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Abstract—In this paper, we investigate the performance of the of MIMO setups with large but finite humber of antennas.
point-to-point multiple-input-multiple-output (MIMO) s ystems in  Finally, [10] (resp. [11]) studies zero-forcing based TDBsp.
the presence of a large but finite numbers of antennas at the Tpp/EPD) systems under the assumption that the number of
transmitters and/or receivers'. Considering the cases with and ¢ it ant d the sinal t ¢ t
without hybrid automatic repeat request (HARQ) feedback, we @nsmit antennas and the singie-antenna users are asymplo
determine the minimum numbers of the transmit/receive ante- ically large while their ratio remains bounded (For detile
nas which are required to satisfy different outage probabity —review of the literature on massive MIMO, see [12], [13]).
constraints. We study the effect of the spatial correlatiorbetween To summarize, a large part of the literature on the point-to-
the antennas on the system performance. Also, the required point and multi-user large MIMO is based on the assumption

number of antennas are obtained for different fading conditons. f icall Th | .
Our results show that different outage requirements can be ©f asymptotically many antennas. Then, a natural question

satisfied with relatively few transmit/receive antennas. is how many transmit/receive antennas do we require in
practice to satisfy different quality-of-service requirents.
|. INTRODUCTION The interesting answer this paper establishes is relgtieel,

The next generation of wireless networks must provider & large range of outage probabilities.
high-rate data streams for everyone everywhere at any timeHere, we study the outage-limited performance of point-
To address the demands, the main strategy persuaded intéhgoint MIMO systems in the cases with large but finite
last few years is the networttensification[1]-[13]. One of humber of antennas. We derive closed-form expressionbéor t
the promising techniques to densify the network is to uggquired number of transmit and/or receive antennas waisf
many antennas at the transmit and/or receive terminals THarious outage probability requirements (Theorem 1). The
approach is referred to as massive or |arge mu|tip|e_inpl§gSU|tS are obtained for different fadlng conditions and in
multiple-output (MIMO) in the literature. the cases with or without HARQ. Furthermore, we analyze
In general, the more antennas the transmitter and/or mrceithe effect of the antennas spatial correlation on the system
are equipped with, the better the data rate/link relighifihus, Performance (Section V.B).
the trend is towards asymptotically high number of antennas AS opposed to [15]-[17], we consider large MIMO setups
This is specially because millimeter wave communicatiaf],[1 and determine the required number of antennas in outage-
which are indeed expected to be implemented in the némited conditions. Also, the paper is different from [1}-3]
generation of wireless networks, makes it possible to askembecause we study the outage-limited scenarios in point-to-
many antennas at the transmit/receive terminals. Howeve@int systems, implement HARQ and the number of antennas
large MIMO implies challenges such as hardware impairmerigs considered to be finite. The differences in the problem
which may limit the number of antennas in practice. Also, orférmulation and the channel model makes the problem solved
of the bottlenecks of large MIMO is channel state informatioin this paper completely different from the ones in [1]-{13]
(CSI) acquisition. Thus, it is interesting to use feedbadi5]-[17], leading to different analytical/numerical uits, as
schemes such as hybrid automatic repeat request (HAREBIl as to different conclusions.
whose overhead does not scale with the number of antennadOur analytical and numerical results indicate that diffitre
The performance of HARQ protocols in MIMO systemsgluality-of-service requirements can be satisfied withtredty
is studied in, e.g., [15]-[17]. MIMO transmission with many€w transmit/receive antennas. Also, the implementatibn o
antennas is advocated in [1], [2] where time-division dupld?ARQ reduces the required number of antennas significantly.
(TDD)-based training is utilized for CSI feedback. Also]43 Finally, the spatial correlation between the antennasases
[5] and [6]-[8] introduce TDD- and FDD-based (F: frequencye required number of antennas while, for a large range of
schemes for large systems, respectively. Consideringriegte correlation conditions, the same scaling rules hold for the

