation and letting the field point approach
the crack surface. This leads to the following

∂uin(xc, yc)

∂yc

∣∣∣
yc=0

= − lim
yc→0

k

µ

∫
Sc

dS′∆u(x′c)
∂2G(xc, yc;x

′
c, y
′
c)

∂yc∂y′c

∣∣∣
y′c=0

, (2.18)

and when the normal derivative is applied for both the field and source points the field
point cannot be taken inside the integral. The integral becomes hypersingular and must
be regularized in some way. To do this the COD is expanded as follows

∆u =
∑
n

βnψn(
x′c
a

), (2.19)



where ψn(s) are Chebyshev functions and βn are the unknown expansion coefficients for
the COD. The Chebyshev functions are a complete set of functions that form a basis
and have the same square root behaviour at the crack edge as the COD. The Chebyshev
functions can be defined as

ψn(s) =

{
−1
mπ cos(n arcsin(s)), n = 1, 3, ...
i
mπ sin(n arcsin(s)), n = 2, 4, ...

, (2.20)

where s belongs to the interval [−1, 1]. These functions also have a very useful integral
property ∫ 1

−1
dsψn(s)e−iγs =

−1

γ
Jn(γ). (2.21)

To finalize the regularization the integral equation needs to be projected on the same set
of Chebyshev functions. The limit can now safely be taken inside the integral and after
multiple usage of the integral property Eq. (2.21) the following system of equations can
be established for the expansion coefficients∑

n′

Qnn′βn′ = Tn, (2.22)

where

Tn =

∫ a

−a
dxc ψn(

xc
a

)
∂uin(xc, yc)

∂yc

∣∣∣
yc=0

, (2.23)

and

Qnn′ = nn′
∫ ∞
−∞

dq h

q2
Jn(qa)Jn′(qa)− nn′

∫ ∞
−∞

dq ei2dh

h
(h2 cos2(β)− q2 sin2(β)) (2.24)

× Jn(a(q cos(β)− h sin(β)))

q cos(β)− h sin(β)

Jn′(a(q cos(β) + h sin(β)))

q cos(β) + h sin(β)
. (2.25)

Both these integrals are convergent, albeit the first one is only slowly convergent. However,
this is a numerical problem that will be discussed in detail in the papers, but for the
illustrative example it is enough to conclude that the expansion coefficients can be
determined. Given that the expansion coefficients are known the COD is known and there
are various ways of calculating either the scattered field usc or as in the articles the signal
response.



3 Solution of the integral equation

In this section a brief overview of the appended papers is given. This shows the main
differences between the papers and present some of the results. First the parts are given
which are similar for all papers followed by a summary of the papers themselves. The
section about the papers is very brief without the complicated mathematical manipulations,
they can be found in the actual papers, however, the methodology is the same as for the
illustrative example.

3.1 Green’s tensors

The Green’s tensor (function) is basically a tool to solve non-homogeneous partial dif-
ferential equations [19]. The Green’s tensor is the fundamental solution to the partial
differential equation, however, in this thesis it is used in the integral representation. It
should be noted here that in section 2.1 a pipe geometry is not considered. The integral
representation for the pipe is derived in a very similar manner, but now the outer and
inner surfaces of the pipe enter when applying Gauss’ theorem to the elastic region (the
pipe). Thus the basic integral representation is

−ks
µ

∫
S++S−−Sin−Ss−Sp

dS
(
u(r′) · t(n)(G(r, r′))− G(r, r′) · t (n)(u(r′))

)
(3.1)

=

{
0, r′ /∈ (V )

u(r′), r′ ∈ (V )
. (3.2)

Here Sp is the pipe walls, Sin is the surface enclosing the sources, Ss is a surface enclosing
the crack, and S+ and S− are surfaces far away making the pipe finite. As in section 2.1
the integral over Sin gives the incoming field and the integral over Ss introduces the COD.
The integral over the walls of the cylinder vanishes when both the elastodynamic field
and the Green’s tensor satifiy traction free boundary conditions. The integrals over S+

and S− also vanish when the field and the Green’s tensor are required to radiate energy
outwards. The conclusion is that the integral representation and the integral equation are
the same as for the generic case with a scatterer in full space considered in section 2.1,
although it must remembered that the Green’s tensor now is the one for the pipe and not
the free space Green’s tensor.

