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Abstract

Optical flow methods are used to estimate pixelwise motion information based
on consecutive frames in image sequences. The image sequences traditionally
contain frames that are similarly exposed. However, many real-world scenes
contain high dynamic range content that cannot be captured well with a single
exposure setting. Such scenes result in certain image regions being over- or
underexposed, which can negatively impact the quality of motion estimates in
those regions. Motivated by this, we propose to capture high dynamic range
scenes using different exposure settings every other frame. A framework for
OF estimation on such image sequences is presented, that can straightforwardly
integrate techniques from the state-of-the-art in conventional OF methods. Dif-
ferent aspects of robustness of OF methods are discussed, including estimation
of large displacements and robustness to natural illumination changes that oc-
cur between the frames, and we demonstrate experimentally how to handle such
challenging flow estimation scenarios. The flow estimation is formulated as an
optimization problem whose solution is obtained using an efficient primal-dual
method.
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1. Introduction

Optical flow (OF) methods are used to estimate apparent motion in im-
age sequences [1 2| B]. They provide dense displacement fields that contain 2-
dimensional motion vectors for each pixel location of a reference image. The pro-
duced low-level flow data is in turn used for higher-level computer vision tasks
such as segmentation, tracking, motion analysis or image registration [4, 5l [@].
The literature on OF methods is focused almost exclusively on motion esti-
mation for image sequences whose frames are taken with the same exposure
settings. This is despite the fact that many real-world scenes contain high dy-
namic range (HDR) content that cannot be captured with a single exposure
setting due to dynamic range limitations of camera sensors [7, 8. In such a sce-
nario, some regions of a given image will be over- or underexposed, which leads
to an inability to estimate the motion of objects in those regions. For instance,
lack of contrasts in the image data are reported as a bottleneck for the quality of
resulting flow estimates for vehicle driver assistance applications [9]. In recent
years, HDR functionality has been integrated into consumer cameras and other
mobile devices. It captures the full dynamic range of the scene by taking and
merging multiple images with varying exposure settings. If there is non-global
motion between the images, reconstruction artifacts are typically avoided by
using a HDR deghosting method [10]. Compensating for complex, local motion
patterns is typically not attempted due to the difficulty of estimating the motion
with sufficient accuracy [11]. However, there is recent work on estimating a HDR
image based on dense OF motion data that provides promising results [12, [13].

In this paper, we propose a framework for optical flow estimation on image
sequences with differently exposed frames, a setup devised particularly for HDR
scenarios. Specifically, four frames are used, taken with two different exposure
settings that are used every other frame. The intention is that all image regions
should be properly exposed (non-saturated) for at least one of the exposure set-
tings, such that the combined dynamic range is sufficiently high with respect to

the imaged scene. The OF method is pursued mainly for its own purposes as an



35

40

45

50

55

enabler to motion analysis applications, and we do not aim to reconstruct the
HDR image data. The flow estimation is formulated as minimizing a variational
cost functional which is a sum of a data term and a set of terms that enforce
regularity conditions on the flow solution [II, [I4]. Different data term formula-
tions have been evaluated in our previous work [15], and the best among those
candidates is adopted in this paper. OF methods, including ours, typically use
pointwise data cost term correspondences and thus rely on a spatial regularity
condition in order to obtain a minimization problem that has a unique solu-
tion. The spatial regularization term is formulated to penalize deviations from
a piecewise smooth flow solution, based on the statistical observation that scenes
are well represented by a set of objects whose respective points move in a simi-
lar manner [16]. Conventional OF methods generally estimate motion between
pairs of consecutive frames using only those two frames as input data. Some
methods, however, include additional frames and enforce temporal coherence of
the motion vectors in the estimation process [17, [18]. Whether such an approach
improves the flow estimation performance depends on to what degree the image
data fulfills the assumption of temporally smooth motion. Our method relies
on temporal regularization since more than two input images are used.

In the context of OF estimation, there are a number of aspects related to
whether or not an OF method is robust. Firstly, it has to do with using robust
cost expressions for the data term and the regularization terms, as opposed to
the traditional L2-norm which deals poorly with data outliers [19], 20]. Secondly,
it has to do with the ability to handle challenging scenes that lead to natural
illumination changes and large flow magnitudes when captured in an image se-
quence [2I]. Finally, since the typical objective of OF methods is to provide
information of the real motion within the scene, it is required that the input im-
age sequence contains the relevant information, particularly in the case of HDR
scenes. This aspect is not necessarily about robustness of the OF method itself,

but definitely about the robustness of using OF estimates in an application.
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1.1. Contribution

The performance of resulting flow estimates depends directly on the quality
of the input image data [9, [I5]. This is particularly the case for HDR scenar-
ios, for which any given image contains saturated image regions due to over- or
underexposure. To address the issue of saturation, the optical flow estimation
problem is extended to use image sequences that contain differently exposed
frames. The OF data term formulation for such a scenario is based on our pre-
vious work [I5]. In this paper, we propose a complete OF method that includes
handling of natural illumination changes, that occur even between images that
are captured with the same exposure setting, as well as flow estimation of ob-
jects with large displacements. Deviations of the flow estimate from flow data
obtained from pre-matched, sparse image features are penalized in a feature
matching cost term, which mitigates the effects of local minima in the itera-
tive minimization of the total OF cost functional. Existing OF methods for
HDR scenarios do not address natural illumination changes or large flow mag-
nitudes [12, 13]. Furthermore, our method is formulated for a more general
camera model that allows any changes to the camera exposure settings to be
made. The algorithm for computing the minima is based on an efficient primal-
dual method [22] (see also [23] 24]), that handles non-differentiable expressions

of robust penalty functions [25] without the need for approximation.
1.2. Outline of the paper

