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Microresonator combs for coherent optical communications
Thesis for the degree of Licentiate of Engineering

ATTILA FULOP

Department of Microtechnology and Nanoscience — MC2
Photonics Laboratory

Chalmers University of Technology

Abstract

This thesis covers the study of microresonator-based optical frequency combs
for use in coherent optical communication links. Current links typically utilize
several free-running lasers to achieve wavelength-division multiplexing (WDM).
Having an integrated frequency comb as a source instead could potentially
simplify the transmitter while at the same time open up new possibilities on
the digital signal processing (DSP) side in the receiver.

The thesis goes into some detail to describe what requirements there are on
the combs to be useful for this application. Specifically the power per line and
related flatness is analyzed. Additionally a large part of the thesis is dedicated
to describe the working principle of microresonators. The linear low-power
regime is described in detail while a simple Lugiato-Lefever model is analyzed
for the nonlinear high-power regime.

The appended papers describe two different microresonators with different
initialization mechanisms; one where the dispersion is locally tuned using
higher order modal interactions while the second one is seeded with three
coherent pump waves. The first paper demonstrates that such combs fulfill
the criteria for being light sources in long-haul communication systems. This
is demonstrated by using it to send data over a more than 6000 km long
transmission link.

Keywords: Fiber-optic communication, integrated optics devices, nonlinear
optics, four-wave mixing, microresonators.



Sammanfattning

Denna avhandling handlar om mikroresonatorbaserade optiska frekvenskam-
mar for anvindning i koherenta optiska kommunikationslankar. Dagens ldnkar
anvander typiskt flera frigdende lasrar for att kunna skicka data med vag-
langdsmultiplicering. Skulle man ha tillgang till en frekvenskam pa en integre-
rad krets istéllet, skulle man kunna férenkla delar av sdndaren samtidigt som
nya mojligheter for optimering i den digitala signalbehandlingen i mottagaren
skulle bli tillgéngliga.

Avhandligen beskriver krav som denna frekvenskam maste uppfylla for
att kunna anvidndas i kommunikationssammanhang. Den analyserar speciellt
kraven pa optisk effekt i de tillgdngliga linjerna och den relaterade totala
effektvariationen i kammen. Avhandligen innehaller dessutom en beskrivning
av mikrokammarnas fysikaliska beteende. Den linjéra delen, dir den optiska
effekten ar lag, beskrivs i detalj, medan den icke-linjara regimen, den med hog
optisk effekt, analyseras genom en forenklad Lugiato-Lefever-modell.

De bifogade artiklarna beskriver tva olika mikroresonatorer med olika initi-
eringsmekanismer; en dér dispersionen ar instilld med hjilp av interaktioner
mellan hégre ordningens moder samt en som &r initierad med tre koherenta
pumpvagor. Artikel nummer ett demonstrerar dessutom att sidana kammar
uppfyller kraven for optisk kommunikation 6ver langa avstand. Detta visas
genom att sdnda data med hjilp av kamlinjerna 6ver en mer &n 6000 km lang
lénk.
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Kivonat

Ez a tézis mikrorezonator-alapt optikai frekvenciaféstikrol szol amelyek kohe-
rens optikai kommunikéciora hasznalhatdak. A mai dsszekottetések tipikusan
tobb darab szabadon miikodo 1ézert hasznalnak a hullAimhossz-osztdsos multip-
lexeléshez. Egy integralt aramkoron levé frekvenciafésii le tudnd egyszeriisiteni
az adot és egyszerre lehetévé tudna tenni a vevénél futéd digitalis jelfeldolgo-
zasban Ujabb funkcidkat.

A tézis leir kovetelményeket amiknek a fésiinek meg kell felelnie a kommu-
nikacidoban valé hasznalathoz. Elemzi kiilondsen az optikai intenzitasra és a
fésili egyenletességére vald elvarasokat. Ezen kiviil leirja a mikrorezonatorok
fizikai miikodését a linedris, alacsony optikai intenzitasi médban is meg egy
leegyszertsitett Lugiato-Lefever model alapjan a nemlinearis, magas optikai
intenzitasi modban is.

A csatolt cikkek két kiilonbozé inditdsti mikrorezondtort hasznilnak: az
elsé a magassabb rendii médok altal beallitott diszperzi6 segitségével induilt
mig a masodik harom koherens pumpa altal indalt. Az els6 cikk ezen kiviil
bemutatja hogy ezek a féslik megfelelnek a hosszi tavi kommunikéaciéhoz
kapcsolt kovetelményeknek: tobb mint 6000 km tavolsdgon at valdé adatkiildést
mutat be.
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Abbreviations

AWG arrayed waveguide grating.

BER bit error rate.

CMOS complimentary metal-oxide-semiconductor.
CW continuous-wave.

DSP digital signal processing.

EDFA erbium-doped fiber amplifier.
FSR free spectral range.

FWHM full width at half maximum.
FWM four-wave mixing.

HNLF highly nonlinear fiber.

LO local oscillator.

NLSE nonlinear Schrédinger equation.
OSNR optical signal-to-noise ratio.

RF radio frequency.

WDM wavelength-division multiplexing.
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Chapter 1

Introduction

The need to communicate and send messages between people has existed since
the invention of the written word. For most of the history of humankind this
has involved sending messages by carrier, either humans or carrier animals.
While there are modern suggestions for carrying internet protocol packets
using avian carriers [1], the vast majority of data traffic has been transmitted
on lower-latency links for the past century. The first transatlantic telegraph
cable was able transmit a letter from Queen Victoria in just above one hour.
By comparison, modern fiber-optic cables carry several terabits of data each
second. The need for cheap and reliable transmission capacity, both over short
and long distances, is however expected to keep increasing for the foreseeable
future, motivating the need for ever-higher performing and more efficient ways
of data transmission.

Fiber-optic technologies have been rapidly replacing electrical connections
on shorter and shorter distances, from the transcontinental down to links of only
a few meters in length. Key enabling technologies for this have been the laser
[2] and the optical fiber [3]. More recently the erbium-doped fiber amplifier
(EDFA) [4] has enabled data transmission over long distances without the need
for repeater stations. The EDFA has the ability to amplify optical signals across
a wide bandwidth around A = 1550 nm. The availability of a wide transmission
window gave rise to the concept of wavelength-division multiplexing (WDM),
where several communication channels could be transmitted in parallel over
different wavelengths.

