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Calculation of noise barrier performance using the

substitute-sources method for a three-dimensional turbulent

atmosphere

Abstract

Substitute sources between a noise barrier and a receiver are used to calculate the effect of

atmospheric turbulence on barrier sound reduction. The method is extended for application

to three-dimensional situations with both high and low barriers. Calculations are made for

a thin, hard screen, without the influence of a ground surface. The Kirchhoff approximation

is applied for the low screens and a more accurate diffraction model is used for the higher

screens. The calculated results are compared with corresponding ones for two-dimensional

situations, by using the substitute-sources method (SSM) also. The two and three-dimensional

calculations give very similar results, which indicates that, for a large variety of situations,

only two-dimensional models are needed. The results are also compared with those obtained

using a scattering cross-section method which, although it predicts a much weaker influence of

turbulence than the SSM, shows mostly the same trend, namely that the turbulence influence

is large only within a range of lower screen heights.

1. Introduction

This paper describes an extension of the substitute- sources method [1]. The problem under study is the in-

crease in sound level behind barriers due to the influence of atmospheric turbulence on the sound propagation.

Screens and buildings along roadsides are used as noise barriers for reducing the traffic noise in residential

areas. For an accurate prediction of the performance of noise barriers, the heterogeneous nature of the outdoor

air needs to be taken into account. Wind and temperature variations with height determine the mean sound

speed profile, and the atmospheric turbulence causes local fluctuations. The turbulence can be seen as caus-

ing scattering of sound into acoustic shadow regions behind barriers. Various models can be used to predict

this effect. One of these is a scattering cross-section model [2, 3, 4], which uses a single-scattering approxi-

mation. The parabolic equation method (PE) can also be used [5], which is suitable for flat geometries, i.e.

when the barrier height is not too great in comparison with the distances from the barrier to the source and to

the receiver. In the present paper, a substitute-sources method (SSM) was used. This method was previously

implemented for two-dimensional (2-D) situations with flat geometries [1, 6]. Here, three-dimensional (3-D)

situations are also studied, and results for steep geometries are shown as well. The SSM assumes that the at-

mosphere is turbulent on only one side of the barrier, hence, it is best suited for situations where the barrier is

much closer to the source than to the receiver, or vice versa. The introduction of a ground surface, treated in

a previous work [1], was not made here. Also, an implementation with randomised source strengths has been

tested [6].

In terms of physical modelling, the problem with a noise barrier in an outdoor environment can be seen

as arising from two interacting processes: diffraction (due to the barrier) and sound propagation in an inho-

mogeneous medium. A direct numerical solution to the whole problem would generally be very expensive
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Figure 1. Geometrical situation with source, barrier, receiver, and the substitute surface,
�

.

computationally (e.g. by using a finite element method), thus, it is preferable to have a model that separates

the two processes to some extent, without too large approximations.

The approach is to describe the field of a receiver, reached by sound from an original source, as a superposi-

tion of fields from a distribution of sources on a surface located between the original source and the receiver.

The surface is denoted the substitute surface, and the sources on it are substitute sources. (See Figure 1.) When

the substitute surface is located between the barrier and the receiver, there is a free path from all of the sub-

stitute sources to the receiver, and the calculation of the sound propagation along the free path is possible

for a variety of situations with an inhomogeneous atmosphere. A mutual coherence function for a turbulent

atmosphere has been applied here. Another possibility is to take into account the refraction due to a sound

speed profile.

In this model the turbulent atmosphere is assumed to increase the noise level behind the barrier by a decor-

relation of the contributions from the substitute sources. This implies that, in the absence of turbulence, the

substitute sources must be interfering negatively.

The strengths of the substitute sources are calculated as for a barrier in a homogeneous atmosphere. This

approximation would be acceptable for weak inhomogeneity (a weak turbulence) or when the distance from

the source to the barrier is much shorter than the total source to receiver distance. (If instead, the distance from

the receiver to the barrier is much shorter than the total source to receiver distance, the reciprocal problem

should be studied with source and receiver positions interchanged.) In a previous study [1], the Kirchhoff

approximation was used, which restricted the work to flat geometries. The results were compared with those

from PE calculations. Here, results were calculated for 2-D and 3-D situations, both with and without the

Kirchhoff approximation. The results from using the different approaches were compared; a comparison with

a scattering cross-section method was also made. The situations studied here are for a thin hard screen, with

edge parallel to the � axis and both the source and receiver at � � �.