CSlI, [9] derives lower bounds for the uplink achievable raténcorrelated and correlated fading scenarios.
1This work was supported in part by the Swedish Governmenganay for Il. SysTEM MODEL

Innovation Systems (VIN‘N_OVA) within the VINN Excellence t_iter Chase. Consider a point-to-point MIMO setup withV; transmit
The work of M. -S. Alouini was supported by the Qatar NatioResearch t Y . t In thi th ived
Fund (a member of Qatar Foundation) under NPRP Grant NPRI®Rp87. anlennas anayv, receive antennas. In this way, the receive

The statements made herein are solely the responsibilitieouthors. signal is given by



Y =HX +2,Z e ¢Vt (1) Here,o is the total transmission power alﬁ is the transmis-
whereH € CN*N is the fading matrixX ¢ CN<1 is the sion power per transmit antenna (in dB, we hawdog,, ¢

transmitted signal and € ¢! denotes the independent amwhiCh’ beca_use the noise variance is set to 1, represents the
identically distributed (1ID) complex Gaussian noise ratr signal-to-noise ratio (SNR) as well). Alsby, represents the

The results are mainly given for IID Rayleigh-fading challsmeNr x N; identity matrix.

I N, + %H(n)H(n)h

where each element of the channel malttifollows a complex Considering" = 1 in _(2)’ the outage probability is
Gaussian distributio@A/(0,1) (To analyze the effect of the Pr(OutaggSov-fading —

M
channel coefficients are assumed to be known at the receiver Pr (% Zlog < %) . (3)
which is an acceptable assumption in block-fading channels n=1

antennas spatial correlation, see Fig. 4 and Section V.B}. T
[15]-[17]. On the other hand, there is no CSI available at the a slow-fading channel. Also, settingl(t) = H,Vt =

transmitter except the HARQ feedback bits. 1,...,MT, outage probability in a quasi-static channel is
As the most promising HARQ approach [15]-[17], we o é R

consider the incremental redundancy (INR) HARQ with a Pr(OutaggQuas-static— py (10g Iy, + —HH"| < —).

maximum of M retransmissions. Note that settidd = 1 M M

represents the cases without HARQ, i.e., open-loop commu- _ o o )

nication. Also, a packet is defined as the transmission ofU$ing (2)-(4) for given initial transmission rate and SNRe t

codeword along with all its possible retransmissions. Welyt Problem formulation of the paper can be expressed as

the system performance for three different fading connio {Ny, Ny} = arg min{Pr(Outagg < 6}. (5)
« Fast-fading. Here, a finite number of channel realizations Ny, Ne

are experienced within each HARQ retransmission roundere, § denotes an outage probability constraint akid NV,
« Slow-fading. In this model, the channel is supposed t@re the minimum numbers of transmit/receive antennas that

change between two successive retransmission roungg required to satisfy the outage probability constramthe
while it is fixed for the duration of each retransmissiontg|iowing, we study (5) in four distinct cases:

« Quasi-static The channel is assumed to remain fixed | c5ge 1:N; is large buth; is given.

within a packet period. _ . Case 2:N, is given but)\V; is large.
Fast-fading is an appropriate model for fast-moving uskr$.[  , case 3: Both)V; and NV, are large and the transmission
On the other hand, slow-fading can properly model the cases gNR is low.
with users of moderate speeds or frequency-hopping schemes case 4: BothV; and N; are large and the transmission
[16], [17]. Finally, the quasi-static represents the scesa SNR is high.

with slow-moving or stationary users [15], [17]. Note that Cases 1-3 are commonly of interest in large MIMO

I1l. PROBLEM FORMULATION systems. However, for the completeness of discussions, we

Considering INR HARQ with a maximum of/ retrans- consider Case 4 as well. Moreover, in harmony with the liter-

missions,( information nats are encoded into a codeword Giture [10], [11f, we analyze Cases 3-4 under the assumption

length M L channel uses and the codeword is divided ifhfo Ne K 6)

sub-codewords of length. In each retransmission round, the N; ’

transmitter sends a new sub-codeword and the receiver cagith K being a constant. However, it is straightforward to

bines all signals received up to the end of that round. Ties, textend the results of the paper to the cases with otherogkati

equivalent rate at the end of roundis % = 7—13 npcu where bpetween the numbers of antennas.