This naturally leads to the question of how the light sources can adapt. In
today’s commercial systems, this typically means that there is a wide array of
free-running lasers operating at slightly different wavelengths which are then
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Modulators = Modulators

Figure 1.1. a) Sketch showing a transmitter setup with several free-
running lasers connected to modulators. b) The same setup where the
lasers have been replaced by a single frequency comb source.

modulated with data and combined before being transmitted over the link.
What if there was a light source that simultaneously produced light at several
different wavelengths and that could be integrated on a single chip together
with the data modulators? There is, it is called an optical frequency comb,
figure 1.1 shows a sketch indicating the practical difference between the two
situations.

1.1 Optical frequency combs

Frequency combs in general are coherent light sources where the components
at different wavelengths are evenly spaced in frequency and are phase-locked
with respect to each other. Looking at it from the time domain, this looks
like pulses with a repetition rate corresponding to the frequency spacing of its
lines. The first demonstrated laser-based frequency combs were the actively
mode locked lasers [5, 6]. The field has however grown rather quickly since
then. In 2000, combs spanning more than an octave of bandwidth, permitting
frequency self-referencing through the use of second harmonic generation were
demonstrated [7-12]. In 2005, this yielded a part of the Nobel prize in physics.

Optical frequency combs have been demonstrated to allow advances for a
wide spectrum of applications. Self-referenced combs enable and significantly
simplify optical clocks. These permit measuring optical frequencies with the
accuracy of radio frequency (RF) references such as the Cesium standard. The
usage of combs as rulers, against which calibrations can be made, extends
into several fields of spectroscopy. It has been demonstrably useful in both
molecular spectroscopy [13-16] and astronomy [17, 18] reaching all the way to
attosecond scale measurements [19]. Even spectroscopic measurements that
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need to be done outside the laboratory, potentially in a moving vehicle, have
been shown to be possible using femtosecond laser-based combs [20].

In another measurement context, combs have also been used for precise
distance measurements on the nanometer scale using both time-of-flight [21]
as well as interferometric [22, 23] techniques.

For potentially faster and in some cases simpler spectroscopic and interfer-
ometric measurement applications, recently there have been developments in
dual-comb spectroscopy. In that setup two combs with slightly different repe-
tition rates are mixed together on a photodiode with one of the combs having
passed through a measurement sample [24-27]. As long as a measurement
resolution equal to the comb spacing is satisfactory, this can give information
about both the amplitude and the phase response of a measured sample.

Using a comb in the opposite direction, when an absolute RF frequency
reference is not available, a laser can be locked to an optical cavity resonance.
Generating a self-referenced comb from this line and feeding it into a pho-
todetector can provide a RF source with phase noise properties beyond what
is possible using conventional means [28]. This can potentially lead to new
categories of integrated low-noise RF sources. Even without self-referencing, a
stable frequency comb can provide low phase noise RF sources [29, 30].

Since the lines of a frequency comb are coherent with respect to each other,
adjusting their relative phases and amplitudes gives precise control over how
the optical field looks in the time domain. Thus, combining a frequency comb
with pulse shaping optics, one can implement arbitrary waveform generation
(31, 32].

Last, but not least, Kerr frequency combs have also been used to generate
entangled photons for quantum optical applications such as quantum compu-
tation and communication [33]. Since these combs are based on integrated
technology, they have the potential of enabling more easily scalable quantum
computing devices.

1.1.1 Comb implementation

The comb implementations significantly depend on the actual use cases [34].
For the use of optical clocks and references, absolute frequency precision is
needed, requiring combs that span more than an octave of bandwidth that can
be stabilized to themselves [12]. In other cases, such as the ones discussed here
later, compactness and robustness is more important, with self-referencing not
being necessary at all. It should be mentioned however, that semi-compact
femtosecond mode-locked lasers with highly nonlinear fiber (HNLF)-based
broadening have been demonstrated as well recently [35].
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Not only mode-locked lasers can generate frequency combs though. They
can be generated through the use of cascaded electro-optic phase modulators as
well [36]. This platform has the convenient property that the central wavelength
and the line spacing can be tuned individually by shifting the pump laser or
the RF-clock respectively. By applying nonlinear broadening in for example a
HNLF, these systems can be extended to cover a broad bandwidth as well [37]
all the way to octave-spanning [38].

Moving towards the most compact sources, we arrive at the main focus of
this thesis: the microresonators [39]. In 2007, comb generation using whispering-
gallery mode resonators consisting of silica-based toroidal microcavities were
demonstrated [40]. Following that, comb generation using microresonators
has been demonstrated in a wide variety of material platforms including CaF,
[41, 42] and MgF2[43] crystalline resonators, diamond resonators [44], silica
wedge-resonators [45], doped silica (Hydex™) rings [46], silicon rings [47],
aluminium nitride rings [48], and silicon nitride microresonators [49-52]. The
working principle of these devices is the nonlinear Kerr effect [53]. They are
usually pumped with a single or very few high-powered laser lines, which then
through four-wave mixing cascade into a full comb. Inside the resonators
themselves, this manifests itself as a circulating pulse profile that can consist
of both bright solitons [54] and dark pulses [55].

1.2 This thesis

The focus of this thesis will be to connect the concept of coherent communica-
tion with that of frequency comb generation in microresonators. In chapter
2, the microresonator combs and their potential uses and advantages in opti-
cal communications is discussed. Chapter 3 starts by briefly describing the
relevant building blocks of a coherent communication system. It later goes
a bit deeper into what this translates to in terms of requirements and limits
for a comb-based light source. Chapter 4 then goes into more technical detail
about the working principles and possible modeling of the microresonators
themselves.



Chapter 2

Combs for communication

The previous chapter introduced the concept of optical frequency combs and
mentioned that there are microresonator-based ones that might work well for
using in optical communications. This chapter will discuss the possibilities
and advantages of these systems.

2.1 Previous demonstrations

The most obvious way to implement comb sources in a communications setup is
to use them as drop-in replacements for the lasers in a WDM data source. This
enables using a single laser to seed all communication channels simultaneously
simplifying both the physical setup, but also permitting potentially higher
requirements on the laser itself. Cumulative data rates above a terabit have
been shown in this way using electro-optic combs with [56] and without [57]
external broadening as well as microresonator-based [58, 59] frequency combs.
Extending this concept to multiple cores in a multi-core fiber using a broadened
electro-optic comb have allowed demonstrations of petabit rates [60].

