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Abstract. In all cases where neutron fluctuations in a branching process (such as in mul-

tiplicity measurements) are treated in an energy dependent description, the energy cor-

relations of the branching itself (energy correlations of the fission neutrons) need to be

known. To date, these are not known from experiments. Such correlations can be theo-

retically and numerically derived by modelling the details of the fission process. It was

suggested earlier that the fact that the prompt neutrons are emitted from the moving fis-

sion targets, will influence their energy and angular distributions in the lab system, which

possibly induces correlations. In this paper the influence of the neutron emission process

from the moving targets on the energy correlations is investigated analytically and via nu-

merical simulations. It is shown that the correlations are generated by the random energy

and direction distributions of the fission fragments. Analytical formulas are derived for

the two-point energy distributions, and quantitative results are obtained by Monte-Carlo

simulations. The results lend insight into the character of the two-point distributions, and

give quantitative estimates of the energy correlations, which are generally small.
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1 Introduction

The statistical properties of the detection counts of neutrons, generated in subcritical multiplying

media by an external source, have long been used in reactor physics and nuclear safeguards to de-

termine parameters of the system under investigation. In reactor cores, the subcritical reactivity can

be extracted from the variance to mean or from the temporal correlations of the detections; and in

safeguards, the fissile mass can be determined from coincidence an multiplicity measurements [1].

The possibility of extracting such parameters is due to the fact that the branching, i.e. the neutron

multiplication, generates temporal correlations between the neutrons born in the same chain.

As long as only the number of the detector counts is used, as has been the case until very recently, it

is sufficient to know the number distribution of the neutrons born in a (spontaneous or induced) fission

event as input data to the corresponding master equation. More precisely, since only the first few

statistical moments of the detector counts are used, it is sufficient to know the moments of the fission

number distribution to the same order. However, as was pointed out in [2], if the detection statistics

is extended to include energy dependence, then it is not sufficient to know the number distribution

and the average energy spectrum (“one-point energy distribution”) of the fission neutrons. Rather,

to calculate the statistics of two or three neutrons detected in coincidence in an energy dependent
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case, one needs to know the two- and three-point energy distribution of the source (fission) neutrons,

respectively, and so on.

Unfortunately, there are no experimental data available on the energy and angular correlations of

fission neutrons. Instead, possible sources of neutron correlations are being sought in the modeling

and simulation of the fission process. One possible mechanism for such correlations for spallation

and fission neutrons was suggested in [3] already in 2000. It was argued that if the energies of the

fission neutrons are independent of each other in any individual fission event, but the (independent

and identical) energy distributions of the neutrons depend on the actual number of the neutrons (i.e

the energy spectra are different for different neutron multiplicities on fission), then neutron energies

become correlated when considering all possible fission events with different neutron numbers.

Recently it has also been recognised by the nuclear safeguards community that another source of

the correlations between the angles and energies of the neutrons, as measured in the laboratory system,

can arise from the neutron emission process. Namely, from the fact that most of the neutrons (except

the so-called “pre-scission” neutrons) are emitted from the moving fission fragments as evaporation

neutrons. Although the energies and emission angles of the evaporation neutrons are independent from

each other in the center of mass system, their energies and directions in the lab system will be jointly

affected by the fact that they are emitted from the same fission fragment, or from the two separate

fission fragments, whose energies and directions are strongly correlated to each other by conservation

of energy and momentum. These are now also being incorporated into numerical simulations of the

intra-nuclear cascade codes [4, 5].

Although a large bulk of investigations were made in the safeguards community on how the emis-

sion from a moving target biases the angular directions of the neutrons in the laboratory system, the

two-point (in angle) covariance function of these neutrons was neither calculated, nor measured. In

addition, the effect of the emission from the moving fission fragments on the energy correlations in

the lab system has not received attention yet. The purpose of this paper is to explore the properties

of the energy and angular correlations of fission neutrons in the lab system through calculating the

covariances, and even the two-point distributions of the neutron energies first qualitatively through

analytical considerations, and then quantitatively through numerical simulations.

2 Analytic demonstration
In the analytical considerations, it is shown that both the energy and the angular correlations are

generated in the lab system through the random properties of the fission fragment parameters.

The simplification will be used here that instead of calculating energy correlations, correlations

and covariances in the velocities will be treated throughout in this section. In addition a one-

dimensional model will be employed, where all velocity vectors are aligned along a line, hence they

can be treated as (signed) scalars. The reason for this is that the scalar velocities of the fission frag-

ment and the emitted neutrons become additive, leading to simple convolution-type expressions for

the distribution of the neutron velocities in the lab system. The same is not true for the energies, where

more complicated relationships exist between the energies in the CM and the lab system.

