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1. Introduction

Functionally graded (FG) materials are composite materials
made of two (or more) phases of material constituents, where
the phase distribution varies continuously. The most used group
of FG materials consists of ceramic and metal phases. Such materi-
als were developed in the mid 1980s where the strength of the
metal and the heat resistance of the ceramic made these materials
well suited for high-temperature environments. FG materials also
possess a number of further advantages compared to other inho-
mogeneous materials such as improved residual stress distribu-
tion, higher fracture toughness, and reduced stress intensity
factors. Hence, FG materials are nowadays used in many different
fields of engineering [1,2].

FG plates using classic elastic continuum theory have been
studied extensively in recent decades. Among these, work on FG
plates using three dimensional or higher order two dimensional
theories are found in [3–9]. Several comprehensive surveys on var-
ious aspects of FG plate modeling have been reported [10–13].

In micropolar elasticity theory the classical continuum model is
extended to properly deal with microscale effects which affects the
mechanical response e.g. in granular or fibrous materials. In addi-
tion to the classical theory where three translational degrees of
freedom are assigned to each material point, the micropolar theory
adds three rotational degrees of freedom to each material point.
This results in a so called couples stress tensor in addition to the
regular stress tensor, where both these tensors are nonsymmetric
in the general case. Among the different existing micropolar theo-
ries based on the Cosserat work [14], the version developed by
Eringen [15] is perhaps the most popular. There are several work
on micropolar plates adopting Eringen’s theory [16–23], see also
the review paper [24].

The present work on FG micropolar plates is an extension to the
work on dynamic equations for homogeneous micropolar plates
[23]. The method used renders a hierarchy of micropolar FG plate
equations in a consistent and systematic fashion up to arbitrary
order. The method is mainly based on the works on homogeneous
plates that are isotropic [25], anisotropic [26] and piezoelectric
[27], and has also been employed for functionally graded isotropic
plates [3] adopting classic elastic continuum theory. The interest
towards FG structures taking microscale effects into account has
developed over the last few years. The majority of studies are
based on the modified couple stress theory [28–32] and other
alternative theories [33,34]. However, there are to our knowledge
no work on FG plates using the more general micropolar theory,
and thus this work may contribute to fill that gap.

The derivation process for developing plate equations for FG
isotropic micropolar plates is here based on employing a system-
atic power series expansion approach using the three dimensional
equations of motion for micropolar continuum. Displacement and
micro-rotation fields, as well as material parameters, are expanded
in a power series in the thickness coordinate of the plate. From
these expanded fields, the stress and couple stress are obtained
on power series form in terms of the expansion functions of the
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displacements and micro-rotations. Furthermore, by using the
equations of motion for micropolar elasticity, recursion relations
are constructed. These are used to express all expansion functions
in terms of the lowest order expansion functions. Thus all fields can
be expressed in these lowest order expansion functions without
performing any truncations. Subsequently boundary conditions
on the upper and lower surface of the plate are stated on power
series form. These boundary conditions represent a set of scalar
equations, written in terms of the lowest order expansion func-
tions, and constitute the complete set of partial differential plate
equations. Using variational calculus, the edge boundary condi-
tions for each edge surface are obtained in an equally systematic
manner. The resulting sets of plate equations may be truncated
to any desired order. Numerical results are presented for simply
supported plates where the material distribution is varying using
a power law through the plate thickness. The results comprise
eigenfrequencies and cross sectional fields using different trunca-
tion orders. The low order cases may be used as approximate engi-
neering plate theories while the higher order theories act as
benchmark theories converging to the exact 3D solution.

2. Theory of linear micropolar elasticity

Consider an isotropic micropolar continuum according to Erin-
gen’s theory [15]. The equations of balance of momentum and
moment of momentum, written in cartesian coordinates, are
expressed as

tkl;k ¼ q€ul; ð1Þ
mkl;k þ �lkmtkm ¼ qjlk€/k; ð2Þ
in absence of body forces and body couples. Here tkl is the stress
tensor, mkl is the couple stress tensor, ul is the displacement vector,
/k is the micro-rotation vector, q is the density, jlk is the microiner-
tia tensor and �lkm is the permutation symbol. Indices that follow a
comma indicate partial differentiation. The surface tractions are
defined in accordance to

tl ¼ tklnk; ð3Þ
ml ¼ mklnk; ð4Þ
where nk is an outward pointing normal surface vector.