Additional advantages can be had by also utilizing the mutual coherence of
the comb lines. The nonlinear Kerr effect in fibers is a deterministic impairment
that depends on the channel power and spacing. In a comb-based multi-channel
transmitter, both the exact frequency differences between the channels and the
data is known. This way one can pre-distort the data in a way such that the
nonlinearities in the transmission link are cancelled out by the time the packets
reach the receiver [61]. Experiments have shown that using this technique, one
can at least double the permitted transmission distance [62].
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From a total system perspective, using a single laser as a source for multiple
WDM channels can also cut the power consumption requirements for the
transmitter, see figure 1.1 for a basic sketch. To generate N laser lines
with free running lasers, one needs N diode controllers and N temperature
controllers. Using an electro-optic comb this can be replaced by a single diode
controller, a single temperature controller, RF electronics (clock source, RF
amplifiers and modulator bias) and an EDFA. For an integrated comb source
the amount of power consuming electronics is reduced further. In the case of a
microresonator based comb one needs a single diode controller and temperature
controller for the pump laser, one or potentially two EDFAs and a temperature
controller for the chip. Assuming a controller power consumption of around
10 W and an EDFA power consumption of 50 W one starts saving electrical
power already after 12 lines compared with the free running lasers.

2.2 Integration

For comb generation on a chip, there are several options available. Apart from
the previously mentioned microresonators, there have been demonstrations
of electro-optic combs [63], passively mode-locked lasers [64], and quantum-
dash mode-locked lasers [65]. The material in these examples was InP, which
permits DFB lasers, modulators and other active components to be integrated
as well [66]. Other material platforms include Si, SiO2 and SiN [67]. While
lasers are not available here, they have the potential to be complimentary
metal-oxide-semiconductor (CMOS) compatible allowing integration of other
electronics on the same chip.

Apart from the CMOS compatibility, microresonator based combs using
these materials have some additional nice properties. They naturally offer
a way of designing their comb spacing by changing the resonator length to
potentially match the standard ITU grid [68]. By designing their cross sections,
one also maintain control over their dispersion and nonlinear properties, which
will become important as will be discussed in section 4.4. The requirements
for the comb generation is basically that the material should have good power
handling capabilities and a high nonlinear index. Silicon nitride is a good
material candidate due to the combination of relatively high nonlinear index
and, as opposed to silicon which has an even higher nonlinear index, a lack of
two-photon absorption in the telecommunications band.

To make full use of the integration possibilities, one would want to integrate
them on the same chip as other components, both active and passive, such as
modulators and couplers. This avoids having to couple the light in and out of
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Data in

D WDM light
| out

Figure 2.1. A sketch showing the idea of a fully integrated WDM
transmitter. The optical frequency comb that gets generated is sent to
an arrayed waveguide grating (AWG) that splits the lines into different
waveguides, those are then modulated using IQ modulators and then
recombined using a second AWG. Out from the chip there is a single
waveguide containing a fully modulated WDM spectrum.

the chip more times than necessary, ideally using only a single output coupler.
Figure 2.1 displays this concept. Having access to such a fully integrated
device could enable higher bandwidth communication channels for shorter
distances also, where a full array of free-running lasers are not feasible. On the
receiver side, a similar approach could be used for the local oscillators (LOs)
in the coherent receiver maintaining the coherence between the channels for
the digital signal processing (DSP).
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Chapter 3

Comb requirements

This chapter is intended to look at combs and their requirements from the
usage side, specifically asking the question: how does a comb have to behave
to be useful in a coherent communication context?

3.1 Coherent detection

In fiber-optic communications today, the two most common ways to detect
data-signals are direct detection and coherent detection. In a direct detection
scheme, the receiver essentially consists of a photodetector that responds to
the intensity of the incoming light. This method is simple and useful for on-off
keying signals. It can however not detect the phase of the incoming light
and therefore cannot be used to detect more spectrally efficient formats. In
those cases coherent detection is used. In coherent detection schemes, the
incoming optical signal is mixed together with a free-running LO in an optical
90° hybrid. At the output of the hybrid, balanced photodetectors are placed
from which one can extract the real part of the original optical field as well as
the imaginary part, see figure 3.1.

Using DSP, one can then correct for both the frequency and phase offset
of the LO as well as apply additional algorithms for compensation of various
other signal impairments.
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E. 1 90°hybrid
L ' Balanced| 1
! ! PD N
Fio ! ! DSP
= | | Balanced|Q |
| h PD

Figure 3.1. A sketch of a single polarization coherent receiver showing the
90° hybrid with the 90° phase shifter and the balanced photodetectors.
Extending this to a dual-polarization receiver essentially means putting
polarization-beam splitters in front of both the signal and LO input and
doubling the rest.

3.1.1 Optical signal-to-noise ratio

On the receiver side, for the DSP to operate well, there are a few requirements
though. Perhaps the most important parameters to estimate the final bit
error rate (BER) is the optical signal-to-noise ratio (OSNR) at the receiver.
The electrical signal-to-noise ratio and the resulting BER for a gray-coded
dual-polarization quadrature amplitude modulation signal can be estimated as
follows [69]:

Bosa

(3.1)

N 2 1 . 3log, (M)
BER = Tog, (A1) <1 \/M) erfc ( 20— 1) SNR) , (3.2)

where M is the number of constellation points, B, is the symbol rate of the
signal, and By, is the resolution at which the OSNR was measured, typically
this is 12.5 GHz (0.1 nm).

Since the OSNR, degrades linearly with the number of amplifiers in the link
[70] and the final requirement depends on the chosen modulation format, the
exact requirement at the transmitter side will vary from system to system. For
example, to receive a perfect 10 GBaud 64QAM signal that is only degraded
by additive white Gaussian noise with a BER of 1072 at the receiver side, the
OSNR at 0.1 nm resolution should be above 21.6 dB.

3.1.2 Phase noise

Since the data modulation makes use of the phase as well as the amplitude of
the light, having too high phase noise will jeopardize the signal quality. The

10
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most simple way to characterize the phase noise of an optical signal is by its
optical linewidth. The relevant linewidth in this case, Av, is the linewidth
of the mixing product of the signal and LO laser visible after the 90° hybrid.
In the situation where the LO laser is free-running compared to the input
signal, this is essentially the sum of the two lasers’ individual linewidths:
Av = Avgig + Avpo. It is however worth noting that if the signal has been
transmitted over some distance, the dispersion compensation process in the
DSP may enhance the phase noise of the incoming signal and thus increase
the total effective linewidth [71].