The paper is structured as follows. Our camera model is described in Sec-
tion The proposed method is presented in Section [3] and the primal-dual
optimization used to obtain flow estimates is presented in Section @l Experi-
mental results are provided in Section[5]and the paper is concluded in Section [6]

2. Camera model

We assume that an image is generated by a camera according to the model

I(x) = CRF(®(R(x) + Ny (x))), (1)
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where x = (z,y) € Q C R? are continuous image coordinates, R(x) is the
(filtered) illuminance incident on the sensor for the specific lightning condition
of the imaged scene at the time instance of the image I ¢ and Ny(x) models
sensor noise. The camera response function (CRF) clips the sensor exposure
®(R(x)+ Nf(x)) outside of the operating interval of the sensor, limited by its
dynamic range. The function ®; models the specific exposure setting used for
image f.

If the brightness (illuminance) of any given point is assumed to be constant
along its motion trajectory, the standard assumption on which OF methods are
based, another image INf_H of the same scene can be related to the non-occluded

regions of I ¢ through

Tp1(x +ug(x)) = CRF(®41 (R(x) + Ny11(x))), (2)

where u; denotes the optical flow of point x in I;. The functions ®5,®;,; can
refer to arbitrary exposure settings, such as using flash illumination every other
frame [I5]. The local illumination effects that are caused by e.g. flash illumi-
nation, however, makes it difficult to mathematically formulate expressions for
@, ®yyq that can relate the image intensities of points in an image taken with
flash illumination to an image one taken without. This is discussed further at
the end of the section. For the special case where the two images are taken with
different exposure durations (the specific scenario that is treated e.g. in [12]13]),
represented by the positive scalars Aty, Atsy, they are given by
I} (x) = CRF(Af (R(x) + Ny (x))).

5 (3)
T (x + up(x)) = CRE(Aty (R(x) + Ny11(x)).

These images can be aligned photometrically by inverting the effect of the CRF
in their non-saturated regions, followed by scaling with the inverse of the respec-
tive exposure durations. Then, the optical flow u; can be estimated between
If,Ir44 for points x that are non-saturated in both images. Hence forth, we
use Iy to denote images that, if possible, have been aligned photometrically.

Furthermore, even such cases where the differently exposed frames cannot be
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aligned photometrically can be treated by the proposed optical flow method
(see [15] for experimental results on such image sequences). This is a novelty of
the proposed method, which is achieved by taking four frames as input to the
flow estimation and mathematically relating the image intensities of two pairs of
similarly exposed frames as well as using shared flow variables for the respective

pairs.

3. Optical flow estimation for differently exposed input images

The OF method proposed in this section utilizes an image sequence of four
consecutive grayscale input frames Iy, f = 1,...,4 for the objective of esti-
mating the optical flow field at the reference frame, fixed here as I5. Exposure
setting I is used for I, I3, whereas exposure setting II is used for I, I,. Different
exposure settings are used for the two respective image pairs in order to capture
high dynamic range information. For example, they could be set to use long
and short exposure durations, respectively. The non-saturated regions of each
respective image pair are denoted by QF*Pl ¢ Q and Q¥ ¢ Q. Data cost
terms are formulated between the respective pairs of similarly exposed frames.
The data costs are parameterized by flow terms such that the flow at the ref-
erence frame coordinates is included as a variable [18]. If QE¥xP-1y QExP-Il = O
the two data cost terms between the image pairs I, Is and Is, Iy successfully
cover the whole image region. In other words, there are no points that are sat-
urated for both exposure settings. Furthermore, an additional data cost term
is included to relate any mutually non-saturated points Q™ = QFExp-I n QFxp-I1
in the pair Iy, I3. This term is particularly beneficial due to its higher frame
rate [I5]. This data cost term requires that the non-saturated regions of I, I3
are photometrically aligned (recall the discussion in Section .

The cost functional that should be minimized for flow estimation, aside from
the mentioned data term, consists of a spatial regularization term and a tem-
poral regularization term, denoted Fs and Ep respectively, as well as a feature

matching term E);. Furthermore, to handle natural illumination changes, two



approaches are considered. The first approach is to include illumination offset
variables in the data term, along with a corresponding spatial regularization
term Ep, [26] 22]. The second is to use a data term expression that is robust to
natural illumination changes without explicitly modeling them [20]. We evaluate
the second approach experimentally and provide the (minor) necessary modi-
fications, but stick to the first approach throughout the current presentation.
Thus, the task is to find the minimizer of

Wi B =Ep({us}, {lr}) + Es({Vuy}) + EL({VIf})+ W

+Er({ur}) + Ep({uy}),

where, for f = 1,2,3, uy = (us(x),vs(x)) : @ — R? are the flow variables
and [f(x) : & — R are illumination offset variables. The gradient operator
applied to a vector has the meaning Vuy = ((Vuy)?, (Vuy)T)?. The primary
interest is the estimation performance of the flow variable us, which is the (time-
discrete) flow at the reference frame I>. The illumination offsets are included to
account for natural illumination changes between image pairs, thereby modeling
deviations from the assumption that the brightness intensity of any point x is
constant along its motion trajectory [26, 22], 27]. Introducing the concatenated

variables w¢ = (ur, lf), the respective terms of the cost functional are

Ep({wy}) = Epi3(w1,W2) + Epoa(wa, W3) + Epag(ws) =
= aD/ Ors [Is(x + uz) — Li(x —uy) + B(l1 + l2) [+
Q