The Green’s tensor for the pipe (G) have a similar composition in all the papers, a
singular part (Gsing) and a regular part (Greg). The singular part is expanded in different
ways depending on the crack, this is similar to using tilted coordinates that align with
the crack as in the illustrative example. The singular part is a representation of the free
space Green’s tensor and in Paper A and Paper B the following form of the Green’s
tensor (Boström et al. [16]) is used

Gsing(r′; r) = 2i

3∑
j=1

∫ ∞
−∞

∫ ∞
−∞

dq dp

kjhj
fjf

∗
j e

i(hj |y′−y|+q(z′−z)+p(x′−x)), (3.3)



where the factors fj and f∗j are given in Paper A and Paper B. This is a double Fourier
representation in rectangular coordinates transformed in x and z with the transform
variables p and q, respectively. In Paper C the free space Green’s tensor is a Hankel
transform and it is

Gsing(r′; r) = 2i
∑
k

∫ ∞
0

dq
q

hτ
Reχk(q; r )Reχ†k(q; r′), z > z′. (3.4)

Here the cylinder functions from Eq. (2.3) are used and the integration curve is C+ shown
in Fig. 2.1. Thus q = ki sin(α) ∈ [0,∞[ and hi =

√
ki − q i = 1, 2, 3, where k1 = k2 = ks

and k3 = kp is the shear wavenumber and 3 is the pressure wavenumber.

However, to create the Green’s tensor for the pipe a so called regular Green’s tensor is
added. The added regular part is chosen in a manner that the sum of the regular and
singular Green’s tensors obeys traction free boundary conditions at both the inner and
outer pipe surfaces. The determination of the regular part is based on the work of Olsson
[7], who determined the reflection matrices for elastodynamic waves in a pipe. These
reflection matrices where used in Paper A to determine the regular Green’s tensor,

Greg(r′; r)

= i
∑
kk′

∫ ∞
−∞

dh

kτ

(
− χk(h; r)M3

kk′(h)χ†k′(h; r′) + χk(h; (r))M4
kk′(h)Reχ†k′(h; r′)

+Reχk(h; (r))M1
kk′(h)χ†k′(h; r′)− Reχk(h; (r))M2

kk′(h)Reχ†k′(h; r′)

)
(3.5)

Here Mν
kk′ , ν = [1, 2, 3, 4], are matrices that determine the reflections from a wave created

by an arbitrary excitation. The number ν is related to geometrical reflection from the
inner and outer surfaces of the pipe. These matrices are quite complex to calculate, but
using a similar notation as Olsson [7] they can be written as follows

M1 =Ro(I −RiRo)−1Ri, (3.6)

M2 =Ro(I −RiRo)−1, (3.7)

M3 =(I −RoRi)−1Ro, (3.8)

M4 =(I −RoRi)−1RiRo, (3.9)

where I is the unit matrix. Here a short hand notation for matrix multiplication is used
and the matrices R are reflection matrices which were derived by Olsson [7] and the
superscript (i, o) represent inner or outer surfaces. The matrices are defined as

Ro
kk′ =

∑
k′′

ReSo
kk′′(h)(So)−1k′′k. (3.10)

Ri
kk′ =

∑
k′′

ReSi
kk′′(h)(Si)−1k′′k, (3.11)



where Sνkk′ , ν = i, o are defined by

Si
kk′ =

ks
µ

∫
Si

dS Reχk · t (r)(χ†k′), (3.12)

So
kk′ =

ks
µ

∫
So

dS Reχk · t (r)(χ†k′). (3.13)

The ReS matrices are obtained by interchanging the basis function χk to Reχk basis
functions. The integrals in Eq. (3.12) can be performed analytically since the surfaces are
circular cylinders. The analytically expressions for the matrices are calculated by Olsson
[20]. It should be noted that the matrices Skk′ and ReSkk′ are denoted Qkk′ and ReQkk′ ,
respectively, by Olsson [20].

3.2 Complex Lamé parameters

The Lamé parameters in all the papers are complex. This is implemented by adding a
small imaginary part to the Lamé parameters; µ = µ?(1− iε) and λ = λ?(1− iε). Here
µ? and λ? are the regular value of the Lamé parameters and ε is a small number that
in all papers is 0.02 which corresponds to a realistic value. The usage of complex Lamé
parameters simulate the damping inside the steel (mainly due to grain scattering) and it
has the added benefit of increasing the numerical stability of certain integrals. The wave
numbers become complex, with a positive imaginary part. The damping occurs when the
wave numbers are complex as follows,

exp(iksq) = exp(iqk?s (1− iε)−1/2) ≈ exp(−.5qk?s ε) exp(iqk?s ). (3.14)

Since ε is positive the first factor will have a damping effect. This is also the reason for
the numerical stability for integrals over the integration variable q for large values of q.