The micropolar strain tensors ekl and ckl are defined by

ekl ¼ ul;k þ �lkm/m; ð5Þ
ckl ¼ /k;l: ð6Þ
These strain measures are related to the stress and couple stress
tensors through the constitutive relations

tkl ¼ kemmdkl þ ðlþ jÞekl þ lelk; ð7Þ
mkl ¼ acmmdkl þ bckl þ cclk; ð8Þ
where dkl is the Kronecker delta, k and l are Lamé parameters while
a; b; c and j are micropolar elastic moduli. Consider from now on
spin-isotropic materials where the microinertia reduces to a scalar
quantity, jkl ¼ jdkl.

3. Series expansion and recursion relations

A hierarchy of approximate equations for isotropic plates that
are FG in the thickness direction is to be derived in a consistent
manner based on governing equations for a micropolar continuum
as described in Section 2. Consider a plate of thickness 2h using a
cartesian coordinate system fx; y; zg, where the in plane x and y
axes are along the middle plate plane at z ¼ 0. The components
of the displacement field and micro-rotation field are denoted
fu1;u2;u3g and f/1;/2;/3g respectively. The derivation procedure
of the plate equations is based on the assumption that each com-
ponent of the displacement field and micro-rotation field can be
expanded in a power series in the thickness coordinate z according
to

ulðx; y; z; tÞ ¼
X1
n¼0

znuðnÞ
l ðx; y; tÞ; ð9Þ

/lðx; y; z; tÞ ¼
X1
n¼0

zn/ðnÞ
l ðx; y; tÞ; ð10Þ

for l ¼ 1;2;3. As for the material parameters varying in the thick-
ness direction, these are expanded in Taylor series [3] as

f ðzÞ ¼
X1
n¼0

znf ðnÞ: ð11Þ

Here, f covers both traditional elastic parameters fq; k;lg and the
micropolar parameters fj;a;b; c; jg, see further discussions in
Section 5.

By using the series expansions Eqs. (9)–(11) into the deforma-
tion relations Eqs. (5) and (6), the stress and couple stress expres-
sions from the constitutive relations Eqs. (7) and (8) are written on
power series form

tkl ¼
X1
n¼0

zntðnÞkl ; ð12Þ

mkl ¼
X1
n¼0

znmðnÞ
kl : ð13Þ

Each power series term may thus be expressed in terms of displace-
ments and rotations through

tðnÞkl ¼ kHLjuj
� �

ndkl þ lHðLluk þ LkulÞ½ �n þ jHðLkul þ �lkm/mÞ½ �n;
ð14Þ

mðnÞ
kl ¼ aHLj/j

� �
n
dkl þ bHLl/k½ �n þ cHLk/l½ �n: ð15Þ

Here the product rule for power series are denoted

aHb½ �n ¼
X
i¼0

naðiÞbðn�iÞ
: ð16Þ

Moreover, operators Lk acting on the series expanded fields are
introduced in order to simplify the expressions according to

Lkg
ðnÞ
l ¼

@xg
ðnÞ
l if k ¼ 1;

@yg
ðnÞ
l if k ¼ 2;

ðnþ 1Þgðnþ1Þ
l if k ¼ 3;

8>><
>>: ð17Þ

where gðnÞ
l is any of the expansion fields in Eqs. (9)–(11). Hence Lk

for k ¼ 3 increases the index of gðnÞ
l and multiplies with the new

index, in this case nþ 1. Note the shorthand form @x and @y used
to denote partial derivatives with respect to x and y.

Now that the material parameters, displacements, micro-
rotations, stresses and couple stresses are all expressed on power
series form according to Eqs. (9)–(13), these fields are to be used
in the equations of motion, Eqs. (1) and (2). Collecting terms of
equal power in z in the equations of motion results in recursion for-
mulas for each displacement and micro-rotation field according to

ðnþ 1Þ ðlþ jÞHL3ul½ �nþ1 þ ðnþ 1Þ ðkþ lÞHL3u3½ �nþ1d3l

¼ qH€ul½ �n � ðlþ jÞHð@2
x þ @2

yÞul

h i
n
� Ll kHð@xu1 þ @yu2Þ

� �
n

� lHLlð@xu1 þ @yu2Þ
� �

n � ðnþ 1Þ lHLlu3½ �nþ1ð1� d3lÞ
� kHLlL3u3½ �nð1� d3lÞ � �ijkLj jH/k½ �ndli; ð18Þ
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ðnþ 1Þ cHL3/l½ �nþ1 þ ðnþ 1Þ ðaþ bÞHL3/3½ �nþ1d3l