An intuitive way of looking at this is that the coherence time of the laser
line cannot be shorter than the symbol duration, 7T5. Since the linewidth of
a laser is essentially the inverse of its coherence time, the relevant metric is
thus the dimensionless normalized linewidth AvTy. The exact requirement on
the size of AvTy will depend on the modulation format that one wishes to use
and the amount of penalty in the OSNR requirement one is willing to accept.
The choice of phase tracking algorithm will also be of importance [72, 73]. For
the example case in the previous subsection, accepting a 1dB penalty to the
OSNR requirement will put the final OSNR requirement at roughly 23 dB with
a linewidth requirement around 1 MHz according to ref. [72]. Table 3.1 shows
some other example cases with OSNR and combined linewidth requirements
at the receiver side.

Modulation format | Symbol rate OSNR  Linewidth
[GBaud] [dB] [kHz]
QPSK 4118 195; .89 146140000
ww | 0w Lo
G1QAM 0 me o0
2500AM 0 s s

Table 3.1. Table showing the OSNR and combined linewidth require-
ments for different modulation formats at the receiver. The OSNR, value
is calculated using equation 3.2 and additionally includes a 1dB penalty
to get a matching linewidth requirement [72].

11
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3.2 Comb details

Given than the comb will be used for data transmission with higher order
modulation formats accepting a non-zero BER due to the use of forward error
correction, some requirements can now be stated. While the results in table
3.1 show the requirements on the receiver side for a given BER of 1073, the
requirements on the comb itself are somewhat higher. Assuming a single
transmission span, that is doubling the number of EDFAs from one after the
modulator to two, with the second one after the fiber, increases our required
OSNR by 3dB. We also have to assume that, for higher order modulation
formats, there will be an additional implementation penalty from the imperfect
equipment, not just the 1dB included in the table for the phase noise tolerance.
Additionally, the OSNR that is measured at the modulator will not directly
correspond to the OSNR of the comb itself, unless it is both high-powered and
completely flat. Figure 3.2 illustrates the way a typical non-flat comb would
be set up in front of the data modulation. If it is flat but low powered, Point 1
would be the location at which the OSNR requirements are placed. If it is not
flat though, there will have to be a flattening stage with a programmable filter
and a second EDFA before the OSNR measurement point, Point 2.

The following section describes how an OSNR requirement at these points
can be translated into power-per-line and flatness requirements for the comb
itself. For the purpose of clarity, one high-end example will be considered.
To transmit a 40 GBaud 64QAM signal over a single transmission link, table
3.1 shows that for a 1dB implementation penalty the required OSNR at the
receiver would be 28.6 dB, for these formats however a higher implementation
penalty needs to be considered owing to imperfect equipment. Assuming
instead a 4.4dB total implementation penalty followed by the 3dB cost of
doubling the number of EDFAs after the modulator, the OSNR requirement
after the flattening stage would instead be 35 dB.

3.2.1 Power parameters

For the OSNR criteria to be fulfilled for each line, it is appropriate to specify
our requirements in terms of power and noise for the weakest lines. In the
case where the comb is followed by a single EDFA, this will provide us with a
requirement for the minimum power in each line.

Assuming that the noise is dominated by the amplified spontaneous emission
noise added by the amplifier, the signal power, P oy, and noise power, Py out,
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I' Flattening \I

Poinlt 1: Power Point 12 :

Comb | : !
generation [> : Equalizer [> :
EDFA | EDFA

Figure 3.2. A sketch showing the different possible points for OSNR
measurement. In the case where the comb is flat enough, the relevant
point for OSNR measurement is Point 1, whereas if a flattening stage is
required, Point 2 would be the place.

in each comb line after the EDFA, can be written as follows [70]:

Ps,out = Pst (33)
Py out, = Pasg = 2nsphv(G — 1)Av. (3.4)

Here, Pj is the power per line of the comb coming into the EDFA while G
and ngp, are the gain and the spontaneous emission factor for the EDFA and
h being Planck’s constant. The total spontaneous emission factor (meaning
both polarizations), 2ngp, is equivalent to the noise figure of the EDFA when
it is operating in saturation. The signal is assumed to be centered around the
frequency v, while the noise is integrated over a bandwidth Awv.

Assuming that the gain G is large, the OSNR can then be simplified as
follows:

PG
2ngphv(G — 1)Av
- 2ngphvAv’

OSNR =

(3.5)

This gives a requirement for the input power of each line in the comb:
P, 1in = OSNR o 2nsphv Av. (3.6)

At A = 1550 nm, with a resolution of AX = 0.1 nm using an EDFA with a
noise figure of 5dB, the 35dB OSNR requirement translates to a minimum
power per line of —18.0 dBm.

If the comb flatness (i.e. the difference in power between the strongest and
weakest peak) is worse than what the application requires, a flattening stage
is required. A typical flattening stage would contain a programmable filter

13



3. CHAPTER. COMB REQUIREMENTS

(a pulse shaper) followed by a second EDFA. However, a pulse shaper has a
maximum allowed power input per line as well as a non-zero insertion loss
[74, 75], this will put a second criterion on the comb lines. We can define the
flatness parameter as the power ratio between the strongest and the weakest
lines of interest:

PS max
F=— 3.7
Ps,min ( )

Before the flattening stage, one would like to have a variable attenuator (to
keep G as high as possible) with attenuation A;. The flattening stage itself
will then have an insertion loss, L, and an attenuation factor for the strongest
line, Ay = 1/F. Assuming that the two EDFAs have identical noise figure, we
can then write the output powers and OSNRs as:

Py out,min = PsminG141LG2, (3.8)
P out,max = PsmaxG1A1LA2Go = Py min FG1A1LA2Go = Ps minG141LGo,
(3.9)
Py out,min = 2nsphvAv((Gh — 1)A1 LGy + G2 — 1), (3.10)
Py out,max = 2nsphVAv((G1 — 1)A1 LAsGs + G2 — 1), (3.11)
OSNR = —2min G141 LGy (3.12)

2ngphvAv (G1 —1)A1 LGy + Gy — 17
~ Ps,min Gl AlL
- 2nsphvAv G1 AL + 1
OSNR s = 22 CrALC : (3.14)
2nsphl/Al/ (Gl - 1)A1LA2G2 + GQ —1