+ 024 |La(x +ug +us) — Ln(x) + B(le + I3)|+
+ a3 ‘I3(X+112> _12(X)+/8l2| dx, (5&)

Es({Vuy}) = Esi1(Vuy) + Es2(Vug) + Egs3(Vus) =

3
—as Y [ I9u] dx, (5h)
f=17%

EL({Vlf}) = ELl(VZl) + ELQ(VZQ) + ELg(VZg,) =
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3
—ary / V1]l dx. (5¢)
f=179

Er({uy}) = Er1(ur,uz) + Era(ug, u3) =

= ar / Juz — | + f[us — ugll dx, (5d)
Q

Eyv({ur}) = Evn(w) + Epa(uz) + Envs(uz) =

3
—any /Q my [y — uMateh | g, (5¢)
f=1

where ||| is the L2-norm, each term has a constant weight ap, ag, ar, ar, ay >
0, 013(x), 024(x), O23(x) > 0 are spatially dependent data term weights and 5 is a
constant model parameter. Importantly, f5(x) is set to zero for image regions
where either of the differently exposed Is, I3 is saturated to avoid false data
correspondences that lead to poor flow estimates. If it is not possible to photo-
metrically align images taken with exposure setting I and II respectively (e.g. if
one image is taken with flash illumination and the other is not), 623(x) is simply
set to zero Vx and the illumination offset [; is removed completely from E so
that each image pair has a separate illumination-offset variable in its data term.
The overall data term Ep thus only contains correspondences between pairs of
similarly exposed frames, but the method can still provide good estimates of
the shared flow field u, [I5]. Each flow component, uy, has a corresponding
separate spatial regularization term, Fgy, that enforces the flow solution to be
piecewise smooth by penalizing ||Vug|ly = [, [[(wfe, ugy, vfa, vpy)|ldx, the ro-
bust L'-norm of the magnitude of the first-order derivatives of the flow vector.
This smoothness term is called the Total Variation (TV) semi-norm and is de-
signed to preserve discontinuities, flow edges in this case. In certain scenarios,
e.g. the second order Total Generalized Variation (TGV2) expression is more
suitable [25]. For example, it provides a more appropriate description of the
flow solution for scenes that consist largely of flat surfaces. It is straightfor-
ward to replace the TV expression by the TGV2 expression in as well as

in the minimization scheme. The illumination terms are penalized similarly by
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their respective TV expressions in E, in order to encourage spatially piece-
wise smooth illumination offset estimates. The temporal regularization term
Er enforces temporal coherence of the flow along the motion trajectories of the
points in the reference frame, using a suitable parametrization of the flow fields
{uf(x)} as increments relative to the reference frame positions [I8| [15]. The

feature matching term FE); is discussed in the next section.

3.1. Flow information from sparse feature matches

A feature matching term is included in the total OF cost functional
FE in to penalize deviations of the estimated flow from the flow data in
ujfeteh - f = 1,2,3. Its inclusion helps to mitigate the difficulty of finding the
global minima of the OF cost functional in the iterative solution strategy [21]
28]. Thus, a sparse set of points in each image, represented by some feature
descriptors, are matched by a (approximate) nearest neighbor (NN) search as
a pre-processing step to the OF estimation and are used to derive the flow
information in ul}/IatCh. The aim is that these matches will provide information
about large displacements or complex motion patterns, particularly of small-
scale objects, that are otherwise prone to be poorly estimated. Specifically, we
extract HoG (histogram of oriented gradients) feature descriptors on a uniformly
spaced grid, consisting of every 4th pixel location (per dimension), excluding
image regions that are over- or underexposed. Then, using a fast approximate
NN method [29], the descriptors of the pairs of similarly exposed images I, I3
and I, I, are matched separately. Forward-backward consistency checks are
performed to discard inconsistent matches. Furthermore, matches at feature
locations x where there is minor image structure are discarded. To achieve this,
the 2 x 2 structure tensor is computed for each feature location based on the
respective 7 x 7 neighborhoods. The locations where the smaller eigenvalue
eige(x) of the structure tensor satisfies eiga(x) > (eig1(x) + eig2(x))/10 are
kept and the others are discarded [30} [31]. The two best NN matches are
retrieved for each kept feature location, and used to set the weights my(x)

in according to the confidence level of each respective NN match, as the
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relative feature distance of the second best NN match to the best NN match of
each feature descriptor, and my(x) = 0 holds for non-matched points [2I]. The
retained matches between I, I3, as well as those between Iy, I, are stored in
c13 and co4 respectively, in terms of the locations of the matched points in the
reference image I, their matching confidence and their displacements. Note
that the second best NN matches are not used to determine the displacements
themselves, only to determine their respective weights. Further implementation

details are given in Section [4.3

4. Flow estimation by primal-dual optimization

This section describes how (4) is minimized in order to obtain flow estimates.
Successive local linear approximations of the data terms Ep13, Epos, Ep23 about
the current estimates (also called warping points in the OF literature), u(} (x),
are made to find the minimizer of iteratively [I4]. The original data term
expressions of are clearly non-convex in the flow variables, which in practice
means that the search space contains undesired local minima. The standard
approach to mitigate the effects of local minima in OF estimation methods,
with or without the inclusion of pre-matched image features, is to use a coarse-
to-fine minimization strategy as outlined in Section [f.3] Downsampled images
are used to find rough estimates that are then refined for finer image resolution

levels.