¼ JH€/l

h i
n
� cHð@2

x þ @2
yÞ/l

h i
n
� Ll aHð@x/1 þ @y/2Þ

� �
n

� bHLlð@x/1 � @y/2Þ
� �

n � ðnþ 1Þ bHLl/3½ �nþ1ð1� d3lÞ
� aHLlL3/3½ �nð1� d3lÞ � �ijk jHLjuk

� �
ndli þ 2 jH/l½ �n; ð19Þ

for l ¼ 1;2;3 where n ¼ 0;1;2 . . .. Here J ¼ qj resulting in
JðnÞ ¼ qHj½ �n. These recursion formulas are essential for the deriva-
tion of the plate equations since the number of expansion functions
for each field can be reduced from an infinite amount to a finite

amount. The highest order terms uðnþ2Þ
l and /ðnþ2Þ

l present on the left
hand sides of Eqs. (18) and (19), respectively, may thus be expressed
in lower order terms. By using these formulas recursively it is possi-

ble to express all expansion functions uðnÞ
l and /ðnÞ

l with n ¼ f2;3; . . .g
in terms of the twelve lowest order ones with n ¼ f0;1g. Note that
these coupled six recursion formulas do not involve any approxima-
tions since they stem from the equations of motion, Eqs. (1) and (2),
and the power series expansion of the various fields. Furthermore,
the power series have not been truncated which is crucial for the
present method. Note that these recursion relations simplify to the
ones in [23] for homogeneous micro plates, as well as to the ones
in [3] for FG elastic plates without micro effects.

4. Plate equations and boundary conditions

This section covers the derivation of surface boundary condi-
tions, that actually constitute the plate equations, and the edge
boundary conditions.

4.1. Plate equations

On the surfaces at z ¼ �h, either the tractions or the displace-
ments and micro-rotation are to be prescribed. These given fields
are denoted.

fT�
l ;M

�
l ;U

�
l ;U

�
l g for l ¼ 1;2;3, where � indicates the upper sur-

face z ¼ h and the lower surface z ¼ �h, respectively. Hence, for
each l one field from ft3l;ulg and fm3l;/lg is to be prescribed,
resulting in six boundary conditions on the upper and lower
surfaces, respectively. In the case of prescribed tractions, the corre-
sponding boundary conditions are obtained by truncating Eqs. (12)
and (13) at an order N > 0, which give

XN
n¼0

ð�hÞntðnÞ3l ðx; y; tÞ ¼ T�
l ðx; y; tÞ;

XN
n¼0

ð�hÞnmðnÞ
3l ðx; y; tÞ ¼ M�

l ðx; y; tÞ:

ð20Þ
Similarly boundary conditions for prescribed displacements and
micro-rotations are obtained from Eqs. (9) and (10),

XNþ1

n¼0

ð�hÞnuðnÞ
l ðx; y; tÞ ¼ U�

l ðx; y; tÞ;
XNþ1

n¼0

ð�hÞn/ðnÞ
l ðx; y; tÞ ¼ U�

l ðx; y; tÞ:

ð21Þ
These surface boundary conditions are always fulfilled regardless of
the expansion order N, which will be illustrated in the numerical
examples Section 6.2. Note that the displacements and micro-
rotations are truncated at a one order higher compared to the stres-
ses. This is due to that stresses include spatial derivatives of one
order higher than displacements and micro-rotations, therefore an
extra term is added to these latter conditions in order to obtain con-
sistent plate equations. Consequently, a total amount of twelve sur-
face boundary conditions are to be chosen from Eqs. (20) and (21).

Using the recursion relations Eqs. (18) and (19) these boundary
conditions may be written in terms of the twelve lowest order

expansion functions fuðnÞ
l ;/ðnÞ

l g for n ¼ f0;1g. Hereby each of the
twelve boundary conditions given in Eqs. (20) and (21) contains

spatial derivatives of order N þ 1 for fuð0Þ
l ;/ð0Þ

l g and spatial deriva-

tives of order N for fuð1Þ
l ;/ð1Þ

l g. This set of twelve surface boundary
conditions constitutes the hyperbolic set of micropolar partial dif-
ferential plate equations. The plate equation system is of differen-
tial order 12N, which is seen by reducing the twelve equations to a

single equation in any of the scalar fields fuðnÞ
l ;/ðnÞ

l g for n ¼ f0;1g.
Consequently 6N boundary conditions must be selected for each
edge of the plate. It should be emphasized that it is not generally
possible to obtain decoupled equations for symmetric and
antisymmetric motions due to the inhomogeneous FGmaterial dis-
tribution. These coupling effects make the solution process consid-
erably more involved compared to the homogeneous micropolar
plate case [23].