We can note, from equations 3.12 and 3.14, since Ay < 1, the OSNR will
always be lowest for the lowest powered input line. Since the pulse shaper used
in the flattening stage has a maximum allowed input power per line, we will
have to take that into account. Assuming that it is fixed at Pshaper, we have to
set the attenuation A; such that PsminF'G1A1 = Pshaper- The requirements
for the minimum power will then be:

1

OSNR;eq2nsphvAv °
LPshaper

Py yin = OSNRrCQQnSphVAl/l (3.15)

For the same EDFA values as before, using a pulse shaper with Pihaper =
13dBm and L = 1/4(—6dB) and a comb with 20dB flatness we require
P in = —16.3dBm. For a 16QAM link, using identical parameters, the
required minimum power per line would instead be —23.6 dBm. Changing the
comb flatness will give slightly different numbers, figure 3.3 illustrates this.
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Figure 3.3. The required minimum power per line as a function of
required OSNR for combs of different flatness according to equation 3.15.
The EDFA and flattening stage parameters are as follows: 2ng, = 5dB,
v =¢/1550nm, Av = 12.5 GHz, L = —6dB and Pihaper = 13dBm. The
solid line indicates the required OSNR for a single-span 64QAM link,
while the dashed line shows the requirements for an identical link using

16QAM.
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Chapter 4

Microresonator physics

This chapter describes the basic operating principle of microresonator frequency
combs. The linear operation will be described first, with a more complete
model, including the important nonlinear effects, being presented in the later
part of the chapter.

4.1 The linear regime

In the most basic picture, a microresonator can be described as a loop system

with one, or in the case of a drop port being present, two couplers. Figure 4.1

shows a basic sketch, noting the complex electric fields at certain positions.
The coupling of the fields between the different paths can be described

>
4

Edrop

5E E3

4

Fs  Fy

Ein J Ethroug

g
4

Figure 4.1. A sketch of a simple ring resonator system.
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using the following equations [76, 77]:

Ll
i) -1 &[] v
Ej = exp (—‘;s) exp (wé) B, (4.3)
ST P PR

The two coupling regions are defined by the constants ¢, x, tq, and kq, such
that [t|? +|x|?> = 1 and [tq]? + |x4|?> = 1. The waveguide in the ring is assumed
to have a power propagation loss per length of —« and a propagation constant
B while L corresponds to the length of the resonator. The power out at the
through and drop port can then directly be derived:

‘-Ethrough|2 - |-Ein|2><
[t|? + |ta|? exp(—La) — 2 exp (—%L) |t||ta| cos(BL — ¢t — pr.a)
L+ [t[?[ta]? exp(—La) — 2exp (=S L) [t|[ta] cos(BL — ¢y — dr.a)’
(4.5)

|Ejdrop|2 = |E’in|2><
exp (=5 L) |k[*|ral®

1+ [t]2]tq]? exp(—La) — 2 exp (—% ) It||ta] cos(BL — ¢ — dra)
(4.6)

For clearer visibility, the transmission coefficients have been expanded according
to t = |t|exp(i¢;) and tq = |ta|exp(i¢y,q). The case where there is no drop
port can be trivially extracted by setting t4 = 1 and kq = 0.

When pumping at a resonance, that is when SL — ¢, — ¢y q = 2mm, with
m being an integer, the power present at the through port is minimized. One
potentially interesting special case in that situation is that of critical coupling,
this occurs when the coupling losses at the input are equal to the rest of the
losses in the cavity:

It = exp (—%L) Itl. (4.7)
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Figure 4.2. (Left) Example scan for a critically coupled ring with
the following parameters: o = 0, L = 27100 um, [t|? = [tq]? = 0.95,
Gt =Pra=0,0= neg%ﬂ, neg = 1.5. (Right) Zoomed-in view of one of
the coupling regions showing the symmetry between the two ports.

In this situation, at resonance, equations 4.5 and 4.6 become:
|E1th1rough|2 = 07 (48)

‘E |2 ‘El ‘2‘ dl

T (4.9)

In the case where there is no drop port (i.e. |[tq] = 1), equation 4.8 shows
that the losses in the ring absorb the full power from the pump leaving nothing
at the through port. On the other hand if there is a drop port, we can see
from equation 4.7 that if we want to keep the critical coupling we have to
decrease the losses, a, at the same time as increasing the coupling strength

of the drop port. In the special case of |tq] = [t], the losses have to become
zero! In this case the output power at the drop port, according to equation

4.9 will be equal to the input: |Edrop\2 tazt, |Ein|?. Here, it is important to

note that these equations are valid in the linear propagation regime. When
the Kerr effect is included and the power in the resonator is sufficiently high,
the pump depletion will cause additional losses for the pump wave. This will
lead to the coupling not being effectively critical anymore. It has been shown
that it is possible to compensate for this by increasing the coupling strength,
making the system overcoupled in the linear regime [78].

4.1.1 The coupling region

Above, the coupling between the bus waveguide and the ring itself was charac-
terized with a single constant . This parameter is naturally dependent on
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4. CHAPTER. MICRORESONATOR PHYSICS

a couple of things, specifically the interaction length and the mode overlap
between the modes of the two waveguides [79]. For well confined modes for
instance, the mode overlap will be low, leading to a weak coupling unless
the interaction length is extended accordingly. It is also important to note
that modes of different polarizations will couple to a different extent, enabling
the design of components for polarization splitting [80]. The easiest way to
increase the coupling interaction length is to make the bus waveguide follow
the resonator over a part of a round-trip in a “pulley” coupling scheme [81].
This results in an extra tunable degree of freedom for the coupling constant.