3.3 Transmitting probe

The transmitting probe model is based on a model developed by Boström and Wirdelius
[21] to model the incoming field from a planar surface. The model used here is modified
to allow for the curvature of the pipe.

The incoming field, i.e. the field in the pipe in absence of the crack, is determined by
solving the differential equation for elastic wave motion using the boundary condition
stipulated by the probe model. The traction boundary condition is only nonzero in the
normal direction on the outer pipe surface and is given as follows

t(r)r (u) =

{
iµks exp(−iksro sin(γ)(ϕ− ϕ0)), r ∈ S1

0, r /∈ S1

. (3.15)

Here S1 is the surface where the probe is placed, and it can be described as

S1 = ϕ ∈ [ϕ0 − δ, ϕ0 + δ], z ∈ [ζ0 − ζ, ζ0 + ζ]. (3.16)
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Figure 3.1: The placement of the transmitting probe on the outer surface of the pipe.

It should be noted that the probe is angled towards the normal using the angle γ, see Fig.
3.1. Here ϕ0 and ζ0 are the centre position for the probe in angular and axial directions
and 2δ and 2ζ are the lengths of the probe in the angular and axial directions, respectively.

This boundary condition is only valid for Paper A and Paper B. To create the
boundary condition for Paper C the probe needs to be angled towards the z axis, and
thus a phase difference needs to be set on the axial direction instead. This is achieved
by changing (ϕ− ϕ0) to (z − z0). The probe is a shear probe that is vertically polarized.
However it is easy to change to a pressure probe by replacing the shear wave number (ks)
with the pressure wave number (kp) in Eq. (3.15).

To obtain the field from the probe an eigenfunction expansion is used, the field is
expressed using the following ansatz,

uin =
∑
k

∫ ∞
−∞

dh

kτ

(
ξ1kχk + ξ2kReχk

)
. (3.17)

Here ξ1k and ξ2k are expansion coefficients that need to be determined from the boundary
condition. The following equations can be set up for the unknown coefficients∑
k

∫ ∞
−∞

dh

kτ

(
ξ1kt

(r)(χk) + ξ2kt
(r)(Reχk)

)
= r̂iµks exp(−iksro sin(γ)(ϕ− ϕ0)), r = ro,

(3.18)∑
k

∫ ∞
−∞

dh

kτ

(
ξ1kt

(r)(χk) + ξ2kt
(r)(Reχk)

)
= 0, r = ri. (3.19)



Expanding the right-hand side in trigonometric functions and a Fourier transform in the
axial direction yields an equation system for the unknown coefficients that is be easily
solved. These can be found in all papers and are not reproduced here.

3.4 Receiving probe

To obtain a signal from the crack a reciprocal theorem is used, this theorem and has been
used in many similar applications, e.g. [22] and [9], and was developed by Auld [23]. The
reciprocal theorem compares two different elastodynamic states and calculates the change
in electric reflection coefficient between the states. The states are as follows; one with
the defect and the transmitting probe present (state 1) and one without the defect but
with the receiving probe acting as a transmitting probe (state 2). The change in electric
reflection coefficient (δΓ) becomes more or less the quantity that is measured due to the
effect of the defect. The reciprocal theorem is stated as follows

δΓ =
iω

4P

∫
S

dS
(
u1 · t(n)2 − u2 · t(n)1

)
, (3.20)

where the subscript shows the elastodynamic state, ω is the frequency of the incoming
waves, P is the electric power exciting the transmitter, and n is the outward pointing
normal on the surface S enclosing the defect.

Applying this to a crack surface, as considered in all papers, the boundary condition
on the crack surface is traction free for the displacement field, u. The signal response, Eq.
(3.20) can thus be written as

δΓ =
iω

4P

∫
Sc

dS∆u · tn(uin). (3.21)

Here the signal response (δΓ) can be calculated since in section 2.2 the COD (∆u) is
determined and in section 3.3 the incoming field (uin) is determined. Comparing the
differences between the papers it is noticed that in Papers A and Paper B the normal
to the crack surface (ϕ̂) is the same unlike Paper C, where the normal to the crack
surface is ẑ and also the surface itself is different between all papers.