The presented set of plate equations may also be obtained from
a more rigorous procedure using variational calculus in line with
[23,35,36].

4.2. Edge conditions

Consider a rectangular plate where �a 6 x 6 a and �b 6 y 6 b.
At each edge x ¼ �a one field from each pair ft1l;ulg and fm1l;/lg
for l ¼ 1;2;3 is to be prescribed for all z 2 ½�h;h�. Similarly, at
y ¼ �b one field from each pair ft2l;ulg and fm2l;/lg should be

given. The given fields are denoted fTf�a;�bg
l ;Uf�a;�bg

l g and

fMf�a;�bg
l ;Uf�a;�bg

l g for each edge. These prescribed edge boundary
fields may be time dependent as well as having varying properties
over the thickness and along each edge. The 6N boundary condi-
tions at each edge are to be derived in a systematic manner by
adopting variational calculus. Since all boundary conditions are
constructed in the same manner, the procedure is only presented
explicitly for prescribed tractions at x ¼ a, that is Tþa

l . Using gener-
alized Hamilton’s principle [23,26,35,36], the variationally consis-
tent edge boundary conditions adopting Eq. (12) are expressed as

Z h

�h
Tþa
l ðy; z; tÞ �

XN�1

n¼0

zntðnÞ1l ða; y; tÞ
 !

zkdz ¼ 0; k ¼ 0;1; . . . ;N � 1;

ð22Þ
for l ¼ 1;2;3. TheN integrals in Eq. (22) for each l constitute a system

of equations which solution renders the N terms tðnÞ1l ða; y; tÞ for
n ¼ 0;1; . . . ;N � 1. This representation of the boundary condition
in power series form is identical to the expansion of the given func-
tions Tþa

l in terms of Legendre polynomials Pnðz=hÞ of orderN � 1, i.e.

Tþa
l ðy; z; tÞ �

XN�1

n¼0

anðy; tÞPnðz=hÞ ¼
XN�1

n¼0

znTþaðnÞ
l ðy; tÞ; ð23Þ

hence tðnÞ1l ða; y; tÞ ¼ TþaðnÞ
l ðy; tÞ. Note that the stress free case Tþa

l ¼ 0

results in tðnÞ1l ¼ 0 for all n at the edge. By using Eq. (14) each edge

boundary stress term tðnÞ1l ða; y; tÞ is expressed in terms of displace-
ments and micro-rotations. Adopting the recursions formulas Eqs.
(18) and (19), the boundary stresses arewritten as partial differential

equations in terms of the lowest order fields fuðnÞ
l ;/ðnÞ

l g for n ¼ f0;1g.
It should be emphasized that these sets of plate differential

equations, together with pertinent edge boundary conditions, con-
stitute a hierarchy of variationally consistent plates equations that
may be truncated to arbitrary order.

5. Properties of FG materials

There are rather few investigations presented in the literature
where micropolar material parameters are obtained
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experimentally. Material data obtained from eigenfrequency anal-
yses are presented in [37] for aluminum as well as for an epoxy
matrix containing aluminum spheres. The first single material case
uses measured experimental data, while the second two-phase
material case uses numerical data [15,38].

For a FG plate the material parameters are to vary continuously
over the thickness. Consider a plate where the top z ¼ h
(subscript t) consists of pure aluminum, while the bottom z ¼ �h
(subscript b) consists of epoxy containing randomly distributed
aluminum particles. Consequently, the amount of aluminum
decreases continuously from the top to the bottom of the plate.
From [37] the material parameters for aluminum at the top are
kt ¼ 51:704 GPa, lt ¼ 26:635 GPa, qt ¼ 2800 kg=m3; jt ¼ 0:325�
10�7 m2; jt ¼ 1:3155� 10�5 GPa, at ¼ 1:2355 kN, bt ¼ 0:1585 kN,
ct ¼ 0:59664 kN while for the epoxy matrix with aluminum
particles at the bottom one has kb ¼ 7:586 GPa, lb ¼ 1:896 GPa,

qb ¼ 2192 kg=m3; jb ¼ 1:96 � 10�7 m2; jb ¼ 1:3234 � 10�4 GPa,
ab ¼ 83:255 N, bb ¼ 0:1028 kN, cb ¼ 3:3349 kN. Note that these
values cause the stress tensor in Eq. (7) to be close to symmetric
due to small value of the ratio j=l.