R denotes the initial transmission rate. The retransmission

continue until the message is correctly decoded by thevercei o

or the maximum permitted retransmission round is reached. 10 Solve (5), let us first introduce Lemma 1. The lemma
Let us denote the determinant and the Hermitian of tig Of interest because it represents the outage probahsity

matrix X by |X| and X" respectively. Assuming fast-fading@ function of the qumber of antennas, and simplifies the

conditions with 7' independent fading realization((m — Performance analysis remarkably. 3

)T + 1),...,H(mT) in the mth round and an isotropic Lemma 1: Considering Cases 1-4, the outage probability of

Gaussian input distribution over all transmit antennag, tfih€ INR-based MIMO-HARQ system is given by

results _o_f, e.g., [18, Chapter 15], can be used to find thegeuta Pr(OutageFestfading_ ) VMT (u— £} )

probability of the INR-based MIMO-HARQ scheme as 7

Pr(outageFast—fading _

IV. PERFORMANCEANALYSIS

Pr(Outagg®oiaing — @ (YAL—i)) iy (7)
Pr(outageQuasi-static: Q (ﬁ) , (iii)

1 M nT (;5 R =
Pr (— log |l n, + —H(HH(®)"| < —).
MT ,Lz::l t_(nz;)T o N M 2|n [10], [11], which study multi-user MIMO setupsl; and N; are

2 supposed to follow (6) while, as opposed to our work, theycamsidered to
) be asymptotically large.



where Q(z) = \/%7 e e~ du is the Gaussia)-function if the channel is fast-fading. Her€ ! (x) and W (z) are the

and for different caseg ando are given in (8). inverse@-function and the Lambert W function, respectively.

Proof. Th tis based 2\-(4 d 119. Th For the slow-fading and quasi-static conditions, the mumm
fool. ‘The prool 1s based on (2)-(4) and 19, neorems Jrfumbers of the antennas are obtained by (10) where the term

3], where considering Cases 1-4 the random varigle = ¢-1(s) is replaced by2—() andQ-1(9), respectivel

log |INF+%H (t)H(t)"| converges in distribution to a GaussianvMT P VM » fesp Y-

random variableY ~ N(u,0?) which, depending on the Proof. The proofis based on the fact that, considering Lemma

numbers of antennas, has the following characteristics 1 and a fast-fading condition, (5) is rephrased as

i -1
Nilog (1 n A]@f) , %) : if Case 1 (R, RpFastiaong_ o {NUM _Q M(;) } 1)
Nilog (1 + ¢), #j’;)g) , ifCase 2 . ) Nt’.Nr .
N ! . Then, implementing (8) into (11) for different cases leaals t
Mg, N9 ) ; if Case 3 (10). More detailed proof of the theorem is presented in the

&%), if Case 4

(~’ extended version of the paper [20]. 0
ft = Nminlog (%) + N (ZZI_V:mfx—Nmm 1

(n,0°) =

—5)

From Theorem 1, the following conclusions can be drawn:

+ Zf\i"in71 ijx—i’ ¥ = 0-5772 e
~2 _ Nmin—1 7
0= 2 e N
2 —
N (% = S0 ).
Nmax = max(Nt, Ny), Nmin = min(Ng, Ny).
C)

In this way, from (2) and for different cases, the outage
probability in fast-fading condition is given by
MT

- 1
Pr(Outage™astfading_ p; (Z < %) 2= > Z(),
t=1
9)

where, because is the average ofM/T independent Gaus-
sian random variable” ~ AN(p,0%), we have Z ~

N (u, 7770%). Consequently, using the cumulative distribution
function (CDF) of the Gaussian random variables, the outage
probability of the fast-fading condition is given by (7.lhe
same arguments can be applied to derive (7.ii-iii) in thevslo
fading and quasi-static conditions. O

Using Lemma 1, the minimum numbers of antennas satis-
fying different outage probability constraints are detiereal
as stated in Theorem 1.