4.1. Linearized data terms

The linearized data terms (reusing the same names) are
Epiz =ap / O1s |Ins + VIs(uz — ug) + VI (uy — uf) + B(l + I2)| dx,
Q
Epos =ap / 024 |Tros + VIs(us + ug — u —u3) + B(lz + Is)| dx, (6)
Q

Epos =ap / 023 |I123 + VI3(uz —ud) + Bla| dx,
Q

10
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where
Itlg :Ig(X+u2) Il(xfu(l))

Loy = Ii(x +ud + u3) Ir(x),
Loz = Is(x + u)) — Ir(x),

VI, = V(I (x —1u?)),

VIs = V(I3(x 4 1)),

VI = V(Iy(x +ud +ul)).

4.2. Sequential minimization

The minimization problem , which is convexified due to replacing Ep
in by the linearized data terms @, is approximated by a sequence of
simpler minimization problems, following the approach by Estellers et al. [32],
by updating the estimates of w sequentially for each f. That is, fixed estimates
w’} are taken as inputs to a given iteration k. The sequential update is performed
by solving

b minP(wy) = E(wy) + G(wy), (8)

W

for each f separately, where the term

«
Glws) = 5 [ s = whP ax. )

is added to constrain the step length of each separate update. To encourage
convergence to the minima of the joint problem, , the sequential minimization

of wy, f=1,2,3, is iterated over K =0,..., K — 1.

4.8. Pseudo-algorithm

In summary, the pseudo-algorithm for minimizing (4)) is given in Table The
sequential minimization scheme described in Section [I.2]is incorporated into a
coarse-to-fine multi-resolution strategy. The flow- and illumination variables are

(5=1) of the coarse-

initiated to zero-vectors at the initial pixel resolution ratio
to-fine image pyramid, where ratio < 1 is the re-sampling factor and S is the

number of resolution levels. Thus, at the initial stage, significantly downsampled

11
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input images are used to obtain flow estimates at a coarse resolution level.
These are re-scaled and used as inputs as the flow estimation progresses at the
next, finer resolution level up until the original pixel resolution of the images
I;. As flow estimates are refined, the images are warped according to the
current estimates, as expressed in . In the numerical implementation, non-
integer arguments of I, I3, I, that result from subpixel precision optical flow
estimates are evaluated using bicubic interpolation. At a given warping point
k+1

u?c, estimates are updated W’]’% - W according to the iterative primal-dual

solver presented in the next section.

Pseudo-algorithm of proposed OF method

Initialization: w?c =0, Vf,x
for scale = ratioS 10
for warp=0,..., W —1
compute Iy13, [124, I123, V11, VI3, VI, as in '
set w}k:[’} —wl, Vf
for k=0,..., K -1

for f=1,2,3
wh — w?“, according to Section
end
end

uff — u?, Vf, new warping point.
end

end

Table 1: Sequential minimization method for optical flow estimation.

The sparse pre-computed feature matches are originally expressed in c¢13 and
Ca4 (see Section [3.1) with respect to pixel coordinates at the full pixel resolution.
To be integrated into the coarse-to-fine method, their associated locations in I

and their flow magnitudes are re-sampled at the current resolution level, and

12
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the locations are rounded to the nearest integer pixel coordinate. At a coarse
resolution, the locations of multiple feature matches may be rounded to the
same integer pixel coordinate. Because the spacing of the feature grid is 4
points, any level finer than a fourth of the original resolution has at most one
candidate. Thus, the relative influence of the feature matches is high at coarse
resolution levels and then naturally decreases as the minimization progresses
to finer resolution levels. At any given resolution level, each integer location

x in ujtateh

is set according to the match in c;3 and co4 that has the highest

confidence among those that are associated with the particular location x. The

Match Match
1 us

flow data in u as well as is constructed similarly, but only selecting

among the feature matches in ci3 or co4 respectively.

4.4. Primal-Dual update for given flow component

The update step w/; — W;ﬁ“ in Table [1/is performed using an efficient first-
order primal-dual method by Chambolle and Pock [22], that they demonstrate
on a set of image processing tasks, including optical flow estimation. We describe
the update for f = 2. The updates for f = 1,3 are analogous but include fewer
cost terms. The minimization (§) for f = 2 is

W§+1 — I£1VIZI’IP(W2) ZZED13(W]1€+1,W2) + ED24(W2,W§) + ED23(W2)+

+E52(vu2) + ELQ(VZQ) + ETl(ulfH, 112)+ (10)
+Era(uz,uf) + Enz(us) + G(wa).

The minimization problem is equivalent to the constrained problem

&T&P(W?’W) ::ED13(W]1€+1,WéD13)) + ED24(wgD24),W§) + ED23(W§D23))+

+E52(u552)) + ELg(léLQ)) + Epi(ubt!) lléTl))—F
+Era(u ™ uf) + Earn(u§?) + G(ws),
(11)

where the argument includes a set of auxiliary variables

wa (WéDlB), W§D24)’ W5D23)7 uéSQ), l;L2)7 uéT1)7 uéTQ), uéMZ))

13



with equality constraints

WéDlg) = wéD24) = WéD%) = W2, uéSQ) = Vuy, (12)

15D — g, uTD — TP = g (MD

The constrained problem can be written on the form
min P(ws) := E(Kws) + G(wa), (13)