3.5 Paper A

Paper A considers an infinite axial-radial crack in an infinitely long cylinder, see Fig. 3.2.
The starting point is the hypersingular integral equation (2.8) with the singular Green’s
tensor in rectangular coordinates, Eq. (3.3) and the regular Green’s tensor in cylindrical
coordinates Eq. (3.5). To regularize the integral equation the COD is expanded as

∆un =

∞∑
i=1

∫ ∞
−∞

dp

ks
βni(p)ψi

(
2
r − a
b− a − 1

)
, (3.22)

where βni(p) are undetermined expansion coefficients depending on the axial Fourier
transform variable p. The expansion in Chebyshev functions ψi, defined in Eq. (2.20), in
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Figure 3.2: The geometry of the pipe with the crack at a ≤ x ≤ b, In Paper A the crack
is infinite in the axial direction, in Paper B it lies at −d < z < d.

the radial direction is essential to regularize the hypersingularity in the integral equation.
In the axial direction, where the crack is infinite, the expansion is a Fourier transform.
Inserting the COD expansion into the integral equation, projecting the equation onto
a Chebyshev function, and taking the Fourier transform of the equation gives a set
of equations for the expansion coefficients with the Fourier transform variable p as a
parameter. In the process the hypersingularity is regularized so the limit in front of the
integral equation can be taken inside the integral. The transmitting and receiving probes
are modelled as detailed above.

In the examples line scans in the angular direction is performed over the interval
0◦ < ϕ < 90◦ with a rectangular probe (10 mm by 10 mm) of shear wave type angled 45◦

and operating at the frequency 1 MHz. The pipe has outer radius 40, 50, or 60 mm and
the wall thickness is 10 or 20 mm. The crack is 5 mm in width and starts 1 mm from the
inner surface of the pipe. The material in the pipe is steel and the damping is ε = 0.01.

The signal response as a function of probe position is shown in Figs. 3.3 and 3.4
showing the two different wall-thicknesses, respectively. In each figure results for all three
pipe radii are shown. The results are shown in decibel and are normalized with the
largest value in all the curves. The curves show the expected behaviour with peak values
somewhere in the middle of the interval where the central ray from the probe hits the
crack. The thicker pipe wall in Fig. 3.4 gives peak values for somewhat larger values of ϕ0

which is also to be expected from ray considerations. The shear and pressure wavelengths
are about 3 mm and 6 mm, respectively, so the wave propagation domain is not large in
terms of wavelengths and this must be kept in mind when interpreting the results. With
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Figure 3.3: Signal response as a function of the probe position, 45 ◦ probe, with the wall
thickness is 10 mm and the crack is placed 1 mm from the inner surface

increasing radii it is expected that the results should approach those for a plate. There is
a tendency for the curves for the two larger radii 50 and 60 mm to be more close to each
other than compared to the one for the smallest radius 40 mm. But the radii are still too
small for the results to be comparable to those of a plate. Note in particular that the
angle of the probe with the crack changes as the position of the probes changes.

3.6 Paper B

The crack in Paper A is infinite in the axial direction and this is only reasonable if the
crack is at least a couple of wavelengths in the axial direction, and then it only models the
signal response when all the waves from the probe hit the crack. It is of course of interest
to also model a crack that is finite in the axial direction and this is done in Paper B, see
3.2 again. Much is then the same as in Paper A, the Green’s tensor is expanded in the
same way, but the COD is now expanded as

∆un =

∞∑
i,j=1

βnijψi

(
2
r − a
b− a − 1

)
ψj

(z
d

)
(3.23)
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Figure 3.4: Signal response as a function of the probe position, 45 ◦ probe, with the wall
thickness is 20 mm and the crack is placed 1 mm from the inner surface

Here βnij are the expansion coefficients and the Chebyshev functions are used as expansion
basis in both coordinates. The projection of the hypersingular integral equation is then
done on two Chebyshev functions, one for each coordinate, and the integral equation is
hereby regularized. The transmitting and receiving probes are modelled as detailed above.