4.1.2 Characterizing the linear parameters

By sweeping the wavelength of a continuous-wave (CW) pump laser, we can
observe and extract information about the ring. Figure 4.2 demonstrates the
wavelength dependence of both outputs in the lossless, critically coupled case,
assuming that the waveguide has no dispersion. Next, we will derive a model
for extracting useful parameters in the presence of both-nonlinear coupling
and a non-zero dispersion from such a scan. The easiest thing to measure in
practice is the full width at half maximum (FWHM) of a resonance. In the
general case, where the coupling might not be critical, the half maximum is
defined as the point where the throughput power is exactly half-way between
the minimum and the maximum. This can be related to the losses of the ring
by extracting the ABpwunm from equation 4.5:

1+ [t]2|ta)? —alL
ABpwamL = 2cos™! + I¢] Ld| exp( 204 )2
2 — 2|t|[ta| exp (—SL) + 2[t[2|ta|? exp(—alL)
(4.10)
(6%
~2 (1 [tlital exp (-5 L)) - (4.11)

By Tailor-expanding around the one-sided limit of |¢||tq|exp (f% ) — 17,
we arrive at the formula above. Assuming that the group index, ng, is constant
across one resonance, we can relate this to measurements by approximating
Ap:

2mng| AN
|AB| ~ %. (4.12)
This will result in the following relation between the FWHM and the losses:
A? o
AN ~ 2 (1= Jtlltalexp (=5L)). 413
FWHM gl [t]|ta] exp ) ( )
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4.2. LIGHT PROPAGATION AND THE KERR EFFECT

However, to accurately convert between the resonance FWHM and the loss
parameters, we need to know the group index, ng, of the material. Fortunately,
we can figure that one out by finding the wavelengths for two adjacent reso-
nances and calculating the free spectral range (FSR). We know, by assuming
that the couplers’ phase shifts ¢; and ¢; q are constant between the adjacent
resonances, that [3(A\1)L — B(A2)L| = 27. By also assuming that the group
index is identical for adjacent resonances (this assumption might not be valid
for rings with strong dispersion and large FSR!), we can extract:

)\2
AMNpsr ~ el (4.14)

To disentangle the different loss contributions one can also look at the
extinction ratio for the through port:

| Buwoughmas|? _ (1= [tl[tal exp (=5L))" (|t + [tal* exp (—aL))
| Ethrough,min|? (Jtalexp (—SL) — |t\)2 (1 + |t]?[ta|? exp (—al))

(4.15)

By measuring AApwuy and the extinction ratio we can then, using
equations 4.13 and 4.15, numerically extract the two parameters: |t| and
[ta] exp (—%L). In the case of a symmetrically coupled resonator with very
weak coupling (i.e. where |t| = [tq] &~ 1) this can be simplified further [82]:

2 2
L AN
PR N V.. A ewing
|Ethrough,max| - < FWHM 732 - AMFSR

. (4.16)
Bavonsnninl® ™ (1= exp (<§2))  (1—exp (-52))’

4.2 Light propagation and the Kerr effect

To understand the way the light and the ring resonators interact, we will have
to look at the nonlinear Kerr effect. Light-matter interaction in general is
described by Maxwell’s equations. Their full analysis is beyond the scope of
this thesis but can be found in reference [83]. They predict that for high optical
intensities, such as the ones we will encounter inside the rings, the material will
allow for nonlinear interactions between photons of different wavelengths. The
part that concerns us the most is the interaction facilitated by the third-order
susceptibility, x(®), causing the refractive index of the mode in the material to
be intensity-dependent [83]:

n(A, I) = no(A) + n2(A)I. (4.17)
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4. CHAPTER. MICRORESONATOR PHYSICS

To analyze waves propagating through a fiber or a waveguide, it is typically
enough to model the field envelopes, A, rather than the electric field itself,
where the amplitude is normalized such that |A|?> = I. With this assumption,
one can derive the nonlinear Schrodinger equation (NLSE) for the propagating
waves [83]:

0A « . Br (. g . 2
5. = —§A+zkz>: = (Zat> A +ivy]AIA. (4.18)

Here, a denotes the fiber power losses per unit length while 5; denotes the k-th
coefficient in the Taylor expansion of the frequency-dependent propagation
constant of the material. The nonlinear parameter, -, is related to the intensity-
dependent refractive index, ns, and the effective mode area, Aeg:

wn9

— . 4.1
7= A (4.19)

For materials with high confinement and modes that are not fully transverse
electromagnetic, the effective area in each material region, Anr,, requires full
vectorial knowledge of the mode. It can then be calculated using [84]:

2
T [ (er x o) - 2dedy]
‘ eon fANL (e - €)? +2/3le,| e - e + |e,|*] dudy’

(4.20)

where e; and h; are the transverse components of the mode’s electric
and magnetic field respectively, while e, is the electric field’s longitudinal
component. In a structure consisting of several different materials, the total
effective nonlinear coefficient, -, will then become:

o WEp ono nO(xa y)2n2($,y) [(et : et)2 + 2/3|6Z‘26t = + ‘ez|4:| dl’dy
=20 > _
cHo [ (er x B - 2dvdy]

(4.21)

4.3 The Lugiato-Lefever equation

To get a more complete picture of what happens in a ring geometry, including
the Kerr effect, one would like to combine equations 4.1, 4.2 and 4.18. While
numerical simulations can be done in a straightforward way on these directly,
they do not help in qualitative understanding. To get a single closed form
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expression that we can derive understanding from, we will have to make some
additional assumptions and simplifications.

In this section we will be dealing with resonator devices without a drop
port and with the assumption that the coupling between two waveguides adds
a 7 phase shift while the transmission over one coupling region does not change
the phase: Kk = —v6 and t = /1 — 6. We will also assume that the wave
envelope barely changes over one roundtrip: A(L,t) =~ A(0,t) + L%. Since
we’re working with the field envelope in the NLSE, the phase evolution over one
roundtrip will not be present, we will however still need to take into account a
relative phase offset, ¢:

Ay = VOA;, + V1 —exp(i¢)As, (4.22)
DA
Ay = Ao+ L. (4.23)

The phase offset, ¢, corresponds to the relative phase drift of the wave
compared to the phase of a wave at a resonance wavelength: ¢ = AL =
Ay%ﬁng and is applied at the end of each roundtrip. Assuming that we have
a weakly coupled resonator pumped close to a resonance, both 6 and ¢ are
small. We can then Taylor expand them according to:

0

\/m ~1-—- 57 (4'24)
exp(ig) =~ 1+ i¢. (4.25)

Inserting this back into equation 4.22 and linearizing in terms of the
variables 6, ¢, and % gives us an expression for the wave after roundtrip m:
_ 0 . 0A
AU~ VO A, + ATV (1 —5+ zz,b) +Lo-. (4.26)
We can now insert equation 4.18. Since we know that the change between
consecutive roundtrips is small, we can write a differential equation describing
the slow time-evolution of the wave at this point assuming a roundtrip time of
t. [85, 86]:

DA At _ A(m-1)

— 4.2
or ty (4:27)
_ 1 La+6 . . Br (.0 ¥ . 2
=13 +l¢+ZLZﬁ (Zf)t) +ivL|A? | A+ VoA,
k>2
(4.28)
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This equation is generally known as the Lugiato-Lefever equation or the
driven-and-damped nonlinear Schrédinger equation. It can be used to model
microresonator systems, operating both in the linear and the nonlinear regime,
as long as the pump detuning is not too large and the coupling strength is not
too strong (i.e. while equations 4.24 and 4.25 are valid).