W2

where w = K'wy and K is a linear operator that relates each auxiliary variable to
wy according to . This is the class of convex problems studied by Chambolle
and Pock [22]. The term E(Kws) is the linearized OF cost functional with
w1, w3 kept fixed. The problem is in primal form and has a corresponding
primal-dual formulation

m/\axminPD(Wg,)\) = —FE*(X\) + G(wz) + / (A, Kwy) dx, (14)
Q

w2

where E* is the convex conjugate of E, such that w3 in the saddle point (w3, A*)

for PD is the minimum of P. The dual variables
A L (A(DIS)’ A(D24), A(DQS)’ A(SQ)7 A(LQ), )\(Tl)))\(TQ)))\(MQ))

are the Lagrange multipliers to each of the equality constraints of the
auxiliary primal variables [32]. The iterative algorithm to find w3, that is the

new W§+l in the sequential minimization summarized in Table |1} is:

1
N min (0BT ) + A= (A + oKz,

1
w2+ < min (TG(WQ) + 5 llwa — (w5 — TK*A"+1)||2), (15)
w2
2" = wit 4 o(wy T —wi),

where 7,0 > 0 are primal and dual step lengths, 6 € [0, 1] controls the amount
of over-relaxation in z = (2, 2y, 21), and K* is the adjoint operator of K [22].
Maximization of PD in w.r.t. A is substituted by minimization of —PD.
Note that subscripts of A and z are omitted to lighten up notation, although

these variables are specific to each f. The reformulation of the original problem

14
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leads to that E* is separable in each of its variables, that is

E*(A) =Ep13(AP1)) 4 EpoyAP?) + Efys (AP?) + E5, (A52)+ (16)
16

+EL(A) + Ef (ATY) + L, (AT?) + B (W),
Thus, the dual update equation in is solved separately for each dual vari-
able in A. Efficient closed-form solutions exist for each separate minimization

problem. The update steps on the top two lines of can equivalently be

formulated as

A= prox, ;. (A), A=A'+o0Kz",
(17)

n+l _ ~ ~ n *yn+1
wy = prox,(wa), Wo=wj—7K*A""

where the minimizations correspond to evaluating the proximal operators of
o E*(A) and 7G(ws) about the proximal points A and Wy. Such proximal oper-
ator notation is used in Appendix A where the update equations corresponding
to each separate dual term in are derived [33]. The resulting expressions
are given in Table 2]

5. Experimental Results

Whether or not the proposed approach, to use differently exposed input
frames, has merit depends upon if the imaged scene contains significant HDR
content, as discussed at further length in [I5]. To exemplify, consider the image
sequence in Figure [1] (a). The four input images are frames from the Tennis
sequence, of pixel resolution 380 x 530, courtesy of the computer vision group
at Freiburg University [34]. The frames have been altered to simulate a HDR
scenario by clipping the pixel values above a; = 0.6 in I, I3, setting them equal
to a1, which corresponds to exposure setting I (Exp.I). Similarly, pixel values
below as = 0.3 are clipped for I, 14, which is taken as exposure setting II
(Exp.II). This achieves the same effect as using two different exposure durations
every other frame and photometrically aligning them as discussed in Section [2]
The estimated flow field based on the described sequence is given in Figure

(b). The flow is color encoded according to the inlaid circular chart, whose flow

15



Update equations for (|15

Initialization: wé"zo} = wh

forn=0,...,.N -1
A(DlS),n+1’ )\(D24),n+17 A(D23),n+1 updated with
AEDHL = X(52) /max(1, |AGD || Jag), AP = AGDn 4 oV (22, 20
AED 4L = XED) fmax (1L |AED || fag),  AED = XEDm 4 gv2n
ATVt = d/|[d|| min(ar, [d]),
d=\TD _ ou’fH, AT — T ozl 2z
ATt = d/|d]| min(ar, [|d]),
d=2\T2 _ ous, AT2) — \(T2)n ozl zl)

A4l — q/||d|| min(aarmo, [|d]),

d= ;‘(Mz) _ O.ul2\/latch, ;\(M2) — A(M2)n 0(237 z{})

1 D13),n+1 D24),n+1 D23),n+1
S p—— (mgug Fup — AP AR \(D23)ntd )

4 ATD AL \(T2) 041 | N\ (M2)int1 _ diVA(S2)’"+1))

D13),n+1 D24),n+1 D23),n+1
B = i (raglh 41 — TP APROLy y(D) L

_ div)‘(L2),n+1))
2 = Wi O w)
end

N k+1
Wy — Wy

Table 2: The steps to solve exemplified for f = 2.
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magnitude at its outer radius corresponds to 24 pixels. The use of alternating
exposure settings is analyzed by comparing the resulting flow estimate to the
ones obtained from image sequences whose frames are all taken with a fixed
exposure setting, either Exp.I or Exp.II. Certain objects are hardly visible in any
of the frames for a given exposure setting, such as the tennis ball in the frames
taken with Exp.I, thus estimating its motion may not be feasible. Figure [1f (c),
(d) show the flow estimates that result from using the input sequences with
similarly exposed, with data clipped above a; or below as respectively for all 4
frames. The data term weights used are ap = 3, 8 = 0.01, f;3 = 1, x € Q=L
Oy =1, x € QBRI gya =1 x € Q™ and 63, 024, 023 are zero for unspecified
points. The other weights are ag = 0.2, ar, = 0.2, ar = 0.02, apy = 1
and ag = 1. Furthermore, Figure [1| (e)-(g) show the results obtained from
performing the same experiments as in (b)-(d) but with increased amount of
clipped data, where a; = 0.5 and ay = 0.5. The motion of the tennis ball is
actually captured in the flow estimate based on the Exp.I sequence for a; = 0.6,
but not anymore when a; = 0.5. The flow estimate for Exp.II is good for
az = 0.3 but degrades severely for as = 0.5. The performance of the flow
estimate that is based on the image sequence with differently exposed frames
degrades more gracefully as the amount of saturation increases, due to the lost

information being available in the other image pair.