In Figs. 3.5 and 3.6 the signal response is shown as a function of ϕ0. The pipe has a
60 mm outer radius and a 10 mm wall thickness. Three different z0 values are compared
z0 = 0 mm (full-drawn curve), z0 = 2.5 mm (dotted curve) and z0 = 5 mm (dashed line).
The z0 values correspond to the center of the crack, half-way to the edge and at the edge,
respectively.

In Fig. 3.5 the probe angle is 45 ◦ and the largest peaks can be seen around ϕ0 = 15 ◦

and as expected the highest peak is the one at the middle of the crack. The signal
responds becomes weaker as z0 becomes larger, as expected. As ϕ0 is increased the signal
response decreases, also as expected.

In Fig. 3.6 the probe angle is 30 ◦ and the largest peaks can be seen around ϕ0 = 10 ◦,
and as expected the highest peak is the one at the middle of the crack, however, not by
a lot. Compared to the results in Paper A similar trends are observed, i.e. the signal
response becomes weaker as z0 becomes larger. As ϕ0 is increased the signal response
decreases, however, not as fast as with the 45 ◦ angled probe.
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Figure 3.5: Signal response as a function of the probe position, 45 ◦ probe, outer radius
60 mm, wall thickness 10 mm and the crack is placed 1 mm from the inner surface
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Figure 3.6: Signal response as a function of the probe position, 30 ◦ probe, outer radius
60 mm, wall thickness 10 mm and the crack is placed 1 mm from the inner surface
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Figure 3.7: The geometry of the pipe with the crack present.

3.7 Paper C

In Paper C a different type of crack is considered, namely a finite angular-radial crack,
see Fig. 3.7. The starting point is the hypersingular integral equation (2.8) with the
singular Green’s tensor in cylindrical coordinates, Eq. (3.4), and the regular Green’s
tensor in cylindrical coordinates, Eq. (3.5). To regularize the integral equation the COD
is expanded as

∆un =

∞∑
i,j=1

βnijψi

(
2
r − a
b− a − 1

)
ψj

(ϕ
d

)
(3.24)

Here βnij are the expansion coefficients and the Chebyshev functions are used as expansion
basis in both coordinates. The projection of the hypersingular integral equation is then
done on two Chebyshev functions, one for each coordinate, and the integral equation is
hereby regularized. As a technical detail it is noted that the asymptotic estimation of
some integrals becomes a necessary ingredient to show that the regularization process has
worked properly. The transmitting and receiving probes are modelled as detailed above.

In Fig. 3.8 the signal response is shown as a function of z0 for two different angular
probe positions, ϕ0 = 0 ◦ (full-drawn curve) and ϕ0 = 15 ◦ (dashed curve). These can be
compared to the angular width of the crack c = 30 ◦. In Fig. 3.8 z0 is varied between
−5 and 10 mm and as the probe is moved over the crack, z0 < 0, the signal response
decreases rapidly, and as z0 > 0 increases height of the peaks decreases slowly.

In Fig. 3.9 the signal response is shown as function of ϕ0 for a fixed z0 = 2.5 mm. As
the previous results have shown (Fig. 3.8) the signal response decreases dramatically as
the probe approaches the crack edge.
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Figure 3.8: Signal response as a function of the probe position, 45 ◦ probe, outer radius
40 mm, wall thickness 10 mm and the crack is placed 1 mm from the inner surface
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Figure 3.9: Signal response as a function of the probe position, 45 ◦ probe, outer radius
40 mm, wall thickness 10 mm and the crack is placed 1 mm from the inner surface



4 Final words

4.1 Conclusion

This work shows how the hypersingular integral equation method can be applied to several
different types of cracks in a cylindrical pipe. The work also includes realistic models of
ultrasonic probes acting as both transmitters and receivers. Some numerical examples
are given, but it is desirable to perform further parametric studies. It is also very useful
to compute time domain results and this can be done straightforwardly by a running a
number of frequencies and perform a Fourier transform. This kind of studies may also
be used to help create a database with responses when solving inverse problems or when
calculating probability of detection curves.

4.2 Future work

There are several possibilities to extend the present work, one important case is to allow
for surface breaking cracks. To do this the expansion in Chebyshev functions must be
changed as the condition at the crack mouth is changed. It is also of interest to consider
more advanced transmitting probes, such as phased array probes. More complicated
cracks can also be considered, for example a rectangular crack that is tilted in an arbitrary
way.
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