Theorem 1. The minimum numbers of the transmit/receive
antennas in an INR-based MIMO-HARQ system that satisfy
the outage probability constraift:(Outage < 6 are given by

1 2
N, = (%71((?)15 — if Case 1
4MTN1W2(W6 2MN1)
2
o HVNQ™1(0) ;
M= <\/MT(1+¢)(Nr 1og(1+¢)ﬁ)> ’ if Case 2
A~ ~ A~ A~ ~ —1
r:N,Nt:KN,N:Mi¢+§W<‘2, if Case 3
Vi = N,N; = KN if Case 4
~ %-ﬁ-Q\;%) log(KIil)
N ~ 1og(¢)—7—1+(151_1)10g(K51), K>1
N~ fi Sy Ve K K<1
K (log(¢)—y—1—log(K)+(£Z1) log(1-K)) ’

(10)

1) Using the tight approximatioW (e**) ~ z+a—log(a+

x) in (10), the required number of receive antennas in
Case 1 is rephrased as

N~ (Q'(9)”

r =

2

__(@'®)
AMTNY — MTN; (log(¢))*’

. Q'OVeY R
y<log<2\/MTNt> 2M Ny

— log (log (22\%]@) - 2J§Nt) )2, (12)

where the last approximation holds for moderate/high
SNRs. Thus, at moderate/high SNRs, the required number
of receive antennas increases With—1(6))? linearly. On

the other hand, the required number of receive antennas
is inversely proportional to the number of experienced
fading realizations\/T', the number of transmit antennas
Nt, and (log(¢))?. Interestingly, we can use (10.Case 2)
to show that at high SNRs the same scaling laws hold for
Cases 1 and 2. That is, in Case 2, the required number of
transmit antennas decreases (resp. increases) Mith

Nt, and (log(¢))? (resp.(Q~1(0))?) linearly.

2) The same scaling laws are valid in Cases 3-4, i.e., when

the numbers of transmit and receive antennas increase
simultaneously. For instance, the required number of
antennas increases with~'(¢) and code rateR? semi-
linearly® (see (10.Cases 3-4)). At hard outage constraints,
i.e., small values of), the required number of antennas
decreases with the number of retransmissions according
to ﬁ On the other hand, the number of antennas
decreases with\/ linearly when the outage constraint
is relaxed, i.e.f increases. The only difference between
Cases 3 and 4 is that in Case 3 (resp. Case 4) the number
of antennas decreases with(resp.log(¢)) linearly.

V. SIMULATION RESULTS ANDDISCUSSIONS

In this section, we verify the accuracy of the derived result
and present the simulation results in spatially indepenaed
correlated fading conditions as follows.

3The variabley is semilinear withz if y = a + ba for constantsz andb.



A. Performance Analysis in Spatially-independent Coodgi number of receive antennas frops without HARQ to

. . . 15 (Fig. 2). Moreover, the effect of HARQ increases with
In Figs. 1-3, we verify the accuracy of the results in (Fig. 2) Q

Theorem 1 and derive the required number of transmit/receig Ot:ihr;ugfl?:gtoc:‘ftrsan:tri];lltlcr;cr(ra;\ll:tizrrwltennas (Fig. 2).
antennas in outage-limited conditions. SettiNg = 1 or 2, ' P

Fig. 1 shows the required number of transmit antennas in Casd hroughout the paper, we considered IID fading conditions
2 with large N; and givenN;. Here, we consider quasi-static,motivated by the fact that the millimeter-wave communiuafi
slow- and fast-fading conditions with= 10-4,7 = 2, M = Which will definitely be a part in the next generation of wire-
2,¢ = 15 dB. In Fig. 2, we verify the effect of HARQ on less networks, makes it possible to assemble many antennas
the system performance_ Here, assuming Case 1 (Mgﬂ]d close together with negllglble Spatial correlations []HbW'