There are different ways to model the variation of the materials
over the thickness, e.g. adopting a power law or an exponential
law. Here consider the often used power law where the volume
fraction of the bottom material varies as

VbðzÞ ¼ ðh� zÞ=2hð Þp: ð24Þ

Note that the volume fraction law follows Vb þ Vt ¼ 1, and the
power index p is a positive number.

There are various methods to model the effective material prop-
erties in FG materials. Among these the rule of mixture (Voigt
model) is perhaps the simplest, while other theories such as the
Mori–Tanaka model and the self-consistent model take
microstructural aspects into account, see discussion in [2,39]. In
the Voigt model the various material properties (denoted by Q)
are assumed to be proportional to the volume ratio according to

QðzÞ ¼ QbVbðzÞ þ QtVtðzÞ: ð25Þ

This model is generally used for the effective density, which is also
the case in the present work. The Voigt model is also often used for
the elastic Lamé parameters k and l, although more refined theories
such as the Mori–Tanaka model or the self-consistent model may be
adopted. The Mori–Tanaka model [40] is mainly used for two-phase
materials where there is a clearly defined continuous matrix with
discontinuous particles, whereas the more involved self-consistent
model is mainly used for two-phase materials where each phase
has an interconnected skeletal microstructure [11]. Here the
Mori–Tanaka model is chosen due to the distribution of separate
aluminum particles in the lower part of the plate. Hence, the
Lamé parameters are obtained through

KðzÞ � Kt

Kb � Kt
¼ VbðzÞ

1þ VtðzÞ 3ðKb � KtÞ=ð3Kt þ ltÞ
� � ; ð26Þ

lðzÞ � lt

lb � lt
¼ VbðzÞ

1þ VtðzÞðlb � ltÞ=ðlt þ f Þ ; ð27Þ

where

f ¼ ltð9Kt þ 8ltÞ
6ðKt þ 2ltÞ

: ð28Þ

Here K ¼ kþ 2l=3 is the bulk modulus. As for the effective micro
parameters fj;a;b; c; jg, there are to our knowledge no investiga-
tions on how to model these for FG materials. Here, they are sup-
posed to follow the Voigt estimate Eq. (25).
6. Numerical results

The object for the numerical results is to illustrate the accuracy
of the present partial differential equations for FG micropolar
plates; both for low and high order sets. The low order cases
may be used as approximate engineering plate theories while the
higher order theories act as benchmark theories converging to
the exact 3D solution. Although any type of surface boundary con-
ditions may be studied, consider only the case with free upper and
lower plate surfaces. Consequently, the surface boundary condi-
tions are obtained from Eq. (20) with T�

l ¼ 0 and M�
l ¼ 0. For the

numerical process, it is convenient to express these twelve condi-
tions in terms of sums and differences [23]. Hence, the resulting
equations become

XN
n even

hnpðnÞ
3l ¼ 0;

XN
n odd

hnpðnÞ
3l ¼ 0; ð29Þ

for l ¼ 1;2;3 where p3l stands for both the stresses t3l and the cou-
ple stresses m3l.

As for the edge boundary conditions, consider mixed conditions
(simply supported) using the notation in Section 4.2

U�a
2 ¼ 0; U�a

3 ¼ 0; T�a
1 ¼ 0; U�a

1 ¼ 0; M�a
2 ¼ 0; M�a

3 ¼ 0;

U�b
1 ¼ 0; U�b

3 ¼ 0; T�b
2 ¼ 0; U�b

2 ¼ 0; M�b
1 ¼ 0; M�b

3 ¼ 0:

ð30Þ
Hence, each series expansion term becomes

uðnÞ
2 ¼ 0; uðnÞ

3 ¼ 0; tðnÞ11 ¼ 0; /ðnÞ
1 ¼ 0; mðnÞ

12 ¼ 0; mðnÞ
13 ¼ 0; x¼�a;

uðnÞ
1 ¼ 0; uðnÞ

3 ¼ 0; tðnÞ22 ¼ 0; /ðnÞ
2 ¼ 0; mðnÞ

21 ¼ 0; mðnÞ
23 ¼ 0; y¼�b;

ð31Þ
for n ¼ 0;1;2 . . ..