For the sake of simplicity, only the case of two neutrons emitted from the same moving fission

fragment and that the two emitted neutrons move towards the positive x-axis will be considered.

Denote the two neutron velocities in the CM system as v1 and v2, and assume that they are independent

and identically distributed with a probability density fv(v). The independence implies that one has

f2(v1, v2) = fv(v1) fv(v2) and 〈v1 v2〉 = 〈v1〉 〈v2〉 (1)

The velocity of the fission fragment in the lab system is denoted by u, with a probability distri-

bution fu(u). Here the terminology of Papoulis [6] is adopted with fu and fv denoting two different
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functions. It is also assumed that the velocity of the fission fragments is independent from the veloci-

ties of the neutrons, i.e.

f2(v, u) = fv(v) fu(u) and 〈vi u〉 = 〈vi〉 〈u〉 ; for i = 1, 2 (2)

The velocities of the neutrons in the lab system will be denoted as Vi, i= 1,2. In the present simple

model one will have

Vi = vi + u, i = 1, 2 (3)

There are of course further assumptions behind (3), such as that the emission of the first neutron does

not alter the velocity of the fission fragment. This is equivalent to neglecting the neutron mass in

comparison to the mass of the fission fragments. But for the qualitative considerations these do not

play a role.

The one-point and two-point distributions of the Vi are denoted as pV (V) and p2(V1,V2). The task

of the analytical treatment is to calculate the distributions pV (V) and p2(V1,V2) from the distributions

fv(v) and fu(u) and the functional relationship (3) between the vi, u and the Vi.

Let us calculate first the covariance

σ2
V1V2
= 〈V1V2〉 − 〈V1〉 〈V2〉 = 〈(v1 + u)(v2 + u)〉 − 〈v1 + u〉 〈v2 + u〉 = σ2

u (4)

in terms of the variances of the neutron and the fission fragments, since it does not require the knowl-

edge of the full probability distributions. Eq. (4) shows that the non-zero covariance between the

neutron velocities is brought about by the random character, i.e. the non-zero variance of the fission

fragment velocity.

It is more challenging to calculate the two-point distribution p2 (V1,V2), or rather the velocity

covariance function in the lab system, i.e.

Cov(V1,V2) ≡ p2 (V1,V2) − pV (V1)pV (V2) (5)

which gives a direct measure of the correlations between the neutron velocities in the lab system.

In the simple 1-D model the covariance function (5) can be easily given in analytical form. Due to

the independence of the fission fragment velocity in the lab system and the neutron velocities in the

CM system, the one-point and two-point densities of the neutron velocities in the lab system are given

by the following expressions:

pV (Vi) =

∫ Vi

0

fv(Vi − u) fu(u) du i = 1, 2 (6)

and

p2(V1,V2) =

∫ max(V1,V2)

0

fv(V1 − u) fv(V2 − u) fu(u)du (7)

From here one obtains the result

Cov(V1,V2) =∫ max(V1,V2)

0

fv(V1 − u) fv(V2 − u) fu(u)du −
∫ V1

0

fv(V1 − u) fu(u) du
∫ V2

0

fv(V2 − u) fu(u) du (8)

It is straightforward to generalise expression (8) for the case of energy or angular correlations in a

3-D case by assuming an isotropic distribution of emitted neutrons in the CM system and even for the

case when a random number of neutrons is emitted per fission. The corresponding formulae become

though rapidly exceedingly involved since one has to handle the distributions of complicated non-

linear functions of random variables with known distributions (velocities and directions of the fission

fragments and the emitted neutrons in the CM system). Quantitative results were therefore obtained

by numerical methods.
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3 Numerical simulations

As indicated above, it is much more expedient to calculate the covariances and the two-point distribu-

tions by Monte-Carlo based numerical simulations in case of 3-D events and realistic fission fragment

energy distributions. The details of such a simulation implemented in MATLAB is described below.

The statistical properties of the input data of the model follow largely from the choice of the fissile

material. This was chosen to be uranium 235. This choice specifies, among others, the number dis-

tribution of the fission neutrons. This data is though not used in the present simulations, since always

two neutrons are followed up after the fission process. One needs to specify also the energy spectrum

(probability density of the neutron energies), and the energy distribution of the fission fragments.