2. Theory

The theoretical tools needed for the model with substitute sources consist mainly of two types. First, the

strengths of the substitute sources need to be determined, i.e. the normal velocity of the sound field at the

substitute surface is needed as the source distribution for the Rayleigh integral. Second, at the receiver, the
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expected acoustic power of the sum of the signals that have propagated through the turbulent atmosphere

from all of the substitute sources needs to be estimated. This is done by calculating the mutual coherence

between all substitute sources, using a mutual coherence function (MCF), or transverse coherence function,

for a turbulent medium.

2.1. Use of the Rayleigh integral

When the substitute surface (denoted � ) is a plane and the particle velocity, �� , normal to the plain is known,

then the monopole source strengths of the substitute sources are known, and the resulting pressure amplitude,� , at the receiver position, 	
 , can be calculated as a Rayleigh integral:� �	� � 
� ���� �� �� �	� �� �	� �	��� � (1)

where 	� is a point on the surface � ,
�

is the angular frequency of a time-oscillation, ��� � , with time �, �� the

medium density, and � is a Green function. For a homogeneous 3-D free space the Green function can be

written� �	� �	 � � ��� �
 � (2)

where
 

is the distance between 	� and 	 , and ! is the wave number ! � � "#, with
#

the sound speed. The

free space Green function (equation 2) can be replaced by another Green function if this suits the situation

better. For instance, a sound speed gradient that causes a curving of the sound paths can be described by an

appropriate Green function, obtained either analytically or numerically.

The normal velocity, �� , on the surface � can be seen as consisting of two parts: the free field contribution,��� , and the contribution due to the diffraction from the barrier, ��$ :�� � ��� % ��$ & (3)

The free field velocity contribution, ��� , can be calculated from the free field pressure, � � , as

��� � '(
� �� )� � * + � (4)

where
+

is the unit vector normal to the surface � in the direction away from the source. The free field pressure,� � , can be written� � �	� � � , � ��� �
- � (5)

where , is a source strength and
 �

is the distance from the source to the point 	� on the surface � .

The diffraction contribution, ��$ , is obtained using the uniform theory of diffraction (UTD) for the pressure

[7, 8]. The velocity at a point on � is calculated from a numerical derivative of the pressure at two points

separated by a small space (."/� is used here). The UTD gives an approximate solution with a small error

provided the distance to the screen edge is large enough. The exact solution for the velocity has a singularity

at the screen edge, which can make the numerical calculations difficult. In the implementation, a shortest space

of one wavelength between the screen and � was used, which also makes the UTD applicable [9].

The UTD is used also for the 2-D calculations. It is then assumed that a diffraction calculation method for

2-D problems gives the same solution relative to free field as a 3-D method at � � � (i.e. in the 01 plane that
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goes through the source and is perpendicular to the screen edge). In 2-D the free field pressure can be written

as the far-field approximation:� � 23�4 �	� � � ,3�4 �
 5 637� �! � � 8 ,3�4 9��9! � ��� 6�
-:; <=
7 � (6)

where the 2-D Green function � �	� �	 �3�4 � � "
5 637� �! � � was used. It should be noted that different

Green functions could have been chosen; any factor will cancel out later when each result is related to

the corresponding free field level. The velocity in 2-D (�� 23�4 ) is then obtained from multiplying �� by� � 23�4 "� � � �,3�4 �3�4 �" �,� �. For the calculation of the contribution of �� 23�4 to the received pressure,

a Rayleigh integral for 2-D should be used, which can be written� 3�4 � 
� ���� �> �� 23�4 �1 �� 3�4 �! ��1 � � ��� �> �� 23�4 �1 �5 637� �! ��1 � (7)

where
 

is the distance from the point 1 to the receiver and ? is the line of integration. In the implementation

of equation (7), the far field approximation of the Hankel function is used, as in equation (6).

When the diffraction contribution is omitted, we have the Kirchhoff approximation, i.e. �� � ��� above

the line of sight and zero below. The Kirchhoff approximation was found to give a small error (@ ( dB) for

diffraction angles smaller than about (�A in high frequency situations similar to the ones studied here [1]. A

diffraction angle of (�A corresponds to a screen height of about 4 m for the geometries studied here.