5.1. Image sequence with large displacements

The use of the feature matching term in order to estimate flow of objects
with large displacements is discussed here. First, note that if ap; = 0 and
B = 0, the current method becomes similar to our previous method, although
here we use sequential minimization (Section with the flow updates obtained
from a primal-dual solver (Section that does not require differentiable cost
expressions, and thus the exact TV expression can be used. We validate the
sequential minimization approach by comparing to the quantitative experiments
in [15]. In terms average endpoint error (AEPE), we obtain equally good results

on the Sintel [35] sequences for which the regularization weight in [I5] was
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Figure 1:  Top row: (a) The image sequence {I;} with differently exposed frames, and

a1 = 0.6, az = 0.3. Middle row, from left to right: (b) Flow estimate based on the images in
(a). (c) Flow estimate when all Iy are taken with Exp.I. (d) Flow estimate when all Iy are
taken with Exp.II. Bottom row: (e)-(g) Similar to the middle row, but with clipping thresholds

a1 = ag = 0.5.

optimized and slightly better results on the Middlebury [36] sequences. Thus,
sequential minimization is applicable.

The inclusion of the feature matching term in the coarse-to-fine minimiza-
tion of @) provides the ability to estimate large displacements. However, wise
selection is needed in the feature extraction and matching steps to mitigate the
occurrence of false matches with high confidence weights. The flow informa-
tion w2l from the feature matches is visualized in Figure [2]at the resolution
level 88 x 123. Figure[2](a), (b) show w}"2th before discarding feature locations
with minor image structure, as well as the corresponding confidence weight map
ms. The confidences are plotted for the range [0, 1], although the maximum is
2.42; as normalizing by the maximum leads to poorer visibility of other weights.

Figure [2| (c), (d) show w)th and my after discarding feature locations with

18
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Figure 2: From left to right: (a) The flow whth at the resolution level 88 x 123, without

the selection strategy of discarding locations with low amount of structure. (b) The matching

confidences mg corresponding to (a). (¢) The flow w}!?*°h without including feature matches

in image regions that lack structure. (d) The confidences corresponding to (c).

low amount of structure. In Figure [3] the benefit of the feature matches and
a wise selection strategy is demonstrated in terms of the flow estimates on the

sequence in Figure [1] (a). First, Figure [3| (a) shows the flow estimate when

Figure 3: From left to right: (a) Flow estimate for aps = 0. (b) Flow estimate with whateh

as shown in Figure [2| (a). (c¢) Flow estimate for image-driven spatial regularization. (d) Flow

estimate with wath as shown in Figure [2] (c).

apr = 0 and (b) shows the flow estimate when including all feature matches in
Figure [2| (a), that successfully captures the motion of the ball but at the cost
of poor flow estimates in several regions, that result from false feature matches.
In Figure |3| (c), the influence of the false matches is reduced, for this partic-
ular example, by using a spatially varying, image-driven regularization term
as(x) = 0.4exp(—3||VIa(x)||%®), which smooths regions that do not coincide
with image edges to a higher degree. Finally, Figure [3| (d) shows the result
of the proposed selection strategy, that only uses the feature matches in Fig-
ure (c). Although the proposed feature extraction and matching strategy gives
good performance in this example, the DeepFlow method by Weinzaepfel et al.

is particularly designed to be robust in challenging scenarios, such as repetitive
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image structures [37].

5.2. Robustness to natural illumination changes

In this section, the benefit of accounting for natural illumination changes in
our method is demonstrated on two image sequences from the KITTI raw data
sequences (that unlike the flow annotated KITTI sequences contain more than 2
frames per sequence) [38]. Aside from using the data term presented in Section 3]
we run a separate experiment using the CSAD data term introduced in [20],
which is adapted for inclusion in our proposed method. The CSAD expression
is an approximation of the popular Census Transform that is adjusted to fit
the variational minimization of the OF cost functional, and performs equally
well as the original Census expression. A HDR scenario is simulated similarly
as before, with a; = 0.6 and ay = 0.3 as clipping thresholds. The image
resolution used is 621 x 188. The two sequences are shown at the top row of the
respective columns in Figure Image sequences from the KITTI benchmark
suite [39] are known to typically include natural illumination changes between
the captured frames. As a result, the estimation performance is improved when
accounting for illumination changes in the OF cost functional modeling [27] 40,
20]. Due to the nature of the KITTI data, consisting largely of flat surfaces,
we exchange the spatial TV regularization in Eg by the second order Total
Generalized Variation [25] that penalizes deviations from (piecewise) affine flow
solutions. The mathematical TGV2 expression and the modifications that follow
to the update equations in Table [2] are given in Appendix B, along with the
details of implementing the CSAD data term. In the experiments of this section,
apr = 0 is used except where otherwise stated. Figure [4] (b) shows initial flow
estimates for the case when using the data cost in with 8 = 0. The flow
is color coded similarly as in Figure [I The maximum flow magnitudes used
in the color encoding is 20 pixels for the left column and 30 pixels for the
right column. In Figure [4] (c) and (d), the flow estimates obtained when using
B = 0.01, i.e. including the illumination offset terms, are shown along with

plots of Is estimates, for which 0 offset is represented by 0.5 on the normalized
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Figure 4: For each column, from top to bottom: (a) Input images I,...,Is. (b) Flow
estimates when using the data term in and B =0, and (c) with 8 = 0.01. (d) Plots of l2,
where 0 is coded as the middle grayscale intensity). (e) Flow estimates when using the CSAD
data term [20]. (f) Same as (e) but with aps = 1.