The total kinetic energy is distributed deterministically between the two fragments according to

conservation of the energy and the momentum. However, in an ensemble of many fission events, the

masses of the fragments are also random variables, which adds the randomness of the fission fragment

energies.

Hence the simulation starts with sampling the energies of the fission fragments. Since the kine-

matics of the transformation from the CM system to the lab system is given in terms of velocities, the

energies are converted to speeds, then with the sampling of random angles, they are converted into

velocity vectors. After the transition from CM to lab system is performed, the speeds are converted to

energies again.

The speed of the fission fragments in the laboratory frame was thus calculated in four steps:

1. The fission yield table of the U235 was sampled to acquire a random fission fragment mass mf f

(for this the JEFF 3.1 data base was used).

2. The value of the total kinetic energy T KE of both fragments is considered as a normal random

variable with a mean 164.4 MeV, and standard deviation 4.5 MeV.

3. The kinetic energy of the investigated fragment (the one sampled in the first step) is calculated

as KE f f =
235−m f f

235
T KE.

4. Finally the random fission fragment speed is u =
√

2KE f f

mf f

Hence, ultimately the probability density function of the fission fragment kinetic energy is a func-

tion of the probability distributions of the mass and the total kinetic energy.

The energies of the neutrons in the CM frame are sampled from the Maxwell spectrum. The

neutron energies are independent from the energies of the fission fragments. As it was mentioned

previously, the emission of the neutrons is not supposed to change the energy of the fission fragment.

Such a “recoil” effect could actually be modeled in the simulations, but was not considered to be

important in the present investigations, due to its very minor quantitative effect.

Having obtained the scalar velocities of the fission fragments in the lab system and the neutrons

in the CM system, the neutron velocities are obtained in the lab system as

Vi =

√
v2i + u2 + 2 u vi cos(αi) sin(βi) (9)

where αi and βi are the azimuth and polar angles respectively between the directions of the fission

fragment velocity in the lab system and that of neutron i in the CM system. The angles are supposed

to be uniformly distributed.
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3.1 Results

During the simulations, not only the covariance defined in Eq. (4) was determined, but also the

statistical correlation was calculated to gain a normalised estimator. The statistical correlation is

defined for two random variables as the ratio of the covariance and the standard deviations:

cor(X,Y) =
σ2

X,Y

σXσY
· 100[%] (10)

The definition Eq. (10) gives a scalar quantity between -100 and 100.

The simulations were done for 1-D, 2-D and 3-D events. The 1D+ case is related to a 1D simu-

lation when the neutrons are emitted only towards the positive axis. In the 2D case, the neutron and

the fission fragment velocities are not only scalar values, but vectors. The neutron velocity in the lab

system is the vectorial sum of the fission fragment speed in the lab and the neutron velocity in the

center-of-mass system. The 3D simulation was the generalization of the 2D case.

The results for the statistical correlation for the 1D, 2D and 3D cases are summarized in Table 1.

Though the correlation was found positive for both cases, it is seen that the correlation is increasing

with the complexity of the geometry.

Table 1: Statistical correlation for 1D, 2D and 3D cases.

Case Statistical correlation [%] σ

1D+ 8.83 0.029
1D 0.16 0.031
2D 1.11 0.033
3D 2.23 0.033

Fig. 1a shows the bivariate density function p2(E1, E2) of the two neutron energies in the different

systems, whereas Fig. 1b displays the energy covariance map

Cov(E1, E2) = p2 (E1, E2) − pE(E1)pE(E2). (11)

Fig. 1b shows the structure of the energy correlations. As expected, these are symmetric around the

E1 = E2 line. There is a peak of positive correlations at low energies around E1 = E2, as well as two

ridges of negative (exclusive) correlations for low and constant E2 along the E1a axis and a mirror

image for low E1 along the E2 axis. These negative correlations mean that the joint occurrence of the

energy pairs described above and shown by the elongated negative ridges is rather unlikely.

4 Conclusions

It was shown that both energy and angular correlations between fission neutrons in the lab system,

emitted from the moving fission fragments, are generated due to the random energy and angular distri-

butions of the fission fragments. Preliminary, simplified simulations show that the energy correlations

generated this way are small. Further simulations in more realistic models for both energy and angular

correlations will be performed in the continuation. As a first step, neutron emissions from both fission

fragments can be taken into account. Furthermore, a random number of neutrons for all multiplici-

ties can be accounted for, with also taking into account the fact that the neutron energy distributions

depend on the number of neutrons emitted.
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(a) Joint energy distribution (b) Covariance map

Figure 1: Joint distributions for the realistic 3D case.
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