The presented results below are for eigenfrequencies for square
plates as well as mode shapes and stress distributions over the
cross section.

6.1. Eigenfrequencies

In this section, eigenfrequencies for a square plate a ¼ b are
calculated for two different plate thicknesses: a=h ¼ 20 and
a=h ¼ 8. In order to study the influence from the material distri-
bution, different power indexes p from Eq. (24) are considered.
For each case the three lowest eigenfrequencies xmn are calcu-
lated using different truncation orders, where m and n refer to
the mode numbers in the x and y directions, respectively. These
eigenfrequencies are mainly of antisymmetric character involving
flexural motion. For convenience, introduce the non dimensional
frequency Xmn ¼ xmnh=cE, where the velocity cE for the bottom
epoxy/aluminum material is defined as cE ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
Eb=qb

p
using

the relation between the Young and Lamé parameters
Eb ¼ lbð3kb þ 2lbÞ=ðkb þ lbÞ.

The results are given in Tables 1 and 2 for different truncation
orders. Here the case N ¼ 1 is disregarded as it captures the modes
that are of predominately symmetric behavior resulting in consid-
erably higher eigenfrequencies [26,27]. Note that higher eigenfre-
quencies are obtained for the less slender plate as expected.
Moreover the eigenfrequencies become higher by increasing the
power index p, as this results in higher amount of the aluminum
phase. For comparison, the exact eigenfrequencies for the single
aluminum phase (corresponds to p ! 1) and for the even distribu-
tion of the epoxy/aluminum phase (corresponds to p ¼ 0) are given
in Table 3.

As for the different truncation orders in Tables 1 and 2, it is seen
that the series method converges reasonably rapidly in most cases.



Table 1
Eigenfrequencies Xmn for a quadratic plate with a=h ¼ 20 using different truncation orders.

p mn N ¼ 2 N ¼ 3 N ¼ 4 N ¼ 6 N ¼ 10 N ¼ 25 N ¼ 50

1 11 0.019822 0.013417 0.015348 0.014925 0.014899 0.014898 0.014898
12 0.048696 0.033164 0.037962 0.036899 0.036831 0.036829 0.036829
22 0.076623 0.052501 0.060117 0.058404 0.058294 0.058291 0.058291

2 11 0.024394 0.017173 0.016703 0.016776 0.016855 0.016852 0.016852
12 0.059935 0.042431 0.041381 0.041513 0.041710 0.041703 0.041702
22 0.094319 0.067135 0.065629 0.065764 0.066079 0.066067 0.066067

3 11 0.026845 0.020354 0.016081 0.018402 0.018032 0.018004 0.018004
12 0.065958 0.050225 0.039895 0.045531 0.044631 0.044564 0.044563
22 0.10380 0.079362 0.063356 0.072120 0.070718 0.070613 0.070611

5 11 0.028818 0.023500 0.017926 0.018851 0.019325 0.019428 0.019427
12 0.070803 0.057905 0.044433 0.046659 0.047825 0.048077 0.048074
22 0.11142 0.091367 0.070503 0.073933 0.075776 0.076168 0.076162

Table 2
Eigenfrequencies Xmn for a quadratic plate with a=h ¼ 8 using different truncation orders.

p mn N ¼ 2 N ¼ 3 N ¼ 4 N ¼ 6 N ¼ 10 N ¼ 25 N ¼ 50

1 11 0.11692 0.080781 0.092557 0.089857 0.089683 0.089678 0.089678
12 0.26837 0.19078 0.21897 0.21208 0.21161 0.21159 0.21159
22 0.40022 0.29085 0.33408 0.32301 0.32219 0.32217 0.32217

2 11 0.14394 0.10322 0.10125 0.10130 0.10179 0.10177 0.10177
12 0.33050 0.24312 0.24120 0.23998 0.24115 0.24111 0.24111
22 0.49300 0.36979 0.36993 0.36644 0.36825 0.36819 0.36819

3 11 0.15840 0.12180 0.097928 0.11106 0.10895 0.10880 0.10879
12 0.36370 0.28493 0.23487 0.26284 0.25828 0.25794 0.25793
22 0.54255 0.43098 0.36220 0.40092 0.39453 0.39403 0.39403

5 11 0.17003 0.13994 0.10884 0.11390 0.11673 0.11732 0.11731
12 0.39034 0.32499 0.25986 0.26992 0.27655 0.27781 0.27779
22 0.58224 0.48860 0.39929 0.41205 0.42219 0.42394 0.42391

Table 3
Exact eigenfrequencies Xmn for a quadratic plate of either aluminum or epoxy/
aluminum.