4.4 Comb initialization

Using the Lugiato-Lefever model in equation 4.28, it is then possible to predict
the behavior of microresonator combs. A perturbation analysis around the
CW steady-state gives useful information about the comb initialization process
when pumping with a single CW pump [87-90]. The CW steady-state, As,
can be found by setting all time derivatives in equation 4.28 to zero:

La+6
0= ( a; +i¢+ mLAJ) Ay + VA, = (4.29)

La+6\°
0] Ain|? = |As]? (( 0‘; ) +¢2> + |Ag*2¢vL + |As|°y2L?. (4.30)
Depending on the pumping region, this equation has between one and three
solutions for |A|?. The solution(s) can be found numerically if one knows all
the initial parameters. Starting from such a steady-state position, by applying
a small perturbation, Ay, equation 4.28 gives:

A=A+ A, (4.31)
A, [ La+0 . =B (. 0\
ty 5 = 3 —|—z¢+szz>:2k!<zat> Ap+

+iyL(AZAL + 2| AP Ap + 24| Ap P + AT A2 + AZAY). (4.32)

Assuming that the perturbation is small, |A,| < |A4s|, equation 4.32 can be
simplified to:

0A La+6 B (.O\" . , .
£ an: - +z¢—|—szz>:H io +2i7LPy | Ay +iyLAAS,
>2

(4.33)
where Py = |Ag|?. This is now a linear differential equation in A, (¢,7). To
find the solutions with gain, one can set the following ansatz:

Ap(t,7) = A_1(7) exp(—iAwt) + E1 (1) exp(iAwt). (4.34)
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Plugging this back into equation 4.33 and separating the two frequency compo-
nents, exp(—iAwt) and exp(iAwt), gives the following two coupled differential
equations:

y 0A_1
o
L 0
_Letb i+ 2y LPy +iLy %ik(—iAw)k A +iyLAZA;
k>2
(4.35)
0A
tr =
or
L 0
- O‘; +i¢p+ 2iyLPy +iL %ik(iAw)k Ay +iyLAZA* .
k>2
(4.36)
The solutions to these differential equations are:
trA_1(7) = Cy exp(mq7) + Cy exp(maT), (4.37)
t, A1 (1) = Czexp(miT) + Cyexp(mi7), (4.38)
with
~ La+0 L Bk &
k>3,0dd
2
1
—— |[PLP - [¢+29LPy+L D Br p ok . (4.39)
ty k!
k>2,even
mo = — o, + . —Aw
k>3,0dd
2
1 Bk
— |y2L2P? — 2vLPy+ L —Awk | . 4.40
B S N Ot ) R

The effective frequency-dependent gain will then correspond to the real
part of msy. Important to note is that for there to be net gain, the term under
the square root has to remain positive and be large enough to compensate
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Figure 4.3. An example initial gain spectrum for a ring with the
resonance locations plotted on top.

for both the propagation losses and the coupling losses. Figure 4.3 shows an
example gain spectrum. For the gain to be maximized at a certain frequency
offset, Aw, there will therefore be requirements on the physical parameters:

¢+29LPy+L > %Aw’“ =0. (4.41)

k>2,even

This means that a negative [ is optimum for maximum peak gain or in
the case of a slightly positive 32, a red-shift of the pump compared to the
resonance, setting ¢ < 0 can also work. In practice, a red-detuned pump is
difficult to stabilize with respect to the cavity wavelength because of thermal
effects that will be described sin section 4.6.1.

4.4.1 Soliton generation

When operating in the anomalous dispersion regime, where $2 < 0, assuming
low losses, one solution to the Lugiato-Lefever equation is a train of solitons.
These are pulse forms where the Kerr nonlinearity of the resonator medium
has counteracted the anomalous dispersion in terms of phase shift. They can
typically be generated by careful tuning of the CW pump into the resonance.
The dynamics are somewhat chaotic however as the final state and the tuning
path depends on the initial noise state [90-93]. To achieve full deterministic
control over the number of solitons in the cavity as well as long term stability,
more feedback and laser [94-97] or thermal [98] tuning is required. Since devices
that are thick enough to have anomalous dispersion are also multi-mode, there
is a risk for mode interaction happening when attempting to generate very wide
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combs. These higher-order modes can however be suppressed using filtering
sections [99].

4.4.2 The normal dispersion regime

The Lugiato-Lefever model predicts that for simple CW pumps, the resonators
need anomalous dispersion around the pumping region if one wishes to avoid
red-detuning the pump with respect to the resonance. This criterion can
be sidestepped in a few ways enabling combs using waveguides with normal
dispersion. Pumping the resonators with multiple pumps, or a single RF-
modulated pump can provide the first frequency components from which the
rest can grow through four-wave mixing (FWM) [100-102]. This multi-pump
situation can be modelled using the Lugiato-Lefever equation as well [103]
leading to solutions that qualitatively agree with experiments. This situation
is discussed in [Paper B].

Another way to counteract the normal dispersion is to design the waveguide
so that, around the pump location, the dispersion becomes locally anomalous.
In multi-mode waveguides the geometry can be designed so that higher order
modes couple to the pumped mode at some wavelength leading to a locally
strong anomalous dispersion [55, 104-107]. Figure 4.4 shows how this would
look like for two coupled modes. The resonator used in [Paper A] is enabled
using such an interaction. In these circumstances the comb is initialized using
the degenerate FWM process that was described above, while the new lines are
then grown using non-degenerate FWM. The pump laser wavelength requires
fine-tuning here as well since there are several different operating modes with
different noise properties [108].

Another way to locally perturb a mode is by coupling it with its own
counterpropagating version with the help of periodic perturbations in the
waveguide [109] or using additional structures to alter the mode of interest
[110-112]. All these methods require careful design and in some cases possibility
for additional microheater tuning afterwards.