interval [0,1]. Figure [4] (e) shows the flow estimates when using the CSAD
data term, and finally (f) shows the result with CSAD and «j; = 1. Numerous
flow artifacts are seen at flow- and image edges, and the road surfaces are
poorly estimated for both image sequences in Figure (b) where no handling of
illumination changes is included. The flow estimates are improved significantly
when illumination variables are included in (c). The results in Figure [ (e)

show similar performance when using the CSAD term. Less flow artifacts are
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present compared to (c), but the motion of the road sign in the bottom left
corner of the left column is not well captured in the flow estimates. Because
no large displacements of small scale objects are present, the aim of the feature
matching term is primarily to avoid negative impacts in such a scenario. As can
be seen in Figure [4] (f), no false feature matches impact the final flow estimates.
Finally, flow estimates obtained for the same image sequences as in Figure []
(a) but with all 4 frames taken either with exposure setting I or II are shown
in Figure 5| (a) and (b) respectively. These estimates are produced using the
CSAD data term. The flow estimates on the image sequence in the left column
are particularly poor, regardless of whether Exp.I or Exp.Il was used. As seen
in Figure [ using the sequence of alternating exposure settings clearly leads to

better results in that case.

" 4

Figure 5: Flow estimates obtained using Exp.I for all 4 frames (top row) and Exp.II (bottom

row) respectively.

6. Conclusions

In this paper, a framework has been proposed for OF estimation on im-
age sequences with differently exposed frames, intended for motion analysis in
HDR scenarios. Various aspects of robust OF estimation have been discussed
and demonstrated. Experimental results show the benefit, with regard to flow
estimation performance, of using the proposed setup to mitigate the negative

impact of saturated image data. Our approach allows to re-use techniques from
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the rich literature on conventional OF estimation, as they are easily integrated
to tailor the proposed OF method to a given application. For instance, total gen-
eralized variation (TGV) regularization, which has shown superior performance
particularly on the KITTI image sequences, can straightforwardly replace the
first order TV penalty. A spatial regularizer that takes the underlying HDR
image data into account, as suggested by Hafner et al., also deserves considera-
tion [13], as well as the feature matching approach DeepFlow [37]. A database
of sequences with alternating exposure settings (every other frame), based on a

measurement campaign of real-world HDR scenes, is highly desired.

A. Proximal operators

In this appendix, we demonstrate how to evaluate the proximal operators of
oE* and TG, presented in . The proximal operator of the function o E*(\),
whose full expression is given in , is separable and can thus be evaluated
sequentially for each variable contained in A as shown in . Derivations
are provided here for the proximal operators of o E},,(AP?4))] JEgz()\(SQ)),
o B (ATD), a subset of the terms in E*, as well as for that of 7G(ws). The
proximal operators of the remaining terms in E* are analogue to either of the

presented ones and their expressions are included in Table [2}

A.1. The prozimal operator of a general function

The proximal operator of a function o F' maps a proximal point, p, to another

n+1

point p"*! according to [41]

=~ n . 1 _
§— 9"t = prox,p(p) = argmin (cF(p) + 5o - 77).  (18)
p

By the Moreau decomposition, the mapping is equivalent to

P b—oprox,p. (), (19)

where prox . is the proximal operator of %F* [41], 33].
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A.2. The prozimal operator of o Efo,
The proximal operator of 0 E},,, for the proximal point A(D24) — \(D24)n 4.
0K poyz" = AP 1 527 using the Moreau decomposition as in , gives

A(D24),n+1 _ X(D24) _ X(D24) _ A(D24)
_prOXO‘E*D24( ) - O—prOX%EDgél o

(20)
:X(D24) _ O’S*,
where s* is obtained by pointwise (w.r.t. x) evaluation of the proximal operator

of Epgs/o. To obtain the final expression for A(P24):+1 we evaluate s* further.

Taking Fpoy4 from @ and introducing ag, a, p for shorter notation,

E
Epu(s) _ a—D/ 024 |ao + a’'s| dx,
g Ja

g

aop = Iiog + (V1) (uf —u} —ud) + 8%,

(21)
aT = ((VI4)T7ﬁ)a
p(s) 2 ag +als,
we get (using ), for each point x,
0 1 ~
s min (22 p(s)] + 5 s —5)2). (22)

where § = A(P24) /o. The solution is given by a simple and effective thresholding
scheme on the values of p(s), which is derived by replacing |p(s)| by a dual

variable p’ and solving the inequality constrained problem

. 1 ~
min.  =[|(s —8)||> + 0o,
s 2

st. p(s)—p <0, (23)

—p(s) =" <0,
where 17 & apfay/o. Its solution is obtained by checking when the KKT condi-
tions [42] of the dual formulation hold for the three possible cases of p(s*)
in the primal formulation; p(s*) < 0, p(s*) = 0 and p(s*) > 0. These steps are

shown in detail in [3], and yield
na, p(s) < —na’a
s =s+14 —na. p(8) > naTa (24)

—ap(s)/(a’a), |p(s) <na'a
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Using the abbreviations in , this expression for s* inserted in to get the
corresponding thresholding steps for the update

—apbsa, p(AP /o) < —naTa
A2t L p(AP2) /5) > paTa (25)
AP /o)

a. [p(AP?)/g)| < na'a

aTa

Another enlightening interpretation of the solution to is given in [20].