Material mn a=h ¼ 20 a=h ¼ 8

Al 11 0.024171 0.14463
12 0.059647 0.33808
22 0.094248 0.51080

Ep/Al 11 0.0077182 0.045931
12 0.018988 0.10686
22 0.029980 0.16091
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As expected, the rate of convergence decreases as the power index
increases. However, it is a bit surprising that the accuracies of the
different truncation orders are not much affected by the plate
thickness or the mode numbers; at least not for the cases studied
here. Although the accuracies generally increase when raising the
truncation orders, the case for p ¼ 2 when a=h ¼ 8 is contradicting
this. Here the case N ¼ 3 is superior to both the cases N ¼ 4 and
N ¼ 6 when m ¼ n ¼ 2, albeit the differences are small. The reason
for this is unclear to us, in particular since this behavior does not
appear for the other power indexes when a=h ¼ 8 or in any cases
for the thinner plate.

By studying the higher truncation orders more in detail, it is
seen that the results for the highest presented order (N ¼ 50) seem
to be accurate to all the given figures. Hence, these eigenfrequen-
cies may be used as benchmark results to the exact 3D theory
[3]. It should be stressed that the present derivation process, when
applied to other materials presented in the literature, render con-
sistent numerical results for homogeneous micropolar plates [35]
as well as for functionally graded elastic plates [3].
6.2. Eigenmodes

In order to further illustrate the differences between the trunca-
tion orders, various plots on mode shapes and stress distributions
are compared. Consider only the case p ¼ 3 for the fundamental
frequency X11 for a=h ¼ 8. Here the differences among the low
order truncations are reasonably perceivable in several of the
fields. The eigenmode shapes are plotted as functions of the non
dimensional thickness coordinate z=h in the middle area of the
plate x ¼ y ¼ 0, where the normalization is such that the vertical
displacement u3 equals unity at z ¼ 0.

Fig. 1 shows the displacements in the x- and z-directions, u1 and
u3, respectively. It is clearly seen that the fundamental mode is pre-
dominately flexural, as the u1 field is close to antisymmetric and
the u3 field is close to symmetric with respect to z. This behavior
is most visible for the N ¼ 2 case, where the low order expansion
order does not capture the inhomogeneous effects properly. The
results from N ¼ 3 and N ¼ 4 are almost overlapping, while the
N ¼ 10 curve is indistinguishable from the high order benchmark
curve N ¼ 50. This latter conformity for the higher modes are vis-
ible in most cases presented below.

Next consider the normal stress t11 in Fig. 2(a). Here the differ-
ences among the truncation orders are more pronounced when
compared to the displacements and the eigenfrequencies. Note
that the antisymmetric behavior that would appear for a homoge-
neous plate is disrupted due to the FG material distribution, even
for the N ¼ 2 case. The shear stress t12 is illustrated in Fig. 2(b)
where the stress distribution variation resembles t11. Fig. 3 illus-
trates the normal stress t33 and the shear stress t31. Here the differ-
ences among the various truncation orders are more easily visible,
although the absolute values and the variation of the stresses over
the thickness are much lower than for t11. For N ¼ 2 the shear



Fig. 2. Normal stress in x-direction t11 (a) and shear stress t12 (b) for the fundamental eigenfrequency, p ¼ 3: —— N ¼ 50, - - - N ¼ 10, -.- N ¼ 6, – –.– – N ¼ 4; � � �N ¼ 3, –..–
N ¼ 2.

Fig. 1. Displacement in x-direction u1 (a) and z-direction u3 (b) for the first mode with p ¼ 3: —— N ¼ 50, - - - N ¼ 10, - . - N ¼ 6, – –.– – N ¼ 4; � � �N ¼ 3, –..– N ¼ 2.