2.2. Influence of a turbulent atmosphere

There is line of sight propagation from the substitute sources on the surface � to the receiver, that is, no barriers

or other obstacles are shielding the sound propagation. For contributions � B, C � ( & & & D , from the substitute

sources in a turbulent atmosphere, the long-term average of the square of the total pressure amplitude can be

computed [10] asE�� �F� �3 G � HIBJ K �� B �3 % � H �KIBJK HILJB: K
�� B� L � MNO PQRS T� L� B UV WBL � (8)

where WBL is the mutual coherence function fulfilling � X WBL X (. The corresponding equation for a continuous

source distribution can be written asE�� �F� �3 G � E� � � �0 �� Y �0 Z �[0[0 Z G � (9)� � �� �0 �� �0 Z � � MNO PQRS T� �0 Z �� �0 � UV W �0 � 0 Z ��0�0 Z �
where 0 and 0 Z are positions on the substitute surface, and where the asterisk, Y, stands for the complex

conjugate. If there were a homogeneous atmosphere, W \ (, equation (9) could be seen as the square of the

Rayleigh integral in equation (1). The quantity
E�� �F� �3 G is proportional to the power of the signal at the receiver.

Now we can calculate the influence of a turbulent atmosphere for our example, in which the effect of a

barrier is modelled by a distribution of substitute sources on a surface, � . If the strength of the substitute

sources is described by �� as in equation (1), we getE�� �F� �3 G � ]� ���� ^3 �� �� ����� Z�� Z � MNO PQRS T� Z�� Z��� UV W�� �� Z � (10)
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Figure 2. Longitudinal (_) and transversal (`) distance for two sources and one receiver.

where � � � �	 � � �� � �� �	� � � � Z� � �� �	 Z� � � � � � �	� �	 � � � Z � � �	 Z� �	 � � W � W �	� � 	 Z� �, and [� Z refers to 	Z� , [�
refers to 	� .

To describe the turbulence, a homogeneous and isotropic turbulence is assumed, that is, the fluctuations

are assumed to follow the same statistics for all points and the statistics are independent of rotation. This

is a simplified description which could be improved in future work. For the Kolmogorov spectrum of the

turbulence, which is used here, the mutual coherence function can be written as

W �a � �� � �bc P' de f Tg 3hi 3� % ��
d g 3j#3� U !3�k<laV � (11)

where f 8 0.364,
�

is the transversal distance between the sources and a is the longitudinal distance to

the receiver [11, 12]. The strengths of the temperature and the velocity turbulence are given by g 3h and g 3j ,

respectively; the mean temperature,
i�

, is measured in Kelvin, however in this study only velocity turbulence

is modelled.

The mutual coherence function (equation 11) is used for both the 3-D and the 2-D calculations. For the 2-D

calculations, the values of the input parameters are found from the projections on the vertical 01 plane at � � �.

The properties of the 2-D turbulence that this corresponds to have not yet been investigated by the author.

When deriving equation (11), the two source positions are assumed to be equidistant from the receiver,

while a is the distance from the receiver to the midpoint between the two sources. Here, the two sources are

not necessarily the same distance from the receiver, which is why a modification was made. The longest of

the two distances was chosen to determine the value of a , as shown in Figure 2. The transversal distance,
�
,

forms the base of a triangle, the two other sides of which are of equal length, and whose common angle has

the bisector a .

The mutual coherence function can be derived with the parabolic equation and the Markov approxima-

tion [13]. Although other approaches besides the parabolic equation can be used [14], it is assumed that the

transversal distance,
�
, is small compared with the longitudinal distance, a . In all of the situations studied here,

the transversal distances are shorter than the longitudinal distances, and it assumed that the corresponding

error is negligible. It is also assumed that the correlation radius,
� m

, of the sound field is large enough in com-

parison with the wavelength, i.e. !� m n ( [12]. The worst case studied here is for g 3j � / m=<l "s3 , [
 � ��� m,

and for o � (��� Hz, which gives !�m 8 (�. (The correlation radius is found from setting W � ��K.)
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In the scattering cross-section method used for the comparison, the scattered power is calculated separately

and added to the diffracted power at the receiver [2]. The scattered power is obtained by integrating the scat-

tering cross-section over a volume above the barrier [3, 15]. The scattering cross-section method has previously

been evaluated by a comparison with measurements [2, 4].