4.5 Noise properties

At the output of microresonator frequency combs, it is possible to observe
different kinds of noise. The most trivial kind is the one present around the
lines originating from the initial noise in the pump. This is however not the
only noise present at the output. Depending on the detuning of the pump with
respect to the utilized resonance, one can observe both wide and narrow, beat
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Figure 4.4. Simulated example where two modes interact. (Left) showing
the effective index, neg, with the barely avoided crossing and (Right)
showing the resulting perturbed dispersion, (2 for the two modes.

note-like, intensity noise around the lines [55]. The beat note-like noise can be
present due to two or more comb formations happening simultaneously with
different spacings [53, 108]. Additional models exist predicting similar beat
notes to appear due to perturbations such as higher order dispersion [113].

4.6 Other practical considerations

4.6.1 The temperature

A physical parameter that has gotten little mention in this thesis so far is the
temperature. The refractive index of most materials is temperature dependent
and since microresonators are typically pumped with high powered laser light,
the temperature of chips under operation is expected to be higher than room
temperature. When tuning a pump laser into a resonance, more and more
power gets coupled into the ring, thus increasingly heating it up. This causes
a red-shift of the resonance [114]. Since the resonances shift towards longer
wavelengths regardless of the direction of the pump sweep, this leads to an
asymmetric transmission scan that is different depending on the sweeping
direction [115]. In practice, this also means that only a blue-detuned pump
can be thermally stable. A small increase in the pump wavelength will cause
the resonance location to shift away from the pump in the red-detuned case at
which point the power level in the resonator decreases and causes the resonance
to shift even further. See figure 4.5 for a sketch of this in action.
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Figure 4.5. When the temperature of the chip changes, the resonance
location is shifted. The plots show a sketch of the time evolution of a
resonance when the laser is slowly tuned past it. The solid black line
represents the pump laser, the solid colored curve is the resonance’s
current state, while the colored dashed curve is the resonance’s previous
state. a) The pump is blue-detuned from the resonance, the chip is
cold. b) The laser approaches the resonance, thereby heating it up and
causing it to red-shift. c¢) The laser continues approaching the resonance,
heating it up even more. d) The laser has now passed the resonance,
attempting to pump it in a red-detuned fashion, causing it to swiftly
cool down and move back to its original location. The laser is therefore
now far away from it. e) Plot showing the throughput as seen by a
power meter while the laser is sweeping, note the asymmetrical shape
of it showing the difficulty of pumping on the red side.
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4.6.2 Conversion efficiency and the drop port

To relate this chapter back to the practical requirements for the communication
applications, the conversion efficiency and flatness should be mentioned. The
soliton and the normal dispersion combs behave very differently in this regard.
In published experiments both system types operate in a configuration where
a significant amount of the pump power is passed through giving an intrinsic
flatness penalty that has to be taken care of by external filtering using a
pulse shaper and/or a notch filter. A useful alternative to this penalty is
implementing a drop port whose output better mirrors the intracavity comb
state [116, 117].

For the normal dispersion combs conversion efficiencies (not counting fiber-
to-chip coupling losses) above —15dB have been reported [116]. In some
cases they have yielded several tens of lines far above the minimum power
requirement from chapter 3 with the only potential weakness being the flatness
[118].

In the soliton case much broader combs spanning two thirds of an octave
have been reported [119]. These are however limited in terms of conversion
efficiency leading to a much lower power per line. The soliton-based combs
have been shown to have a maximum conversion efficiency that is inversely
proportional to the number of lines [120].
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Chapter 5

Future outlook

Reaching the final chapter of this thesis, let’s have a look at the future outlook.
In the context of optical communication, there are several avenues left to
pursue. We have now demonstrated that combs can in principle work as
drop-in replacements for free-running lasers. The first step towards making
them fully competitive would be to ensure that they truly can cover the
necessary bandwidth. Can one, through experiments together with modeling
and simulations, improve and predict the flatness of combs generated in multi-
pumped microresonators? By extending the mode solver and propagation
simulation tools we have, as well as using the low-dispersion chips that we
now have access to, we now have an opportunity to investigate the tradeoffs
between flatness and number of initial pump lines. The first step could be to
do more extensive simulations on the multi-mode coupling region to design a
coupler that minimizes the amount of pump power that leaks out during the
comb operation.

The other direction would be to develop the comb-specific advantages in a
transmission setup (i.e. not just using them as drop-in replacements). This
would entail demonstrating concepts such as joint phase- and polarization-
tracking to demonstrate higher noise tolerance. While this would not necessarily
increase the total propagation distance as much as the nonlinear pre-distortion,
complimenting the two techniques should be a good way of maximizing the
comb’s advantages. This will of course require the receiver to be based on a
frequency comb as well. To perform proof-of-concept demonstrations however,
one might be satisfied with only looking at two or three lines at a time, meaning
that the receiver comb could be something as simple as a laser followed by an
electro-optic modulator.
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Chapter 6

Summary of papers

Paper A

“Long-haul coherent transmission using a silicon nitride microre-
sonator-based frequency comb as WDM source,” Conference on lasers
and electro-optics (CLEQO), San Jose, USA, paper SM4F.2, 2016.

In this paper we present the results from a coherent long-haul transmission ex-
periment. We transmitted PM-QPSK-modulated data over more than 6000 km
using a recirculating fiber loop. The light source consisted of seven lines gen-
erated using a low-noise microresonator-based frequency comb manufactured
at Purdue University, USA. This is the first demonstration of long-haul data
transmission using microresonator-based combs as light sources showing that
the technology fits the requirements of long-haul data transmission.

My contribution: I performed the transmission measurements, implemented

the DSP code, wrote the paper, and presented the results at CLEO in San
Jose, USA.
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Paper B

“Triply resonant coherent four-wave mixing in silicon nitride mi-
croresonators,” Optics Letters, vol. 40, no. 17, pp. 4006-4009, 2015.

Here we measured the changes in four-wave mixing efficiency inside a triply-
pumped normal dispersion microresonator while varying the relative phases
of the pump waves. The three waves were generated using a tunable laser
and electro-optic modulator and were set to wavelengths matching three adja-
cent resonances in the microresonator. The microresonator was manufactured
in a multi-project wafer run by LioniX in the Netherlands. Additionally a
simplified analytical model was developed that qualitatively matches the mea-
surements while more complete numerical simulations were performed that
also match quantitatively. Simulations using similar pump parameters but
with an anomalous dispersion resonator were also performed. The results of
experiments, simulations and analytical model all indicate that controlling the
relative phases in the pump waves is of critical importance when maximizing
the four-wave mixing efficiency.

My contribution: I performed the measurements, calculated the model,
implemented the simulations, and wrote the paper.
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