Fig. 3. Normal stress in z-direction t33 (a) and shear stress t31 (b) for the fundamental eigenfrequency, p ¼ 3: —— N ¼ 50, - - - N ¼ 10, -.- N ¼ 6, – –.– – N ¼ 4; � � �N ¼ 3, –..–
N ¼ 2.

H. Abadikhah, P.D. Folkow / Composite Structures 153 (2016) 234–241 239
stress t31 in Fig. 3(b) is almost symmetric as for a non-varying
material. However, the second order polynomial used in the
N ¼ 2 case for the normal stress t33 in Fig. 3(a) does not capture
the higher order variation over the thickness properly. Note that
all truncation orders fulfill the stress free boundary condition at
the free surfaces z ¼ �h as illustrated in Fig. 3(a) and (b). The field
t13 is similar to t31, and all the fields related to the y direction
ðu2; t22; t21; t23; t32Þ have field distributions resembling the corre-
sponding ones presented above due to the xy symmetry of the
problem. Hence, these fields are not illustrated here.
As for the micro effects, Fig. 4(a) illustrates the micro rotation
/1. It is seen that the N ¼ 2 case is almost constant over the thick-
ness, while the other truncations show a slight variation in the
micro rotational field. The behavior is similar for /2 while /3 is
identical to zero since there is no micro rotation around the
z-axis for this mode. The normal couple stress m11 in Fig. 4(b)
shows little variation among the truncation orders as only N ¼ 2
differs in a visible manner. The field m22 varies in a similar way
while m33 is identical to zero due to its relation to /3 and the xy
symmetry of the problem. The field variations of m12 and m21



Fig. 5. Shear couple stresses m31 (a) and m13 (b) for the first mode with p ¼ 3: —— N ¼ 50, - - - N ¼ 10, -.- N ¼ 6, – –.– – N ¼ 4; � � �N ¼ 3, –..– N ¼ 2.

Fig. 4. Micro-rotation in x-direction /1 (a) and normal couple stress in x-direction m11 (b) for the first mode with p ¼ 3: —— N ¼ 50, - - - N ¼ 10, -.- N ¼ 6, – –.– –
N ¼ 4; � � �N ¼ 3, –..– N ¼ 2.
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resemblesm11 andm22, respectively. These fields are not presented
here. Note that fb ¼ ab þ bb þ cb.

As for the couple stresses m13 and m31 there are more mutual
discrepancies as illustrated in Fig. 5. Note that both stress fields
should be zero at the top and bottom surfaces: m31 due to the sta-
ted stress free boundary condition and m13 from Eq. (8) using that
/3 is identical to zero. For each truncation order the field m31 at
these surfaces is automatically fulfilled due to the stated boundary
condition, while the field m13 at these surfaces is obtained using
the micro rotation /1 calculated from the complete process
described in the previous sections. In this latter case, many terms
are needed in order to get the correct behavior close to these sur-
faces as illustrated in Fig. 5(b). Note that the field for N ¼ 2 is close
to zero over the thickness in both cases. The corresponding fields
m23 and m32 have similar field variations not illustrated here.
7. Conclusion

This work presents a systematic approach for deriving sets of
partial differential equations and pertinent end boundary condi-
tions for FG micropolar plates. The method used is based on a
power series expansion approach which result in variationally con-
sistent plate equations of various truncation orders. The lower
order expansions may be used as engineering plate equations
while the higher order theories may act as benchmark solutions.
Numerical examples are presented for a plate made of aluminum
and epoxy. Using a power law distribution of the material volume
fraction, the variation of material parameters are based on the
Voigt and the Mori–Tanaka models.

Numerical results are presented for square plates with simply
supported edges for different power indexes using both low order
truncations as well as high order truncations. For the eigenfre-
quency examples studied herein, modest to high order truncations
are in several cases required to render results that are of adequate
accuracy. This differs to the homogeneous micropolar plate case
studied in [23] where low to modest order truncations are suffi-
cient. Due to the more involved FG material in the present work,
higher order truncations are needed and presented to render
benchmark solutions. As for the mode shapes and stress distribu-
tions for the first mode, the variation over the plate thickness
and between the truncation orders are more pronounced for the
present FG case compared to the homogeneous case in [23]. By
performing comparisons to FG isotropic plates adopting classic
elastic continuum theory as studied in [3], both systems show sim-
ilarities regarding the rate of convergence for the eigenfrequencies
using different order truncations, as well as the cross sectional dis-
tribution of the mode shapes.
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