A.3. The prozimal operator of o EY.,

The Moreau decomposition is used again as in to derive the prox-

imal operator of 0 Ej,, which gives A(TD-m+1 — X(TD) _ 55*  where in this case

s* = proxip,, (g)  min (O?TTHS — b+ %Hs - ?H%, (26)
and AT = AX(THn 4 5K pyzm = AT 4 5(27, 27). Depending on the magni-
tude of ar /o relative to the distance between uf*! and ATV /g, either the L2
expression or the L2-squared will dominate in the minimization of , accord-
ing to

L or > d| o
w4 (d/o)(1 — ar/|d|), otherwise

introducing d £ ATV — guf*1 and thus

>
A(T1)7n+1 _ du ar =2 ||d|| (28)

ard/||d||. otherwise

A.4. The prozimal operator of o E%,

The proximal operator of o E¥, is given (without using the Moreau decom-

position) by

1 ~
A(SQ),TH-l — ;,\I(lélz,l) (UEZ?()‘(SQ)) + §||A(52) _ A(SQ)HQ), (29)
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where A(52) = X(52):n 1 5K go5m = A(52m 4 57(27, 21) and

u’ ~v

0, AS2ep
TE5(AP?) = 6p(A?) = (30)

oo, otherwise
where P = {A(52) ¢ R* : |A(5?)||/ag < 1} |42 22]. Finally,
2(52)
max(L, [ A52)]|/ag)’

where IIp denotes the projection onto the set P.

A(SQ),nJrl _ HP(X(SZ)) _

A.5. The prozimal operator of TG
It remains to show the proximal operator for 7G (the expression for G is
given in @D,
Wit e min (T5€ fw, — wh|? + 2w — 7). (32)
where Wy = wi — 7K*A"TL In this case, the minimizer is given directly by

differentiation, as

ng—&-l = (1 + Ta(;)fl(ToszS + \772) (33)
The expression for the proximal point wo = (GQ7E) is given by evaluating
K*X™*1in (7). Thus,

T = ull — T(}\q(jﬁjl?)),fﬂd 4 )\1(3)24),n+1 T Aq(iazg),n+1+

+ )\(Tl),nJrl + )\(T2),n+1 + )\(M2)7n+1 _ div)\(52),n+1) (34)

b= — T(}\l(m?,),nﬂ n )\l(D24),n+1 n )\l(DQS),nJrl — divAb2)ntL),
where subscript u,v for A(P13) € R3, etc., denote the two elements of the dual
variable that correspond to (ug,vs), and )\I(Dl?’) denotes the third element, i.e.

the dual of Iy in Epi3.

B. TGV2 and CSAD update equations

If the TV expression (also known as the first order TGV) in the spatial
regularization term is replaced by the second order TGV2, we get

3
Bs =min Y [ aslVus - as||+ asa| Vay | dx. (39)
/e
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In the resulting update equations, A(52) iy is changed to A(52) = 2\(52)in 4
o(V(27,2") — q), omitting the subscript for q. Equation for A(52)n+1
does not change. The following set of update equations are added for q, its

over-relaxation expression q and its dual Aqg:

Xa = AL +oVa",
n+1 _ }‘:1
? max(1, [[Aql|/as2) (36)

qn+1 _ qn + T(A(S2),n+l + div)\ngl)7
anrl _ Qanrl o qn
Details of how to implement e.g. the derivative operators numerically are spec-
ified in [25].
Next, the update equations are derived for the CSAD data term introduced

in [20]. For each of the data terms in , as exemplified for Epoy in , the

optimum s* is given by
* . T 1 ~112
s* + min <n|a0+a s|+§||s—s|| ), (37)
S

This can be reduced to a one dimensional problem in the direction of a [43] 20],

such that s* =S+ d*a/||al|, where

. ag + als 1 2
0" = argmin (n|la ’7—1—6’—1—75 . 38
g min (]| = 5% (38)
This is a problem of the form
1
argmin (" vild — bl + €0 — /)?), (39)
5

=1

in [43]. Identifying £ =1/2, f = 0, its solution is given by
0" = median{by, co, 1}, (40)

where by = —(ag + a’s/|al|), co = v1 = nl|al|, c; = —v1 = —n]|al|. Inserting

into s* = s+6*a/||a| gives the same expression as derived in (24). Exemplifying
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for the CSAD data term corresponding to Epay, its linearized expression is

CSAD24 (S7 X)

g

= Z nao(x') +a’s|,

x' €N (x)
ao(x') = T + u(x) + ug(x)) — To(x) - (41)
= L(x + u3(x) + u3(x)) — L(x)+
+a’ (uf(x) - uj(x) - uj(x)),
where N (x) is a 3 x 3 neighborhood of x. Notice that the illumination terms

are removed, and thus a = V1. Similar to (37), we get

1
* : T 312
S <—msln( Z nlag(x’) + a s|+§||s—s|| ), (42)
x'eN(x)
which using the solution formula to given in [43] gives

1 p T~
* . ap(x')+a's 1
§° = arg min (§ :n||a|||(”)a” + 6’ + 552) -
=1

(43)
= median{bl, ceey bg, Coy - - - ,68},
where each b; = —(ag(x’) + as/||a||), and the indexes i = 1,...,8 correspond

to the 8 neighboring points x’ of a given point x. The ¢; are all multiples of
nllal| (independent of i) by the factors {8, 6,4,2,0,—2, —4, —6, —8}. The CSAD
variants of Epis, Epes are similar to and the solution follows the same
a0 derivation, but with different aq and a.
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