3. Implementation

The calculations including ��$ , i.e. without the Kirchhoff approximation, were made for screen heights5 � � &/ � / � ((� �� � d/ � and
/� m. With the distance from the source to the screen [� � �� m, the angles to

the screen edge from the horizontal are approximately pA � (q A � �rA � q/A � s�A � and seA. When using the Kirch-

hoff approximation, the results for all screen heights are given from a single calculation: starting with the

contribution of the sources at 1tuv , the result for a lower screen is found by adding the effect of additional

sources below 1tuv .
The maximum height, 1tuv , needed for the substitute sources was obtained from test calculations. It was

found that the height needed is much lower for calculations with turbulence than for those without it. This

means that when the surface � is enlarged, the convergence is faster with turbulence than without, which is an

interesting result and also leads to much shorter computation times. In the calculations for the homogeneous

atmosphere, 1tuv needed to be approximately doubled.

For the 3-D calculations, 1tuv � q/ m was used for all calculations with turbulence, both with and without

the Kirchhoff approximation, except for 5 � /� m where 1tuv � r� m was used. For the 2-D calculations, a

value of 1tuv around 100 meters was used throughout. For the 3-D calculations, the maximum extension in

the positive and negative � directions was given the same value as for 1tuv . The size of the substitute surface

was kept to a minimum to get manageable computation times (a few hours on a modern PC for each example),

and the error due to the finite surface is of the order of 0.5 dB at the most.

In the 3-D calculations, the free field velocity, ��� , was calculated from the lowest point of the line of sight

up to 1tuv . (Since the surface � is separated a small distance from the screen, the lowest point of the line

of sight is not at the height of the screen edge, but slightly above.) The velocity due to the diffraction from

the barrier, ��$, decays faster with height than ��� , for the situations studied here. The calculation of ��$ was

made for heights within w3 meters from the lowest point of the line of sight for all 3-D situations, except for5 � /� m where the corresponding distance was increased to 6 meters. For the 2-D calculations, the distance

was 6 meters throughout.

A discretisation distance of ."/ was used for all of the calculations. When the integral in equation (8) is

discretised it takes the form of the sum in equation (10).

4. Results

In Figure 3 an example of how the power of the received signal can vary with screen height is shown for a

turbulent atmosphere (solid line) and a non-turbulent, homogeneous atmosphere (dashed line). When the re-

sults are obtained using the Kirchhoff approximation, the 3-D and 2-D curves for a homogeneous atmosphere

are identical except for small ripples due to the differences in the discretisation (not visible in the figure). With

turbulence the results are very similar (indistinguishable in the figure). For a screen well below the line of

sight, (i.e. well below 5 � �), the solutions with and without turbulence tend towards the free field solution.

When increasing the screen height from minus infinity, the effect of the turbulence can be seen as a decrease in
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Figure 3. Results for a received signal power variation caused by a changing screen height with and without turbulence

(x y500 Hz, z{ y100 m, and | }~ y2.5m��� �s}).
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the oscillation amplitude. When the screen height approaches zero and increases, the power for the turbulent

atmosphere falls off more slowly than for the homogeneous atmosphere. For positive screen heights, there is

an increase caused by the turbulence, which is the main effect of interest in this study.
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In the Figures 4 through 11, the results are obtained for two frequencies (o �500 Hz and o �1000 Hz), two

screen to receiver distances ([
 �100 m and [
 �200 m), and two turbulence strengths (g 3j �2.5m=<l "s3 andg 3j �5 m=<l "s3). The source to screen distance, [� , is 20 m for all of the calculations. The results are plotted in

dB, as power relative to free field (Figures 4a–11a), and as the increase due to the turbulence (Figures 4b–11b).
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Figure 7. x y500 Hz, z{ y200 m, | }~ y5m��� �s} .
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Figure 8. x y1000 Hz, z{ y100 m, | }~ y2.5m����s} .
In Figures (4a–11a) the dashed lines show the solutions for a homogeneous atmosphere using the Kirchhoff

approximation. The 3-D and the 2-D results are very similar in these examples, except that the 3-D results show

unwanted oscillations at greater screen heights. The unwanted oscillations are caused by the finite accuracy

in the numerical calculations, due to discretisation and the finite surface, � . These oscillations are present in

both the 3-D and the 2-D solutions; since they grow with increasing screen height, it was decided to plot the
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Figure 9. x y1000 Hz, z{ y200 m, | }~ y2.5m����s} .
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Figure 10. x y1000 Hz, z{ y100 m, | }~ y5m��� �s} .
curves only up to 5 � �/ m. The solid lines are for the turbulence introduced; the 3-D and 2-D results are very

similar.