N = 1,5), the required number of antennas is derived in tfver, it is still interesting to analyze the effect of theeamtas
scenarios with §/ = 2) and without (/ = 1) HARQ. The spatial correlation on the system performance. For thisaiea
results of the figure are given far = 5 dB and# = 10-4. considering Case 2 withV; = 1, Fig. 4 demonstrates the
Figure 3 studies the required number of antennas in Case&guired number of antennas in spatially-correlated dammt
and 4 with low and high SNRs, respectively, large number ¥fhere, denoting the transpose operator( Py the successive

transmit and receive antennas, ajid= K. Here, we consider elements of the channel vectdr= [h, ..., hy]" follow
the quasi-static co_nd|t|0n_sM =1, and g = 10_*3. Note hi = Bhi_1 + /1_ 32 — B2w,w ~ CN(0,1), hg ~ CN(0,1).
that, to have the simulation results of Case 4 in reasonable (13)

running time, we have stopped the simulations at moderate ) ) o
initial transmission rates. For this reason, the simutatasults 1€re, 5 is a correlation coefficient wherg = 0 and 5 = 1
of Case 4, i.e., the red solid-line curves of Case 4 in Figre, Lorresponds to the uncorrelated and fully correlated dmmdi.

plotted for the moderate initial rates. According to theutess /S Shown in the figure, the effect of the antennas spatial
the following conclusions can be drawn: correlation on the required number of antennas is negégibl

) ] N for correlation coefficients of, say3 < 0.4. Then, the
« For Cases 1-3 and different fading conditions, the analydansitivity to the spatial correlation increases for lavgkies

ical results of Theorem 1 are very tight for a broad rangg the correlation coefficients, and the required number of
of initial transmission rates, outage probability consi®  5ntennas increases with However, the important point is
and SNRs (Figs. 1-3). Also, in Case 1 (resp. Case 2) theyt the curves follow the same trend, for a large range of
tightness of the approximations increases with the numh&jyrejation coefficients (Fig. 4). Thus, with high accurabe

of receive (resp. transmit) antennas (Figs. 1-2). For Casg4me scaling laws as in the 11D scenario also hold for the
(which is not of practical interest in large MIMO setups)correlated conditions, as long as the correlation coefficie
although the approximation is not tight, the curves stillq impractically high. Also, we observe the same conchisio

follow the same trend as in the simulation results. FQR {he other cases, although not demonstrated in the figure.
instance, with the approximation approaches of Case 4, VI, CONCLUSION

the required number of antennas increases with the initial
rate linearly, in harmony with the simulation results (Fig. This paper studied the required number of antennas sat-
3). Also, as shown in [20], we can improve the analyticapfying different outage probability constraints in larget
results of Theorem 1 in Case 4, such that the analytidititt MIMO setups. We showed that different quality-of-
results match the simulation results with high accura@}grvice requirements can be satisfied with relatively femgr
(Fig. 3). Finally, the scaling laws of Theorem 1 are validnit/receiver antennas. As demonstrated, the required sumb
because, as demonstrated in Figs. 1-3, in all cases fféntennas decreases by the HARQ remarkably. The effect of
analytical and the simulation results follow the sam#€ antennas spatial correlation on the required numben-of a
trends (see Theorem 1 and its following discussions). tennas is negligible for small/moderate correlation cokffits,

. Fewer antennas are required when the number of faybile its effect increases in highly correlated conditiofrs
ing realizations experienced during the HARQ packéfe extended paper [20], we analyze the effect of power
transmission increases. Intuitively, this is because mogplifiers imperfection, adaptive power allocation as vesl|
diversity is exploited by HARQ in fast-fading (resp. slowhe asymptotic performance analysis with large antennas.
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