The points when calculating the diffracted field using the UTD, i.e. without the Kirchhoff approximation, are

plotted with symbols. The results are shown for 3-D and 2-D calculations with turbulence, for those without

turbulence (using the UTD), and for the scattering cross-section method calculations.
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In Figures (4b–11b) the increase due to the turbulence is shown for the 3-D and the 2-D calculations, with

and without the Kirchhoff approximation, as well as for the scattering cross-section method. The unwanted

oscillations when using the Kirchhoff approximation are more clearly visible here, and they are stronger for

the 3-D calculations than for the 2-D calculations.

The results show a higher sound level when atmospheric turbulence is introduced. As a general trend, the

effect of turbulence grows stronger when the frequency, screen to receiver distance, or turbulence strength

increases.

For the lower screen heights, the results with and without the Kirchhoff approximation show small differ-

ences, as expected. Above 5 � /
m, however they deviate significantly; using the Kirchhoff approximation

is shown to lead to an underestimation of the sound level for the homogeneous examples. Both the 3-D and

the 2-D results, when using the exact diffraction velocity, show that the influence of turbulence is weaker for

the highest screens. Moreover, the 3-D and 2-D results are very similar throughout all of the calculations. The

small differences (about 0.5 dB) indicate that the scattering effect is very similar in both situations.

Although the scattering cross-section method predicts a much weaker influence of turbulence than the SSM,

it confirms the trend that there is a range of lower screen heights for which the sound reduction is the most

sensitive to turbulence. For the higher screens, where the turbulence influence is weak, the scattering cross-

section results are very similar to those for the SSM. It is also shown that for the lower screens the dependence

on the turbulence strength is stronger than for the higher screens. Moreover, the screen height at which the

maximum influence of turbulence occurs varies with turbulence strength according to the SSM (see Figures

9b and 11b), which is not shown by the scattering cross-section method.

For the higher screens, using the Kirchhoff approximation shows an influence of turbulence that is very

weakly linked to the screen height. This is changed if a Gaussian turbulence model is used [6], where a signif-

icant turbulence scattering was observed only within a range of lower screen heights. Probably, this contrast
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is caused by the fast decay with increasing wave number that the Gaussian model describes, since the smaller

scales of the turbulence cause the large angle scattering.

5. Discussion and conclusions

All calculated results show small differences between the 2-D and 3-D situations. This indicates that the sound

level increase behind barriers, caused by atmospheric turbulence, can be predicted by using 2-D models in a

large variety of situations. The situations studied here are primarily with long screen to receiver distances.

Although the scattering cross-section method predicts a much weaker influence of turbulence than the SSM,

it does show the same trend in the results. Since the various situations examined here cover only part of

the whole range of those of interest, it is difficult to draw general conclusions about the applicability of the

scattering cross-section method.

The Kirchhoff approximation leads to an overestimation of the turbulence influence, for the scenarios stud-

ied here; however this might not be so in all situations, e.g. with stronger turbulence and smaller screen to

receiver distances.

For an isolated situation with a high enough screen, the scattering contribution due to turbulence decreases

faster with increasing screen height than the diffraction contribution. This means that the turbulence affects

the sound level within a certain range of screen heights. The range is influenced by geometry, frequency, and

turbulence strength.

For a typical traffic noise situation in a city, many noise sources contribute to the noise level in the acoustic

shadow of a screen or a house. Since the turbulence influence grows with increasing receiver distance, more

distant sources can become more influential.

For future work, it would be of interest to try to include in the model a thick barrier of finite length, a finite

impedance ground, a sound speed profile, and an anisotropic and inhomogeneous turbulence.
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